arXiv:1307.1582v1 [physics.data-an] 5 Jul 2013

Chi-square goodness of fit tests for weighted histograms. Review and improvements.

N.D. Gagunashvili^{1,∗}

University of Akureyri, Borgir, v/Nordurslód, IS-600 Akureyri, Iceland

Abstract

Weighted histograms are used for the estimation of probability density functions. Computer simulation is the main domain of application of this type of histograms. A review of chi-square goodness of fit tests for weighted histograms is presented in this paper. Improvements are proposed to these tests that have higher statistical power compared to existing ones. Numerical examples are presented in this paper to demonstrate various applications of those tests.

Keywords: probability density function, histogram, goodness of fit test, multinomial distribution, Poisson histogram PACS: 02.30.Zz, 07.05.Kf, 07.05.Fb

1. Introduction

A histogram with m bins for a given probability density function (PDF) p(x) is used to estimate the probabilities

p_i = ∫ S_i p(x)dx, i = 1, . . . , m (1) that a random event belongs to bin i. Integration in (1) is done over the bin S_i.

∗Tel.: +354-4608505; fax: +354-4608998 Email address: nikolai@unak.is (N.D. Gagunashvili) 1Present address: Max-Planck-Institut für Kernphysik, PO Box 103980, 69029 Heidelberg, Germany

Preprint submitted to Elsevier July 8, 2013

A histogram can be obtained as a result of a random experiment with PDF p(x). Let us denote the number of random events belonging to the ith bin of the histogram as n_i. The total number of events in the histogram is equal to n = ∑_m i=1 n_i. The quantity p̂_i = n_i/n is an estimator of probability p_i with expectation value E [p̂_i] = p_i. The distribution of the number of events for bins of the histogram is the multinomial distribution [1] and the probability of the random vector (n_1, . . . , n_m) is

P (n_1, . . . , n_m) = n! n_1!n_2! . . . n_m! p^{n1}_1 . . . p^{nm}_m , m∑ i=1 p_i = 1. (2)

A weighted histogram or a histogram of weighted events is used again for estimating the probabilities p_i (1), see Ref. [2]. It is obtained as a result of a random experiment with probability density function g(x) that generally does not coincide with PDF p(x). The sum of weights of events for bin i is defined as:

W_i = n_i∑

k=1 w_i(k), (3)

where n_i is the number of events at bin i and w_i(k) is the weight of the kth event in the ith bin. The statistic

p̂_i = W_i/n (4)

is used to estimate p_i, where n = ∑_m i=1 n_i is the total number of events for the histogram with m bins. Weights of events are chosen in such a way that the estimate (4) is unbiased, E[p̂_i] = p_i. Usual histogram is weighted histogram with weights of events equal to 1.

The two most important cases of weighted histograms are considered below:

Case 1

To define a weighted histogram let us write the probability p_i (1) for a given PDF p(x) in the form

p_i = ∫ S_i p(x)dx = ∫ S_i w(x)g(x)dx, (5) where w(x) = p(x)/g(x) (6) is the weight function and g(x) is some other probability density function. The function g(x) must be > 0 for points x, where p(x) ≠ 0. The weight w(x) = 0 if p(x) = 0, see Ref. [3].

The weighted histogram is obtained from a random experiment with a probability density function g(x), and the weights of the events are calculated according to (6).

Case 2

The probability density function p_{rec}(x) of a reconstructed characteristic x of an event obtained from a detector with finite resolution and limited acceptance can be represented as p_{rec}(x) ∝ ∫ Ω^′ p_{tr}(x^′)A(x^′)R(x|x^′) dx^′, (7) where p_{tr}(x^′) is the true PDF, A(x^′) is the acceptance of the setup, i.e. the probability of recording an event with a characteristic x^′, and R(x|x^′) is the experimental resolution, i.e. the probability of obtaining x instead of x^′ after the reconstruction of the event. The integration in (7) is carried out over the domain Ω^′ of the variable x^′. Total probability that an event will not be registered is equal to p = ∫ Ω^′

p_{tr}(x^′)(1 − A(x^′)) dx^′. (8)

The sum of probabilities ∫ Ω ∫ Ω^′ p_{tr}(x^′)A(x^′)R(x|x^′) dx^′dx + ∫ Ω^′

p_{tr}(x^′)(A(x^′) − 1) dx^′ = 1 (9)

because ∫ Ω ∫ Ω^′ p_{tr}(x^′)A(x^′)R(x|x^′) dx^′dx = ∫ Ω^′ p_{tr}(x^′)A(x^′), dx^′, (10) where Ω domain of the variable x.

