arXiv:1307.1429v1 [gr-qc] 3 Jul 2013

HIGHER DIMENSIONAL ELKO THEORY

J. A. Nieto^1

Facultad de Ciencias Físico-Matemáticas de la Universidad Autónoma de Sinaloa, 80010, Culiacán Sinaloa, México.

Abstract

We show that the so called Elko equation can be derived from a 5-dimensional Dirac equation. We argue that this result can be relevant for dark matter and cosmological scenarios. We generalize our procedure to higher dimensions.

Keywords: Elko equation, Dirac equation, dark matter. Pacs numbers: 04.20.Gz, 04.60.-Ds, 11.30.Ly July 3, 2013

1nieto@uas.edu.mx, janieto1@asu.edu

It is known that one of the most interesting proposals to explain dark matter [1] is provided by the so called Elko theory [2-3] (see also Refs. [4]-[11]). This theory describes spin half-integer fermions with dual helicity eigenspinors of the charge conjugation operator. It turns out that the growing interest in this kind of matter is due to the fact that besides be a candidate of dark matter it may also provide an alternative explanation of the accelerated expansion our universe [12]-[14].

Recently, it has been proposed [14] a 5-dimensional Elko theory in the context of Minkowski branes and it was shown that if a 5-dimensional mass Kaluza-Klein term (see Ref. [15] for details of Kaluza-Klein theory) is introduced there is not the possibility to localize these modes on the corresponding branes. Part of the motivation in these developments arises from the desire to shed some light in the brane world theory which originates from so-called M-theory (see Ref. [16] and references therein), which is a generalization of superstring theory [17]. In this case, the brane is embedded in a higher dimensional space-time. So it appears interesting to explore whether the Elko theory is some how related to M-theory. As a first step in this direction, one would like to explore whether there exist a higher dimensional Elko theory. In this work we show the surprising result that the Elko equation in four dimensions can be obtained from a higher dimensional Dirac equation.

Let us start mentioning that the Elko theory is based on the fundamental equation [ γ^μp̂_μδ^b_a + im_0ε^b_a ] ψ_b = 0. (1)

Here, the indices μ, ν etc. run from 1 to 4 and the indices a, b run form 1 to 2. Further the γ-matrices satisfy the Clifford algebra

γ^μγ^ν + γ^ν γ^μ = −2η^{μν} , (2)

with η^{μν} = diag(−1, 1, 1, 1). Moreover, p̂_μ = −i∂_μ and ε^{ab} is the completely antisymmetric ε-symbol, with ε^{12} = 1 = −ε^{21}.

In contrast to the usual Dirac equation [18]

[γ^μp̂_μ + m_0] ψ = 0, (3)

equation (1) requires eight-component complex spinor ψ_b rather than fourcomponent ψ which is the case in equation (3). Furthermore, the quantities δ^b_a and ε^b_a in (1) establish that ψ_b is not eigenspinor of the γ^μp̂_μ operator as ψ in equation (3). In spite of these key differences, one can prove that (1) and (3) imply the Klein-Gordon equations

[ p̂^μp̂_μ + m^2_0 ] ψ_a = 0 (4) and [ p̂^μp̂_μ + m^2_0 ] ψ = 0, (5) respectively. Therefore, both (1) and (3) can be understood as the ‘square root’ of the Klein-Gordon equation.

Now, consider a 5-dimensional Klein-Gordon equation [ p̂^{μ̂}p̂_{μ̂} + m^2_0 ] ψ = 0, (6) or [ (p̂_5)^2 + p̂^μp̂_μ + m^2_0 ] ψ = 0, (7) with the indices μ̂, ν̂ etc. running from 1 to 5. Here, p̂^{μ̂}p̂_{μ̂} = η^{μ̂ν̂}p̂_{μ̂}p̂_{ν̂} , with η^{μ̂ν̂} = diag(−1, 1, 1, 1, 1). By virtue of (2) one finds that (7) can be written as [ −(−p̂_5 + γ^μp̂_μ)(p̂_5 + γ^νp̂_ν ) + m^2_0 ] ψ = 0. (8) Thus, introducing the definitions

ψ_L ≡ ψ (9) and ψ_R ≡ − i m_0

(p̂_5 + γ^μp̂_μ)ψ_L, (10)

one sees that (8) leads to

(−p̂_5 + γ^μp̂_μ)ψ_R + im_0ψ_L = 0, (11) while, the expressions (10) can be rewritten as

(p̂_5 + γ^μp̂_μ)ψ_L − im_0ψ_R = 0. (12) Let us now assume that p̂_5ψ_R = 0 and p̂_5ψ_L = 0. (These imitate the cylindrical conditions in the usual dimensional reduction of the Kaluza-Klein theory [15].) With these assumptions, the equations (11) and (12) become

γ^μp̂_μψ_R + im_0ψ_L = 0 (13) and γ^μp̂_μψ_L − im_0ψ_R = 0, (14) respectively. So, if one assumes that the indices a, b run from the labels R and L one learns that (13) and (14) can be obtained from the expression

(γ^μp̂_μδ^b_a + iε^b_am_0)ψ_b = 0, (15) which is precisely formula (1) (see formula (5.14) in Refs. [2]). This means, among other things, that (11) and (12) represent a generalization of Elko equation (1).

