arXiv:1307.1422v1 [gr-qc] 4 Jul 2013

UFIFT-QG-13-04 CCTP-2013-10

Hartree Approximation to the One Loop Quantum Gravitational Correction to the Graviton Mode Function on de Sitter

P. J. Mora^{1a}, N. C. Tsamis^{2b} and R. P. Woodard^{1c}

1 Department of Physics, University of Florida Gainesville, FL 32611, UNITED STATES

2 Institute of Theoretical Physics & Computational Physics Department of Physics University of Crete GR-710 03 Heraklion, HELLAS

ABSTRACT

We use the Hartree approximation to the Einstein equation on de Sitter background to solve for the one loop correction to the graviton mode function. This should give a reasonable approximation to how the ensemble of inflationary gravitons affects a single external graviton. At late times we find that the one loop correction to the plane wave mode function u(η, k) goes like GH^2 ln(a)/a^2, where a is the inflationary scale factor. One consequence is that the one loop corrections to the “electric” components of the linearized Weyl tensor grow compared to the tree order result.

PACS numbers: 04.62.+v, 04.60-m, 98.80.Cq

a e-mail: pmora@phys.ufl.edu b e-mail: tsamis@physics.uoc.gr c e-mail: woodard@phys.ufl.edu

1 Introduction

Primordial cosmological perturbations are believed originate in the scalars and gravitons produced by inflation [1]. These inflationary scalars and gravitons also interact among themselves, and they should affect the dynamics of other particles. One analyzes the latter sort of effect by first computing the contribution of inflationary scalars and/or gravitons to the appropriate 1PI (one-particle-irreducible) 2-point function, then using this 1PI 2-point function to quantum-correct the linearized effective field equation of the particle whose dynamics are being studied.

The past decade has witnessed a number of studies of this type. It is easier to work with massless, minimally coupled (MMC) scalars than with gravitons, so scalar effects were probed first:

• When a MMC scalar is endowed with a quartic self-interaction the scalar mode function behaves as if its mass were growing [2];

• Yukawa-coupled MMC scalars cause fermions to develop a growing mass, even when the scalar has zero potential [3];

• Charged MMC scalars induce so much vacuum polarization that the photon develops mass [4] and there are corresponding corrections to electromagnetic forces [5] and

• Gravitationally coupled MMC scalars do not induce any secular change in the graviton mode function [6].

Three studies have been made of what inflationary gravitons do to other particles:

• There is a slow secular growth in the field strength of massless fermions [7], driven by the spin-spin interaction [8], and a much larger effect driven by a small, nonzero mass [9];

• The absence of any spin-spin coupling prevents inflationary gravitons from having a comparable effect on MMC scalars [10]; and

• Inflationary gravitons induce a slow secular growth in the electric components of the photon field strength but no comparable growth in the magnetic field [11].

The purpose of this paper is to begin the study of what inflationary gravitons do to other gravitons. The first step of an exact analysis would be to compute the graviton self-energy at one loop order in de Sitter background. That has been done [12], but only using an old formalism for which dimensional regularization cannot be employed, so the result is only valid away from coincidence. The formalism required for a fully dimensionally regulated computation has since then been developed [13], but its application to the graviton self-energy has not yet been completed. In the meantime we can gain a qualitative understanding of the potential results by employing the Hartree approximation [14]. This has been shown to predict the correct time dependence for the effects of MMC scalars on photons [15, 16], the effects of gravitons on fermions [7], and for the effects of gravitons on photons [11].

This paper contains five sections, of which the first is this Introduction. In section 2 we describe the de Sitter background geometry, the quantum gravity Lagrangian whose field equations we will solve in the Hartree approximation and our choice of gauge. The Hartree approximation to the linearized effective field equation is derived in section 3, and solved for plane wave gravitons in section 4. Our discussion comprises section 5.

2 Feynman Rules

In this section we give the Feynman rules that we will use in this study. These will derive from the Lagrangian of quantum gravity whose dynamical field corresponds to a conformally rescaled graviton field. We will employ a generalized version of the de Donder gauge fixing term and we will present the associated ghost Lagrangian. All this will be done in the context of conventional perturbation theory around a de Sitter background, so we find it necessary to start this section with a review of de Sitter space.

