arXiv:1307.1916v1 [gr-qc] 7 Jul 2013

MINISUPERSPACE MODEL OF MACHIAN RESOLUTION OF PROBLEM OF TIME. I. ISOTROPIC CASE

Edward Anderson Centre for Quantum Information and Foundations, DAMTP Cambridge , ea212@cam.ac.uk

Abstract

A local resolution to the Problem of Time that is Machian and was previously demonstrated for various relational mechanics models is here shown to work for a more widely studied quantum cosmological model. Namely, closed isotropic minisuperspace GR with minimally-coupled scalar field matter. This uses work firstly along the lines of Barbour’s at the classical level. Secondly, it uses a Machianized version of the Semiclassical Approach to Quantum Cosmology. Finally, it uses a combined Machianized version of a combined Semiclassical Histories Timeless Records scheme along the lines of Halliwell’s work. This program’s goal is the treatment of Halliwell–Hawking type inhomogeneous perturbations about the present paper’s model, drawing also qualitatively from the relational mechanics examples since these have nontrivial notions of inhomogeneity/structure (clumping) as well as nontrivial linear constraints.

PACS 04.60Kz

1 Introduction

In this paper, I demonstrate a local resolution to the Problem of Time (PoT) [1, 2] that is Machian in character [3, 4, 5, 6, 7, 2]. For explanations of what the PoT facets are, strategies resolving them, and for the precise meaning given here to the term ‘Machian’, see Sec 2. I previously demonstrated such a Machian local resolution of the PoT for relational particle models (RPM’s) [8, 9, 2, 10, 11, 12]. The minisuperspace [13, 14, 15, 16] (alias homogeneous GR) case is in many ways more straightforward (no nontrivial linear constraints). It is relevant both as an approximate model for our universe and as the zeroth order of more accurate such models along the lines of Halliwell–Hawking [17]. Namely, inhomogeneous perturbations about homogeneous cosmology, which, once again, do possess nontrivial linear constraints, albeit now with further nontrivial diffeomorphism connotations, by which this perturbative midisuperspace model is the joint natural successor of the present paper and the previous RPM work. This is, additionally, a reasonable model for investigating whether the galaxies and CMB hot spots originate from quantum fluctuations, via amplification by some inflationary mechanism [18].

Machian considerations plus simplicity, and moving toward working with Halliwell–Hawking’s more realistically cosmological model, both draw me to working with, specifically, the spatially-S^3 FLRW cosmology. The latter, standard practise in Cosmology and the relational triviality of models with one degree of freedom draw me to include scalar field matter in this work. The spatially-S^3 isotropic GR model with a single scalar field needs a cosmological constant term for nontriviality in the case in which matter effects are presumed small [19]. There are then two different sets of modelling assumptions to consider. 1) The matter physics is light and fast (l) as compared to the gravitational physics being heavy and slow (h). 2) Both are h and only further entities introduced in further papers (anisotropy in [20] or inhomogeneity in [21, 22]) are l. This use of h and l terminology is standard in semiclassical approaches, as detailed in Sec 3. Sec 2 contains a classical precursor of this. Each of these two Secs explains PoT facets as exemplified by the isotropic minisuperspace model, alongside their Machian resolution. With justification of the semiclassical approach’s crucial WKB ansatz and approximation being tenuous, Sec 4 considers the combined Machian Semiclassical–Histories–Records scheme. This rests on a small expansion upon Anastopoulos and Savvidou’s work [23] on Histories Theory for isotropic minisuperspace with scalar field, and on Halliwell’s work [24, 25] on not explicitly Machian versions of such combinations. I conclude in Sec 5, including comments on how this paper contributes as part of the larger Machian semiclassical quantum cosmology program. A further paper will contain detailed equations both for this paper’s case and for the more complicated and generic case of Bianchi IX Minisuperspace too [20].

2 Machian local resolution of classical Problem of Time

2.1 Temporal Relationalism

Temporal Relationalism is Leibniz’s ‘there is no time for the universe as a whole’ principle [4, 26, 2]. This is desirable from background-independence and closed-universe perspectives. The well-known quantum-level Frozen Formalism Problem facet of the Problem of Time then turns out to be a consequence of pursuing this theoretically-interesting avenue. Moreover this facet is clearly then already present at the classical level; this much less well-known point is in fact the essential content of Barbour’s work [4]. Temporal Relationalism enters the mathematical formulation of one’s whole-universe physics by postulating actions based on Jacobi–Synge arc elements that 1) happen to be parametrization-irrelevant. 2) Additionally these do not contain any extraneous time or time-like variables such as Newtonian absolute time or the lapse of the ADM formulation of GR-as-geometrodynamics (i.e. the dynamics of spatial 3-geometry configurations).^1

1It used to be customary to term these ‘reparametrization-invariant actions’, which are mathematically-trivially equivalent to parametrizationirrelevant actions. However, ‘reparametrization-invariant’ to ‘parametrization-irrelevant’ to ‘arc elements’ (never even mentioning parametrization)

For instance, GR with a minimally-coupled scalar field has relational action (along the lines of [27, 5, 2])