Now, it is straightforward to generalize our procedure to higher dimensions. In fact, let us introduce the D-dimensional Klein-Gordon equation [ p̂^Ap̂_A + m^2_0 ] ψ = 0, (16) with the indices A, B etc. running from 1 to D. We shall assume that the splitting of the indices A = (a, μ). Thus, considering that p̂^Ap̂_A = η^{AB}p̂_Ap̂_B , with η^{AB} = diag(−1, 1, ..., 1, 1) one sees that (16) become [ p̂^ap̂_a + p̂^μp̂_μ + m^2_0 ] ψ = 0. (17) Using the analogue of (2) for the internal space γ^aγ^b + γ^bγ^a = 2δ^{ab}, (18) and also assuming that

γ^aγ^μ − γ^μγ^a = 0, (19) one learns that (17) can also be written as [ −(−γ^ap̂_a + γ^μp̂_μ)(γ^ap̂_a + γ^μp̂_μ) + m^2_0 ] ψ = 0. (20) Now, let us introduce the definitions

ψ_L ≡ ψ (21) and ψ_R = − i m_0

(γ^ap̂_a + γ^μp̂_μ)ψ_L. (22) This definitions allow us to rewrite (20) as

− i(−γ^ap̂_a + γ^μp̂_μ)ψ_R + m_0ψ_L = 0. (23)

The equation (23) and (22) lead to

(−γ^ap̂_a + γ^μp̂_μ)ψ_R + im_0ψ_L = 0 (24) and (γ^ap̂_a + γ^μp̂_μ)ψ_L − im_0ψ_R = 0, (25) respectively. So, once again, one obtains Elko formula (1) if one assumes the dimensional reductions conditions

γ^ap̂_aψ_R = 0 (26) and γ^ap̂_aψ_L = 0. (27) Of course, our approach of this higher dimensional generalization of Elko equation resembles the typical procedure of the Dirac equation in the Weyl representation. In this case one starts with the Klein-Gordon equation (η^{μν}p̂_μp̂_ν + m^2_0)ψ = 0, (28) and introduced the Pauli matrices,

σ^1 = ( 0 1 1 0 ) , σ^2 = ( 0 −i i 0 ) , σ^3 = ( 1 0 0 −1 ) , (29) which satisfy

σ^iσ^j + σ^j σ^i = 2δ^{ij} (30) and σ^iσ^j − σ^j σ^i = 2iε^{ijk}σ_k. (31) Here, δ^{ij} = diag(1, 1, 1) is the Kronecker delta and ε^{ijk} is the completely antisymmetric ε-symbol, with ε^{123} = 1. In (1 + 3)-dimensions we have η^{μν} = diag(−1, 1, 1, 1) and therefore (28) becomes (−p̂_0p̂_0 + δ^{ij}p̂_ip̂_j + m^2_0)ψ = 0. (32) Using (30) one sees that (32) can be written as

(−σ^0p̂_0σ^0p̂_0 + σ^iσ^jp̂_ip̂_j + m^2_0)ψ = 0 (33) or (−σ^0p̂_0 + σ^ip̂_i)(σ^0p̂_0 + σ^jp̂_j)ψ + m^2_0ψ = 0, (34) where σ^0 is the identity 2 × 2-matrix.

So, by defining ψ_L ≡ ψ and ψ_R ≡ − 1 m_0

(σ^0p̂_0 + σ^jp̂_j )ψ_L, (35) one obtains (σ^0p̂_0 + σ^jp̂_j)ψ_L + m_0ψ_R = 0 (36) and (σ^0p̂_0 − σ^ip̂_i)ψ_R + m_0ψ_L = 0. (37) We recognize in (36) and (37) the Dirac equation in the Weyl representation, [ γ^0_W p̂_0 + γ^i_W p̂_i + m_0 ] ψ_W = 0, (38) which in covariant notation becomes

[γ^μ_W p̂_μ + m_0] ψ_W = 0, (39) where γ^0_W = ( 0 1 1 0 ) , γ^i_W = ( 0 σ^i −σ^i 0 ) , (40) and ψ_W = ( ψ_R ψ_L ) . (41)

Here, the W in γ^μ_W and ψ_W means that this quantities are in the Weyl representation. One can verify that γ^μ_W γ^ν_W + γ^ν_W γ^μ_W = −2η^{μν} . (42) It turns out that one can interchange the order of (36) and (37) in the form