We are interested in the effects of gravitons produced during primordial inflation. Cosmological observations [17, 18] support the idea that de Sitter space can be considered as a paradigm for inflation. However, because we are employing de Sitter as an approximation for the true inflationary background — which is a homogeneous, isotropic and spatially flat geometry — we want to work on the open coordinate submanifold of the full de Sitter geometry. Because we shall be using dimensional regularization we work in D-dimensional conformal coordinates x^μ = (η, x^i), where − ∞ < η < 0 , −∞ < x^i < ∞ . (1)

We express the full metric as,

g_{μν} = a^2[η_{μν} + κh_{μν} ] ≡ a^2~g_{μν} . (2)

Here a(η) ≡ −1/Hη is the scale factor, H is the (constant) Hubble parameter of de Sitter, η_{μν} is the Lorentz metric with spacelike signature, h_{μν} is a perturbation to this background which we identify with the graviton field (whose indices are raised and lowered with η_{μν} ), and κ^2 ≡ 16πG is the loop counting parameter of quantum gravity. We note that ~g^{αβ} inverts its covariant counterpart, ~g^{αβ} = η^{αβ} − κh^{αβ} + κ^2h^{αρ}h^β_ρ − ... (3) The Einstein-Hilbert Lagrangian for quantum gravity is,

L_{inv} = κ^{−2} √ −g [ R − (D−2)Λ ] , (4)

where R is the D-dimensional Ricci scalar and Λ ≡ (D − 1)H^2 is the cosmological constant. Expanding this Lagrangian with the metric (2) and extracting a presumably irrelevant surface term (whose expression we will not write here), we obtain [13]:

L_{inv} − S^μ_{,μ} = (D 2 −1 ) Ha^{D−1} √ −~g ~g^{ρσ}~g^{μν}h_{ρσ,μ}h_{ν0} + a^{D−2} √ −~g ~g^{αβ}~g^{ρσ}~g^{μν} × ( 1 2 h_{αρ,μ}h_{νσ,β} − 1 2 h_{αβ,ρ}h_{σμ,ν} + 1 4 h_{αβ,ρ}h_{μν,σ} − 1 4 h_{αρ,μ}h_{βσ,ν} ) . (5)

We fix the gauge by adding an analogue of the de Donder term used in flat space [13],

L_{gf} = − 1 2 a^{D−2}η^{μν} F_μF_ν , F_μ = η^{ρσ} [ h_{μρ,σ} − 1 2 h_{ρσ,μ} + (D−2)Hah_{μρ}δ^0_σ ] . (6)

Because space and time components are treated differently it will convenient to define the purely spatial parts of the Minkowski metric and the Kronecker delta function,

η_{μν} ≡ η_{μν} +δ^0_μδ^0_ν , δ^μ_ν ≡ δ^μ_ν −δ^μ_0 δ^0_ν , η^{μν} ≡ η^{μν} +δ^μ_0 δ^ν_0 . (7)

The graviton kinetic operator can be found by partially integrating the quadratic part L_{inv} + L_{gf} to the form^1_2 h^{μν} D_{μν}^{ρσ}h_{ρσ}, where D_{μν}^{ρσ} = [ 1 2 δ^{(ρ}_μ δ^{σ)}_ν − 1 4 η_{μν} η^{ρσ} − 1 2(D − 3) δ^0_μδ^0_ν δ^ρ_0 δ^σ_0 ] D_A +δ^0_{(μ}δ^{(ρ}_{ν)}δ^{σ)}_0 D_B + 1 2 (D−2 D−3 ) δ^0_μδ^0_ν δ^ρ_0 δ^σ_0 D_C . (8)

The three scalar differential operators are, D_A ≡ ∂_μ ( a^{D−2}η^{μν} ∂_ν ) , D_B ≡ D_A −(D−2)a^DH^2 , D_C ≡ D_A −2(D−3)a^DH^2 . (9) The associated ghost Lagrangian is,

