arXiv:1307.1734v1 [hep-th] 5 Jul 2013

Self-dual Maxwell-Chern-Simons solitons from a Lorentz-violating model

Rodolfo Casana and Lucas Sourrouille Departamento de Física, Universidade Federal do Maranhão, 65085-580, São Luís, Maranhão, Brazil.

Self-dual abelian Higgs system, involving both the Maxwell and Chern-Simons terms are obtained from Carroll-Field-Jackiw theory by dimensional reduction. Bogomol’nyi-type equations are studied from theoretical and numerical point of view. In particular we show that the solutions of these equations are Nielsen-Olesen vortices with electric charge.

PACS numbers: 11.10.Kk, 11.10.Lm Keywords: Chern-Simons-like gauge theory, Topological solitons, Lorentz symmetry violation.

I. INTRODUCTION

Lorentz and CPT violation has recently received substantial attention as a potential signature for underlying physics, possibly arising from the Planck scale. The most simple Lorentz- and CPT-breaking field theory consists of a three dimensional Chern-Simons term embedded in Maxwell’s four dimensional classical electrodynamics [1]. Such model, usually known as Carroll-Field-Jackiw, is part of the Standard-Model Extension (SME), the general field-theory framework for Lorentz and CPT tests, which contains the Standard Model of particle physics and general relativity as limiting cases [2]. Recent studies in the context of the CPT-odd sector of SME, have been carried out in different areas such as radiative corrections [3], nontrivial spacetime topology [4], causality [5], supersymmetry [6], the cosmic microwave background [7], general relativity [8] and topological defects, specifically monopole structures was presented in [9] and, the first investigation about BPS vortex solutions in the presence of CPT-even Lorentz-violating terms of the SME was performed in Refs. [10].

On the other hand, it is well known that the Higgs models with the Maxwell term, support topologically stable vortex solutions [11]. With a specific choice of coupling constants, minimum energy vortex configurations satisfy first order differential equations [12]. When this occur the model presents another interesting feature, which says us that the model is the bosonic sector of a supersymmetric theory [13].

The two dimensional matter field interacting with gauge fields whose dynamics is governed by a Chern- Simons term support soliton solutions [14]. When selfinteractions are suitably chosen vortex configurations satisfy the Bogomol’nyi-type equations with a specific sixth order potential [15]. Another important feature of the Chern-Simons gauge field is that inherits its dynamics from the matter fields to which it is coupled, so it may be either relativistic [15] or non-relativistic [16]. In addition the soliton solutions are of topological and nontopological nature [17]. The relativistic Chern-Simons- Higgs model described in Ref.[15], was generalized to include a Maxwell term for the gauge field in Ref.[18]. There, the authors, in order to maintain a notion of selfduality, in which a lower bound for the energy is saturated by solutions to a set of self-duality equations, introduce an additional neutral scalar field.

In this paper we are interested in studying BPS vortices in a context of a CPT-odd and Lorentz-violating abelian Higgs system, involving both the Maxwell and Chern-Simons terms, which is obtained from Carroll- Field-Jackiw theory by dimensional reduction. In particular, we will show that this model support self-dual vortex solutions, which are different from those obtained in Ref. [18]. The difference lies in the fact that in our model the neutral scalar field appears naturally from the dimensional reduction, so that the model is self-dual without the requirement to introduce an additional neutral field such as in Ref. [18]. In addition we show that the vortex solution are identical in form to the Nielsen-Olesen vortices, although, in our model, the vortex possess electric charge.

II. THE THEORETICAL FRAMEWORK

Let us start by considering the Lorentz and CPTviolating Maxwell-Chern-Simons theory, proposed by Carroll, Field, and Jackiw [1] S = ∫ d^4x ( − 1 4 F^{μν} F_{μν} + 1 4 p_ρϵ^{ρσμν} A_σ F_{μν} − A^ν J_ν )

(1) where p_α is a four-vector couples to electromagnetic field, which determines a preferred direction in spacetime violating Lorentz as well as CPT symmetry, and F_{μν} is the stress tensor defined by F_{μν} = ∂_μA_ν − ∂_ν A_μ. Here, the term A^ν J_ν represents the coupling between the gauge field and an external current. The metric tensor is g^{μν} = (1, −1, −1, −1) and ϵ^{αβμν} is the totally antisymmetric Levi-Civita tensor such that ϵ^{0123} = 1.