A histogram of the PDF p_{rec}(x) can be obtained as a result of a random experiment (simulation) that has three steps [3]:

1. A random value x^′ is chosen according to a PDF p_{tr}(x^′).

2. We go back to step 1 again with probability 1 − A(x^′), and to step 3 with probability A(x^′).

3. A random value x is chosen according to the PDF R(x|x^′).

The quantity p̂_i = n_i/n, where n_i is the number of events belonging to the ith bin for a histogram with total number of events n in random experiment (at step 1), is an estimator of p_i,

p_i = ∫ S_i ∫ Ω^′ p_{tr}(x^′)A(x^′)R(x^′|x) dx^′ dx, i = 1, . . . , m, (11) with the expectation value of the estimator

E [p̂_i] = p_i. (12)

The quantity p̂ = n/n, where n is the number of events that were lost, is an estimator of p (8) with the expectation value of the estimator

E [p̂] = p. (13)

Notice that_m ∑ i=1 p_i + p = 1 and m∑ i=1 n_i + n = n. (14)

In experimental particle and nuclear physics, step 3 is the most time-consuming step of the Monte Carlo simulation. This step is related to the simulation of the process of transport of particles through a medium and the rather complex registration apparatus.

To use the results of the simulation with some PDF g_{tr}(x^′) for calculating a weighted histogram of events with a true PDF p_{tr}(x^′), we write the equation for p_i in the form

p_i = ∫ S_i ∫ Ω^′ w(x^′)g_{tr}(x^′)A(x^′)R(x^′|x) dx^′ dx, (15) where w(x^′) = p_{tr}(x^′)/g_{tr}(x^′) (16)

is the weight function.

The weighted histogram for the PDF p_{rec}(x) can be obtained using events with reconstructed characteristic x and weights calculated according to (16).

In this way, we avoid step 3 of the simulation procedure, which is important in cases where one needs to calculate Monte Carlo reconstructed histograms for many different true PDFs.

The probability that an event will not be registered can be represented as p = ∫ Ω^′

w(x^′)g_{tr}(x^′)(1 − A(x^′)) dx^′, (17)

and is estimated the same way using events with weights calculated according formula (16).

2. Goodness of fit tests

The problem of goodness of fit is to test the hypothesis

H_0 : p_1 = p_{10}, . . . , p_{m−1} = p_{m−1,0} vs. H_a : p_i ≠ p_{i0} for some i, (18)

where p_{i0} are specified probabilities, and ∑_m i=1 p_{i0} = 1. The test is used in a data analysis for comparing theoretical frequencies np_{i0} with observed frequencies n_i. This classical problem remains of current practical interest. The test statistic for a histogram with unweighted entries

X^2 = m∑ i=1 (n_i − np_{i0})^2 np_{i0} (19)

was suggested by Pearson [4]. Pearson showed that the statistic (19) has approximately a χ^2_{m−1} distribution if the hypothesis H_0 is true.

2.1. The contemporary version to prove Pearson’s result

The expectation values of the observed frequency n_i, if hypothesis H_0 is valid, equal to:

E[n_i] = np_{i0}, i = 1, . . . , m (20) and its covariance matrix Γ has elements: γ_{ij} = { np_{i0}(1 − p_{i0}) for i = j −np_{i0}p_{j0} for i ≠ j Notice that the covariance matrix Γ is singular [5].

Let us now introduce the multivariate statistic

(n − np_0)^tΓ^{−1}_k (n − np_0), (21)

where n = (n_1, . . . , n_{k−1}, n_{k+1}, . . . , n_m)^t, p_0 = (p_{10}, . . . , p_{k−1,0}, p_{k+1,0}, . . . , p_{m0})^t and Γ_k = (γ_{ij})_{(m−1)×(m−1)} is the covariance matrix for a histogram without bin k. The matrix Γ_k has the form

Γ_k = diag (np_{10}, . . . , np_{k−1,0}, np_{k+1,0}, . . . , np_{m0}) − np_0p^t_0. (22)

The special form of this matrix permits one to find analytically Γ^{−1}_k [6]:

Γ^{−1}_k = 1 n diag ( 1 p_{10} , . . . , 1 p_{k−1,0} , 1 p_{k+1,0} , . . . , 1 p_{m0} ) + 1 np_{k,0} Θ, (23)

where Θ is (m − 1) × (m − 1) matrix with all elements unity. Finally the result of the calculation of expression (21) gives us the X^2 test statistic (19). Notice that the result will be the same for any choice of bin number k.

Asymptotically the vector n has a normal distribution N (np_0, Γ^{1/2}_k ), see Ref. [5], and therefore the test statistic (19) has χ^2_{m−1} distribution if hypothesis H_0 is true.