L_{ghost} ≡ −a^{D−2}ω^μδF_μ (10) = ω^μ ( δ^ν_μD_A +δ^0_μδ^ν_0 D_B ) ω_ν −2κa^{D−2}ω^{μ,ν} ( h^ρ_{(μ}∂_{ν)} + 1 2 h_{μν}^{,ρ} −Hah_{μν} δ^ρ_0 ) ω_ρ +κ ( a^{D−2}ω^μ ) ,μ ( h^{ρσ}∂_σ + 1 2 h^{σ,ρ}_σ −Hahδ^ρ_0 ) ω_ρ . (11)

The ghost and graviton propagator in this gauge can be written in a simple form as a sum of constant tensor factors times scalar propagators,

i[_μΔ_ν ](x; x^′) = η_{μν} iΔ_A(x; x^′) − δ^0_μδ^0_ν iΔ_B (x; x^′) , (12) i[_{μν} Δ_{αβ} ](x; x^′) = ∑ I=A,B,C [_{μν} T^I_{αβ} ] iΔ_I (x; x^′). (13)

The tensor factors are given by,

[_{μν} T^A_{αβ} ] = 2η_{μ(α}η_{β)ν} − 2 D−3 η_{μν} η_{αβ} , [_{μν} T^B_{αβ} ] = −4δ^0_{(μ}η_{ν)(α}δ^0_{β)} ,

[_{μν} T^C_{αβ} ] = 2 (D−2)(D−3) [ η_{μν} + (D−3)δ^0_μδ^0_ν ][ η_{αβ} + (D−3)δ^0_αδ^0_β ] , (14)

and the three scalar propagators, which we discuss below, obey:

D_I iΔ_I (x; x^′) = iδ^D(x − x^′) , I = A, B, C . (15)

It follows that the graviton propagator satisfies the equation,

D^{ρσμν} i[_{μν} Δ_{αβ} ](x; x^′) = iδ^ρ_{(α}δ^σ_{β)} δ^D(x−x^′) . (16)

To write expressions for the three scalar propagators, we note that our gauge fixing term (6) will produce a graviton propagator that contains a de Sitter invariant part as well as a de Sitter symmetry breaking piece. For the former it will be useful to introduce a function y(x; x^′) = 4 sin^2(^1_2 Hℓ(x; x^′)] of the de Sitter invariant ℓ(x; x^′) between the points x^μ and x^{′μ} defined by, y(x; x^′) ≡ aa^′H^2 [‖ ‖ ‖⃗x− ⃗x^′ ‖ ‖ ‖^2 − ( |η−η^′|−iϵ )_2] . (17)

Because y(x; x^′) is a de Sitter invariant, any function of y(x; x^′) is also de Sitter invariant. Moreover covariant derivatives of it are de Sitter invariant, this means that the first three derivatives of y(x; x^′) produce a convenient basis of de Sitter invariant bi-tensors [19], ∂y(x; x^′) ∂x^μ = Ha ( yδ^0_μ +2a^′HΔx_μ ) , (18) ∂y(x; x^′) ∂x^{′ν} = Ha^′ ( yδ^0_ν −2aHΔx_ν ) , (19)

∂^2y(x; x^′) ∂x^μ∂x^{′ν} = H^2aa^′ ( yδ^0_μδ^0_ν +2a^′HΔx_μδ^0_ν −2aδ^0_μHΔx_ν −2η_{μν} ) . (20)

Here and subsequently Δx_μ ≡ η_{μν} (x−x^′)^ν .

It turns out that only the A-type propagator contains a de Sitter breaking part as it corresponds to a massless, minimally coupled scalar for which it is well known that no de Sitter invariant solution exists [20]. Preserving only the symmetries of homogeneity and isotropy this scalar propagator can be written as [21],

iΔ_A(x; x^′) = A(y(x; x^′)) + K ln(aa^′) , (21)

where the constant K is, K ≡ H^{D−2} (4π)^D2 Γ(D−1) Γ(^D_2 )

. (22)

The function A(y) is, A(y) = H^{D−2} (4π)^D2 { Γ (D 2 −1 )(4 y ) D_{2 −1} + Γ(^D_2 +1) D 2 −2 (4 y ) D_{2 −2} +A_1 − ∞∑ n=1 [ Γ(n+^D_2 +1) (n−^D_2 +2)Γ(n+2) (y 4 )_{n−} D_{2 +2} − Γ(n+D−1) nΓ(n+^D_2 ) (y 4 )_n]} , .(23)