(−σ^0p̂_0 + σ^ip̂_i)ψ_R − m_0ψ_L = 0, (43) and (σ^0p̂_0 + σ^jp̂_j )ψ_L + m_0ψ_R = 0. (44) Thus, comparing with (24) and (25) one observes that the algebra of γ^a and γ^μ given in (2), (18) and (19) is the analogue of the algebra satisfied by σ^0 and σ^i, namely σ^0σ^0 + σ^0σ^0 = 2δ^{00}, (45)

σ^0σ^j − σ^j σ^0 = 0, (46) and σ^iσ^j + σ^jσ^i = 2δ^{ij} . (47)

This means the γ^a plays the role of σ^0, while γ^μ plays the role σ^i. This analysis may motive to look for a t-time signature, rather than s-space signature. In fact, in the case of t-time signature the formula (18) must be changed by

γ^aγ^b + γ^bγ^a = −2δ^{ab}, (48)

At the end, starting with a Dirac equation in spacetime of (t + s)-signature and imposing the cylindrical condition in the extra dimensions one must arrive to the Elko equation in (1 + 3)-dimensions. In particular it may be interesting to find the analogue of Elko theory in (2 + 2)-dimensions (see Refs. [19]-[20]) From the point of view of Kaluza-Klein theory the conditions (26) and (27) correspond to the zero mode of a compactified space. It will be interesting for further research to consider non zero modes of the internal space. In this direction the reference [14] dealing with brane-worlds in 5-dimensions may be particularly useful.

It still remains to analyze a kind of Majorana condition for the physical states ψ_a, namely Cψ_a = ψ_a, (49)

where C denotes a charge conjugation operator. But this will require to consider a Clifford algebra in a (t + s)-signature in a similar way as one analyzes the Majorana-Weyl spinors in higher dimensions [21].

Acknowledgments

This work was partially supported by PROFAPI-UAS/2013.

References

[1] Particle Dark Matter: Observations, Models and Searches (Cambridge, UK: Cambridge University Press, 2010) edited by Gianfranco Bertone.

[2] D. V. Ahluwalia and D. Grumiller, JCAP 0507 (2005) 012; e-Print:

hep-th/0412080.

[3] D. V. Ahluwalia and D. Grumiller, Phys.Rev. D 72 (2005) 067701; e- Print: hep-th/0410192.

[4] D. V. Ahluwalia, S. P. Horvath, JHEP 1011 (2010) 078; e-Print:

arXiv:1008.0436 [hep-ph].

[5] D. V. Ahluwalia, C. Y. Lee and D. Schritt, Phys. Rev. D 83 (2011) 065017;

arXiv:0911.2947 [hep-ph].

[6] D. V. Ahluwalia, C. Y. Lee, D. Schritt and T. F. Watson, Phys. Lett. B 687 (2010) 248; arXiv:0804.1854 [hep-th].

[7] R. da Rocha and J. M. Hoff da Silva, J. Math. Phys. 48 (2007) 123517;

arXiv: 0711.1103 [math-ph].

[8] R. da Rocha and J. M. Hoff da Silva, Adv. Appl. Clifford Algebras 20 (2010) 847-870; arXiv:0811.2717 [math-ph].

[9] R. da Rocha and J. M. Hoff da Silva, Int. J. Geom. Meth. Mod. Phys. 6 (2009) 461-477; arXiv:0901.0883 [math-ph].

[10] R. da Rocha and J. M. Hoff da Silva, Int. J. Mod. Phys. A 24 (2009) 3227-3242; arXiv:0903.2815 [math-ph].

[11] K. E. Wunderle and R. Dick, Can. J. Phys. 87 (2009) 909. [12] C. G. Boehmer, Annalen Phys. 16 (2007) 325; gr-qc/0701087. [13] L. Fabbri, Phys. Lett. B 704 (2011) 255; arXiv:1011.1637 [gr-qc]. [14] Y. X. Liu, X. N. Zhou, K. Yang and F. W. Chen, Phys. Rev. D 86 (2012) 064012; arXiv:1107.2506 [hep-th].

[15] A. Salam and J. Strathdee, Ann. of Phys. 141 (1982) 316. [16] J. Bagger, N. Lambert, S. Mukhi and C. Papageorgakis, Phys. Rept. 527 (2013) 1; arXiv:1203.3546 [hep-th].

[17] M. B. Green, J. H. Schwarz and E. Witten, Superstring Theory (Cambridge University Press, 1987).

[18] P. A. M. Dirac, Proc. R. Soc. A 117 (778), (1928) 610; Proc. R. Soc. A 126 (801), (1930) 360.

[19] R. Flores , J. A. Nieto, J. Tellez , E. A. Leon and E. R. Estrada, Rev.

Mex. Fis. 59(4) (2013) 352.

[20] J. A. Nieto and C. Pereyra, “Dirac equation in (1+3) and (2+2) dimensions”; arXiv:1305.5787 [physics.gen-ph].

[21] P.G.O. Freund, Introduction to Supersymmetry (Cambridge University Press, Melbourne, 1986).