2.2. Generalization of the Pearson’s chi-square test for weighted histograms Following Ref. [2], sums of weights of events W_i in bin i of a histogram can be considered as a sum of random variables where also the number of events is a random value and weights of events are random variables. The expectation values of W_i, if hypothesis H_0 is valid, are equal to:

E[W_i] = np_{i0}, i = 1, . . . , m (24)

and its covariance matrix Γ has elements: γ_{ij} = { np_{i0}(r^{−1}_i − p_{i0}) for i = j −np_{i0}p_{j0} for i ≠ j where r_i = μ_i/α_{2i} is the ratio of the first moment of the distribution of weights of events μ_i to the the second moment α_{2i} for a particular bin i. The multivariate statistic is represented as

(W − np_0)^tΓ^{−1}_k (W − np_0), (25) where W = (W_1, . . . , W_{k−1}, W_{k+1}, . . . , W_m)^t, p_0 = (p_{10}, . . . , p_{k−1,0}, p_{k+1,0}, . . . , p_{m0})^t and Γ_k = (γ_{ij} )_{(m−1)×(m−1)} is the covariance matrix for a histogram without bin k. The matrix Γ_k has the form

Γ_k = diag (n p_{10} r_1 , . . . , n p_{k−1,0} r_{k−1} , n p_{k+1,0} r_{k+1} , . . . , n p_{m0} r_m ) − np_0p^t_0. (26)

The special form of this matrix permits one to find analytically the inverse matrix

Γ^{−1}_k = 1 n diag ( r_1 p_{10} , . . . , r_{k−1} p_{k−1,0} , r_{k+1} p_{k+1,0} , . . . , r_m p_{m0} ) + 1 n(1 − ∑ i≠k ripi0) rr^t, (27)

where r = (r_1, . . . , r_{k−1}, r_{k+1}, . . . , r_m)^t.

After that, the multivariate statistic can be written as

X^2_k = ∑ i≠k r_i (W_i − np_{i0})^2 np_{i0} + ( ∑ i≠k ri(Wi − npi0)) 2 n(1 − ∑ i≠k ripi0) , (28)

and can also be transformed to form

X^2_k = 1 n ∑ i≠k r_iW^2_i p_{i0} + 1 n (n − ∑ i≠k riWi) 2 1 − ∑ i≠k ripi0 − n (29)

which is convenient for numerical calculations. Asymptotically the vector W has a normal distribution N (np_0, Γ^{1/2}_k ) [7] and therefore the test statistic (28) has χ^2_{m−1} distribution if hypothesis H_0 is true. Notice that for usual histograms when r_i = 1, i = 1, . . . , m the statistic (28) is Pearson’s chisquare statistic (19).

It is shown in Ref. [8] that if the hypothesis H_0 is valid, 1 − ∑ i≠k r_ip_{i0} ≥ 0. (30)

The same way as in Ref. [8] one can prove the more general inequality: 1 − ∑ r_ip_{i0} ≥ 0. (31)

The ratio of moments r_i for Case 1 can be calculated as:

r_i = ( ∫ S_i g(x)dx) −1 ∫ S_i w(x)g(x)dx ( ∫ S_i g(x)dx) −1 ∫ S_i w 2(x)g(x)dx = ∫ S_i w(x)g(x)dx ∫ S_i w 2(x)g(x)dx (32)

In the same way the ratio can be calculated for Case 2, but this calculation has mostly theoretical interest and for practical applications the estimation of this ratio can be used:

r̂_i = W_i/W_{2i}, (33) where W_{2i} = ∑_{ni} k=1 w^2_i (k).

Let us now replace r_i with the estimate r̂_i and denote the estimator of matrix Γ_k as Γ̂_k. Then for positive definite matrices Γ̂_k, k = 1, . . . , m the test statistic is given as

X̂ 2_k = ∑ i≠k r̂_i (W_i − np_{i0})^2 np_{i0} + ( ∑ i≠k r̂i(Wi − npi0)) 2 n(1 − ∑ i≠k r̂ipi0) . (34)

with a reasonable restriction (30): 1 − ∑ i≠k r̂_ip_{i0} > 0. (35)

Formula (34) for usual histograms does not depend on the choice of the excluded bin, but for weighted histograms there can be a dependence. A test statistic that is invariant to the choice of the excluded bin and at the same time is a Pearson’s chi square statistic (19) for the unweighted histograms can be represented as the median value for the set of statistics X̂^2_k (34) with positive definite matrixes Γ̂_k, see Ref. [2]

X̂^2_{Med} = Med {X̂^2_1 , X̂^2_2 , . . . , X̂^2_m}. (36)

The usage of X̂^2_{Med} to test the hypothesis H_0 with a given significance level is equivalent to making a decision by voting.