Here the constant A_1 is defined by,

A_1 = Γ(D−1) Γ(^D_2 ) { −ψ ( 1− D 2 ) + ψ (D−1 2 ) + ψ(D−1) + ψ(1) } . (24)

On the other hand the B-type and the C-type propagators are de Sitter invariant,

iΔ_B (x; x^′) ≡ B(y) = H^{D−2} (4π)^D2 Γ ( D 2 −1 ) ( 4 y ) D_{2 −1}

− H^{D−2} (4π)^D2 ∞∑ n=0 { Γ (n+D−2) Γ ( n+^D_2 ) (y 4 )_n − Γ ( n+^D_2 ) Γ (n+2) (y 4 )_{n−}D_{2 +2} } , (25)

iΔ_C (x; x^′) ≡ C(y) = H^{D−2} (4π)^D2 Γ ( D 2 −1 ) ( 4 y ) D_{2 −1} + H^{D−2} (4π)^D2 ∞∑ n=0 × { (n+1) Γ (n+D−3) Γ ( n+^D_2 ) (y 4 )_n − ( n− D 2 +3 )Γ (n+ D_2 −1) Γ (n+2) (y 4 )_{n−}D_{2 +2} } . (26)

Each of the three invariant functions A(y), B(y) and C(y) contains an infinite series in powers of y. That may seem a little discouraging at first, but inspection reveals that each of the three series vanishes for D = 4. This means that we need to keep only those terms which multiply potentially divergent terms. Another simplification is that our computation will require only the coincidence limits of these functions (and their first derivatives). To take the coincidence limit means to set x^μ = x^{′μ}, hence it follows that in this limit a = a^′, Δx^μ = 0, and y = 0 to give, lim_{x′→x} ∂y(x; x^′) ∂x^μ = 0 , lim_{x′→x} ∂y(x; x^′) ∂x^{′ν} = 0 , lim_{x′→x} ∂^2y(x; x^′) ∂x^μ∂x^{′ν} = −2H^2a^2η_{μν} . (27) Furthermore we recall that in dimensional regularization, any D−dependent power of zero is automatically set equal to zero. We can then summarize the coincidence limits we will need in the following way. For the three types (I = A, B, C) of propagators iΔ_I (x; x^′) = I(y) + δ^A_I K ln(aa^′) the coincidence limits are,

lim_{x′→x} iΔ_I (x; x^′) = I(0) + δ^A_I × 2K ln(a) , (28) lim_{x′→x} ∂_μiΔ_I (x; x^′) = δ^A_I × KHaδ^0_μ , (29)

lim_{x′→x} ∂^′_ν iΔ_I (x; x^′) = δ^A_I × KHaδ^0_ν , (30) lim_{x′→x} ∂_μ∂^′_ν iΔ_I (x; x^′) = I^′(0) × −2H^2a^2η_{μν} . (31)

From expressions (23)-(26) we obtain,

A(0) = H^{D−2} (4π)^D2

A_1 , B(0) = − H^{D−2} (4π)^D2 Γ(D−2) Γ(^D_2 )

, C(0) = H^{D−2} (4π)^D2 Γ(D−3) Γ(^D_2 ) . (32) and A^′(0) = H^{D−2} (4π)^D2

Γ(D) 4Γ (_D 2 +1

) , B^′(0) = (D−2) 2D B(0) , C^′(0) = (D−3) D C(0) . (33)

3 The Effective Field Equation

To calculate the effects inflationary gravitons have on dynamical gravitons we would need to calculate the graviton self-energy and then solve the effective field equations at least to one-loop order. That work is currently in progress. However, we can anticipate the result by employing the the Hartree, or mean-field, approximation [14, 15, 16, 7, 11]. The idea is that whenever we encounter a product of graviton fields in the equations of motion we can consider one graviton field as being the “external” one and approximate the others in the same product by taking their expectation value in the vacuum. To illustrate this, let us denote an external graviton field by E_{αβ} (x). The Hartree approximation then consists of the following replacements,

h_{μν} → E_{μν} (34) h_{μν} h_{ρσ} → E_{μν} ⟨h_{ρσ}⟩ + E_{ρσ}⟨h_{μν} ⟩ (35) h_{μν} h_{ρσ}h_{αβ} → E_{μν} ⟨h_{ρσ}h_{αβ}⟩ + E_{ρσ} ⟨h_{μν} h_{αβ} ⟩ + E_{αβ}⟨h_{μν} h_{ρσ}⟩ , (36) for one, two and three gravitons for example.

