arXiv:1307.0999v1 [hep-th] 3 Jul 2013

ROM2F/2013/07 MPP-2013-182 LPTENS-13/16 LMU-ASC 46/13

Gauged supergravities and non-geometric Q/R-fluxes from asymmetric orbifold CFT’s

Cezar Condeescu^{1,2}, Ioannis Florakis^3, Costas Kounnas^4 and Dieter Lüst^{3,5}

1 Sezione INFN e Dipartimento di Fisica

Università di Roma “Tor Vergata” Via della Ricerca Scientifica 1, 00133 Roma, Italy

2 Department of Theoretical Physics

“Horia Hulubei” National Institute of Physics and Nuclear Engineering P.O. Box MG-6, Măgurele - Bucharest, 077125, Jud. Ilfov, România

3 Max-Planck-Institut für Physik,

Werner-Heisenberg-Institut, 80805 München, Germany

4 Laboratoire de Physique Théorique, Ecole Normale Supérieure, 24 rue Lhomond, F-75231 Paris Cedex 05, France

5 Arnold Sommerfeld Center for Theoretical Physics Fakultät für Physik, Ludwig-Maximilians-Universität München Theresienstr. 37, 80333 München, Germany

Abstract

We investigate the orbifold limits of string theory compactifications with geometric and non-geometric fluxes. Exploiting the connection between internal fluxes and structure constants of the gaugings in the reduced supergravity theory, we can identify the types of fluxes arising in certain classes of freelyacting symmetric and asymmetric orbifolds. We give a general procedure for deriving the gauge algebra of the effective gauged supergravity using the exact CFT description at the orbifold point. We find that the asymmetry is, in general, related to the presence of non-geometric Q- and R- fluxes. The action of T-duality is studied explicitly on various orbifold models and the resulting transformation of the fluxes is derived. Several explicit examples are provided, including compactifications with geometric fluxes, Q-backgrounds (T-folds) and R-backgrounds. In particular, we present an asymmetric Z_4×Z_2 orbifold in which all geometric and non-geometric fluxes ω, H, Q, R are turned on simultaneously. We also derive the corresponding flux backgrounds, which are not in general T-dual to geometric ones, and may even simultaneously depend non-trivially on both the coordinates and their winding T-duals.

E-mails: condeescu@roma2.infn.it ; florakis@mppmu.mpg.de ; kounnas@lpt.ens.fr ;

dieter.luest@lmu.de.

Contents

1 Introduction 2

2 Gauged supergravity and non-geometric fluxes 5 2.1 Gaugings and fluxes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 2.2 Non-abelian gaugings from reductions of higher dimensional theories . . . 7 2.2.1 Reduction on a twisted torus with flux (Scherk-Schwarz) . . . . . 7 2.2.2 Reduction with T-duality twists (T-folds) . . . . . . . . . . . . . 8 2.2.3 T-duality and non-geometric fluxes . . . . . . . . . . . . . . . . . 9 2.2.4 R-backgrounds from orbifolds with asymmetric twists and shifts . 11

3 Freely-acting orbifolds and gauged supergravity 13 3.1 Generic shift in the base . . . . . . . . . . . . . . . . . . . . . . . . . . . 13 3.2 Momentum shift, the algebra of gaugings and Q-flux . . . . . . . . . . . 14 3.3 Winding shift and R-flux . . . . . . . . . . . . . . . . . . . . . . . . . . . 17 3.4 Simultaneous momentum and winding shift . . . . . . . . . . . . . . . . . 18 3.5 Z_N × Z_M orbifolds with momentum and winding shift . . . . . . . . . . . 20

4 Orbifolds with Q/R-flux via T-duality 21 4.1 General setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21 4.2 T-duality in the fiber . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23 4.3 T-duality in the base . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

5 Asymmetric orbifolds without symmetric T-duals 27 5.1 Inherently asymmetric Z_4 orbifold . . . . . . . . . . . . . . . . . . . . . . 28 5.2 Z_4 × Z_2 orbifold with momentum and winding shift . . . . . . . . . . . . 29

6 On the relation between asymmetric orbifolds and T-folds 31 6.1 Symmetric Z_4 orbifold: geometric T-fold with one elliptic monodromy . . 33 6.2 Asymmetric Z_4 orbifold: non-geometric T-dual T-fold with one elliptic monodromy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34 6.3 Truly asymmetric Z_2 orbifold: non-geometric T-fold with two elliptic monodromies . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

6.4 Truly asymmetric Z_4 orbifold: non-geometric T-fold with two elliptic monodromies . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36 6.5 Asymmetric Z_4 × Z_2 orbifold: irreducible R-background with two elliptic monodromies . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

7 Summary 41

1 Introduction

String theory provides a framework in which the concepts of classical geometry are generalized in rather intriguing ways. These generalizations are very interesting not only due to their rich mathematical structure, but also because they turn out to have important physical consequences. At short distances, namely at scales of the order of the string length, the very notion of Riemannian geometry is lost and is replaced by a new kind of stringy quantum geometry. One expects that this stringy geometry will eventually provide new insights into the physics of the Big Bang, into the nature of Black Holes and the resolution of space-time singularities. In fact, stringy geometry can be described by various different approaches. From the point of view of the string, classical geometry, dimensionality and even topology become effective notions, emerging only in the limit of low curvatures (low energy) (see e.g. [1]). The fully-fledged string theory is described in terms of an exact conformal field theory (CFT). In this context the background geometry in which the string propages is replaced by a two-dimensional field theory on the worldsheet, that is highly constrained by (super-) conformal invariance as well invariance under large (super-) reparametrizations at all genera (modular invariance). Early examples of CFT constructions were given in terms of bosonic covariant lattices [2], fermionic constructions [3], Gepner models [4] as well as symmetric [5] and asymmetric [6] orbifold CFT’s. At length scales sufficiently larger than the string length, it is indeed sometimes possible to recover a geometric interpretation of the CFT constructions, e.g. in terms of compact Calabi-Yau spaces or spaces with orbifold singularities. However, the description of stringy geometry in geometric terms is generically not possible.

Let us recall three important lessons that we have learned about stringy geometry so far. First, it became clear that duality symmetries play a decisive role in the study of stringy geometry. Contrary to the naive field theory intuition, seemingly different descriptions of string background geometries may turn out to be fully equivalent from the string perspective. This striking equivalence (duality) reflects the fact that the propagation of the string only depends on the underlying CFT, which may have different equivalent background realizations [1]. Indeed, consider the example of an SU(2)_k WZW model which may be realized as an S^3 sphere at radius R = √ k with k units of H-flux.

At k = 1 the system is equivalent to a c = 1 system (free boson) on a circle S^1 at the self-dual radius.

The most prominent example of this equivalence among different classical geometries is the celebrated T-duality symmetry. It implies that there is no absolute (i.e. no invariant) notion of geometry or even topology in string theory. Indeed, it turns out that a string can consistently propagate in non-geometric backgrounds, whose transition functions are not given by standard diffeomorphisms but, rather, also involve non-trivial T-duality transformations. These spaces are often called T-folds [7], still being Riemannian manifolds locally; however, globally, these spaces are characterized by non-trivial monodromies, where certain jumps in the background fields, the metric G_{MN} (X) and Kalb-Ramond field B_{MN} (X), correspond to stringy symmetry operations. This behavior can be formulated in terms of non-geometric fluxes, namely in the case of T-folds, by the so-called Q-fluxes. These spaces themselves are often T-dual to geometric spaces with geometric “fluxes”, namely ω- and/or H-fluxes. Even more dramatic are backgrounds with non-geometric R-fluxes, which no longer admit a local description in terms of Riemannian spaces [8,9]. Formally, R-flux spaces can be obtained from Q-flux backgrounds by applying T-duality transformations over non-isometry directions of the background. As it became clear over the last few years, effective actions of T-folds and non-geometric spaces with Q/R-fluxes [10–12] can be conveniently described using the formalism of double geometry and double field theory [13] (for reviews see [14]). In addition, there is a close relation between non-geometric string backgrounds and non-commutative and non-associative geometry [15, 16] (see also [17] for a discussion in connection to matrix theory).

The second key observation, which will be important for this paper, is that closed strings can consistently propagate in asymmetric “spaces” that look different for the leftand right-moving coordinates of the string. Asymmetric orbifolds constitute such classes of background CFT’s. Moreover, a careful investigation of non-geometric backgrounds with Q- or R-fluxes shows that these spaces also exhibit left-right asymmetry, in the sense that their monodromies act asymmetrically on the left- and right-moving string coordinates. In fact, as was discussed in [18–22], [16], there is a close relation between asymmetric orbifolds and non-geometric string backgrounds. In particular, the consistent asymmetric orbifold CFT’s constructed in [16] correspond to T-folds with non-geometric Q-flux at special points of moduli space. It is important to note that the relevant orbifold action is freely-acting; namely, a momentum shift along some particular coordinate X, identified with the base of the associated fibration, is accompanied by an (a)symmetric discrete rotation M of the remaining fiber coordinates X^I .

The third important point for our paper is the observation that geometric as well as non-geometric fluxes are closely related to the gauge algebra of the effective supergravity theory, which is obtained after dimensional reduction on the associated geometric or nongeometric string backgrounds. In general, the corresponding effective flux superpotentials [23–25] become T-duality covariant functions only after including all possible H, ω, Q, Rfluxes. Moreover, the superpotentials and the gauged supergravity algebra can be derived from the double geometry formalism [26], as well as from the intersection of geometric and non-geometric branes [12]. However, in this context, there still remains a partially unresolved puzzle. Namely, the gauged supergravity algebra typically allows for a larger variety of simultaneously non-vanishing fluxes, compared to the number of fluxes that can actually be turned on when looking at specific (non)-geometric background spaces. For instance, the simultaneous appearance of Q- and R- fluxes, although allowed within the effective supergravity theory, could not be obtained so far by dimensional reduction on non-geometric spaces or double field theory.

In this paper we elaborate on all three items mentioned above. Concretely, the main points of discussion in our paper are as follows:

• The first part provides an explicit mapping between freely-acting orbifolds and fluxes. In Section 2, we explore the connection between (non-) geometric flux compactifications and their (a)symmetric orbifold limits, from the point of view of the effective gauged supergravity. In Section 3, we derive in a systematic way the algebra of gaugings including H, ω, Q, R-fluxes from the vertex operator algebra of freely-acting asymmetric orbifolds. Recalling the standard construction of geometric fluxes from left-right symmetric Scherk-Schwarz orbifolds, we show that asymmetric orbifold CFT’s indeed provide a very natural way of studying nongeometric spaces with R-flux at the full string level, setting them on equal footing with the spaces involving geometric or Q-fluxes. Indeed, whereas Q-fluxes originate from a momentum shift in the base together with an associated asymmetric M = M_L × M_R group action in the fiber, we explicitly demonstrate that the T-dual R-fluxes are obtained from a winding shift in the base, accompanied by an asymmetric M̃ = M̃_L × M̃_R group action in the fiber. Here the group elements M_L, M̃_L act on the left-moving fiber coordinates X^I_L, whereas the M_R, M̃_R act on the right moving fiber coordinates X^I_R. Hence, a T-duality transformation along the base direction of the asymmetric orbifold CFT maps Q- and R-fluxes into each other. In addition, we will also see that the same T-duality maps geometric ω-fluxes into non-geometric Q-fluxes and vice versa. We further generalize this construction by considering combined momentum and winding shifts, which possess a left-right asymmetric M × M̃ group action in the fiber directions and we show that the resulting gauge algebra contains at the same time both non-geometric Qand R-fluxes.

• In the second part of the paper, we provide several explicit orbifold constructions that realize the general gauge algebras including geometric and non-geometric fluxes. In particular, in Section 4, we study the chain of T-dualities in the fiber and base directions, which connect the geometric flux to the Q- and R- flux frames. At the orbifold point the T-dualities we perform are exact at the string level, including in particular the T-duality in the base direction. Furthermore, in Section 5 we present examples of inherently non-geometric Q- and R- string backgrounds which cannot be T-dualized to geometric ones. In particular, we demonstrate the explicit realization of the above-mentioned combined momentum and winding shift and, hence, provide the proof of the conjecture [9] for the existence of these backgrounds in string theory. Complementary to the orbifold CFT constructions, in Section 6 we also derive the target space background fields for various cases of interest. In this way, we also derive novel, more general non-geometric T-fold backgrounds with Q- and even R-fluxes that are not T-dual to any geometric compactification, since the corresponding asymmetric orbifolds are also not T-dualizable to any symmetric orbifold construction. The method of providing the map from the orbifold CFT’s to the T-folds with non-constant background fields G, B, relies in the faithful embedding of the discrete orbifold group M × M̃ into the O(d, d) duality group that acts on the background parameters G, B of the fiber space. Using this information, one may derive the modular transformation rules of the fiber background fields, as one encircles the base coordinate X. As a result, in the case of Q-fluxes, the background fields become periodic functions of the base coordinate X, i.e. G(X), B(X), whereas in the case of R-fluxes, they depend on the dual coordinates, G(X̃), B(X̃). Finally, in the more general case of combined momentum and winding shifts, the fiber background depends on both the base coordinate and its dual, G(X, X̃), B(X, X̃).

2 Gauged supergravity and non-geometric fluxes

2.1 Gaugings and fluxes

In this section, we discuss the connection between gauged supergravity and compactifications with non-geometric fluxes. Let us first consider the Kaluza-Klein reduction of a ten dimensional theory consisting of a metric tensor G, two-form field B and a scalar (dilaton) Φ described by the following action S = ∫ d^{10}x √ −G e^{−Φ} [ R + (∇Φ)^2 − 1 12 H^2 ] , (1)

where R and H are the ten-dimensional Ricci scalar and three-form field strength H = dB, respectively. One can think of this as a subsector of Type II or Heterotic string theory; that is, the bosonic part of the N = 1 supergravity multiplet contained in each of them. Compactification on a torus T^D yields a reduced theory with O(D, D) global symmetry and abelian U(1)^{2D} gauge symmetry. The action of the reduced (10 − D)-dimensional theory can be written in manifestly O(D, D) invariant form S = ∫ d^{10−D}x √ −g [ R + (∇ϕ)^2 − 1 12 H_{μνρ}H^{μνρ} + 1 8 L_{ab}∇_μK^{bc}L_{cd}∇^μK^{da} − 1 4 F^a_{μν} L_{ab}K^{bc}L_{cd}F^{dμν} ] . (2)

The Latin indices from the beginning of the alphabet a, b, c, d running from 1 to 2D are associated to the fundamental representation of the O(D, D) global symmetry, whereas the Greek indices starting from μ, ν, ρ = 1, ..., 10 − D label the 10 − D non-compact directions of space-time. The scalar fields in the reduced theory take values in the coset O(D,D) O(D)×O(D) and are parametrized by a symmetric matrix K

ab, satisfying Tr (LK) = 0, where L is the standard O(D, D) invariant metric

L = ( 0 I I 0 ) , (3)

with I being the D-dimensional unit matrix. The 2D gauge bosons A^a_μ = (V^M_μ , B_{μM} ) arise from the reduction of the metric and of the B-field respectively, with the index M = 1, ..., D. If M ∈ O(D, D) is an arbitrary element of the group, then the corresponding transformation of the gauge bosons A^a and of the scalars K^{ab} is given by A^a → M^a_b A^b and K^{ab} → M^a_c M^b_d K^{cd}.