2.3. New generalizations of Pearson’s chi-square test for weighted histograms The generalization as described in the previous section expects the exclusion of one bin from the covariance matrix. The test statistic X̂^2_{Med} can be used for any weighted histograms, including histograms with unweighted entries. One bin is excluded because the full covariance matrix of an unweighted histogram is singular and hence can not be inverted. However a full covariance matrix for the weighted histogram can be non-singular, and then a multivariate statistic with full covariance matrix can be calculated as:

X̂^2 =^m ∑ i=1 r̂_i (W_i − np_{i0})^2 np_{i0} + ( ∑_m i=1 r̂_i(W_i − np_{i0}))^2 n(1 − ∑_m i=1 r̂_ip_{i0})

. (37)

The statistic X̂^2 will have χ^2_m distribution if hypothesis H_0 is valid, with restriction 1 − m∑ i=1 r̂_ip_{i0} > 0. (38)

In case the data do not satisfy the inequality (38), then the multivariate statistic X̂^2_k for k where p_{k0} = min(p_{i0}, i = 1, ..., m) can be used. The X̂^2_k test statistic asymptotically follows a χ^2_{m−1} distribution and it is plausible that this statistic provides the maximal power of test.

3. Goodness of fit tests for deviation from main model of weighted histogram

Here, different deviations from the main model of weighted histograms will be considered as well as goodness of fit tests for those cases.

3.1. Goodness of fit test for weighted histogram with unknown total number of events It is possible that the total number of events n and content of a bin k is not known. An estimation of n can be used n̂ = ∑ i≠k ni/ ∑ i≠k pi0 in the formula for the statistic X̂^2_k . One additional degree of freedom is lost for this case, and the statistic has a χ^2_{m−2} distribution if the hypotheses H_0 is valid.

As an example, for Case 2, the test statistic, without taking into account events that were lost is

X̂^2_{n̂} = m−1∑ i=1 r̂_i (W_i − n̂p_{i0})^2 n̂p_{i0} + ( ∑_{m−1} i=1 r̂_i(W_i − n̂p_{i0}))^2 n̂(1 − ∑_{m−1} i=1 r̂_ip_{i0})

, (39)

here bin m contains all lost events.

3.2. Goodness of fit test for weighted histogram with unknown normalization In practice one is often faced with the case that all weights of events are defined up to an unknown normalization constant C. It means that if hypothesis H_0 is valid E[W_i] · C = np_{i0}, i = 1, . . . , m. (40) with unknown constant C. Then the test statistic (29) can be written as

cX̂ 2_k = ∑ i≠k r̂_i (W_i − np_{i0}/C)^2 np_{i0}/C + ( ∑ i≠k r̂i(Wi − npi0/C)) 2 n(1 − C^{−1} ∑ i≠k r̂ipi0) . (41)

An estimator for the constant C can be found by minimizing Eq. (41).

Ĉ_k = ∑ i≠k r̂_ip_{i0} + √ ∑ i≠k r̂ipi0 ∑ i≠k r̂iW 2 i /p_{i0} (n − ∑ i≠k r̂_iW_i), (42)

where Ĉ_k is an estimator of C. Substituting (42) to (41), we get the test statistic

cX̂ 2_k = ∑ i≠k r̂_i (W_i − np_{i0}/Ĉ_k)^2 np_{i0}/Ĉ_k + ( ∑ i≠k r̂i(Wi − npi0/Ĉk)) 2 n(1 − Ĉ^{−1}_k ∑ i≠k r̂ipi0) . (43)

The statistic (43) has a χ^2_{m−2} distribution if hypothesis H_0 is valid with restriction 1 − Ĉ^{−1} ∑ i≠k r̂ipi0 > 0. Formula (43) can be also transformed to

cX̂^2_k = s^{2k} n + 2s_k, (44)

where s_k = √∑ i≠k r̂_ip_{i0} ∑ i≠k r̂_iW^2_i /p_{i0} − ∑ i≠k r̂_iW_i (45)

which is convenient for calculations. Median statistics can be used for the same reason as in section 2.2 cX̂^2_{Med} = Med {_cX̂^2_1 ,_cX̂^2_2 , . . . ,_c ^.X^2_m}. (46)

3.3. New goodness of fit test for weighted histogram with unknown normalization All bins of a histogram can be used for calculating the test statistic as has been done in subsection 2.3. The new estimator of constant C is:

Ĉ =^m ∑ i=1 r̂_ip_{i0} + √ ∑_m i=1 r̂_ip_{i0} ∑_m i=1 r̂_iW^2_i /p_{i0} (n − m∑ i=1 r̂_iW_i). (47)

Then the test statistic (29) can be written as

cX̂ 2 =^m ∑ 1 r̂_i (W_i − np_{i0}/C)^2 np_{i0}/C + ( ∑_m 1 r̂_i(W_i − np_{i0}/C))^2 n(1 − C^{−1} ∑_m 1 r̂_ip_{i0})

. (48)

and also representes as cX̂^2 = s^2 n + 2s, (49)

where s = m ∑ i=1 r̂_ip_{i0} m∑ i=1 r̂_iW^2_i /p_{i0} − m∑ i=1 r̂_iW_i (50)

with restriction 1 − Ĉ^{−1} ∑ r̂_ip_{i0} > 0. The statistic_cX̂^2 follows a χ^2_{m−1} distribution if the hypothesis H_0 is valid.

The same way as in subsection 2.3, in case 1 − Ĉ^{−1} ∑ r̂_ip_{i0} ≤ 0, the statistic_cX̂^2_k can be used for k with p_{k0} = min(p_{i0}, i = 1, ..., m). This statistic has a χ^2_{m−2} distribution if the hypothesis H_0 is valid.

In case the normalization is also unknown as well as the total number of events the test statistics to be used is

cX̂^2_m = s^{2m} n̂ + 2s_m, (51)

where

s_m = m^{−1}∑ i=1 r̂_ip_{i0} m−1∑ i=1 r̂_iW^2_i /p_{i0} − m−1∑ i=1 r̂_iW_i (52) and n̂ = m−1∑ i=1 n_i/ m−1∑ i=1 p_{i0}. (53)

This statistic has a χ^2_{m−2} distribution if hypothesis H_0 is valid.

3.4. Goodness of fit test for weighted Poisson histograms

Poisson histograms [9] can be defined as histogram with multi-Poisson distributions of a number of events for bins

P (n_1, . . . , n_m) = m∏ i=1 e^{−n0pi} (n_0p_i)^{ni} /n_i!, (54) where n_0 is a free parameter. The discrete probability distribution function (probability mass function) of a Poisson histogram can be represented as a product of two probability functions: a Poisson probability mass function for a number of events n with parameter n_0 and a multinomial probability mass function of the number of events for bins of the histogram, with total number of events equal to n, see Ref. [1]

P (n_1, . . . , n_m) = e^{−n0} (n_0)^n/n! × n! n_1!n_2! . . . n_m!

p^{n1}_1 . . . p^{nm}_m . (55)

A Poisson histogram can be obtained as a result of two random experiments, namely, where the first experiment with Poisson probability mass function gives us the total number of events in histogram n, and then a histogram is obtained as a result of a random experiment with PDF p(x) and the total number of events is equal to n. As in the case of multinomial histograms, also for Poisson histograms there is the problem of goodness of fit test with the hypothesis:

H_0 : p_1 = p_{10}, . . . , p_{m−1} = p_{m−1,0} vs. H_a : p_i ≠ p_{i0} for some i, (56)

where p_{i0} are specified probabilities, and ∑_m i=1 p_{i0} = 1. If n_0 is known, then the statistic:_m ∑ i=1 (n_i − n_0p_{i0})^2 n_0p_{i0}

, (57)

can be used and has a χ^2_m distribution if the hypothesis H_0 is valid.

The hypothesis H_0 becomes complex if parameter n_0 is unknown for the Poisson histogram. This is an opposite situation to the case of a multinomial histogram, where the hypothesis is simple. The estimation of the parameter n_0 can be found by applying a maximum likelihood method. It is n̂_0 = ∑_m 1 n_j = n.

Secondly, if we decide to use a Pearson’s like X^2 statistic: X^2_{pois} = m∑ i=1 (n_i − ∑_m 1 n_j p_{i0})^2 ∑_m 1 n_j p_{i0} = m∑ i=1 (n_i − np_{i0})^2 np_{i0} , (58)

then the asymptotic distribution of this statistic for the multi-Poisson distribution of number of events must be found. Let us recall that n_0 in formula (58) is an unknown parameter and summands in (58) are correlated. Pearson’s theorem is not valid in this case, because it was proved for a multinomial histograms.