The Lagrangian (1) leads to the following equations of motion

∂_μF^{μν} + p_μF̃^{μν} = J^ν (2)

where F̃^{μν} =^1_2 ϵ^{μναβ} F_{αβ} is the dual electromagnetic tensor.

In the following we consider a model composed by the gauge field in (1) coupled to a Higgs field S = ∫ d^4x [ − 1 4 F^{μν} F_{μν} + 1 4 p_αϵ^{αβμν} A_β F_{μν} (3) + |D_μϕ|^2 − V (|ϕ|) ] , where Greek indexes run on 0, 1, 2, 3, D_μ = ∂_μ − ieA_μ is the covariant derivative and V (|ϕ|) is a self-interacting potential to be determined below.

Specifically, we are interested in exploring the solitonic structure of the model obtained from (3) via dimensional reduction. In particular we are motivated by searching of a model with Maxwell-Chern-Simons self-dual vortex solutions different from those present in Ref. [18]. In order to analyze the (2 + 1)-dimensional problem it is natural to consider a dimensional reduction of the action by assuming that the fields do not depend on one of the spatial coordinates, say x_3. Renaming A_3 as N, leads to an action that can be written as [19] S = ∫ d^3x [ − 1 4 F^{μν} F_{μν} + 1 4 p_3ϵ^{βμν} A_β F_{μν} + 1 2 (∂_μN) − 1 2 ϵ^{μρσ} p_μN∂_ρA_σ − 1 2 ϵ^{μρσ} p_μA_ρ∂_σ N (4) + |D_μϕ|^2 − e^2N^2|ϕ|^2 − V (|ϕ|) ] , where now Greek’s indexes are 0, 1, 2 and the coefficient p_3 play the role of Chern-Simons’s parameter. The Gauss law is

∂_iF_{0i} + p_3F_{12} + ϵ_{ij} p_i∂_j N = eJ_0 (5)

where J_0 = i [ϕ(D_0ϕ)^∗ − ϕ^∗D_0ϕ] is the conserved matter current. Integrating this equation, over the entire plane, we obtain the important consequence that any object with charge Q = e ∫ d^2xρ also carries magnetic flux Φ = ∫ Bd^2x [20]:

Φ = − 1 κ Q (6)

Here, we are interested in time-independent soliton solutions that ensure the finiteness of the action (4). These are the stationary points of the energy which for the static field configuration reads E = ∫ d^3x [ 1 2 F^2_{i0} + 1 2 F^2_{12} + |D_0ϕ|^2 + |D_iϕ|^2 + 1 2 (∂_0N)^2 + 1 2 (∂_iN)^2 + e^2N^2|ϕ|^2 (7)

+ Np_0F_{12} + ϵ_{ij} Np_i∂_j A_0 + V (|ϕ|) ]

Since we are motivated by the desire to find self-dual soliton solution, we will choose p_1 = p_2 = 0. For this particular choice, the Gauss law (5) takes the simple form

∂_iF_{0i} + p_3F_{12} = eJ_0 (8)

This is just the Gauss law of the model proposed in Ref.[18]. After integration by parts and using the Gauss law, the energy functional can be rewritten as E = ∫ d^3x { 1 2 [F_{i0} ± ∂_iN]^2 + |D_iϕ|^2 + |D_0ϕ ∓ ieϕN|^2 (9) + 1 2 (∂_0N)^2 + 1 2 F^2_{12} + N(p_0 ± p_3)F_{12} + V (|ϕ|) }

Here, the form of the potential V (ρ) that we choose is motivated by the desire to find self-dual soliton solution and coincides with the symmetry breaking potential of the Higgs model V (|ϕ|) = λ^2 2 (|ϕ|^2 − v^2)^2 , (10)

To proceed, we need a fundamental identity

|D_iϕ|^2 = |(D_1 ± iD_2)ϕ|^2 ± eF_{12}|ϕ|^2 ± 1 2 ϵ^{ij} ∂_iJ_j (11)

Using this identity and choosing p_0 = ∓p_3 the energy may rewritten as E = ∫ d^3x ( 1 2 [F_{i0} ± ∂_iN]^2 + |D_0ϕ ∓ ieϕN|^2

+|(D_1 ± iD_2)ϕ|^2 + 1 2 [F_{12} ± e(|ϕ|^2 − v^2)]^2 (12)

±ev^2F_{12} + ( λ 4 − e^2 2 )(|ϕ|^2 − v^2)^2 + 1 2 (∂_0N)^2 ) . When the symmetry breaking coupling constant λ is such that