One can now gauge a 2D dimensional subgroup G ⊂ O(D, D). Denoting by Z_M the generators corresponding to the gauge bosons V^M and by X^M the ones corresponding to B_M , one obtains a general gauge algebra of the form [9]:

[Z_M , Z_N ] = ω^P_{MN} Z_P + H_{MNP} X^P , (4)

[Z_M , X^N ] = −ω̃^N_{MP} X^P + Q^{NP}_M Z_P , (5)

[X^M , X^N ] = Q̃^{MN}_P X^P + R^{MNP} Z_P . (6)

If the corresponding gauged supergravity follows from the (geometric) reduction of a higher dimensional supergravity theory, then the 2D vector fields follow from the reduction of the metric G and B-field. The structure constants H, ω, Q and R have the interpretation of integrated geometric/non-geometric fluxes from the point of view of the compactification of a higher dimensional theory. In geometric compactifications of ten dimensional supergravity one may only turn on the fluxes H and ω and, thus, a general gauging containing also Q and/or R terms cannot be obtained by a geometric compactification of a higher dimensional supergravity theory. However, from the lowerdimensional point of view, such gaugings of supergravity do exist and can also be realized in the full string theory. For instance, a compactification with (elliptic) duality twists can be described at particular points of the moduli space by a freely-acting asymmetric orbifold [16], hence, providing a string realization of a Q-background. The presence of the Q-flux is associated to the asymmetry in the generalized fiber of the compactification. Furthermore, as we shall see, introducing an asymmetry also in the base, that is, considering an orbifold with asymmetric twists and shifts, yields a string realization of an R-background.

2.2 Non-abelian gaugings from reductions of higher dimensional theories

2.2.1 Reduction on a twisted torus with flux (Scherk-Schwarz)

Here we briefly consider the reduction of the action in eq. (1) on a twisted torus T^D_ω in the presence of three-form fluxes (for more details see [9], [27]). These constructions are also known as Sherk-Schwarz compactifications [28]. The internal manifold has a basis of one-forms η^M such that the metric and B-field are given by

ds^2 = G_{MN} η^M η^N , B = 1 2 B_{MN} η^M ∧ η^N + φ , (7)

such that G_{MN} and B_{MN} do not depend on the internal coordinates X^M and, thus, give rise to d^2 scalar fields in the reduced theory. Furthermore, the exterior derivatives of the one-forms η^M and of the two-form φ are dη^M = − 1 2 ω^M_{NP} η^N ∧ η^P , dφ = − 1 3! H_{MNP} η^M ∧ η^N ∧ η^P . (8) The compactification is determined by the constants ω^M_{NP} and H_{MNP} which do not result in further moduli of the reduced theory. The twisted torus compactification is very similar to the Kaluza-Klein toroidal reduction considered in the previous section with the following replacement dX^M → η^M . Notice that on the torus the twists ω are automatically zero since the exterior derivative is a nilpotent operator of order two d^2 = 0. However, in contrast to the case of toroidal Kaluza-Klein reduction, the gauge algebra for such a compactification becomes non-abelian. Explicitly, it is given by

[X^M , X^N ] = 0 , (9)

[Z_M , X^N ] = −ω^N_{MP} X^P , (10)

[Z_M , Z_N ] = ω^P_{MN} Z_P + H_{MNP} X^P , (11)

with the generators Z_M and X^M resulting from the reduction of the metric and the B-field, respectively. Notice that the symmetry generated by the gauge bosons coming from the B-field is always abelian in geometric compactifications.

2.2.2 Reduction with T-duality twists (T-folds)

We consider string theory compactified on a T-fold locally described by T^d × S^1. The coordinates on this space are then decomposed as follows X^M = (X^I , X) with the coordinates X^I associated to the “fiber” and the coordinate X associated to the base space S^1. The theory reduced on T^d has T-duality symmetry O(d, d; Z). The further reduction on the circle further includes a twist by an element of the T-duality group. Explicitly, the fields are taken to depend on the circle coordinate X in the following way

ψ(x^μ, X) = exp ( MX 2πR ) ψ(x^μ) , (12)

with R being the radius of the circle S^1 and ψ denoting an arbitrary field in the theory. Hence, as X → X + 2πR, the fields acquire non-trivial monodromy, given by the monodromy matrix M

M = exp M ∈ O(d, d; Z) . (13)

It is useful to introduce the following notation for the gauge generators

T_a = (Z_X, X^X, T_α) , T_α = (Z_I , X^I ) , (14)

where the indices are a = 1, ..., 2D, α = 1, ..., 2d and I = 1, ..., d. The gauge algebra for this reduction then takes the form

[Z_X, T_α] = M_α^β T_β , (15)

with all other commutators vanishing. For elliptic monodromies the compactifications above admit (freely-acting, symmetric or asymmetric) orbifold descriptions at particular points in the moduli space. Moreover, the orbifold point corresponds to a minimum of the scalar potential even in the asymmetric (elliptic) case. For parabolic monodromies, on the other hand, this is no longer true as, in general, these backgrounds do not admit orbifold fixed points, and their possible description in terms of an exact CFT is highly non-trivial.

The form of the gauge algebra in eq. (15) will be derived in Section 3, by making use of the exact CFT description available at the orbifold point. The matrix M, determining the dependence on the internal circle coordinate X and encoding the fluxes present in the compactification, generates an order-n rotation M which, in turn, precisely induces the action of the orbifold on the bosonic and fermionic worldsheet degrees of freedom (d.o.f.).

In order to compare with the general gauge algebra of eqs. (4)-(6), it is convenient to parametrize M in the basis T_α = (Z_I , X^I ) as

M_α^β = ( W_I^J U_{IJ} V^{IJ} −(W^t)^I_J ) , (16)

where the d × d matrices satisfy U_{IJ} = −U_{JI} and V^{IJ} = −V^{JI} with W_I^J unconstrained, as required in order for M to be in the Lie algebra of O(d, d). By making use of eq. (15), the gauge algebra decomposes in the following way

[Z_X, Z_I ] = W_I^J Z_J + U_{IJ} X^J , (17)

[Z_X, X^I ] = −W_J^I X^J + V^{IJ} Z_J , (18)

[Z_J , Z_I ] = 0 , [X^I , X^J ] = 0 , (19)

[X^X, Z_M ] = 0 , [X^X, X_M ] = 0 , (20)

where we have used the notation Z_M = (Z_I , Z_X) and X^M = (X^I , X^X). Notice that the gauge algebra above is of the same form as the one obtained in the case of Scherk-Schwarz compactifications given in eqs. (9)-(11) if and only if the matrix V^{IJ} vanishes

V^{IJ} = 0 . (21)

In other words compactifications with non-zero V^{IJ} are non-geometric. The fluxes may be easily identified by comparing with the general gauging in eqs. (4)-(6). Indeed, the non-zero components of the fluxes are readily found to be

ω^J_{XI} = ω̃^J_{XI} = W_I^J , H_{XIJ} = U_{IJ} , Q^{IJ}_X = V^{IJ} . (22)

Even though these compactifications do not contain terms with non-trivial Q̃^{MN}_P or R^{MNP} fluxes, they can be “truly” non-geometric, in the sense that, for generic choices of V, U and W , they are not T-dual to any geometric compactification. On the other hand, Q̃ or R terms can arise by performing a T-duality in the base circle S^1.

2.2.3 T-duality and non-geometric fluxes

It is instructive to investigate the action of T-duality in connection with geometric and non-geometric fluxes (see also the discussion in [29,30]). Let us consider again the stringy compactification on a T-fold locally described by a space T^d × S^1 with monodromy twist M ∈ O(d, d; Z). In particular, geometric fibrations can be described in this way, by making use of monodromies lying in the geometric subgroup GL(d; Z) ⊂ O(d, d; Z). The fluxes contained in such a compactification are encoded in the algebra generator of M, parametrized by the matrix M. There are two kinds of T-dualities one may consider, depending on whether they act in the fiber or the base directions. The T-duality in the

T^d fiber is described by a matrix O ∈ O(d, d; Z) such that the fluxes contained in M transform as M^′ = OMO^{−1} . (23)

Making use of the O(d, d) invariant metric L in eq. (3), one can find the inverse of the T-duality matrix, O^{−1} = LO^tL. The metric G(X) and Kalb-Ramond field B(X), which depend on the base coordinate X, transform according to the Buscher rules [31]

E^′(X) = ( AE(X) + B )( CE(X) + D )_{−1} , (24)

where we defined E(X) ≡ G(X) + B(X) and the T-duality matrix O and its inverse O^{−1} are parametrized by O = ( A B C D ) , O^{−1} = ( D^t B^t C^t A^t ) . (25)

The d-dimensional matrices A, B, C, D are subject to the constraints

A^tC + C^tA = 0 , B^tD + D^tB = 0 , A^tD + C^tB = I . (26)

For simplicity, let us consider the case of a geometrically fibered space with monodromy generated by the following flux matrix M M = ( W 0 0 −W^t ) , (27)

parametrized as before in the basis T_α = (Z_I , X^I ) with off-diagonal elements U = V = 0. The only fluxes present in this compactification are ω and ω̃. After performing the T-duality O, one arrives at the transformed flux matrix

M^′ = ( AW D^t − BW^tC^t AW B^t − BW^tA^t CW D^t − DW^tC^t CW B^t − DW^tA^t ) . (28)

In the new duality frame, we now have both geometric and non-geometric fluxes present, H, ω, ω̃ and Q. However this is not a “true” Q-background as it is T-dual to a geometric one. In view of the above, we will call “true” Q-backgrounds, those ones for which the matrix M generating the monodromy M of the compactification does not belong to the conjugacy class of M_{geom}, defined as

M_{geom} = ( W U 0 −W^t ) . (29)

Notice that the rules for performing T-duality used in the arguments above can be justified at the level of the gauged σ-model [31]. This is no longer the case when one tries to perform a T-duality in the base direction. The reason is that, in this case, there is no longer an isometry that one can gauge, due to the explicit dependence of the background fields on X. Hence, for a fully-fledged flux compactification, the T-duality in the base cannot be performed in the usual way. However, at the orbifold point, because the dependence on X enters only through boundary conditions, the T-duality can still be carried out exactly at the CFT level and a subsequent deformation away from the orbifold point could be used to define the new background consistently. In this way, the gauge algebra in eq. (15) becomes

[X^X, T_α] = M_α^βT_β , (30)

effectively interchanging the generators Z_X ↔ X^X. Notice that, starting from a compactification described by M_{geom} and performing a T-duality in S^1, the resulting nonvanishing fluxes are ω̃, Q, Q̃. Therefore, in order to obtain an R-flux background, one needs to start from a non-geometric fiber with Q-flux (i.e. work in the non-geometric Q-frame). Namely, starting with a generic matrix M with all W, V, U ≠ 0, the T-duality in the base direction leads to a compactification with ω̃, Q, Q̃, R fluxes. Specifically, the fluxes are mapped as follows H → ω̃ , ω → Q , ω̃ → Q̃ , Q → R . (31) In the next section we investigate “true” R-backgrounds with asymmetric orbifold descriptions.

2.2.4 R-backgrounds from orbifolds with asymmetric twists and shifts

Freely-acting asymmetric orbifolds provide a powerful tool for studying the properties of compactifications with non-geometric fluxes. With this in mind, one may construct “true” R-backgrounds (i.e. where the R-flux cannot be eliminated by any T-duality) as orbifolds with asymmetric twists and shifts. Finding well-defined asymmetric actions is, however, a non-trivial task, due to the difficulty in satisfying the constraints of (multiloop) modular invariance [6], [32]. As we have seen in the previous section, the presence of Q-flux was related to the asymmetry in the T^d “fiber”. A further generalization of this, is to introduce an asymmetry also in the base space S^1, in the form of asymmetric shifts in X_L , X_R . Concretely, we consider an orbifold of the form Z_n ×Z_m with the matrix M generating the rotation of order n and the matrix M̃ similarly generating the order-m rotation. Furthermore, the matrices M and M̃ are taken to commute with one another. The action of Z_n is accompanied by a shift in the coordinate X, whereas the action of Z_m is accompanied by a shift in the dual coordinate X̃, thus ensuring the asymmetry of the base. Performing a T-duality in the base S^1 then effectively interchanges the two orbifold rotations Z_n^T←→ Z_m . (32)

The gauge algebra in this case will have the form [9]

[Z_X, T_α] = M_α^βT_β , (33)

[X^X, T_α] = M̃_α^βT_β , (34)

which suggests the following non-local dependence of the fields on the internal nongeometric circle S^1 ψ(x^μ, X, X̃) = exp ( MX 2πR ) exp ( M̃X̃ 2πR̃ ) ψ(x^μ) . (35)

The dependence of the fields on both X and X̃ is a generic feature of “true” R-backgrounds (see also the discussion in Section 6.5). The above equation was proposed in [9] and we shall argue its validity from the CFT derivation of eqs. (33), (34) in Section 3.5. It is again instructive to decompose the algebra above in the basis T_α = (Z_I , X^I ), according to M_α^β = ( W_I^J U_{IJ} V^{IJ} −(W^t)^I_J ) , M̃_α^β = ( W̃_I J Ũ_{IJ} Ṽ IJ −(W̃ t)I_J ) . (36)

Making use of the above parametrization, the non-zero commutators are found to be

[Z_X, Z_I ] = W_I^J Z_J + U_{IJ} X^J , (37)

[Z_X, X^I ] = −W_J^I X^J + V^{IJ} Z_J , (38)

[X^X, Z_I ] = W̃_I^J Z_J + Ũ_{IJ} X^J , (39)

[X^X, X^I ] = −W̃_J^I X^J + Ṽ^{IJ} Z_J . (40)

One may then compare with in eqs. (4)-(6) in order to obtain the explicit identification of the fluxes

ω^J_{XI} = ω̃^J_{XI} = W_I^J , H_{XIJ} = U_{IJ} , Q^{IJ}_X = V^{IJ} , (41)

ω̃^X_{IJ} = −Ũ_{IJ} , Q^{XJ}_I = −Q̃^{XJ}_I = −W_I^J , R^{XIJ} = Ṽ^{IJ} , (42)

It is straightforward to see that in these models the R-flux terms in the gauge algebra cannot be T-dualized away. These compactifications are quite general, since they contain all the fluxes simultaneously. We shall provide an explicit example for this type of background, based on a Z_4 × Z_2 orbifold in Section 5.2.