In [10] there are proposed statistics for goodness of fit test for a weighted Poisson histogram with known parameter n_0

X^2_{corr0} = m∑ i=1 (W_i − n_0p_{i0})^2 W_{2i}n_0p_{i0}/W_i

, (59)

and for the case the n_0 is not known: X^2_{corr} = m∑ i=1 (W_i − n̂_0p_{i0})^2 W_{2i}n̂_0p_{i0}/W_i

, (60)

with estimation of n_0 obtained by minimization of equation (59)

n̂_0 = [∑_m i=1 W^3_i /(W_{2i}p_{0i}) ∑_m i=1 W_ip_{0i}/W_{2i} ]_{1/2} . (61)

Let us rewrite the formulas as proposed in Ref. [10] but using this article’s notation for the case of weights with unknown normalization, then X^2_{corr} = m∑ i=1 r̂_i(W_i − np_{i0}/C)^2 np_{i0}/C , (62)

with an estimation for n/C defined by formula:

n̂_0 = ^n/C = [∑_m i=1 r̂_iW^2_i /p_{0i}) ∑_m i=1 r̂_ip_{0i} ]_{1/2} . (63)

We note the similarity between statistic X^2_{corr} and_cX̂^2 (48) where the difference is explained by the fact that from expression (48) is missing the second summand: ( ∑_m i=1 r̂_i(W_i − np_{i0}/C))^2 n(1 − C^{−1} ∑_m i=1 r̂_ip_{i0})

. (64)

This similarity of statistics permits to use it for weighted multinomial histograms with unknown normalization, but a test with statistic X^2_{corr} has lower statistical power then the power of the test with statistic_cX̂^2.

Generally, the power of the tests for Poisson histograms will be slightly lower than for multinomial histograms with number of events n = n_0 which is explained by the fact that for Poisson histograms also the total number of events fluctuates.

The choice of type of the histogram depends on what type of an experiment is produced, if the number of events is known, then it is a multinomial histogram, if an experiment expects precise measurements of an intensity of events n_0, then it is a Poisson histogram.

A weighted histogram usually is the result of modeling and the number of simulated events is known exactly, and therefore choice of a multinomial histogram is reasonable. In any case a choice of a Poisson weighted histogram must follow from the design of the experiment which is simulated.

4. Numerical evaluation and comparing different goodness of fit tests

The main parameter which characterizes the effectiveness of a test is power. The power of tests depend on the number of events and the binning that was discussed for usual histograms in [1]. The power for weighted histograms also depends on the choice of PDF of events g(x) or g_{tr} we are weighted and can be even higher than for histograms with unweighted entries as well as lower. Below we demonstrate two examples of an application of previously discussed tests. The power and size of the tests are calculated for a different total number of events in the histograms. Those characteristics are compared to the case of a usual histogram and to the application of Pearson’s chi-square test. The published program, see Ref. [11], was used for the calculation of the test statistics with minor modification needed for the new tests.

Example 1

A simulation study was done for the example from Ref. [2]. The PDF for hypothesis H_0 is :

p_0(x) ∝ 2 (x − 10)^2 + 1 + 1.15 (x − 14)^2 + 1

(65)

against alternative H_a: p(x) ∝ 2 (x − 10)^2 + 1 + 1 (x − 14)^2 + 1

(66)

presented by the weighted histogram. All PDF’s are defined on the interval [4, 16]. A calculation was done for two cases of a PDF used for the event generation:

g_1(x) = p(x) (67) and g_2(x) ∝ 2 (x − 9)^2 + 1 + 2 (x − 15)^2 + 1

. (68)

The results of this calculation of the power for 100000 runs are presented in Table 1. In the first case, a weighted histogram is a histogram with weights of events equal to 1 (usual histogram with unweighted entries), in the second case, weights of events equal to p(x)/g_2(x) are presented for different types of test statistics. The significance level was taken to be equal to 5%. For a correct comparison of methods, the thresholds provided by this significance level were calculated by Monte-Carlo method.

Table 1: Example 1. Power β(X^2) of Pearson’s test (%) for the histogram with unweighted entries, power β(X̂^2) of new generalization of Pearson’s test, power β(_cX̂^2) of new test for case of unknown normalization, powers β(X̂^2_{Med}) and β(_cX̂^2_{Med}) of tests presented in Ref. [2].

n 200 400 600 800 1000 3000 5000 7000 9000 w(x) β(X^2) 6.0 7.1 8.2 9.8 11.2 29.9 52.7 71.6 84.9 1 β(X̂^2) 25.8 41.3 52.4 61.0 68.5 98.4 100.0 100.0 100.0 p(x) g_2(x) β(_cX̂^2) 6.8 8.3 9.8 11.4 13.1 36.0 60.7 79.4 90.8 β(X̂^2_{Med}) 7.9 11.8 15.8 20.2 25.0 75.3 96.6 99.8 100.0 β(_cX̂^2_{Med}) 6.8 8.4 9.7 11.4 13.1 36.0 60.7 79.2 90.7

Two new generalizations of goodness of test statistics demonstrate better power compared to median tests presented for the first time in [2]. Also a comparison of results of a calculation of the power for unweighted histogram to power of a histogram with weighted entries shows that the last one can be essentially higher. It is explained that in case of the weighted histograms we can increase the statistics of events for domains with high deviation of the distribution presented by the histogram from the tested distribution.