λ = 2e^2 ,

i.e. when the self-dual point of the Abelian Higgs model is satisfied, the energy (12) reduce to a sum of square terms which are bounded below by a multiple of the magnitude of the magnetic flux:

E ≥ ev^2|Φ| (13)

Here, the magnetic flux is determined by the requirement of finite energy. This implies that the covariant derivative must vanish asymptotically, which fixes the behavior of the gauge field A_i. Then we have Φ = ∫ d^2xB = 2π e n (14)

where n is a topological invariant which takes only integer values. The bound is saturated by the fields satisfying the Gauss law and ∂_0N = 0. This way, the first-order self-duality equations:

F_{i0} ± ∂_iN = 0, (15)

F_{12} ± e(|ϕ|^2 − v^2) = 0, (16)

D_0 ∓ ieϕN = 0, (17)

(D_1 ± iD_2)ϕ = 0, (18)

For the static field configuration this set of equations reduce to

N = ∓A_0, (19)

F_{12} ± e(|ϕ|^2 − v^2) = 0, (20)

(D_1 ± iD_2)ϕ = 0, (21)

This set of equations (15)–(18) is similar to the Bogomol’nyi equations of the Ref.[18]. In Ref.[18], the magnetic field F_{12} is related to the fields ϕ and N in the form

F_{12} ± (e|ϕ|^2 − ev^2 + p_3N) = 0

This is not the situation in our Eq. (16), where the magnetic field only has an explicit dependence on the Higgs field. Such difference is also presents in the potential of both models, whereas in Ref.[18] it takes the form V (|ϕ|, N) = 1 2 (e|ϕ|^2 − ev^2 + p_3N)^2 ,

here the potential defining BPS configurations takes the simple form (10) with coupling constant in the self-dual point value λ = 2e^2. Thus, our model only possess topological solitons solutions whereas the Maxwell-Chern- Simons solitons studied in Ref.[18] are both topological and nontopological.

Another interesting aspect of our model refers to the set of equations (19)–(21). We see that the equations (20) and (21) are the Bogomol’nyi equations of the abelian Higgs model [12], whereas the equation (19) is decoupled from (20) and (21) and only related the neutral scalar field with the gauge field A_0. Thus, we have vortex solutions which are identical in form to the Nielsen-Olesen vortices, with the novelty that the gauge field A_0 is not required to be gauged to zero, as in the Maxwell-Higgs model.

III. CHARGED VORTEX CONFIGURATIONS

Specifically, we look for radially symmetric solutions using the standard static vortex Ansatz

ϕ = vg (r) e^{inθ}, A_θ = − a (r) − n er , A_0 = ω(r), (22)

where n is the winding number of the vortex configuration. The scalar functions a (r) , g (r) and ω (r) are regular at r = 0:

g (0) = 0, a (0) = n, ω^′ (0) = 0, (23)

where ω_0 = ω (0), and satisfy appropriated boundary conditions when r → ∞:

g (∞) = 1, a (∞) = 0, ω (∞) = 0. (24)

All boundary conditions will be explicitly established in subsection III A.

As usual, the magnetic field is expressed as B = − a^′ er . (25)

So the remaining BPS equations (16), (18), and Gauss’s law (8) are rewritten as

g^′ = ± ag r , (26) B = − a^′ er = ±ev^2 ( 1 − g^2 ) , (27) ω^{′′} + ω^′ r − p_3B − 2e^2v^2g^2ω = 0 , (28)

where the upper sign corresponds to n > 0 and the lower signal to n < 0. We observe that for fixed p_3, if we have the solutions for n > 0, the correspondent solutions for n < 0 are attained doing g → g , a → −a, ω → −ω. We can also observe that for fixed n, under the change p_3 → −p_3, the solutions go as g → g , a → a , ω → −ω.

The structure of BPS equations and Gauss’s law given in Eqs. (26)–(28) allows to affirm that the profiles of the Higgs field, vector potential and magnetic field are exactly the same as those correspondent to the uncharged vortices of the Maxwell-Higgs model but now our vortices are electrically charged. This affirmation is verified by the numerical analysis shown in Figs. 1 and 3.