The linearized, quantum corrected effective field equation for gravitons is, D^{μνρσ}h_{ρσ}(x) − ∫ d^4x^′[^{μν} Σ^{ρσ} ](x; x^′)h_{ρσ} (x^′) = 0 , (37) where −i[^{μν} Σ^{ρσ}](x; x^′) is the graviton self-energy. To obtain the approximate version of this we employ the perturbation theory scheme. Expanding the total Lagrangian L_{inv} + L_{gf} + L_{ghost} in powers of κ to the order we shall require, our equation of motion follows from the functional derivative of the action with respect to h_{μν} (x), δS[h] δh_{μν} (x) = D^{μνρσ}h_{ρσ} + κh^2 + κ^2h^3 + ... = 0 , (38)

where the last two terms represent collectively all possible terms in the expansion that contain two and three factors of h_{μν} respectively. In applying the Hartree approximation (34)-(36) to the equation above we consider the single field in the first term as the external one, and we can neglect all terms in the O(h^2) group since the expectation value of one field is zero. The interesting effects come form the O(h^3) group. Here all terms will be of the form hhh, hh∂h or h∂h∂h, which can be seen from the structure of L_{inv} in (5). Let us give an example of the replacement used in the Hartree approximation applied to a generic term from the second of these cases. The replacement is, h_{αβ} h_{μν} ∂_λh_{ρσ} → E_{ρσ,λ}(x) lim_{x′→x} i[_{αβ} Δ_{μν} ](x; x^′) +E_{μν} (x) lim_{x′→x} ∂^′_λi[_{αβ} Δ_{ρσ}](x; x^′) + E_{αβ} (x) lim_{x′→x} ∂^′_λi[_{μν} Δ_{ρσ} ](x; x^′) . (39)

After applying similar substitutions on all terms in the O(h^3) group, the next step would be to substitute and contract our expression for the graviton propagator (13) and then apply the coincidence limit using equations (28)-(31). More simplifications arise when we impose the conditions of transversality and tracelessness on physical gravitons, namely, E^{μν}_{,μ} = 0 and E^μ_μ = 0. We also consider only purely spatial gravitons E_{0i} = 0 = E_{00}.

Once all this has been done we can extract our effective field equation perturbatively. To do this we can similarly expand the graviton field in powers of κ^2, E_{αβ}(x) = ∞∑ n=0 κ^{2n}E^{(n)}_{αβ} (x) . (40)

Substituting the expression for the kinetic operator (8) in (38) and collecting powers of κ^2 give us the zeroth order equation,

D_AE^{(0)}_{ij} (x) = 0 . (41)

Similarly the order κ^2 equation is, 1 2 D_AE^{(1)}_{ij} (x) + a^{D−2}D_ηE^{(0)}_{ij} (x) = 0 . (42)

The operator D_η has the form,

D_η = (c_1 + α_1 ln a) ∂^2_η + (c_2 + α_2 ln a) (D−2)Ha∂_η − (c_3 + α_3 ln a) ∂^l∂_l + c_4H^2a^2 , (43)

where c_i and α_i are constants whose expressions we omit here in favor of writing below only those terms that will contribute the most in the late-time limit. We will give solutions to these equations in the next section.