3 Freely-acting orbifolds and gauged supergravity

In order to obtain a systematic identification of the fluxes involved in freely-acting (a)symmetric orbifold models, it is important to make contact with the effective supergravity description. The integrated fluxes can be described [23–25] as gaugings of the supergravity theory and, in this section, we derive the corresponding gauge algebra for a generic class of freely-acting (a)symmetric orbifolds^1. In particular, we will not limit ourselves to orbifolds which are connected to symmetric ones by a chain of T-dualities, but rather consider quite generic cases which may lie in different conjugacy classes of the T-duality group, than the symmetric ones. These are the “truly” non-geometric backgrounds which cannot be cast into a geometric frame by any T-duality transformation and for which explicit examples will be given in Section 5.

3.1 Generic shift in the base

Let us start by discussing the structure of the generic freely-acting orbifolds we will consider, from the point of view of the base. For simplicity, we will focus on freely-acting (T^d × S^1)/Z_N orbifolds, whose action takes the form: G = e^{2π(FL+FR)} δ_{a,b} , (43) where δ_{a,b} is an order-N shift along the base S^1 and F_{L,R} are the generators of the orbifold rotation on the fiber coordinates X^I . The asymmetry in the fiber is then characterized by F_L, F_R, with F_L ≠ F_R corresponding to an asymmetric action. Of course, we assume that the choice of the orbifold action in eq. (43) corresponds to a well-defined string vacuum, consistent with the constraints of modular invariance and unitarity.

We now focus on the base direction X and its action under the generic shift δ_{a,b}. Its partition function is given by a shifted lattice sum Γ_{(1,1)}[^H_G ] of order N which, in the Hamiltonian representation, reads: ∑ m,n∈Z e^{2πiG am+bnN} exp iπτ 2 ( m + b^H_N R + ( n + a^H_N ) R )_2 − iπτ̄ 2 ( m + b^H_N R − ( n + a^H_N ) R )_2 . (44) The shift^2 along S^1 is parametrized by the vector λ = (^a_N ,^b_N ), with a, b defined modulo

1Examples of freely-acting asymmetric orbifolds and their relation to “gravito-magnetic” fluxes have also been discussed e.g. in [33].

2This can be seen from the vertex operator V = exp(iP_LX_L + iP_RX_R) contribution to the lattice sum.

N: δ_{a,b} : X_L → X_L + a πR N + b π NR X_R → X_R + a πR N − b π NR . (45)

or, in terms of the circle coordinate and its dual:

δ_{a,b} : X → X + a 2πR N X̃ → X̃ + b 2π NR . (46)

The case (a, b) = (1, 0) clearly shifts the coordinate X, while leaving its dual X̃ invariant and corresponds to what is called a momentum shift^3, recognized by the phase exp(2πim/N) in the Hamiltonian representation of the lattice in eq. (44). This is the case for the geometric (Scherk-Schwarz) compactification. Under T -duality in the base S^1, one obtains (a, b) = (0, 1) which shifts the dual coordinate X̃, while preserving X unshifted. This is the case of the winding shift, recognized by the phase exp(2πin/N) in the Hamiltonian lattice, and we will show in the following sections that, whenever the fiber also carries asymmetric monodromy, it corresponds to the stringy origin of the R-flux.

Finally, there is the more interesting case of combined momentum and winding shift, where both the coordinate and its dual are shifted. It corresponds to “inherently” asymmetric constructions for which the asymmetry on the base cannot be geometrized by any T-duality action. They will be shown in the following sections to correspond to “truly” non-geometric string backgrounds involving both Q- and R- fluxes.

3.2 Momentum shift, the algebra of gaugings and Q-flux

We now address the problem of determining the algebra of gaugings for a consistent freely-acting Z_N -orbifold with pure momentum shift:

G = e^{2π(FL+FR)} δ_{1,0} . (47)

The starting point relies on the key observation [34] that the above orbifold action can be realized as an^{O(d,d)}_{O(d)×O(d)} boost in the fermionic and bosonic charge lattices by a Z_N - quantized boost parameter. We focus on the fermionic charge lattice, together with the

3Notice that the terminology momentum/winding shift is slightly counter-intuitive from the point of view of the Hamiltonian lattice eq.(44). Indeed, inspecting the physical mass, a momentum shift a = 1, b = 0 is characterized by an H-shift in the winding number n, whereas a winding shift a = 0, b = 1 is accompanied by an H-shift in the momentum quantum number m. This terminology has its origin in the corresponding Scherk-Schwarz picture, where the freely-acting orbifold is represented as a momentum or winding boost in the charge lattices, as discussed in the following sections.

S^1 lattice of the base:

Q^i_L → Q^i_L − ξ^i_L(P^0_L − P^0_R)

Q^i_R → Q^i_R − ξ^i_R(P^0_L − P^0_R)

P^0_L → P^0_L + ξ_L · Q_L − ξ_R · Q_R −^1_2 (ξ^2_L − ξ^2_R)(P^0_L − P^0_R)

P^0_R → P^0_R + ξ_L · Q_L − ξ_R · Q_R −^1_2 (ξ^2_L − ξ^2_R)(P^0_L − P^0_R)

, (48)

where ξ^I_{L,R} are the quantized left- and right- moving boost parameters and the index i labels the (left- or right- moving) chiral bosons H^i arising after the bosonization of the (complexified) worldsheet fermions in the internal directions. The generic vertex operator for the ground states of the theory contains the internal part: V(z, z̄) = e^{iQL·HL(z)+iQR·HR(z̄)} e^{iP 0LXL(z)+iP 0RXR(z̄)} . (49) On this generic vertex operator the boost (48) acts as:

V(z, z̄) → exp [iQ(X_L + X_R )] V̂(z, z̄) , (50)

where:

Q = ξ_L · Q_L − ξ_R · Q_R −^1_2 (ξ^2_L − ξ^2_R)(P^0_L − P^0_R) , (51)

and:

V̂(z, z̄) = exp [−i(P^0_L − P^0_R) (ξ_L · H_L + ξ_R · H_R)] V(z, z̄) . (52)

The relation to the Scherk-Schwarz reduction in field theory can be seen immediately by considering the supergravity limit of the above equations for the associated gauge bosons. For these states, P^0_L + P^0_R ∼ m/R = 0, P^0_L − P^0_R ∼ nR = 0 and the boost has the simple effect: V(z, z̄) → exp [iQ X(z, z̄)] V(z, z̄) . (53) For the ground states present in the effective supergravity, one may consider Q^i_L, Q^i_R to be identified with the charges of the left- and right- moving worldsheet fermions ψ^I_L, ψ^I_R, respectively. Notice that a state V_α with definite Q_L, Q_R charges will be boosted accordingly, with boosting parameters ξ_L, ξ_R. Upon a state which is not necessarily an eigenmode, the boost acts as: V_α(z, z̄) → [ e^{i(ξL·QL−ξR·QR)X} ] αβ V_β (z, z̄) . (54) Hence, there is a one-to-one map between the transformation matrices [e^{i(ξL·QL−ξR·QR)}]_{αβ} and the 2d gauge bosons {e^{iQL·HL+iQR·HR} } = {ψ^μψ̃^I ⊕ ψ^Iψ̃^μ} of the toroidal O(d, d) reduction of supergravity, determined by their helicity charges Q_L, Q_R. As a result, for a given (quantized) choice of the boosting parameters ξ_L, ξ_R, specified by the particular orbifold in question, eq. (54) precisely corresponds to the field-theoretic Scherk-Schwarz reduction in eq. (12).

At this stage, it will be instructive to provide a stringy derivation of eq. (15), that admits a straightforward generalization to the more general cases that we will encounter in the following sections. To this end, we define the U(1) charges associated to the S^1 base:

Q^0 =^1_2 (Q^0_L + Q^0_R) Q̃^0 =^1_2 (Q^0_L − Q^0_R) , Q^0_L = ∮ dz 2π ∂X Q^0_R = − ∮ dz̄ 2π ¯∂X . (55)

These are precisely identified with the generators Z_X ≡ Q^0, X^X ≡ Q̃^0 of eq. (14). Their action on the remaining gauge bosons is then readily obtained using the operator product expansion (OPE) of the above vertex operators:

[Z_X, T_α] =^1_2 [∮ dz 2π ∂X − ∮ dz̄ 2π ¯∂X ] T_α = (ξ_L · Q_L − ξ_R · Q_R)_{αβ} T_β

[X^X, T_α] =^1_2 [∮ dz 2π ∂X + ∮ dz̄ 2π ¯∂X ] T_α = 0

. (56)

Notice that a tensor sum is assumed in the r.h.s. of the above equation, since Q_L and Q_R act on the diagonal O(d)_L × O(d)_R ⊂ O(d, d).

Furthermore, it is clear from eq. (54) that a shift in X induces precisely the orbifold action on the remaining worldsheet d.o.f. . Hence, we can parametrize them in terms of the flux matrices F_L, F_R, generating the left- and right- moving boosts:

F_L = ξ_L · Q_L , F_R = −ξ_R · Q_R . (57)

In order to obtain the precise match between the left- and right- moving flux matrices F_L, F_R on the one hand, and the flux matrix M of the twisted reduction in eq. (12) on the other, we simply need to express F_{L,R} in terms of the (X^I , X̃^I )-basis of the fiber coordinates and their duals

M = U^{−1} F U = 1 2 ( F_L + F_R F_L − F_R F_L − F_R F_L + F_R ) , (58)

where F = F_L ⊕ F_R is the tensor sum of the left- and right- moving flux matrices and:

U =^1_2 ( I I I −I ) , (59)

is the 2d × 2d matrix taking us from the basis (X^I , X̃^I ) to the basis (X^I_L, X^I_R). Explicitly, the gauge algebra takes the form:

[Z_X, Z_I ] =^1_2 (F_L + F_R)_I^J Z_J +^1_2 (F_L − F_R)_{IJ} X^J [Z_X, X^I ] = −^1_2 (F_L + F_R)_J^I X^J +^1_2 (F_L − F_R)^{IJ} Z_J

. (60)

Comparing with eqs. (4)-(6), one may read off the presence of Q-flux, provided the action of the orbifold on the fiber is asymmetric, F_L ≠ F_R.

3.3 Winding shift and R-flux

We now move on to the T-dual case with respect to the base, corresponding to a freelyacting orbifold with winding shift:

G = e^{2π(FL+FR)} δ_{0,1} . (61) In this case, it is straightforward to see that the boost takes the T-dual form: Q^i_L → Q^i_L − ξ^i_L(P^0_L + P^0_R) Q^i_R → Q^i_R − ξ^i_R(P^0_L + P^0_R) P^0_L → P^0_L + ξ_L · Q_L − ξ_R · Q_R −^1_2 (ξ^2_L − ξ^2_R)(P^0_L + P^0_R) P^0_R → P^0_R − (ξ_L · Q_L − ξ_R · Q_R) +^1_2 (ξ^2_L − ξ^2_R)(P^0_L + P^0_R)

. (62)

As in the previous section, the action of the boost on the vertex operators is given by: V(z, z̄) → exp [iQ(X_L − X_R )] V̂_α(z, z̄) , (63) where the operator Q, associated to the fermionic helicity charges, now becomes: Q = ξ_L · Q_L − ξ_R · Q_R −^1_2 (ξ^2_L − ξ^2_R)(P^0_L + P^0_R) , (64) and:

V̂(z, z̄) = exp [−i(P^0_L + P^0_R) (ξ_L · H_L + ξ_R · H_R)] V(z, z̄) . (65) Again, for the gauge bosons, P^0_L + P^0_R ∼ m/R = 0, P^0_L − P^0_R ∼ nR = 0, so that the Scherk-Schwarz boost becomes: V_α(z, z̄) → [ e^{i(ξL·QL−ξR·QR)X̃} ] αβ V_β(z, z̄) , (66) now involving the T-dual coordinate X̃ = X_L − X_R of the base. Working in a similar way as in the case of the momentum shift, one may derive the algebra of gaugings of the effective supergravity using the OPEs:

[Z_X, T_α] = 0

[X^X, T_α] = (ξ_L · Q_L − ξ_R · Q_R)_{αβ} T_β

. (67)

Explicitly, in terms of the flux matrices F_L, F_R parametrizing the action of the orbifold on the fiber, the gauge algebra takes the form:

[X^X, Z_I ] =^1_2 (F_L + F_R)_I^J Z_J +^1_2 (F_L − F_R)_{IJ} X^J

[X^X, X^I ] = −^1_2 (F_L + F_R)_J^I X^J +^1_2 (F_L − F_R)^{IJ} Z_J

. (68)

Comparing with eqs. (4)-(6), one may identify in this gauging the presence of non-zero R-flux, provided the action of the orbifold on the fiber is also asymmetric, F_L ≠ F_R.

3.4 Simultaneous momentum and winding shift

Let us now consider the more general case of a freely-acting asymmetric orbifold where the shift in the base is also asymmetric, corresponding to a combined shift in both momenta and windings:

G = e^{2π(FL+FR)} δ_{1,1} . (69)

In this case, due to the simultaneous momentum and winding shift, the asymmetry of the base induces an irreducible non-locality into the background and has drastic effects on the algebra of gaugings. Here, it will be more convenient to work directly in the orbifold representation.

We focus on the states corresponding to the gauge bosons before the gauging. These lie in the untwisted sector h = 0 and come with definite fermion charges Q_L, Q_R. In the partition function, the boundary conditions of the fermions are twisted as: ∏ i−left ϑ [ α_i − 2ξ^i_LH β_i − 2ξ^i_LG ] ∏ j−right ϑ̄ [ α_j − 2ξ^j_RH β_j − 2ξ^j_RG ] , (70)

where α_i, β_i correspond to the spin-structures. Summation over G ∈ Z_N then projects onto the states invariant under the orbifold and yields the constraint:

m + n = Nξ · Q (mod N) , (71)

where ξ · Q ≡ ξ_L · Q_L − ξ_R · Q_R and m, n ∈ Z are the momentum and winding quantum numbers, respectively. Furthermore, level matching of the S^1-lattice imposes the constraint (P^0_L)^2 − (P^0_R)^2 ∼ mn = 0, since the gauge bosons in the original (ungauged) theory already come level-matched with fermionic oscillator weight (Δ, Δ̄) = (^1_2 ,^1_2 ). The solution of the above constraints takes the form: A^α_μ ↔ {m = Nξ · Q , n = 0} , Ã^α_μ ↔ {m = 0 , n = Nξ · Q} , (72) where A^α_μ and Ã^α_μ are the gauge bosons carrying non-trivial momentum and winding charge, respectively. The above non-trivial charges completely fix the algebra of gaugings. The gauge bosons in the gauged theory acquire a mass, since their internal part now involves the S^1 contribution:

A^α_μ ↔ exp [ i ξ · Q R X ] , Ã^α_μ ↔ exp [ i(ξ · Q)N^2R X̃ ] , (73)

respectively, and we display explicitly the radius dependence on the gauge bosons in order to stress the difference in their masses:

M^2[A^α_μ ] = (ξ · Q R )_2 , M^2[Ã^α_μ ] = (ξ · Q)^2(N^2R)^2 . (74)

There are three cases of interest, corresponding to the possible values of the Scherk- Schwarz radius^4 R:

• R ≫ 1/N : The gauge bosons Ã carrying non-trivial winding charges decouple, as they acquire a mass much larger than the mass of the gauge bosons A carrying momentum charges. In this case, the relevant algebra of gaugings involving A is effectively truncated to the one in the case of pure momentum shift in eq. (60).