A. Analysis of the boundary conditions

We obtain the behavior of the solutions of Eqs. (26-28) in the neighborhood of r → 0 using power series method,

g (r) = G_nr^n + . . . (29) a (r) = n − e^2v^2 2 r^2 + . . . (30)

ω (r) = ω_0 + p_3ev^2 4 r^2 + . . . (31)

The asymptotic behavior when r → +∞ is performed by setting g = 1 − δg , a = δa, ω = δω, with δg, δa, δω infinitesimal functions to be computed. After substituting such forms in Eqs. (26-28), and solving the linearized set of differential equations, we obtain δg ∼ r^{−1/2}e^{−βr} ∼ δω , δa ∼ r^{1/2}e^{−βr}, (32) where β, a positive real number, is given by β = ev √ 2 (33)

From Eqs. (29), (30) and (32), we can see that the behavior, in r = 0 and r → ∞, of the fields g(r), a(r) and consequently of the magnetic field, is exactly the same that of the Maxwell-Higgs self-dual solution.

B. Numerical solutions

We now introduce the dimensionless variable ρ = evr and implement the following changes: g (r) → ḡ (r) , a (r) → ā (ρ) , ω (r) → vω̄ (ρ) , p_3 → evκ, B → ev^2B̄ (ρ) , E → v^2Ē (ρ) . (34) Thereby, the equations(26)-(28) are written in a dimensionless form as

ḡ^′ = ± āḡ ρ , (35) B̄ = − ā^′ ρ = ± ( 1 − g^2 ) , (36)

ω̄^{′′} + ω̄^′ ρ − κB̄ − 2ḡ^2ω̄ = 0 . (37)

We have performed the numerical analysis of the Eqs. (35–37) and the resultant profiles are depicted in Figs. 1– 5. There are shown the topological solutions with winding numbers n = 1, 5, 10 when the Chern-Simons-like parameter is fixed to be κ = 1. The profiles for our model are depicted by blue lines whereas the plots for model of Ref.[18] (MCSH model) are presented with red lines. The winding numbers are represented in the following way: solid lines for n = 1, dash-dotted lines to n = 5 and dotted lines do for n = 10. All legends are summarized in Fig. 1.

FIG. 1: Higgs field ḡ(ρ) (Blue lines also correspond to Maxwell-Higgs model).

The Figs. 1 and 2 depict the profiles of the Higgs and vector field, respectively. For n = 1, the plots for both models are similar, although the difference is more evident for large values of the winding number. In general, for fixed n, the profiles for our model saturate more quickly than those from MCSH which are wider.

FIG. 2: Vector potential ā(ρ) (Blue lines also correspond to Maxwell-Higgs model).

Fig. 3 depicts the magnetic field behavior. The profiles for n = 1 in both models are lumps centered at origin, however the magnetic field for the MCSH model has a smaller amplitude. On the other hand, for n > 1, in our model (blue lines), the magnetic field keeps the same amplitude in the origin and develops a plateau around it which becomes greater as n is increased. Such behavior is very different from the magnetic field of MCSH model (red lines) that form rings whose maximums are located away from the origin.

FIG. 3: Magnetic field B̄(ρ) (Blue lines also correspond to Maxwell-Higgs model).

Fig. 4 depicts the scalar potential profiles which for κ > 0 always take negative values whenever n positive. For n = 1, the models present very similar profiles, however, for n > 1 there are notable differences. In our model, the profiles of the scalar potential are lumps centered in the origin whose amplitude is given by − nκ 2 . These are very localized compared with the

FIG. 4: Scalar potential ω̄(ρ).

FIG. 5: Electric field ω̄^′(ρ).

plots of MCSH model. It is worthwhile to note that the profiles of MCSH model, for n ≫ 1, saturate its ampli-

tude in the value − 1 κ generating a large plateau.

Fig. 5 shows the electric field behavior. For fixed κ, our profiles develop ring structures near to the origin whose amplitude increases with n but far from the origin, the electric field decreases to zero satisfying the boundary conditions. This behavior differs from the respective MCSH profiles which form rings, centered long away from the origin, whose amplitude not increase with n. In general, the amplitude of the electric field are larger than those corresponding to the MCSH model.