4 The One Loop Mode Function

This section comprises our main result. Here we present and solve the oneloop order graviton mode function equation in the late-time regime. To solve this equation we will consider a spatial plane-wave expansion for the graviton field in terms of its mode function u(η, k) and the same transverse, traceless and purely spatial polarization tensor ϵ_{αβ} as in flat sapce, E_{αβ}(x) = ϵ_{αβ} u(η, k)e^{i⃗k·⃗x} . (44) The mode functions u(η, k) have a similar perturbative expansion, u(η, k) = ∞∑ n=0 κ^{2n}u^{(n)}(η, k) . (45)

Substituting this expansion in (44) and expanding the operator D_A according to its definition (9), the zeroth order equation (41) becomes, [ ∂^2_η + (D−2)Ha∂_η + k^2 ] u^{(0)}(η, k) = 0 . (46)

The solution to this mode equation is well known in terms of Hankel functions H^{(1)}ν (z),

u^{(0)}(η, k) = √ π 4H a^{− D−12} H^{(1)}_{D−12} ( k Ha ) . (47)

We may as well specialize u^{(0)}(η, k) to D = 4, and its late time behavior is of crucial importance for us,

D = 4 =⇒ u^{(0)}(η, k) = H √ 2k^3 ( 1 − ik Ha ) exp [ ik Ha ] , (48) = H √ 2k^3 [ 1 + 1 2 ( k Ha )_2 + i 3 ( k Ha )_3 + . . . ] . (49)

The one-loop order mode equation follows similarly. Collecting terms of order κ^2 we can express the one loop corrections in terms of a differential operator D_η acting on u^{(0)}(η, k), [ ∂^2_η + (D−2)Ha∂_η + k^2 ] u^{(1)}(η, k) − 2D_ηu^{(0)}(η, k) = 0 . (50)

Because we are interested in the late-time limit of this equation we need consider only the most relevant terms in D_ηu^{(0)}, which are those that exhibit the largest growth with time during this period. From (43), the leading contribution comes from the c_4H^2a^2 term. However, the fact that this term survives for k = 0 means that it must be removed by the same counterterm which completely absorbs the one loop 1-point function in the same gauge [22]. Hence the c_4H^2a^2 term does not contribute at all after renormalization.

The next leading terms are those proportional to ln a. Keeping only the late-time relevant terms, the operator D_η is,

D_η =

(D^3 −12D^2 +31D−4) 8(D−3) × 2K ln a × [∂^2_η + (D−2)Ha∂_η] . (51)

Here we have neglected terms proportional to (D − 4) and we remind the reader that the constant K was defined in expression (22). Hence the late time form of our first order mode equation (50) becomes [ ∂^2_η + (D−2)Ha∂_η + k^2 ] u^{(1)}(η, k) = (D^3 − 12D^2 + 31D − 4) 2(D − 3)

K ln a × [∂^2_η + (D−2)Ha∂_η]u^{(0)}(η, k) , (52) = − (D^3 −12D^2 +31D−4) 2(D−3) K ln a × k^2u^{(0)}(η, k) . (53)

The last equality follows upon substitution of the zeroth order mode equation (46).

At this point we note that there are no divergent terms when D → 4. As as consequence we can specialize equation (53) to D = 4 to obtain, [ ∂^2_η + 2Ha∂_η + k^2 ] u^{(1)}(η, k) =

H^2 2π^2

× ln a × k^2u^{(0)}(η, k) . (54)

To obtain the leading late time behavior of u^{(1)}(η, k) recall from (49) that u^{(0)}(η, k) approaches the constant H/ √ 2k^3 at late times. Hence the right hand side of (54) grows like ln(a) at late times. Now consider acting the differential operator on the left hand side on ln(a)/a^2, [ ∂^2_η + 2Ha∂_η + k^2 ] (ln a a^2 ) = −2H^2 ln a − H^2 + k^2 ln a a^2

. (55)

The last two terms can be neglected when compared to the leading term ln a. Hence up to first order, the leading late-time limit contribution of the graviton mode function can be written as

u(η, k) = u^{(0)}(η, k) + κ^2u^{(1)}(η, k) = ( 1 − 4k^2 πH^2 × GH^2 ln a a^2 ) u^{(0)}(η, k) . (56)

This result gives us a rough idea about the enhancement inflationary gravitons acquire in the late-time regime from other gravitons. We expect that the same time dependence will be present in the full result, the only discrepancy being a different numerical factor. Only the fully renormalizable and dimensionally regulated calculation will tell us how good the approximation really is.