• R ≪ 1/N : In this case, it is the gauge bosons A carrying non-trivial momentum charge which decouple and the relevant algebra of gaugings involving Ã is effectively the one corresponding to pure winding shift in eq. (68).

• R = 1/N : In this region, both the gauge bosons carrying momentum A as well as those carrying winding charge Ã acquire the same mass. In this case, the gauge algebra at the level of the effective supergravity theory is enhanced, involving generators T_α and T̃_α (resp. Z_I , Z̃_I , X^I , X̃^I ):

[Z_X, Z_I ] =^1_2 (F_L + F_R)_I^J Z_J +^1_2 (F_L − F_R)_{IJ} X^J

[Z_X, X^I ] = −^1_2 (F_L + F_R)_J^I X^J +^1_2 (F_L − F_R)^{IJ} Z_J

[X^X, Z̃_I ] =^1_2 (F_L + F_R)_I^JZ̃_J +^1_2 (F_L − F_R)_{IJ}X̃^J

[X^X, X̃^I ] = −^1_2 (F_L + F_R)_J^IX̃^J +^1_2 (F_L − F_R)^{IJ}Z̃_J

. (75)

Aside from this effective doubling of the generators, there is no gauge-symmetry enhancement with respect to the base, provided that the orbifold action preserves

4Recall that the Scherk-Schwarz radius R differs from the radius in the freely-acting orbifold picture by a rescaling, R_{orb} = NR.

at least one supersymmetry from the left- and one from the right- moving sector. In cases when the (global) N = 2 SCFT on the worldsheet is broken down to N = 1 (either in the left- or right- movers), the U(1) associated to the base S^1 can be enhanced to a non-abelian gauge symmetry at special values of the radius and the structure of the algebra in eq. (75) may drastically change.

3.5 Z_N × Z_M orbifolds with momentum and winding shift

We finally examine a further possibility, first proposed in [9] in the context of nongeometric backgrounds, involving freely-acting (a)symmetric Z_N × Z_M orbifolds, where the first factor generates an order-N momentum shift and the second factor an order-M winding shift along the base S^1. Here, we will derive the general gauge algebra, whereas in Section 5 we will provide an explicit example of a consistent string vacuum of this type, based on an asymmetric Z_4 × Z_2 orbifold.

The action of the Z_N × Z_M orbifold can be represented in the following way: G = e^{2π(FL+FR)} δ_{1,0} G^′ = e^{2π(F ′L+F ′R)} δ^′_{0,1} , (76)

where F_L, F_R are the generators of order-N rotations in the left- and right- moving coordinates of the fiber, associated to Z_N , and δ_{1,0} is an order-N momentum shift along the base S^1. Similarly, F^′_L, F^′_R are the order-M rotation generators associated to Z_M and δ^′_{0,1} is an order-M winding shift in the base. The boundary conditions of the fermions can again be read from their contribution to the partition function: ∏ i−left ϑ [ α_i − 2ξ^i_LH − 2ξ^i_L^′H^′ β_i − 2ξ^i_LG − 2ξ^j_L^′G^′ ] ∏ j−right ϑ̄ [ α_j − 2ξ^j_RH − 2ξ^i_R^′H^′ β_j − 2ξ^j_RG − 2ξ^j_R^′G^′ ] . (77)

We again focus on the invariant states corresponding to gauge bosons, coming from the untwisted sector H = H^′ = 0. The projection onto invariant states is enforced upon summation over G ∈ Z_N and G^′ ∈ Z_M and yields the constraints: m = Nξ · Q (mod N) n = Mξ^′ · Q (mod M)

. (78)

where ξ · Q ≡ ξ_L · Q_L − ξ_R · Q_R and ξ^′ · Q ≡ ξ^′_L · Q_L − ξ^′_R · Q_R. The solution of the constraints then implies that the gauge bosons acquire an internal part:

A^α_μ ↔ exp [ i ξ · Q R X + i(ξ^′ · Q) NMR X̃ ] , (79)

which precisely coincides with the ansatz in eq. (35), conjectured in [9].

The gauge bosons have their lowest mass at the self-dual (Scherk-Schwarz) radius R = (NM)^{−1/2} and the algebra of gaugings takes the form:

[Z_X, Z_I ] =^1_2 (F_L + F_R)_I^J Z_J +^1_2 (F_L − F_R)_{IJ} X^J

[Z_X, X^I ] = −^1_2 (F_L + F_R)_J^I X^J +^1_2 (F_L − F_R)^{IJ} Z_J

[X^X, Z_I ] =^1_2 (F^′_L + F^′_R)_I^J Z_J +^1_2 (F^′_L − F^′_R)_{IJ} X^J

[X^X, X^I ] = −^1_2 (F^′_L + F^′_R)_J^I X^J +^1_2 (F^′_L − F^′_R)^{IJ} Z_J

. (80)

For a generic consistent choice of the flux matrices F_L, F_R, F^′_L, F^′_R, the string background is “truly” non-geometric and contains at the same time ω, ω̃, Q, Q̃, H and R fluxes, as can be verified by comparing with eqs. (4)-(6).

4 Orbifolds with Q/R-flux via T-duality

Having discussed the general framework which allows one to identify the fluxes through the gauging of the effective supergravity theory corresponding to (generically) asymmetric freely-acting orbifolds, we are now ready to study the fluxes appearing in various explicit examples. In this section, we will follow a chain of T-dualities which take us from the geometric flux, to the Q-flux and, finally, to the R-flux frame. The analysis based on freely-acting orbifolds has the advantage that, at each stage, one is dealing with an exactly solvable CFT, and the T-duality transformations can be followed exactly at the full string level. The main result is that an asymmetric action on the fiber (which parallels the asymmetric monodromy in the formalism of twisted reductions) is characterized by the presence of Q-flux, whereas an additional asymmetric action on the base gives rise to R-flux.

4.1 General setup

Consider a compactification of Type II string theory on (T^5 × S^1)/Z_4. The freely-acting orbifold we will consider is the Type II analogue of the permutation orbifold originally studied in [35] and is generated by:

G = e^{2π(FL+FR)} δ_{1,0} , (81)

where δ_{1,0} is an order-4 momentum shift and F_L, F_R are the generators of rotations acting on the left- and right- moving coordinates, respectively. This class of orbifolds was later generalized to asymmetric versions in [16] and we will adopt the notation of the latter. For the purposes of the discussion, we will factorize the fiber T^5 as T^4 × S^{1′}, with S^{1′} being a spectator circle, so that the orbifold acts symmetrically on the left- and rightmoving T^4 × S^1 coordinates:

Z^1 → iZ^1 Z^2 → −iZ^2 , Z^3 → iZ^3 Z^4 → −iZ^4 , X → X + π 2 , (82)

where Z^{1,2,3,4} are complex coordinates on T^4, related via complex conjugation Z^2 = Z̄^1 and Z^4 = Z̄^3. On the other hand, X is the coordinate of the base, where the orbifold acts as a shift. The action on their fermionic superpartners is similar. The structure of the orbifold on the internal T^4 space is that of a K3 orbifold and, hence, preserves half of the left- and right- moving supersymmetries, giving rise to an N_4 = 4 theory.

The partition function of the theory can be written in the Scherk-Schwarz formalism as a fibration:

Z = ∑ m,n∈Z 1 2 ∑ a,b=0,1 (−1)^{a+b} ϑ^2 [_a b ] ϑ [_{a−h} b−g ] ϑ [_{a+h} b+g ] η^{12} 1 2 ∑ ā,b̄=0,1 ϑ̄2 [^ā_{b̄} ] ϑ̄ [_{ā−h} b̄−g ] ϑ̄ [_{ā+h} b̄+g ] η̄^{12}

× Γ_{(4,4)} [ h g ] R exp [ − πR^2 τ_2 |m̃ + τn|^2 ] Γ_{(1,1)}(R^′)

, (83)

with (h, g) =^1_2 (n, m̃). Here, n, m̃ ∈ Z are the winding numbers parametrizing the wrapping of the worldsheet torus around S^1. Furthermore, the spectator circle S^{1′} of radius R^′ contributes the Γ_{(1,1)}(R^′) spectator lattice. The lattice sum Γ_{(4,4)} associated to the directions of the fiber T^4 on which the Z_4 orbifold acts non-trivially is given at the fermionic point by:

Γ_{(4,4)} [ h g ] = 1 2 ∑ γ,δ=0,1 | | | ϑ [ γ − h δ − g ] ϑ [γ δ ] ϑ [ γ + h δ + g ] ϑ [ γ − 2h δ − 2g ] | | | 2 . (84)

Following [16], the orbifold action can be related to the monodromy matrix of twisted reductions by expressing the permutation action on the left-moving part of the fiber X^I :

(P_L)^I_J =

0 −1 0 0 1 0 0 0 0 0 0 −1 0 0 1 0

≡ (e^{2πFL} )^I_J , (85)

in terms of the left-moving flux matrix :

(F_L)^I_J =

0 −^1_4 0 0 1 4 0 0 0 0 0 0 −^1_4 0 0^1_4 0

. (86)

Since we are dealing with a symmetric orbifold, the action on the right-movers is identical, (F_R)^I_J = (F_L)^I_J ≡ F^I_J . The flux matrices correspond precisely to the left- and rightmoving data encoded into the monodromy matrix M appearing in the twisted reduction (12) and, hence, they define a flat gauging of supergravity based on the algebra:

[Z_X, Z_I ] = F_I^J Z_J

[Z_X, X^I ] = −F_J^I X^J

. (87)

Comparing with the general form of the algebra of gaugings in eqs. (4)-(6), one may verify that the model indeed corresponds to a geometric fibration and is, hence, an example of an ω-flux background, with the identification ω^I_{XJ} = ω̃^I_{XJ} = −F^I_J .

4.2 T-duality in the fiber

We will now perform a number of T-dualities, in order to investigate the manifestation of Q-flux and R-flux from the worldsheet perspective. It should be noted that the naive application of Buscher rules is not valid for a generic compact manifold and the T-duality transformations typically need to be α^′-corrected order by order [36, 37]. We will not be concerned with such issues here, since our construction is based on an exactly solvable CFT and the T-dualities we perform can be exactly realized at the σ-model level.

The first step will be to perform a T-duality in the fiber directions. Let us first express the T^4 coordinates Z^{1,2,3,4} in a real basis X^{1,2,3,4} :

Z^1_{L,R} =^1_2 (X^1 + iX^2)_{L,R}

Z^2_{L,R} =^1_2 (X^1 − iX^2)_{L,R} , Z^3_{L,R} =^1_2 (X^3 + iX^4)_{L,R}

Z^4_{L,R} =^1_2 (X^3 − iX^4)_{L,R}

. (88)

The monodromy of T^4, as the base coordinate closes a full circle X → X + 2πR, acts as a permutation X^1 → −X^2, X^2 → X^1, X^3 ↔ −X^4, X^4 → X^3, which reproduces precisely the orbifold action in eq. (82). Now let us perform a simultaneous T-duality on the coordinates X^2, X^4 ∈ T^4 of the fiber. Since the sigma model is flat toroidal, the T-duality action reads simply X^I_L → X^I_L, X^I_R → −X^I_R and eq. (88) becomes in the dual theory:

Z^1_L =^1_2 (X^1 + iX^2)_L

Z^2_L =^1_2 (X^1 − iX^2)_L

Z^3_L =^1_2 (X^3 + iX^4)_L

Z^4_L =^1_2 (X^3 − iX^4)_L , Z^1_R =^1_2 (X^1 − iX^2)_R

Z^2_R =^1_2 (X^1 + iX^2)_R

Z^3_R =^1_2 (X^3 − iX^4)_R

Z^4_R =^1_2 (X^3 + iX^4)_R

. (89)

Hence, in the T-dual theory, the monodromy becomes asymmetric between the left- and right- movers:

Z^1_L → +iZ^1_L Z^2_L → −iZ^2_L Z^3_L → +iZ^3_L Z^4_L → −iZ^4_L , Z^1_R → −iZ^1_R Z^2_R → +iZ^2_R Z^3_R → −iZ^3_R Z^4_R → +iZ^4_R

. (90)

Of course, the partition function remains unchanged in the T-dual theory. The spacetime interpretation, however, is now different. Due to the asymmetric monodromy (F_L)^I_J = −(F_R)^I_J ≡ F^I_J , one expects the model to contain Q-flux. This can be best seen by inspecting the algebra of gaugings:

[Z_X, Z_I ] = F_{IJ} X^J

[Z_X, X^I ] = F^{IJ} Z_J

, (91)

from which one may infer the presence of a combination of both H- and Q- flux, H_{XIJ} = F_{IJ} , Q^{IJ}_X = −F^{IJ} .

4.3 T-duality in the base

In order to investigate the worldsheet interpretation of the R-flux, we will now perform a T-duality in the base S^1. Of course, for a generic twisted torus, such an operation is not allowed because the moduli of the fiber depend explicitly on the base coordinate X and the U(1)-shift along the base is not an isometry of the background. On the other hand, in the special case where the fibration is realized at the orbifold point, the shift symmetry along the base is still present, since the twist of the fiber depends on the winding around the base S^1 only through non-trivial boundary conditions of the worldsheet fields. This allows one to perform the T-duality in an exact way at the level of the σ-model.