S^{GR}_{relational} = ∫ ∫ Σ d^3x √ hds √ Ric(x; h] − 2Λ − |∂ϕ|^2 − V (ϕ) , ds = ||d_F (h, ϕ)||_{M(h)} (1)

for blockwise configuration space metric M(h) := ( M(h) 0 0 1 ) and M(h) the GR configuration space metric (alias inverse

DeWitt supermetric).^2 For this paper’s isotropic minisuperspace, this simplifies to

S^{isotropic-mss}

relational = ∫ ds exp(3Ω) √ exp(Ω) − V (ϕ) − 2Λ , ds = √ −dΩ^2 + dϕ^2 . (2)

Here, the symmetry-reduced GR configuration space is, mathematically, just 2-d Minkowski space M^2 with its standard indefinite flat metric.

Then Dirac’s argument [30] (originally made for reparametrization-invariant actions) guarantees that such temporally relational actions must lead to primary constraints, i.e. relations between the momenta that arise purely from the form of the arc element in the most advanced conceptualization.^3 (h, ϕ) denotes h_{ij} and ϕ: the the set of configuration variables. For this paper’s case (and all other simple bosonic theories), the square-root form of the action gives a GR Hamiltonian constraint,^4 which, for the present paper’s closed isotropic minisuperspace case, is

H := exp(−3Ω){−π^2_Ω + π^2_ϕ} + exp(3Ω){V (ϕ) + 2Λ − exp(Ω)} = 0 . (3)

Havinng a constraint purely quadratic in the momenta such as the GR Hamiltonian constraint indeed guarantees the appearance of the quantum-level Frozen Formalism Problem.

Moreover, the above timelessness at the primary level can in the classical case be resolved at a secondary, emergent level by Mach’s Time Principle: ‘time is to be abstracted from change’. Three distinct specifications of which involve ‘any change’ (Rovelli [31]), ‘all change’ (Barbour [32]) and my ‘sufficient totality of locally significant change’ (STLRC) [7]. This emergent time represents a local generalization of the astronomers’ ephemeris time [33]; this is particularly manifest in the case of mechanics. To fulfil the true content of the STLRC approach, all change is given opportunity to contribute to the timestandard. However only changes that do so in practise to within the desired accuracy are actually kept.^5 Emergent Jacobi time (or its Barbour–Bertotti upgrade) implements Mach’s Time Principle, at first sight in the ‘all’ manner, but, in practice in the ‘STLRC’ manner. For isotropic minisuperspace, the emergent time of this type is

t^{em(J)} =^∫ ds^{/√}exp(Ω) − V (ϕ) − 2Λ . (4)

The oversized notation t^{em(J)} = t^{em(J)} − t^{em(J)}(0) is used to incorporate selection of ‘calendar year zero’, t^{em(J)}(0). N.B. from inspecting how this timestandard features in the equations of motion of the system, it represents a relational recovery of the well-known notion of cosmic time. Thus the current Machian time program specifically selects cosmic time as the timestandard to use in classical Cosmology. Moreover it provides a formula for it which, at least in detail, depends on such as the matter content of the universe, anisotropies and inhomogeneities. [At this point in the argument, the Mechanics counterpart picks up a relational recovery of Newtonian absolute time, whilst more general GR context picks up the local proper time.]

2.2 Further detail of classical Machian PoT resolution: h–l split

We make an h–l split is between heavy degrees of freedom and light degrees of freedom. This is a classical parallel of 1) the procedure in Molecular Physics by which one solves for the electronic structure under the approximation that the much heavier nuclei stay fixed. 2) A technically similar approximation procedure from Semiclassical Quantum Cosmology. The new idea is that the h degrees of freedom provide an approximate timestandard with respect to which the l degrees of freedom evolve.

is a chain of upgrades in conceptualization. N.B. also that such arc elements represent a geometrization of dynamics, for all that this is not the aspect of this formulation that the present work espouses. The espoused aspect is, rather, Baierlein, Sharp and Wheeler’s (BSW) ‘3-geometry as carrier of information about time’ [27] in the context of the sandwich formulation [28, 21] of GR-as-geometrodynamics. Or, a forteriori, to the following overtly Machian statement concerning the best-matching generalization of the infinitesimal version of the sandwich to any formulation of any theory of classical physics that remains rooted in continuum mathematics: ‘configuration and change of configuration as carrier of information about time’. Compare the below implementation of Mach’s Time Principle.

2This is equivalent to the much more familiar ADM form of the GR-as-geometrodynamics action (see [29], Chapter 2 of [2]). I use round brackets for function dependence, square brackets for functional dependence and ( ; ] for mixed function dependence (before the ;) and functional dependence (after the ;). h_{ab} is the spatial 3-metric, with determinant h, Ricci scalar Ric(x; h] and undensitized GR configuration space metric M^{abcd} := h^{ac}h^{bd} − h^{ab}h^{cd}. The present paper’s S^3 closed-universe case requires the cosmological constant term Λ for nontrivial solutions to exist.