In Table 2 are presented sizes of tests calculated with the threshold for a significance level of 5% that gives us chi-square distribution for a given number of degrees of freedom (ndf).

Table 2: Example 1. Size α(X^2) of Pearson’s test (%) for the histogram with unweighted entries, size α(X̂^2) of new generalization of Pearson’s test, size α(_cX̂^2) of new test for case of unknown normalization, sizes α(X̂^2_{Med}) and α(_cX̂^2_{Med}) of tests presented in Ref. [2]. Thresholds were calculated using chi-square distribution with given number of degrees of freedom (ndf). All calculation were produced for the nominal value of significance level equal to 5%.

n 200 400 600 800 1000 3000 5000 7000 9000 ndf w(x) α(X^2) 5.7 5.4 5.3 5.2 5.2 5.1 5.0 5.0 5.1 19 1 α(X̂^2) 10.7 8.2 7.1 6.4 6.3 5.3 5.1 5.1 5.0 20 p(x) g_2(x) α(_cX̂^2) 4.9 4.9 5.1 5.0 5.2 5.1 5.0 5.0 4.9 19 α(X̂^2_{Med}) 5.5 5.3 5.4 5.3 5.5 5.4 5.2 5.3 5.2 19 α(_cX̂^2_{Med}) 5.4 5.5 5.7 5.6 5.8 5.7 5.6 5.7 5.5 18

Example 2

A simulation study was done for the example described in Ref. [12] and also in Ref. [13]. The PDF p_0(x) for the hypothesis H_0 is taken according to formula (7) with:

p_{0tr}(x^′) = 0.4(x^′ − 0.5) + 1; x^′ ∈ [0, 1] (69)

A(x^′) = 1 − (x^′ − 0.5)^2 (70) R(x|x^′) = 1 σ √ 2π exp [ − (x − x^′)^2 2σ^2 ] , with σ = 0.3. (71)

For the alternative H_a, p(x) is taken with the same acceptance, resolution function, and PDF:

p_{tr}(x^′) = 0.6666(x^′ − 0.5) + 1; x^′ ∈ [0, 1] (72)

that is presented by the weighted histogram. A calculation was done for two cases of PDFs used for event generation:

h_1(x^′) = 0.6666(x^′ − 0.5) + 1; x^′ ∈ [0, 1] (73) and h_2(x^′) = −0.6666(x^′ − 0.5) + 1; x^′ ∈ [0, 1]. (74) In the first case, a weighted histogram is the histogram with weights of events equal to 1 (usual histogram with unweighted entries), in the second case, weights of events equal to h_1(x)/h_2(x). The results of this calculation for 100000 runs are presented in tables 3 and 4. We use a histogram with 20 bins on interval [0, 1] as in Ref. [13]. Here, we exclude data outside the binning as well as data that was not registered due to limited acceptance and add 21st bin that contain all lost events. Calculations for statistics X^2, X̂ 2 and_cX̂ 2 were produced for 21 bins, and for statistics X̂ 2_{n̂} and_cX̂ 2_{n̂} for 20 bins.

Table 3: Example 2. Power β(X^2) of Pearson’s test used for histogram with unweighted entries, power β(X̂^2) of new generalization of Pearson’s test, power β(X̂^2_{n̂}) of new test for case of unknown total number of events, powers β(_cX̂^2) and β(_cX̂^2_{n̂}) of tests with unknown normalization.

n 200 400 600 800 1000 3000 5000 7000 9000 w(x) β(X^2) 5.5 6.4 7.2 8.1 9.3 23.0 39.5 56.9 71.5 1 β(X̂^2) 6.8 7.9 9.0 10.4 11.9 30.7 52.4 71.0 83.9 h_1(x) h_2(x) β(X̂^2_{n̂}) 6.8 7.7 8.8 10.3 11.6 30.7 53.4 73.3 86.2 β(_cX̂^2) 6.1 7.1 7.9 9.1 10.2 23.9 40.6 57.7 71.1 β(_cX̂^2_{n̂}) 6.0 6.9 7.9 8.7 9.9 23.5 40.0 56.4 70.5