We start from the flat σ-model action, ignoring the dilaton: S = 1 4π ∫ d^2σ (G_{IJ} ∂X^I ¯∂X^J + R^2∂X ¯∂X) + . . . , (92)

where we only display the relevant bosonic fields. For the symmetric Z_4-orbifold of the previous section the radii of the T^4 can be taken to lie at the fermionic point, G_{IJ} =^1_2 δ_{IJ} . In the full path integral, one has to supplement this with a set of non-trivial boundary conditions. To illustrate these boundary condition assignments, it is more convenient to rewrite the partition function in the orbifold representation, by redefining the windings as n → 4n + H, m̃ → 4m̃ + G with n, m̃ ∈ Z, H, G ∈ Z_4 and using the periodicities of the Jacobi ϑ-functions to decouple the winding dependence of the latter: Z = 1 4 ∑ H,G∈Z_4 1 2 ∑ a,b=0,1 (−1)^{a+b} ϑ^2 [_a b ] ϑ [_{a−H} b−G ] ϑ [_{a+H} b+G ] η^{12} 1 2 ∑ ā,b̄=0,1 ϑ̄2 [^ā_{b̄} ] ϑ̄ [^{ā−H}_{b̄−G} ] ϑ̄ [^{ā+H}_{b̄+G} ] η̄^{12}

× Γ_{(4,4)} [ H G ] 4R ∑ m̃,n∈Z exp [ − π(4R)^2

τ_2 | |m̃ + G 4 + τ ( n + H 4 )| |^2 ] Γ_{(1,1)}(R^′) .

(93)

This representation^5 of the partition function illustrates the boundary conditions of the various worldsheet fields. The path integral on the worldsheet torus for the base coordinate X is performed by splitting the latter into a classical (instantonic) part, encoding the boundary conditions, and a quantum part X_{quant} with trivial boundary conditions which gives rise to the string oscillator contribution:

X(σ^1 , σ^2) = 2π [ (n +^H_4 )σ^1 + (m̃ +^G_4 )σ^2 ] + X_{quant} . (94)

The flat worldsheet σ-model has a local isometry under translations in the base direction X with conserved Noether currents J = (4R)^2∂X, J̄ = (4R)^2 ¯∂X. This isometry can be gauged [31] by introducing a term ∫ (AJ̄ + ĀJ) in the worldsheet action, coupling the currents to appropriate gauge fields A, Ā. However, the new term still varies under the gauge transformation and gauge invariance can be ensured by adding a quadratic term ∫ (4R)^2AĀ in the gauge fields, together with a term ∫ (A ¯∂Y − Ā∂Y), involving an additional real scalar Y. The gauged action then reads:

S^′ = 1 4π ∫ d^2σ { G_{IJ} ∂X^I ¯∂X^J + (4R)^2∂X ¯∂ X + [ (4R)^2∂X − ∂Y ] Ā+ [ (4R)^2 ¯∂X + ¯∂Y ] A + (4R)^2AĀ

} . (95)

The quantum equivalence of the gauged action S^′ to the original one can be seen by carefully integrating out Y on the topology of the worldsheet torus which, in turn, forces A to be a pure gauge [31]. The dual action, on the other hand, is obtained by instead integrating out the gauge fields: A = −∂X + (4R)^{−2}∂Y , Ā = − ¯∂X − (4R)^{−2} ¯∂Y . (96) Substituting these into S^′ then leads to the dual action S̃:

S̃ = 1 4π ∫ d^2σ [ G_{IJ} ∂X^I ¯∂X^J + (4R)^{−2}∂Y ¯∂Y + (∂Y ¯∂X − ∂X ¯∂Y) ] , (97)

5Notice the effective rescaling of the radius R → 4R, which takes place when one goes from the Scherk-Schwarz representation to the orbifold picture.

with Y being interpreted as the T-dual coordinate of the base. Notice that the original base coordinate X still appears in the dual action, through its coupling to Y via a totalderivative term: S_{XY} = 1 4π ∫ d^2σ (∂Y ¯∂X − ∂X ¯∂ Y) . (98) On a worldsheet with the topology of a sphere this term would simply drop out, leading to the standard T-dual action. In the case of the worldsheet torus, however, the extra term in eq. (98) does contribute through the classical part of X, Y. Using the torus derivatives: ∂ = i √ τ_2

(τ̄ ∂_1 − ∂_2) , ¯∂ = i √ τ_2

(−τ∂_1 + ∂_2) , (99)

together with the classical part of X, given in eq.(94), and that of Y:

Y(σ^1 , σ^2) = 2π ( n^′σ^1 + m̃^′σ^2 ) + Y_{quant} , (100)

one obtains the non-trivial contribution to the partition function:

exp[−S_{XY}] = exp [ 2iπ (m̃′H − n′G 4 )] . (101)

Hence, the windings n, m̃ of the original base coordinate X drop out and, hence, the phase in eq. (101), together with the standard kinetic term of Y in the dual σ-model form the T-dual S^1 lattice:

Γ_{(1,1)} [H G ] = (4R)^{−1} √ τ_2 ∑ m̃^′,n^′∈Z exp [ − π(4R)^{−2} τ_2 | |m̃^′ + τn^′ | |^2 + 2iπ (m̃′H − n′G 4 ) ] . (102)

Similarly, path integration over the remaining worldsheet bosons and their fermionic superpartners yields the remaining pieces of the partition function of the T-dual theory: Z = 1 4 ∑ H,G∈Z_4 1 2 ∑ a,b=0,1 (−1)^{a+b} ϑ^2 [_a b ] ϑ [_{a−H} b−G ] ϑ [_{a+H} b+G ] η^{12} 1 2 ∑ ā,b̄=0,1 ϑ̄2 [^ā_{b̄} ] ϑ̄ [^{ā−H}_{b̄−G} ] ϑ̄ [^{ā+H}_{b̄+G} ] η̄^{12}

× Γ_{(4,4)} [ H G ] 1 4R ∑ m̃^′,n^′∈Z exp [ − π(4R)^{−2} τ_2 | |m̃^′ + τn^′ | |^2 + 2iπ (m̃′H − n′G 4 )] Γ_{(1,1)}(R^′) .

(103)

Notice that the above representation of the partition function could have been directly obtained from eq. (93) by Poisson-resumming first in the m̃- and then in the n- winding. The interpretation of the T-dual theory is most clear in the Hamiltonian representation of the S^1-lattice: Γ_{(1,1)} [H G ] = ∑ m,n∈Z q^{12 P 2L} q̄^{12 P 2R} e^{iπnG/2} , (104) with P_{L,R} = 1 √ 2 ( m +^H_4 4R ± 4Rn ) , (105)

from which one recognizes a winding shift (see Section 3.1). Hence, the effect of T-duality in the base S^1 is to turn the original freely-acting orbifold with momentum shift along S^1 into a freely-acting orbifold with identical action on the fiber, but with winding shift along the base. The winding shift involves an asymmetric action of the orbifold on the base and, in the case when the action on the fiber is also asymmetric, corresponds to the R-flux frame. Let us make this identification explicitly in the two relevant cases:

• Starting from an orbifold with momentum shift, which acts symmetrically on the fiber (F_L = F_R ≡ F ), and performing a T-duality in the base S^1, yields a nongeometric background corresponding to the gauge algebra:

[X^X, Z_I ] = F_I^J Z_J

[X^X, X^I ] = −F_J^I X^J

. (106)

The resulting gauging of supergravity corresponds to Q-flux only, with the identification Q^{XJ}_I = −Q̃^{XI}_J = F_I^J .

• If, on the other hand, we first perform a T-duality in the fiber directions, so that the action of the orbifold is asymmetric on the fiber (F_L = −F_R ≡ F ), then the subsequent T-duality in the base S^1 yields:

[X^X, Z_I ] = F_{IJ} X^J

[X^X, X^I ] = F^{IJ} Z_J

. (107)

This case is characterized by a combination of both ω- and R-flux, with the identifications ω̃^X_{IJ} = F_{IJ} , R^{XIJ} = F^{IJ} , respectively.

5 Asymmetric orbifolds without symmetric T-duals

In the previous section, we started from the simple example of a freely-acting, symmetric orbifold and studied a chain of T-dualities which effectively turned the action on the fiber and on the base into an asymmetric one. By studying the algebra of gaugings of the corresponding effective supergravity theory, we were able to identify the ω, H, Q and R fluxes present in each case. These string backgrounds lie inside the same conjugacy class of O(D, D; Z) as the geometric fibration and, hence, constitute a description of the same (initially geometric) theory in different duality frames. On the other hand, at the level of the supergravity theory there is a plethora of possible gaugings which have no geometric origin. These are theories which lie outside the geometric conjugacy class of O(D, D; Z) and, hence, their underlying string theoretic description is non-trivially and inherently non-geometric. In this section, we will study such “truly” asymmetric constructions at the string level in terms of explicit examples.

5.1 Inherently asymmetric Z_4 orbifold

Consider now the freely-acting Z_4 orbifold: G = e^{2πFL} δ_{a,b} , (108) where the orbifold acts as a rotation F_L only on the left-moving coordinates of the fiber, accompanied with a generic shift δ_{a,b} along the base S^1. This is an “extremely” asymmetric analogue of the Z_4 orbifolds discussed in the previous section. The asymmetry of the fiber cannot be removed by any action of the T-duality group and, in the case a = b = 1 corresponding to a combined momentum and winding shift, the base also acquires an inherent stringy asymmetry. The modular invariant partition function corresponding to the left-moving flux matrix F_L given in eq. (86) is:

Z = 1 4 ∑ H,G∈Z_4 1 2 ∑ α,β=0,1 (−1)^{α+β} ϑ^2 [_α β ] ϑ [_{α−H/2} β−G/2 ] ϑ [_{α+H/2} β+G/2 ] η^{12} 1 2 ∑ ā,b̄=0,1 ϑ̄4 [^ā_{b̄} ] η̄^{12}

× Γ_{(4,4)} [ H G ] Γ_{(1,1)}(R^′) e^{2πi[abHG/4−(HG−δH)]/4} ∑ m,n∈Z e^{2iπG ma+nb4} q^{14 P 2L} q̄^{14 P 2R} , (109)

where the left- and right- moving momenta along the base are given by: P_{L,R} = m + b^H_4 4R ± 4R ( n + a^H_4 ) . (110)

The asymmetrically twisted Γ_{(4,4)}-lattice associated to the T^4 fiber, now reads (at the fermionic point):

Γ_{(4,4)} [ H G ] = 1 2 ∑ γ,δ=0,1 ϑ [ γ − H/2 δ − G/2 ] ϑ [γ δ ] ϑ [ γ + H/2 δ + G/2 ] ϑ [ γ − H δ − G ] ϑ̄ [γ δ ]_4 . (111)

There are three cases of interest, corresponding to pure momentum shift δ_{1,0}, pure winding shift δ_{0,1} and a combined momentum and winding shift δ_{1,1}. It will be instructive to display explicitly the algebra of gaugings in each of these cases.

• Orbifold with pure momentum shift δ_{1,0}:

[Z_X, Z_I ] =^1_2 F_I^J Z_J +^1_2 F_{IJ} X^J

[Z_X, X^I ] = −^1_2 F_J^I X^J +^1_2 F^{IJ} Z_J

. (112)

Hence, the theory contains a combination of ω, H and Q flux, given by: ω^J_{XI} = ω̃^J_{XI} =^1_2 F_I^J , H_{XIJ} =^1_2 F_{IJ} and Q^{IJ}_X =^1_2 F^{IJ} .

• Orbifold with pure winding shift δ_{0,1}:

[X^X, Z_I ] =^1_2 F_I^J Z_J +^1_2 F_{IJ} X^J

[X^X, X^I ] = −^1_2 F_J^I X^J +^1_2 F^{IJ} Z_J

. (113)

This corresponds to the T-dual of the previous case with respect to the base and contains ω, Q and R flux. The precise identification is given by: ω̃^X_{IJ} =^1_2 F_{IJ} , Q^{XJ}_I = −Q̃^{XJ}_I =^1_2 F_I^J and R^{XIJ} =^1_2 F^{IJ} .

• Orbifold with momentum and winding shift δ_{1,1}:

[Z_X, Z_I ] =^1_2 F_I^J Z_J +^1_2 F_{IJ} X^J

[Z_X, X^I ] = −^1_2 F_J^I X^J +^1_2 F^{IJ} Z_J

[X^X, Z̃_I ] =^1_2 F_I^JZ̃_J +^1_2 F_{IJ}X̃^J

[X^X, X̃^I ] = −^1_2 F_J^IX̃^J +^1_2 F^{IJ}Z̃_J

. (114)

As discussed in Section 3.4, the enhancement of the algebra is an inherently stringy phenomenon with no geometric analogue and corresponds to a gauging involving simultaneously ω, H, Q and R flux.

For simplicity we defined F_L ≡ F . Notice that, due to the asymmetry of the rotation, the effective quantization of the rotation angles in the flux matrix F (as it appears in the algebra) is in units of 1/(2N), unlike in the case of a symmetric action where the quantization is in units of 1/N. This is a generic phenomenon arising in such “extremely” asymmetric constructions where the action of the orbifold rotation acts chirally either only on the left- or right- moving fiber coordinates.

5.2 Z_4 × Z_2 orbifold with momentum and winding shift

In this section we discuss a generalization of this class of orbifold backgrounds to freelyacting, asymmetric Z_4 × Z_2 orbifolds, with the Z_4 factor acting on the left-moving fiber, accompanied with an order-4 momentum shift in the base and the Z_2 factor acting on the right-moving fiber coordinates, together with an order-2 winding shift on the base: G = e^{2πFL} δ_{1,0} G^′ = e^{2πF ′R} δ^′_{0,1} . (115)

The modular invariant partition function is given by:

Z = 1 4 ∑ H,G∈Z_4 1 2 ∑ H^′,G^′∈Z_2 1 2 ∑ α,β=0,1 (−1)^{α+β} ϑ^2 [_α β ] ϑ [_{α−H/2} β−G/2 ] ϑ [_{α+H/2} β+G/2 ] η^{12}

× 1 2 ∑ ᾱ,β̄=0,1 (−1)^{ᾱ+β̄} ϑ̄2 [_ᾱ β̄ ] ϑ̄ [_{ᾱ−H′/2} β̄−G′/2 ] ϑ̄ [_{ᾱ+H′/2} β̄+G′/2 ] η̄^{12}

× Γ_{(4,4)} [ H, H^′ G, G^′ ] Γ_{(1,1)}(R^′) e^{πi[ HG−δH2 − H′G4 −H′G′]} ∑ m,n∈Z e^{2iπ[Gm/4−G′ n/2]} q^{14 P 2L} q̄^{14 P 2R}

, (116)

where the left- and right- moving momenta along the base are given by: P_{L,R} = m −^{H′}_2 4R ± 4R ( n +^H_4 ) . (117)

The asymmetrically twisted Γ_{(4,4)}-lattice associated to the T^4 fiber, now reads (at the fermionic point):

Γ_{(4,4)} [ H, H^′ G, G^′ ] = 1 2 ∑ γ,δ=0,1 ϑ [ γ − H/2 δ − G/2 ] ϑ [γ δ ] ϑ [ γ + H/2 δ + G/2 ] ϑ [ γ − H δ − G ] ϑ̄ [γ δ ]_2 ϑ̄ [ γ − H^′ δ − G^′ ] ϑ̄ [ γ + H^′ δ + G^′ ] . (118) The orbifold action on the fiber is parametrized through the flux matrices F_L, F^′_R, where F_L is the generator of the Z_4 rotation on the left-movers given in eq. (86) and F_R is given by:

(F^′_R)^I_J =

0 −^1_2 0 0 1 2 0 0 0 0 0 0 −^1_2 0 0^1_2 0

. (119)

In this case, the resulting algebra of gaugings becomes:

[Z_X, Z_I ] =^1_2 (F_L)_I^J Z_J +^1_2 (F_L)_{IJ} X^J

[Z_X, X^I ] = −^1_2 (F_L)_J^I X^J +^1_2 (F_L)^{IJ} Z_J

[X^X, Z_I ] =^1_2 (F^′_R)_I^J Z_J +^1_2 (F^′_R)_{IJ} X^J

[X^X, X^I ] = −^1_2 (F^′_R)_J^I X^J +^1_2 (F^′_R)^{IJ} Z_J

, (120)

and corresponds to “true” Q- and R- backgrounds with non-trivial ω, ω̃, H, Q, Q̃ and R fluxes. It is important to stress that the fluxes appearing in the above algebra are effectively quantized in units of 1/8 for F_L and 1/4 for F^′_R, and this necessitates the distinction between ω, ω̃ and Q, Q̃.