5 Epilogue

We have used perturbative quantum gravity on de Sitter backgronund to calculate the effects of inflationary gravitons on dynamical gravitons at one loop order in the late-time regime. We decomposed the graviton field using a plane wave expansion and we employed the Hartree approximation [14, 15, 16, 7, 11] to obtain the first order graviton mode equation (54). In equation (56) we have found that the time dependence of the graviton mode functions is modified by a factor of GH^2 ln(a)/a^2 which decays exponentially with time.

Our result (56) might be thought to demonstrate the irrelevance of quantum loops corrections to gravitons, but that is not so. It does show that there are no significant loop corrections to the tensor power spectrum, if we define Δ^2_h(k) using the norm-squared of the graviton mode function [23], because the late time limit of the norm-squared of the mode function is identical to its tree order result,

Δ^2_h(k) = k^3 2π^2 × 64πG × | | |u(η, k) | | |^2_{η→0} = 16 π GH^2 . (57)

However, let us instead compare the curvature of the zeroth order term with the curvature induced by the quantum correction. For transverse-traceless graviton fields h_{μν} (η, ⃗x) the linearized Weyl tensor is, C^{lin}_{ρσμν} = − κ 2a^2 ( h_{ρμ,σν} −h_{μσ,νρ} +h_{σν,ρμ} −h_{νρ,μσ} ) . (58)

Now specialize to a spatial plane wave h_{ij} (η, ⃗x) = ϵ_{ij} u(η, k)e^{i⃗k·⃗x} with purely spatial polarization, and examine the “electric” components,

C^{lin}_{0i0j} = − κ 2a^2 ( ∂^2_η h_{ij} ) . (59)

Next use relations (49) and (56) to compare the late time limits of second (conformal) time derivatives of the 0th and 1st order mode functions,

∂^2_η u^{(0)}(η, k) −→ Hk^2 √ 2k^3

× 1 , (60)

∂^2_η u^{(1)}(η, k) −→ Hk^2 √ 2k^3 × − 4 π GH^2 [ 2 ln(a)−3 ] . (61)

By substituting (60-61) into the we see two things:

• That the magnitude of the one loop corrections to the electric components of the linearized curvature grows (without bound) relative to the tree order result; and

• That the one loop correction tends to cancel the tree order result.

So it seems fair to conclude that quantum corrections make geometrically significant changes to gravitons. This might be important in trying to understand how two loop effects — which include the gravity sourced by these one loop perturbations — might induce a secular change in the expansion rate [24].^1

It is interesting to compare what we have found about how inflationary gravitons affect other gravitons (in the one loop Hatree approximation) with how they affect other particles. Recall that we found a fractional correction to the mode function of the form −GH^2 ln(a)/a^2. The effects of gravitons on massless fermions produce a fractional secular growth in the field strength of the form +GH^2 ln(a) [7]. By contrast, the fractional change (in the Hartree approximation) on the photon wave function is of the form −GH^2 ln(a)/a [11]. Just like what we found for gravitons, the one loop correction to photon mode functions goes to zero, but the effect on the electric components of the relevant field strength grow in magnitude [11]. In each of these three cases the particles being followed have spin, which seems to be why they continue to interact with inflationary gravitons even when their kinetic energies have red-shifted to zero [8].

Acknowledgements This work was partially supported by European Union program Thalis ESF/NSRF 2007-2013 MIS-375734, by European Union (European Social Fund, ESF) and Greek national funds through the Operational Program “Education and Lifelong Learning” of the National Strategic Reference Framework (NSRF) under “Funding of proposals that have received a positive evaluation in the 3rd and 4th Call of the ERC Grant Schemes”, by NSF grant PHY-1205591, and by the Institute for Fundamental Theory at the University of Florida.

References

[1] A. A. Starobinsky, JETP Lett. 30 (1979) 682; V. F. Mukhanov and G.

V. Chibisov, JETP Lett. 33 (1981) 532.

1It might be argued that the prefactor of 1/a^2 in expression (59) makes ln(a) corrections irrelevant as a source of corrections to the de Sitter background. However, one must recall that (59) represents the effect from a single graviton. The actual source comes from adding up the contribution from all super-horizon gravitons, and this sum compensates the factor of 1/a^2, to leave the ln(a).