IV. CONCLUSIONS AND REMARKS

In this paper, we have considered a self-dual system with Maxwell and Chern-Simons terms, obtained by dimensional reduction of the Carroll-Field-Jackiw model coupled to a Higgs field. Thus, the neutral scalar field N appears as a natural consequence of the dimensional reduction process, and the model presents self-duality equations without the necessity to introduce an additional field in the theory. The main difference with the self-dual model obtained in Ref. [18] is that in our model the magnetic vortex solution do not present explicit dependence on the neutral scalar field. Another interesting aspect is that the vortex solutions are identical in form to the Nielsen-Olesen vortices. The only deference between the two solutions lies in the fact that our vortex solutions have electric charge. Finally we were able to resolve numerically the Bogomol’nyi equations of the model. In addition we analyze the results by comparing our solutions with the solutions for the self-dual system studied in [18], obtained as the main result an increase in the intensity of the magnetic and electric fields. It is worthwhile to observe that numerical analysis shows that the profiles correspondents to the Higgs field and the magnetic field in our model are exactly the same as those correspondent to the Maxwell-Higgs model.

The study of other topological defects under effects of Lorentz-violation are under investigations and we expect to report on these issues in the future.

Acknowledgements

RC thanks to CAPES, CNPq and FAPEMA (Brazilian agencies) for partial financial support and LS thank to CAPES for full support.

[1] S.M. Carroll, G.B. Field, R. Jackiw, Phys. Rev. D 41 (1990) 1231.

[2] D. Colladay, V.A. Kostelecky, Phys. Rev. D 55, 6760 (1997); D. Colladay, V.A. Kostelecky, Phys. Rev. D 58, 116002 (1998); V.A. Kostelecky, R. Lehnert, Phys. Rev. D 63, 065008 (2001); V.A. Kostelecky, Phys. Rev. D 69, 105009 (2004).

[3] R. Jackiw, V.A. Kostelecky, Phys. Rev. Lett. 82, 3572 (1999); M. Perez-Victoria, Phys. Rev. Lett. 83, 2518 (1999); B. Altschul, Phys. Rev. D 70, 101701(R) (2004).

[4] F.R. Klinkhamer, Nucl. Phys. B 578, 277 (2000). [5] C. Adam, F.R. Klinkhamer, Nucl. Phys. B 607 (2001). [6] H. Belich, et al., Phys. Rev. D 68, 065030 (2003). [7] B. Feng, et al., Phys. Rev. Lett. 96, 221302 (2006). [8] R. Jackiw, S.-Y. Pi, Phys. Rev. D 68, 104012 (2003). [9] M.D. Seifert, Phys. Rev. D 82, 125015 (2010). [10] C. Miller, R. Casana, M.M. Ferreira, Jr., E. da Hora Phys.Rev. D 86 065011 (2012). C. Casana, M.M. Ferreira, Jr., E. da Hora, C. Miller Phys.Lett. B 718 620-624 (2012).

[11] H.B. Nielsen, P. Olesen, Nucl. Phys. B 61 45 (1973). [12] E. Bogomolyi, Sov. J. Nucl. Phys 24, 449 (1976);

H. de Vega and F .A. Schaposnik, Phys. Rev. D 14, 1100 (1976).

[13] P. di Vecchia and S. Ferrara, Nucl. Phys. B 130, 93 (1977); E. Witten and D. Olive, Phys. Lett. B 78, 97 ( 1978 ); C. Lee, K. Lee and E.J. Weinberg, Phys. Lett. B 253, 105 (1990).

[14] S. K. Paul and A. Khare, Phys. Lett. B 174, 420 (1986) [Erratum-ibid. 177B, 453 (1986)]. H. J. de Vega and F. A. Schaposnik, Phys. Rev. D 34, 3206 (1986).

[15] R. Jackiw and E. Weinberg, Phys. Rev. Lett. 64 2334 (1990). J. Hong, Y. Kim and P-Y. Pac, Phys. Rev. Lett. 64 2330 (1990).

[16] R. Jackiw and S. Y. Pi, Phys. Rev. Lett. 64, 2969 (1990);

R. Jackiw and S. Y. Pi, Phys. Rev. D 42, 3500 (1990). [Erratum-ibid. D 48, 3929 (1993)].

[17] R. Jackiw, Ki-Myeong Lee and E. Weinberg, Phys.Rev.

D 42, 3488 (1990).

[18] C. Lee, K. Lee, H. Min, Phys. Lett. B 252, 79 (1990). [19] H. Belich, M. M. Ferreira Jr, J. A. Helayel-Neto, Eur.

Phys. J. C 38, 511 (2005).

[20] J. Schonfeld, Nucl. Phys. B 185, 157 (1981); S. Deser, R. Jackiw, and S. Templeton, Phys. Rev. Lett. 48, 975 (1982); S. Deser, R. Jackiw, and S. Templeton, Ann. Phys.(N.Y.) 140, 372 (1982).