6 On the relation between asymmetric orbifolds and T-folds

Besides deriving the (non-) geometric fluxes and the corresponding supergravity gaugings from the CFT operator algebra, the relation between (a)symmetric orbifolds and (non-) geometric fluxes can be also seen from a slightly different but eventually equivalent perspective, namely by viewing the orbifolds as particular points in the parameter space of a T-fold compactification. The main idea is that T-folds are defined by non-constant background fields, which are patched together either by standard diffeomorphisms (geometric spaces) or, more generally, by stringy symmetries that correspond to discrete symmetry operations of the orbifold CFT. Allowing for generic background parameters (moduli), the σ-model associated to the T-fold is not, in general, conformal and the equations of motion will receive an infinite tower of α^′-corrections. However, choosing the moduli in such a way that the symmetry transformations act as automorphisms on the background, i.e. going to the (a)symmetric orbifold points of the T-fold moduli space, the correspond σ-model becomes conformal. Hence, there is a renormalization group flow in the moduli space of the T-fold towards the directions of its orbifold points, where some (or all) of the moduli parameters are fixed to specific values^6. It turns out that these fixed values of the moduli precisely correspond to the minima of the gauged supergravity potential, consistently with the fact that the gauging can be equivalently viewed as a compactification with (non-) geometric fluxes.

The D = (d + d^′)-dimensional backgrounds Y^{d+d′} under consideration can be conveniently described in a uniform manner: they take the form of a fibration of a d-dimensional torus T^d_f over a d^′-dimensional base B^{d′} in the remaining directions: T^d_f → Y^{d+d′} → B^{d′} . (121) For instance, the base space B^{d′} can be taken to be a d^′-dimensional torus T^{d′}_b . We wish to consider fibrations that are determined by the O(d, d) monodromy properties of the fiber torus T^d_f , when going around homologically non-trivial loops in the base B^{d′} .

Let us consider the case where, in the (a)symmetric orbifold language, the fibration is specified by the Z^L_N × Z^R_M orbifold rotations (M_L, M_R) acting on the left- and right-moving fiber “coordinates” X^I_L and X^I_R (I = 1, . . . , d). Namely, a shift in a base coordinate X → X + 2π induces the following rotation on X_L and X_R:

X_L → M_LX_L , X_R → M_RX_R . (122)

This defines a freely-acting orbifold space, since the fiber twist is always accompanied by a

6In the interest of simplicity, we use in this discussion the example of T-folds. However, the arguments we present remain valid even in the case of “generalized T-folds” where the description is inherently nonlocal, namely for R-backgrounds.

shift along the base coordinate X. It corresponds to a geometric, symmetric orbifold when M_L = M_R, whereas, otherwise, the underlying CFT corresponds to a non-geometric asymmetric orbifold.

Let us now see how the above orbifold picture is related to a T-fold description. In the T-fold picture, the background parameters corresponding to the metric and antisymmetric tensor field are non-constant functions, varying over of the base coordinates X: g_{IJ} = g_{IJ} (X), b_{IJ} = b_{IJ} (X). Consistency then requires, that the monodromy of the background around closed loops in the base (i.e. X → X + 2π), respects the stringy symmetries, which are given in terms of discrete O(d, d) transformations. To illustrate the latter, we combine the metric and the antisymmetric tensor of T^d_f into a d-dimensional matrix as E_{IJ} (X) = g_{IJ} (X) + b_{IJ} (X) , (123)

in terms of which, the O(d, d) transformation of the background fields acts as E(X + 2π) = M_{O(d,d)}E(X) = ( AE(X) + B )( CE(X) + D )_{−1} . (124)

Here, M_{O(d,d)} is a group element of O(d, d) of the form

M_{O(d,d)} = ( A B C D ) , (125)

where the d-dimensional matrices A, B, C, D satisfy

A^tC + C^tA = 0 , B^tD + D^tB = 0 , A^tD + C^tB = I . (126)

In order to match the orbifold symmetries, M_{SO(d,d)} must be identified with the rotation group elements (M_L, M_R) of the Z^L_N ×Z^R_M orbifold. Therefore, the identification between the T-fold and the freely-acting Z^L_N × Z^R_M orbifold is possible, provided that a faithful embedding of Z^L_N × Z^R_M into O(d, d) can be found. The general asymmetric case with M_L ≠ M_R corresponds to a non-geometric T-fold, and the combined (M_L, M_R) rotation forms a discrete element of the full O(d, d) group; i.e. the group Z^L_N × Z^R_M is a discrete Abelian subgroup of O(d, d). On the other hand, in the case of a symmetric orbifold, the symmetric rotation group with M_L = M_R is a subgroup of only the diagonal O(d). In this case the associated T-fold describes a geometric compactification.

We will explicitly demonstrate this relationship by considering a three-dimensional fibration, with a one-dimensional circle S^1 serving as the base and a two-dimensional torus T^2 as the fiber. A T^2 torus with b-field is parametrized by two complex scalars known as the complex structure τ =^{g12}_{g11} + i^V_{g11} and the complexified Kähler class ρ = −b_{12} + i V , where V denotes the volume of the two-torus. The O(2, 2) group then decomposes as follows:

O(2, 2) = SL(2)_τ × SL(2)_ρ × Z^{τ ↔ρ}_2 × Z^{τ ↔−ρ̄}_2 . (127)

Here the group factor SL(2)_τ corresponds to the standard reparametrizations of the torus, acting as τ → aτ + b cτ + d , with ad − bc = 1 , (128)

whereas SL(2)_ρ contains the shift in the b-field, ρ → ρ + c, as well as the T-duality transformation (radius inversion), ρ → −1/ρ, the full action being ρ → a^′ρ + b^′ c^′ρ + d^′ , with a^′d^′ − b^′c^′ = 1 . (129)

The embedding of SL(2)_τ × SL(2)_ρ in O(2, 2) is then provided by the following identification with the matrices A, B, C, D in eq. (125):

A = a^′ ( a b c d ) , B = b^′ ( −b a −d c ) , C = c^′ ( −c −d a b ) , D = d^′ ( d −c −b a ) . (130)

6.1 Symmetric Z_4 orbifold: geometric T-fold with one elliptic monodromy

We first consider the case of a symmetric Z_4-orbifold, where the shift in the base coordinate X → X + 2π is accompanied by the following symmetric Z_4 rotation in the fiber:

M^{(1)} :

X^{1′}_L = −X^2_L ,

X^{2′}_L = X^1_L ,

X^{1′}_R = −X^2_R ,

X^{2′}_R = X^1_R .

(131)

This is indeed a left-right symmetric Z_4 rotation, acting on the complex coordinates Z_{L,R} = X^1_{L,R} + iX^2_{L,R} as

M^{(1)} :

Z^′_L = e^{− iπ2} Z_L ,

Z^′_R = e^{− iπ2} Z_R .

(132)

In the base (X^I , X̃^I ) of the fiber coordinates and their duals, X^{1,2} = X^{1,2}_L + X^{1,2}_R and X̃ 1,2 = X^{1,2}_L − X^{1,2}_R , the above Z_4 transformation takes the form

M^{(1)} :

X^{1′}_L = −X^2_L ,

X^{2′}_L = X^1_L ,

X^{1′}_R = −X^2_R ,

X^{2′}_R = X^1_R , and can be seen to correspond to the following discrete O(2, 2) transformation:

M^{(1)} =

0 −1 0 0 1 0 0 0 0 0 0 −1 0 0 1 0

. (133)

Using the explicit embedding of SL(2)_τ × SL(2)_ρ inside O(2, 2), given in eq. (130), one finds that this transformation simply corresponds to an inversion of the complex structure:

M^{(1)} : τ^′ = τ(X + 2π) = − 1 τ(X) , ρ^′ = ρ(X + 2π) = ρ(X) . (134)

The corresponding geometric background can then be constructed as a fibered torus with the following non-constant complex structure [38]: τ(X) = τ_0 cos(fX) + sin(fX) cos(fX) − τ_0 sin(fX) , f ∈ 1 4 + Z , ρ(X) = ρ_0 = const . (135)

Here τ_0 and ρ_0 are arbitrary parameters (moduli) of the background. The background possesses geometric ω, ω̃-fluxes, which can be readily identified with f. At the fixed point of the transformation X → X + 2π, τ_0 = i, the geometric background reduces precisely to the symmetric orbifold of Section 4.1. Note that the monodromy acts as an order two transformation on the background parameter τ(X), whereas its (symmetric) action on the coordinates Z_L and Z_R is of order four.

6.2 Asymmetric Z_4 orbifold: non-geometric T-dual T-fold with one elliptic monodromy

We now start from the geometric background of the previous section and perform a Tduality transformation along the X^2 direction of the fiber. This leads to a background, where the shift in X is accompanied by the following left-right asymmetric Z_4 rotation, now acting on the complex coordinates Z_{L,R} as

M^{(2)} :

Z^′_L = e^{− iπ2} Z_L ,

Z^′_R = e^{iπ2} Z_R ,

(136) which corresponds to the following O(2, 2) transformation:

M^{(2)} =

0 0 0 −1 0 0 1 0 0 −1 0 0 1 0 0 0

. (137)

As expected by T-duality, using eq. (130), it is straightforward to see that the action on the T^2-background now involves the inversion of the Kähler parameter, while preserving the complex structure unchanged

M^{(2)} : τ^′ = τ(X + 2π) = τ(X) , ρ^′ = ρ(X + 2π) = − 1 ρ(X) . (138)

The corresponding non-geometric background is characterized by the following nonconstant Kähler parameter: ρ(X) = ρ_0 cos(gX) + sin(gX) cos(gX) − ρ_0 sin(gX) , g ∈ 1 4 + Z , τ(X) = τ_0 = const . (139)

The background is a non-geometric T-fold and it possesses both H-flux and non-geometric Q-flux. At the level of the above construction, g should be thought of as a flux parameter (analogous to the eigenvalue of the flux matrix F ), generating both the geometric Hand the non-geometric Q- flux. The very fact that there exists one flux parameter g generating both H and Q, reflects the structure of the corresponding gauge algebra. At the fixed point of the transformation X → X + 2π, ρ_0 = i, the non-geometric background reduces to the asymmetric Z_4 orbifold of Section 4.2.

6.3 Truly asymmetric Z_2 orbifold: non-geometric T-fold with two elliptic monodromies

We are now ready to describe an asymmetric orbifold, where the rotation acts only on the left-moving coordinates. As was already discussed in the previous sections, the resulting T-fold will be “truly” non-geometric, in the sence that it cannot be T-dualized to a geometric space^7. Specifically, let us consider a background, where the shift in X induces the following asymmetric Z_2-rotation on the complex coordinates Z_{L,R}

M^{(3)} : Z^′_L = −Z_L , Z^′_R = Z_R .

(140)

7This background was already mentioned in [39]. Genuinely non-geometric backgrounds and their relation to double geometry will be further discussed in [40].

From the point of view of the (X^I , X̃^I ) basis, the orbifold action mixes coordinates and dual coordinates as:

M^{(3)} :

X^{1′} = −X̃^1 ,

X^{2′} = −X̃^2 ,

X̃^{1′} = −X^1 ,

X̃^{2′} = −X^2 ,

(141)

and can be seen to correspond to the following O(2, 2) transformation:

M^{(3)} =

0 0 −1 0 0 0 0 −1 −1 0 0 0 0 −1 0 0

. (142)

Upon using eq. (130), one recognizes that this transformation simultaneously induces the inversion both of the Kähler parameter as well as of the complex structure:

M^{(3)} : τ^′ = τ(X + 2π) = − 1 τ(X) , ρ^′ = ρ(X + 2π) = − 1 ρ(X) . (143)

The corresponding background can be constructed as a double elliptic fibration with the following complex structure and Kähler parameters: τ(X) = τ_0 cos(fX) + sin(fX) cos(fX) − τ_0 sin(fX) , f ∈ 1 4 + Z , ρ(X) = ρ_0 cos(gX) + sin(gX) cos(gX) − ρ_0 sin(gX) , g ∈ 1 4 + Z . (144)

As we have already mentioned, this background is not T-dual to a geometric one. From the structure of the algebra in eq. (60), it follows that the background contains ω, H and Q flux. In the above construction, it is straightforward to identify ω, ω̃ with the f-parameter, whereas H, Q are generated by g, consistently with the examples of the previous subsections. At the fixed point of the transformation X → X + 2π, τ_0 = ρ_0 = i, the T-fold reduces to the corresponding asymmetric Z_2 orbifold.

6.4 Truly asymmetric Z_4 orbifold: non-geometric T-fold with two elliptic monodromies

We now consider the “truly” asymmetric Z_4-orbifold with pure momentum shift, based on the freely-acting asymmetric orbifold CFT discussed in [16], and constructed explicitly in Section 5.1. The shift in X now acts as the following “extremely” asymmetric Z_4 rotation on the left-moving complex coordinates of the fiber:

M^{(4)} :

Z^′_L = e^{− iπ2} Z_L ,

Z^′_R = Z_R .

(145)

The corresponding O(2, 2) transformation now reads:

M^{(4)} = 1 2 1 1 −1 1 −1 1 −1 −1 −1 1 1 1 −1 −1 −1 1

. (146)

Note that (M^{(4)})^4 = I and also that the square of this matrix agrees with the O(2, 2) matrix in eq. (142) of the previous example: (M^{(4)})^2 = M^{(3)}, as expected by the fact that Z_2 ⊂ Z_4. Furthermore, it should be noted that, although the entries of this matrix are no longer integer-, but half-integer- valued, M^{(4)} is an allowed O(2, 2) transformation, satisfying the constraints in eq. (126) and is a symmetry of the underlying CFT.