[2] T. Brunier, V. K. Onemli and R. P. Woodard, Class. Quant. Grav. 22 (2005) 59, gr-qc/0408080; E. O. Kahya and V. K. Onemli, Phys. Rev. D76 (2007) 043512, gr-qc/0612026.

[3] T. Prokopec and R. P. Woodard, JHEP 0310 (2003) 059, astro-ph/0309593; B. Garbrecht and T. Prokopec, Phys. Rev. D73 (2006) 064036, gr-qc/0602011; S. P. Miao and R. P. Woodard, Phys. Rev. D74 (2006) 044019, gr-qc/0602110.

[4] T. Prokopec, O. Törnkvist and R. P. Woodard, Phys. Rev. Lett.

89 (2002) 101301, astro-ph/0205331; Annals Phys. 303 (2003) 251, gr-qc/0205130; T. Prokopec and R. P. Woodard, Annals Phys. 312 (2004) 1, gr-qc/0310056.

[5] H. Degueldre and R. P. Woodard, arXiv:1303.3042.

[6] S. Park and R. P. Woodard, Phys. Rev. D83 (2011) 084049; Phys. Rev.

D84 (2011) 124058, S. Park, FERMILAB-THESIS-2012-33.

[7] S. P. Miao and R. P. Woodard, Class. Quant. Grav. 23 (2006) 1721, gr-qc/0511140; Phys. Rev. D74 (2006) 024021, gr-qc/0603135; S. P. Miao, arXiv:0705.0767.

[8] S. P. Miao and R. P. Woodard, Class. Quant. Grav. 25 (2008) 145009, arXiv:0803.2377.

[9] S. P. Miao, Phys. Rev. D86 (2012) 104051, arXiv:1207.5241.

[10] E. O. Kahya and R. P. Woodard, Phys. Rev. D76 (2007) 124005, arXiv:0709.0536; Phys. Rev. D77 (2008) 084012, arXiv:0710.5282.

[11] K. E. Leonard and R. P. Woodard, arXiv:1304.7265.

[12] N. C. Tsamis and R. P. Woodard, Phys. Rev. D54 (1996) 2612, hep-ph/9602317.

[13] N. C. Tsamis and R. P. Woodard, Commun. Math. Phys. 162 (1994) 217, R. P. Woodard, gr-qc/0408002.

[14] H. J. Schnitzer, Phys. Rev. D10 (1974) 2042.

[15] A. C. Davis, K. Dimopoulos, T. Prokopec and O. Törnkvist, Phys.

Lett. B501 (2001) 165, astro-ph/0007214; K. Dimopoulos, T. Prokopec, O. Törnkvist and A. C. Davis, Phys. Rev. D65 (2002) 063505, astro-ph/0108093.

[16] T. Prokopec and R. P. Woodard, Am. J. Phys. 72 (2004) 60, astro-ph/0303358.

[17] E. Komatsu et al., Astrophys. J. Suppl. 180 (2009) 330, arXiv:0803.0547.

[18] Y. Wang and P. Mukherjee, Astrophys. J. 650 (2006) 1-6, astro-ph/0604051; U. Alam, V. Sahni and A. A. Starobinsky, JCAP 0702 011, 2007, astro-ph/0612381.

[19] E. O. Kahya and R. P. Woodard, Phys. Rev. D72 (2005) 104001, gr-qc/0508015.

[20] B. Allen and A. Folacci, Phys. Rev. D35 (1987) 3771.

[21] V. K. Onemli and R. P. Woodard, Class. Quant. Grav. 19 (2002) 4607, gr-qc/0204065; Phys. Rev. D70 (2004) 107301, gr-qc/0406098.

[22] N. C. Tsamis and R. P. Woodard, Annals Phys. 321 (2006) 875-893, gr-qc/050605.

[23] S. P. Miao and S. Park, arXiv:1306.4126.

[24] N. C. Tsamis and R. P. Woodard, Nucl. Phys. B474 (1996) 235, hep-ph/9602315; Annals Phys. 253 (1997) 1, hep-ph/9602316; Int. J. Mod. Phys. D20 (2011) 2847, arXiv:1103.5134.