Table 4: Example 2. Size α(X^2) of Pearson’s test used for unweighted histogram, size α(X̂^2) of new generalization of Pearson’s test, size α(X̂^2_{n̂}) of new test for case of unknown total number of events, sizes α(_cX̂^2) and α(_cX̂^2_{n̂}) of tests with unknown normalization. Thresholds were calculated using chi-square distribution with given number of degrees of freedom (ndf). All calculation were produced for the nominal value of significance level equal to 5%.

n 200 400 600 800 1000 3000 5000 7000 9000 ndf w(x) α(X^2) 5.3 5.1 5.1 5.1 5.2 5.0 5.1 5.0 5.0 20 1 α(X̂^2) 7.6 6.2 5.7 5.5 5.4 5.1 5.0 5.1 5.1 21 h_1(x) h_2(x) α(X̂^2_{n̂}) 8.0 6.6 6.2 5.9 6.0 5.6 5.6 5.6 5.7 19 α(_cX̂^2) 6.9 5.9 5.5 5.3 5.3 5.1 5.1 5.0 5.2 20 α(_cX̂^2_{n̂}) 6.9 5.9 5.5 5.4 5.3 5.0 5.1 5.1 5.1 19

The significance level for Table 3 was taken to be equal to 5%. Again for a correct comparison of methods, the thresholds providing this significance level were calculated by Monte-Carlo method. Example 2 demonstrates that higher power of test can be achieved for weighted histograms compared to unweighted one.

5. Restriction for goodness of fit tests applications

For the histograms with unweighted entries, the use of chi-square tests is inappropriate if any expected frequency np_{i0} is below 1 or if the expected frequency is less than 5 in more than 20% of bins [14].

Restrictions for weighted histograms, due to fluctuation of the estimation of ratio of moments r_i, can be made stronger. Namely, the use of chi-square tests is inappropriate if any expected frequency np_{i0} is less than 5. Notice that in Example 1 only histograms with a total number of events equal to 1000 and more satisfy a restrictions for weighted histograms and histograms with total number of events 600 and more for histograms with unweighted entries. It is 600 events and 400 events respectively for the Example 2.

Following Ref. [15] a disturbance is regarded as unimportant when the nominal size of the test is 5% and the size of the test lies between 4% and 6% for a goodness of fit tests. Analysis of sizes of tests for the Examples 1 and 2 show that for the data satisfying the above mention restriction, the deviation of size from nominal equal to 5% can be considered as unimportant. Also small deviations of tests sizes from nominal are conservative implying that the probability of rejecting the hypothesis is larger than the nominal size of the test.

6. Conclusion

A review of goodness of fit tests for weighted histograms is presented. It has been shown how to increase the power of existing tests. New modification of tests are discussed in detail. Tests are important tools in the application of the Monte-Carlo method as well as in simulation studies of different phenomena.

Acknowledgements

The author are grateful to Johan Blouw for useful discussions and careful reading of the manuscript and thanks the University of Akureyri and the MPI for Nuclear Physics for support in carrying out the research.

References

[1] M. G. Kendall, A. S. Stuart, The Advanced Theory of Statistics, Vol. 2, (Griffin Publishing Company, London, 1973) ch. 30, sec. 30.4.

[2] N. D. Gagunashvili, Nucl. Instr. Meth. A 596(2008)439. [3] I. M. Sobol, Numerical Monte Carlo methods, (Nauka, Moscow, 1973) ch.5.

[4] K. Pearson, Phil. Mag. 50(1900)157.

[5] M. G. Kendall, A. S. Stuart, The Advanced Theory of Statistics, Vol. 1, (Griffin Publishing Company, London, 1973) ch.15, sec. 15.10.

[6] H. V. Henderson, S. R. Searle, SIAM Rev. 23(1981)53. [7] H. Robbins, Bull. Amer. Math. Soc. 54(1948)1151. [8] N. D. Gagunashvili, Nucl. Instr. Meth. A614(2010)287. [9] S. Baker, R. D. Cousins, Nucl. Instr. Meth. 221(1984)437. [10] G. Zech, Nucl. Instr. Meth. A691(2012)178.

[11] N. D. Gagunashvili, Comput. Phys. Commun. 183(2012)418. [12] G. Bohm, G. Zech, Introduction to Statistics and Data Analysis for Physicists, (Verlag Deutsches Elektronen-Synchrotron, 2010).

[13] N. D. Gagunashvili, Nucl. Instr. Meth. A635(2011)86. [14] D. S. Moore, G. P. McCabe, Introduction to the Practice of Statistics, (W. H. Freeman Publishing Company, New York, 2007).

[15] W. G. Cochran, Ann. of Math. Stat. 23(1952)315.