In order to determine how this O(2, 2) transformation acts on the background fields τ and ρ, we again use the embedding eq. (130) and obtain:

SL(2)_τ : ( a b c d ) = 1 √ 2 ( 1 1 −1 1 ) , SL(2)_ρ : ( a^′ b^′ c^′ d^′ ) = 1 √ 2 ( 1 1 −1 1 ) . (147)

The above transformations are not elements of SL(2, Z) and their action on the Kähler parameter as well as on the complex structure becomes:

τ^′ = τ(X + 2π) =

1 + τ(X) 1 − τ(X) , ρ^′ = ρ(X + 2π) =

1 + ρ(X) 1 − ρ(X) . (148)

The corresponding T-fold background is again a double elliptic fibration with the following complex structure and Kähler parameters: τ(X) = τ_0 cos(fX) + sin(fX) cos(fX) − τ_0 sin(fX) , f ∈ 1 8 + Z ρ(X) = ρ_0 cos(gX) + sin(gX) cos(gX) − ρ_0 sin(gX) , g ∈ 1 8 + Z . (149)

Similarly to the previous case, this background is not T-dual to a geometric one. Note that the two functions τ(X) and ρ(X) in eq. (149) have similar form to those in eq. (144), the difference being that the f- and g- fluxes are now quantized in units of 1/8 and the transformation in eq. (149) is of order four, in contrast to the order two transformation of eq. (144). Again, the interpretation of the flux parameters f, g is similar to that of the previous subsection, with f being identified with the geometric ω, ω̃ fluxes, whereas g generates the geometric H- and non-geometric Q- fluxes. At the fixed point of the order four transformation X → X + 2π, τ_0 = ρ_0 = i, the T-fold reduces to the asymmetric Z_4 orbifold of Section 5.1.

From the effective supergravity point of view, the explicit expressions in eq. (149) can be cast in more intuitive form which reflects the asymmetric Scherk-Schwarz mechanism, by performing holomorphic field redefinitions on the chiral scalar fields. To this end, consider the following field redefinition on the field τ (and similarly for ρ):

τ̃ = τ − i τ + i , (150)

such that at the fixed point τ̃ vanishes: τ̃ (τ = i) = 0. On the redefined field τ̃ , it follows that the SL(2) transformation in eq. (148) has a simple action as a rotation by π/2:

τ̃^′ = τ̃(X + 2π) = iτ̃ (X) . (151)

Explicitly, in terms of the base coordinate:

τ̃ (X) = τ_0 − i τ_0 + i exp(2ifX) . (152)

It should be noted that in the T-dual case (with respect to the base) of a winding shift, in which case the background contains R-flux, it is not possible to provide local expressions for τ and ρ, the monodromies would depend on shifts along the T-dual base coordinate X̃. Before closing this subsection, it is interesting to remark on deformation of the σmodel action away from the conformal point. Expanding eq. (149) around τ_0 = ρ_0 = i, we may treat this non-geometric background using conformal perturbation theory, by representing the σ-model perturbation away from the orbifold point as an infinite series of irrelevant operators:

S = S_{orb} + ∞∑ ℓ=1 ∫ d^2σ [ (τ_0 − i)^ℓ sin^{ℓ−1}(fX) e^{i(1+ℓ)fX} ∂Z ¯∂Z̄ + c.c. ]

+ ∞∑ ℓ=1 ∫ d^2σ [ (ρ_0 − i)^ℓ sin^{ℓ−1}(gX) e^{i(1+ℓ)gX} ∂Z ¯∂Z + c.c. ] . (153)

The validity of the approach relies on the fact that the operators appearing in the above perturbation carry well-defined left- and right- moving conformal weights, being exponential functions of the free-boson X. Note that in the case of the geometric orbifolds studied in the previous subsections, the corresponding deformation of the σ-model action involves only the complex structure τ_0, since the Kähler (volume) modulus still corresponds to a flat direction at the minimum (orbifold point) of the effective scalar potential.

The background we constructed in this section corresponds to the case of a pure momentum shift, which is clearly visible at the orbifold point and this is reflected by the fact that the fluxes f, g only couple to the base coordinate X, but not its dual. The T-dual version, with respect to the base, corresponding to the winding shift can be easily obtained by replacing X → X̃. Of course, in this case the interpretation of the fluxes changes, according to the map in eq. (31). The more interesting case of simultaneous momentum and winding shift (e.g. with a single Z_4-orbifold) is very similar to the Z_4 × Z_2 background we discuss in the next section, the main difference (at the level of this discussion) being in the quantization of the fluxes.

6.5 Asymmetric Z_4×Z_2 orbifold: irreducible R-background with two elliptic monodromies

Finally, it is interesting to consider the asymmetric Z_4 × Z_2 orbifold, defined in Section 5.2. Since this background contains R-flux, one expects the description to be non-local and, hence, cannot be described as a T-fold. As before, we will focus our attention on one of the two T^2-tori inside the T^4 fiber. The shift in X is accompanied a purely left-moving Z_4 rotation of the fiber, whereas the shift in X̃ is accompanied by a Z_2 rotation of the right-movers:

M^{(4)} :

Z^′_L = e^{− iπ2} Z_L ,

Z^′_R = Z_R .

M^{(2)} :

Z^′_L = Z_L , Z^′_R = −Z_R . , (154)

corresponding to the following O(2, 2) transformation:

M^{(4)} = 1 2 1 1 −1 1 −1 1 −1 −1 −1 1 1 1 −1 −1 −1 1

, M^{(2)} =

0 0 1 0 0 0 0 1 1 0 0 0 0 1 0 0

. (155)

Combining the results from the previous subsections, we may now write down the action on the Kähler and complex structure moduli: τ(X + 2π, X̃) = 1 + τ(X, X̃) 1 − τ(X, X̃) , ρ(X + 2π, X̃) = 1 + ρ(X, X̃) 1 − ρ(X, X̃) τ(X, X̃ + 2π) = − 1 τ(X, X̃) , ρ(X, X̃ + 2π) = − 1 ρ(X, X̃) . (156)

The corresponding background is again a double elliptic fibration in X, X̃, with the following complex structure and Kähler parameters: τ(X, X̃) = τ_0 cos(f_4X + f_2X̃) + sin(f_4X + f_2X̃) cos(f_4X + f_2X̃) − τ_0 sin(f_4X + f_2X̃)

, f_4, g_4 ∈ 1 8 + Z

ρ(X, X̃) = ρ_0 cos(g_4X + g_2X̃) + sin(g_4X + g_2X̃) cos(g_4X + g_2X̃) − ρ_0 sin(g_4X + g_2X̃)

, f_2, g_2 ∈ 1 4 + Z . (157)

Notice that the expressions for the Kähler and complex structure moduli are inherently non-local, as expected from the fact that the algebra of gaugings in eq. (120) contains R-flux. The parameters f_2, g_2, f_4, g_4 generate the following irreducible combinations of fluxes:

Parameter Fluxes f_4 ω, ω̃ f_2 Q, Q̃ g_4 H, Q g_2 ω̃, R

The above identification is consistent with the fact that the H-flux originates from the Kähler parameter ρ and with the general mapping of the fluxes under a T-duality in the base, as in eq. (31).

At the fixed point of the order four- and order two- transformations X → X + 2π, X̃ → X̃ + 2π, τ_0 = ρ_0 = i, and the background reduces to the asymmetric Z_4 orbifold of Section 5.2. As before, one may perform the following field redefinition on τ (and similarly for ρ): τ̃ = τ − i τ + i , (158)

in which case one obtains the doubled space analogue of the twisted reduction:

τ̃ (X) = τ_0 − i τ_0 + i exp [ 2i(f_4X + f_2X̃) ] , (159)

in agreement with eq. (35).

Finally, a deformation away from the orbifold point can be formulated at the level of the string σ-model in terms of conformal perturbation theory. Namely, one may consider perturbing the σ-model action at the conformal orbifold point by inserting the following infinite series of irrelevant operators:

S = S_{orb} + ∞∑ ℓ=1 ∫ d^2σ [ (τ_0 − i)^ℓ sin^{ℓ−1}(f_4X + f_2X̃_2 ) e^{i(1+ℓ)(f4 X+f2X̃2)} ∂Z ¯∂Z̄ + c.c. ]

+ ∞∑ ℓ=1 ∫ d^2σ [ (ρ_0 − i)^ℓ sin^{ℓ−1}(g_4X + g_2X̃_2 ) e^{i(1+ℓ)(g4X+g2X̃2)} ∂Z ¯∂Z + c.c. ] . (160)

Here, the circle coordinate X and its dual X̃ should be thought of as linear combinations of X_L and X_R . Since the perturbation depends on the left- and right- moving circle coordinates only through exponential functions, the corresponding operators O_{qL,qR} ∼ e^{iqLXL+iqRXR} carry well-defined conformal weight and the deformation can be consistently defined at the string level, for any circle radius R. It would be interesting to obtain an analogous formulation of this deformation in terms of a double σ-model, along the lines of [30, 41, 42].

7 Summary

In this paper we have explicitly constructed freely acting orbifold CFT’s that correspond to non-geometric string backgrounds with Q- and R-fluxes. The fluxes are identified from the CFT operator algebras and by comparison with the associated flux algebras in the effective gauged supergravity theory. In particular, we provide for the first time explicit backgrounds with simultaneous Q- and R-fluxes, obtained by combining shifts and rotations acting asymmetrically both in the base as well as in the fiber directions. In this way we obtain generalized Q-flux (T-fold) and R-flux backgrounds that cannot be T-dualized to geometric ones. In the case of “true” R-backgrounds, the corresponding fields of the fiber simultaneously depend both on the momentum as well as on the winding (dual) coordinate of the base. We expect these inherently non-local backgrounds to admit a natural description in terms of double field theory and it would be interesting for this connection to be made more precise [40].

Acknowledgements

We are grateful to F. Haßler, O. Hohm, C. Hull, K. Siampos, N. Toumbas, A. Zein Assi and B. Zwiebach for several fruitful discussions. C.C. is thankful to the Max-Planck- Institut für Physik in Munich for hospitality during the early stages of this work. I.F. would like to thank the CERN Theory Division, as well as the University of Rome “Tor Vergata” for hospitality. I.F. and D.L. wish to thank the Laboratoire de Physique Théorique de l’Ecole Normale Supérieure for its hospitality during the last stages of this work. This work is supported by the ERC Advanced Grant “Strings and Gravity” (Grant.No. 32004), by the DFG Transregional Collaborative Research Centre “Dark

Universe” (TRR 33), the DFG cluster of excellence “Origin and Structure of the Universe” and by the CNCS-UEFISCDI grant PD 103/2012.

References

[1] E. Kiritsis and C. Kounnas, “Dynamical topology change in string theory,” Phys.

Lett. B 331 (1994) 51 [hep-th/9404092].

E. Kiritsis and C. Kounnas, “Dynamical topology change, compactification and waves in string cosmology,” Nucl. Phys. Proc. Suppl. 41 (1995) 311 [gr-qc/9701005].

[2] K. S. Narain, “New Heterotic String Theories in Uncompactified Dimensions ¡ 10,” Phys. Lett. B 169 (1986) 41.

W. Lerche, D. Lüst and A. N. Schellekens, “Chiral Four-Dimensional Heterotic Strings from Selfdual Lattices,” Nucl. Phys. B 287 (1987) 477.

[3] I. Antoniadis, C. Bachas, C. Kounnas and P. Windey, “Supersymmetry Among Free Fermions and Superstrings,” Phys. Lett. B 171 (1986) 51;

I. Antoniadis, C. P. Bachas and C. Kounnas, “Four-Dimensional Superstrings,” Nucl. Phys. B 289, 87 (1987).

[4] D. Gepner, “Space-Time Supersymmetry in Compactified String Theory and Superconformal Models,” Nucl. Phys. B 296, 757 (1988).

[5] L. J. Dixon, J. A. Harvey, C. Vafa and E. Witten, “Strings on Orbifolds,” Nucl.

Phys. B 261, 678 (1985);

L. J. Dixon, J. A. Harvey, C. Vafa and E. Witten, “Strings on Orbifolds. 2.,” Nucl. Phys. B 274, 285 (1986).

[6] K. S. Narain, M. H. Sarmadi and C. Vafa, “Asymmetric Orbifolds,” Nucl. Phys. B 288 (1987) 551;

K. S. Narain, M. H. Sarmadi and C. Vafa, “Asymmetric orbifolds: Path integral and operator formulations,” Nucl. Phys. B 356 (1991) 163.

[7] C. M. Hull, “A Geometry for non-geometric string backgrounds,” JHEP 0510, 065 (2005) [hep-th/0406102].

[8] J. Shelton, W. Taylor and B. Wecht, “Nongeometric flux compactifications,” JHEP 0510, 085 (2005) [hep-th/0508133].

J. Shelton, W. Taylor and B. Wecht, “Generalized Flux Vacua,” JHEP 0702 (2007) 095 [hep-th/0607015].

[9] A. Dabholkar and C. Hull, “Generalised T-duality and non-geometric backgrounds,” JHEP 0605, 009 (2006) [hep-th/0512005].

[10] D. Andriot, M. Larfors, D. Lüst, and P. Patalong, “A ten-dimensional action for non-geometric fluxes”, JHEP 1109 (2011) 134, [arXiv:1106.4015 [hep-th]]. D. Andriot, O. Hohm, M. Larfors, D. Lüst, and P. Patalong, “A geometric action for non-geometric fluxes”, [arXiv:1202.3060 [hep-th]].

D. Andriot, O. Hohm, M. Larfors, D. Lüst and P. Patalong, “Non-Geometric Fluxes in Supergravity and Double Field Theory,” Fortsch. Phys. 60, 1150 (2012) [arXiv:1204.1979 [hep-th]].

R. Blumenhagen, A. Deser, E. Plauschinn and F. Rennecke, “A bi-invariant Einstein-Hilbert action for the non-geometric string,” Phys. Lett. B 720 (2013) 215 [arXiv:1210.1591 [hep-th]].

R. Blumenhagen, A. Deser, E. Plauschinn and F. Rennecke, “Non-geometric strings, symplectic gravity and differential geometry of Lie algebroids,” JHEP 1302 (2013) 122 [arXiv:1211.0030 [hep-th]].

R. Blumenhagen, A. Deser, E. Plauschinn, F. Rennecke and C. Schmid, “The Intriguing Structure of Non-geometric Frames in String Theory,” arXiv:1304.2784 [hepth].

D. Andriot and A. Betz, “β-supergravity: a ten-dimensional theory with nongeometric fluxes, and its geometric framework,” arXiv:1306.4381 [hep-th].

[11] C. Kounnas, D. Lüst, P. M. Petropoulos and D. Tsimpis, “AdS4 flux vacua in type II superstrings and their domain-wall solutions,” JHEP 0709 (2007) 051 [arXiv:0707.4270 [hep-th]].

[12] F. Haßler and D. Lüst, “Non-commutative/non-associative IIA (IIB) Q- and Rbranes and their intersections,” arXiv:1303.1413 [hep-th].

[13] C. Hull, “Doubled Geometry and T-Folds,” JHEP 0707 (2007) 080 [hepth/0605149].

C. Hull and B. Zwiebach, “Double Field Theory,” JHEP 0909 (2009) 099 [arXiv:0904.4664 [hep-th]].

O. Hohm, C. Hull and B. Zwiebach, “Background independent action for double field theory,” JHEP 1007 (2010) 016 [arXiv:1003.5027 [hep-th]]. O. Hohm, C. Hull and B. Zwiebach, “Generalized metric formulation of double field theory,” JHEP 1008 (2010) 008 [arXiv:1006.4823 [hep-th]].

O. Hohm and B. Zwiebach, “On the Riemann Tensor in Double Field Theory,” JHEP 1205 (2012) 126 [arXiv:1112.5296 [hep-th]].

O. Hohm and B. Zwiebach, “Large Gauge Transformations in Double Field Theory,” JHEP 1302 (2013) 075 [arXiv:1207.4198 [hep-th]].

O. Hohm and B. Zwiebach, “Towards an invariant geometry of double field theory,” arXiv:1212.1736 [hep-th].

O. Hohm, W. Siegel and B. Zwiebach, “Doubled α^′-Geometry,” arXiv:1306.2970 [hep-th].

[14] G. Aldazabal, D. Marques and C. Nunez, “Double Field Theory: A Pedagogical Review,” arXiv:1305.1907 [hep-th].

D. S. Berman and D. C. Thompson, “Duality Symmetric String and M-Theory,” arXiv:1306.2643 [hep-th].

[15] D. Lüst, “T-duality and closed string non-commutative (doubled) geometry,” JHEP 1012, 084 (2010) [arXiv:1010.1361 [hep-th]].

R. Blumenhagen, A. Deser, D. Lüst, E. Plauschinn and F. Rennecke, “Non-geometric Fluxes, Asymmetric Strings and Nonassociative Geometry,” J. Phys. A A 44, 385401 (2011) [arXiv:1106.0316 [hep-th]].

R. Blumenhagen and E. Plauschinn, “Nonassociative Gravity in String Theory?,” J. Phys. A A 44, 015401 (2011) [arXiv:1010.1263 [hep-th]].

R. Blumenhagen, “Nonassociativity in String Theory,” arXiv:1112.4611 [hep-th]. D. Lüst, “Twisted Poisson Structures and Non-commutative/non-associative Closed String Geometry,” PoS CORFU 2011, 086 (2011) [arXiv:1205.0100 [hep-th]]. D. Andriot, M. Larfors, D. Lüst and P. Patalong, “(Non-)commutative closed string on T-dual toroidal backgrounds,” JHEP 1306, 021 (2013) [arXiv:1211.6437 [hepth]].

[16] C. Condeescu, I. Florakis and D. Lüst, “Asymmetric Orbifolds, Non-Geometric Fluxes and Non-Commutativity in Closed String Theory,” arXiv:1202.6366 [hep-th].

[17] A. Chatzistavrakidis and L. Jonke, “Matrix theory origins of non-geometric fluxes,” JHEP 1302 (2013) 040 [arXiv:1207.6412 [hep-th]].

[18] A. Dabholkar and C. Hull, “Duality twists, orbifolds, and fluxes,” JHEP 0309 (2003) 054 [hep-th/0210209].

[19] S. Hellerman, J. McGreevy and B. Williams, “Geometric constructions of nongeometric string theories,” JHEP 0401, 024 (2004) [hep-th/0208174].

[20] A. Flournoy, B. Wecht and B. Williams, “Constructing nongeometric vacua in string theory,” Nucl. Phys. B 706 (2005) 127 [hep-th/0404217].

A. Flournoy and B. Williams, “Nongeometry, duality twists, and the worldsheet,” JHEP 0601 (2006) 166 [hep-th/0511126].

[21] S. Hellerman and J. Walcher, “Worldsheet CFTs for Flat Monodrofolds,” hepth/0604191.

[22] B. Wecht, “Lectures on Nongeometric Flux Compactifications,” Class. Quant. Grav.

24, S773 (2007) [arXiv:0708.3984 [hep-th]].

[23] T. R. Taylor and C. Vafa, “R R flux on Calabi-Yau and partial supersymmetry breaking,” Phys. Lett. B 474 (2000) 130 [hep-th/9912152].

G. Curio, A. Klemm, D. Lüst and S. Theisen, “On the vacuum structure of type II string compactifications on Calabi-Yau spaces with H fluxes,” Nucl. Phys. B 609 (2001) 3 [hep-th/0012213].

C. Angelantonj, S. Ferrara and M. Trigiante, “New D = 4 gauged supergravities from N=4 orientifolds with fluxes,” JHEP 0310 (2003) 015 [hep-th/0306185]. G. Lopes Cardoso, G. Curio, G. Dall’Agata and D. Lüst, “BPS action and superpotential for heterotic string compactifications with fluxes,” JHEP 0310 (2003) 004 [hep-th/0306088].

J. -P. Derendinger, C. Kounnas, P. M. Petropoulos and F. Zwirner, “Superpotentials in IIA compactifications with general fluxes,” Nucl. Phys. B 715 (2005) 211 [hepth/0411276].

L. Andrianopoli, M. A. Lledo and M. Trigiante, “The Scherk-Schwarz mechanism as a flux compactification with internal torsion,” JHEP 0505 (2005) 051 [hepth/0502083].

G. Villadoro and F. Zwirner, “N=1 effective potential from dual type-IIA D6/O6 orientifolds with general fluxes,” JHEP 0506 (2005) 047 [hep-th/0503169]. O. DeWolfe, A. Giryavets, S. Kachru and W. Taylor, “Type IIA moduli stabilization,” JHEP 0507 (2005) 066 [hep-th/0505160].

P. G. Camara, A. Font and L. E. Ibanez, “Fluxes, moduli fixing and MSSM-like vacua in a simple IIA orientifold,” JHEP 0509 (2005) 013 [hep-th/0506066]. G. Dall’Agata and N. Prezas, “Scherk-Schwarz reduction of M-theory on G2- manifolds with fluxes,” JHEP 0510 (2005) 103 [hep-th/0509052].

[24] G. Aldazabal, P. G. Camara, A. Font and L. E. Ibanez, “More dual fluxes and moduli fixing,” JHEP 0605 (2006) 070 [hep-th/0602089].

G. Villadoro and F. Zwirner, “D terms from D-branes, gauge invariance and moduli stabilization in flux compactifications,” JHEP 0603 (2006) 087 [hep-th/0602120]. R. Blumenhagen, B. Kors, D. Lüst and S. Stieberger, “Four-dimensional String Compactifications with D-Branes, Orientifolds and Fluxes,” Phys. Rept. 445 (2007) 1 [hep-th/0610327].

J. -P. Derendinger, P. M. Petropoulos and N. Prezas, “Axionic symmetry gaugings in N=4 supergravities and their higher-dimensional origin,” Nucl. Phys. B 785 (2007) 115 [arXiv:0705.0008 [hep-th]].

G. Dall’Agata, G. Villadoro and F. Zwirner, “Type-IIA flux compactifications and N=4 gauged supergravities,” JHEP 0908 (2009) 018 [arXiv:0906.0370 [hep-th]].

[25] G. Dibitetto, R. Linares and D. Roest, “Flux Compactifications, Gauge Algebras and De Sitter,” Phys. Lett. B 688 (2010) 96 [arXiv:1001.3982 [hep-th]]. G. Dibitetto, A. Guarino and D. Roest, “Charting the landscape of N=4 flux compactifications,” JHEP 1103 (2011) 137 [arXiv:1102.0239 [hep-th]]. J. Blaback, U. Danielsson and G. Dibitetto, “Fully stable dS vacua from generalised fluxes,” arXiv:1301.7073 [hep-th].

C. Damian, O. Loaiza-Brito, L. Rey and M. Sabido, “Slow-Roll Inflation in Nongeometric Flux Compactification,” arXiv:1302.0529 [hep-th].

C. Damian and O. Loaiza-Brito, “More stable dS vacua from S-dual non-geometric fluxes,” arXiv:1304.0792 [hep-th].

[26] G. Aldazabal, W. Baron, D. Marques and C. Nunez, “The effective action of Double Field Theory,” JHEP 1111 (2011) 052 [Erratum-ibid. 1111 (2011) 109] [arXiv:1109.0290 [hep-th]].

D. Geissbühler, “Double Field Theory and N=4 Gauged Supergravity,” JHEP 1111 (2011) 116 [arXiv:1109.4280 [hep-th]].

G. Dibitetto, J. J. Fernandez-Melgarejo, D. Marques and D. Roest, “Duality orbits of non-geometric fluxes,” Fortsch. Phys. 60 (2012) 1123 [arXiv:1203.6562 [hep-th]]. M. Grana and D. Marques, “Gauged Double Field Theory,” JHEP 1204 (2012) 020 [arXiv:1201.2924 [hep-th]].

D. Geissbühler, D. Marques, C. Nunez and V. Penas, “Exploring Double Field Theory,” arXiv:1304.1472 [hep-th].

R. Blumenhagen, X. Gao, D. Herschmann and P. Shukla, “Dimensional Oxidation of Non-geometric Fluxes in Type II Orientifolds,” arXiv:1306.2761 [hep-th].

[27] N. Kaloper and R. C. Myers, “The Odd story of massive supergravity,” JHEP 9905 (1999) 010 [hep-th/9901045].

[28] J. Scherk and J. H. Schwarz, “Spontaneous Breaking of Supersymmetry Through Dimensional Reduction,” Phys. Lett. B 82 (1979) 60.

J. Scherk and J. H. Schwarz, “How to Get Masses from Extra Dimensions,” Nucl. Phys. B 153, 61 (1979).

[29] C. M. Hull and R. A. Reid-Edwards, “Non-geometric backgrounds, doubled geometry and generalised T-duality,” JHEP 0909 (2009) 014 [arXiv:0902.4032 [hep-th]]. C. M. Hull and R. A. Reid-Edwards, “Gauge symmetry, T-duality and doubled geometry,” JHEP 0808 (2008) 043 [arXiv:0711.4818 [hep-th]].

[30] C. M. Hull, “Global aspects of T-duality, gauged sigma models and T-folds,” JHEP 0710, 057 (2007) [hep-th/0604178].

[31] T. H. Buscher, “A Symmetry of the String Background Field Equations,” Phys.

Lett. B 194, 59 (1987).

M. Rocek and E. P. Verlinde, “Duality, quotients, and currents,” Nucl. Phys. B 373 (1992) 630 [hep-th/9110053].

A. Giveon and M. Rocek, “Generalized duality in curved string backgrounds,” Nucl. Phys. B 380 (1992) 128 [hep-th/9112070].

E. Alvarez, L. Alvarez-Gaume, J. L. F. Barbon and Y. Lozano, “Some global aspects of duality in string theory,” Nucl. Phys. B 415 (1994) 71 [hep-th/9309039]. A. Giveon, M. Porrati and E. Rabinovici, “Target space duality in string theory,” Phys. Rept. 244 (1994) 77 [hep-th/9401139].

[32] K. Aoki, E. D’Hoker and D. H. Phong, “On the construction of asymmetric orbifold models,” Nucl. Phys. B 695, 132 (2004) [hep-th/0402134].

[33] C. Angelantonj, C. Kounnas, H. Partouche and N. Toumbas, “Resolution of Hagedorn singularity in superstrings with gravito-magnetic fluxes,” Nucl. Phys. B 809 (2009) 291 [arXiv:0808.1357 [hep-th]].

I. Florakis and C. Kounnas, “Orbifold Symmetry Reductions of Massive Boson- Fermion Degeneracy,” Nucl. Phys. B 820 (2009) 237 [arXiv:0901.3055 [hep-th]]. I. Florakis, C. Kounnas and N. Toumbas, “Marginal Deformations of Vacua with Massive boson-fermion Degeneracy Symmetry,” Nucl. Phys. B 834 (2010) 273 [arXiv:1002.2427 [hep-th]].

I. Florakis, C. Kounnas, H. Partouche and N. Toumbas, “Non-singular string cosmology in a 2d Hybrid model,” Nucl. Phys. B 844 (2011) 89 [arXiv:1008.5129 [hep-th]].

[34] R. Rohm, “Spontaneous Supersymmetry Breaking in Supersymmetric String Theories,” Nucl. Phys. B 237 (1984) 553.

C. Kounnas and M. Porrati, “Spontaneous Supersymmetry Breaking in String Theory,” Nucl. Phys. B 310 (1988) 355.

S. Ferrara, C. Kounnas and M. Porrati, “N = 1 Superstrings With Spontaneously Broken Symmetries,” Phys. Lett. B 206 (1988) 25.

S. Ferrara, C. Kounnas and M. Porrati, “Superstring Solutions With Spontaneously Broken Four-dimensional Supersymmetry,” Nucl. Phys. B 304 (1988) 500. S. Ferrara, C. Kounnas, M. Porrati and F. Zwirner, “Effective SuperHiggs and StrM^2 from four-dimensional Strings,” Phys. Lett. B 194 (1987) 366.

[35] E. Kiritsis and C. Kounnas, “Perturbative and nonperturbative partial supersymmetry breaking: N = 4 → N = 2 → N = 1,” Nucl. Phys. B 503 (1997) 117 [hep-th/9703059].

[36] M. Serone and M. Trapletti, “String vacua with flux from freely acting obifolds,” JHEP 0401 (2004) 012 [hep-th/0310245].

[37] M. Serone and M. Trapletti, “A Note on T-duality in heterotic string theory,” Phys.

Lett. B 637 (2006) 331 [hep-th/0512272].

[38] C. M. Hull and R. A. Reid-Edwards, “Flux compactifications of string theory on twisted tori,” Fortsch. Phys. 57, 862 (2009) [arXiv:hep-th/0503114].

[39] W. Schulgin and J. Troost, “Backreacted T-folds and non-geometric regions in configuration space,” JHEP 0812 (2008) 098 [arXiv:0808.1345 [hep-th]].

[40] F. Haßler, O. Hohm, D. Lüst and B. Zwiebach, work in progress.

[41] N. B. Copland, “A Double Sigma Model for Double Field Theory,” JHEP 1204 (2012) 044 [arXiv:1111.1828 [hep-th]].

[42] S. Groot Nibbelink and P. Patalong, “A Lorentz invariant doubled worldsheet theory,” Phys. Rev. D 87 (2013) 041902 [arXiv:1207.6110 [hep-th]].