3One says ‘of the Lagrangian’ in the reparametrization-invariant formulation, but parametrization-irrelevant and arc element conceptualizations use Jacobi–Synge arc elements instead of Lagrangians: ds in place of L dλ as the integrand of the action for λ the meaningless label time.

4In the ADM formulation, H is well-known to arise from variation with respect to the lapse. In product-type actions like (1), there is no longer any lapse, but the ensuing mystery of how to arrive at H in this case is straightforwardly mopped up by Dirac’s observation that such an action guarantees a primary constraint.

5As argued in [7], this necessitates a curious indirect procedure in making such an approximation. I.e., one can not simply compare the sizes of the various energy terms, but must rather [7] assess this at the level of the resulting force terms upon variation.

2.3 The h-approximation is not Machian

Here the relational action is S^{isotropic-mss(h = Ω)}

relational = ∫ exp(3Ω)dΩ √ 2Λ − exp(Ω) , (5)

the Hamiltonian constraint is H := −exp(−3Ω)π^2_Ω + exp(3Ω){2Λ − exp(Ω)} = 0 (6)

and the emergent Jacobi time is

t^{em(J)}_{(0)} =^∫ dΩ/^√2Λ − exp(Ω) = −^√2/Λ artanh^{(√}{2Λ − exp(Ω)}/2Λ^) . (7)

However, pure-h expressions of this general form — t^{em(J)} = F[h, dh] — are unsatisfactory from a Machian perspective since they do not give l-change an opportunity to contribute.

2.4 Including further correction terms does render the scheme Machian

This deficiency is to be resolved by treating them as zeroth-order approximations in an expansion involving the l-physics too. Expanding (4), one obtains an expression of the bona fide Machian form t^{em(J)}_{(1)} = F[h, l, dh, dl]:

t^{em(J)}_{(1)} = t^{em(J)}_{(0)} +^1_2 { V (ϕ) ∫ dΩ W^{3/2}_Ω − ∫ dΩ √ W_Ω { dϕ dΩ }_2} + O ({ dϕ dΩ }_4) + O ({ V_ϕ W_Ω

}_2) . (8)

Here the leading corrections are a ϕ-potential term, the integral in the expression of which comes out as 1/Λ √ 2Λ − exp(Ω) − artanh( √ {2Λ − exp(Ω)}/2Λ)/ √ 2Λ^3 , (9)

and an l-change term that renders the scheme Machian in the above sense.

A more full analysis involves expanding h, l, t^{em(J)} as functions of an n-tuple of small ‘ϵ’ quantities. A key feature here is that what is conventionally an ‘independent variable’ t, is here a t^{em(J)} that is a priori a highly-dependent variable. As such it is clear that this itself is to be subjected to perturbations, whereas the conventional ‘independent variable’ use of t itself is not. See [20] for details of the equations that this produces in this minisuperspace case.

2.5 Configurational Relationalism

In the context of GR, the second PoT facet is most usually termed the Thin Sandwich Problem [27, 28, 21]. This facet however generalizes to the case of an arbitrary physical theory as Barbour’s Best Matching Problem [3, 27]. Namely, for G the group of continuous motions that are taken to be physically irrelevant, eliminating the auxiliary G-variables that the action contains by solving the linear constraints that arise from variation with respect to the G-auxiliaries for the G-auxiliaries themselves (which feature explicitly in the Lagrangian variables form of the constraints), and then substituting these back into the action itself. The GR Thin Sandwich subcase of this then involves the diffeomorphisms of 3-space, Diff(3), as G and the GR momentum constraint as the corresponding linear constraint to be solved at the Lagrangian level for the Diff(3)-auxiliary (in the most common formulation, this is the shift vector). Finally, Best Matching generalizes further in the map-ordering sense to Configurational Relationalism, i.e. reduction at any level (e.g. Hamiltonian or quantum-mechanical instead of just specifically a Lagrangian-level reduction as just described). This facet usually interferes with the Frozen Formalism Problem since it needs to be tackled prior to it for the above resolution’s Machian emergent time to be free of reference to the G-auxiliaries. It is in this context that Barbour–Bertotti’s work [3] is further necessary, so I denote this timefunction by t^{em(JBB)} (yet further work by in [5, 29] is necessary to render [3] fully compatible with Temporal Relationalism). Let me clarify the above by briefly giving full GR as an example. Here G = Diff(3) – the 3-diffeomorphisms of the constant-topology spatial manifold – as encoded by the frame variable F in (1). Then F then enters the expression for the emergent time, from where it has to be cancelled out with the following extremization:

t^{em(JBB)} =^{extremum}

F ∈ Diff(3) of S^{GR}_{relational} (∫ ||d_F (h, ϕ)||_M/ √ Ric(x; h] − 2Λ − |∂ϕ|^2 − V (ϕ) ) . (10)

However, the present paper’s minisuperspace considerations straightforwardly avoid this by the assumption of homogeneity. See [2] for more detailed treatment of Configurational Relationalism in further models in which does require a nontrivial resolution. This is the case for sufficiently complicated RPM’s, thus in part explaining their use hitherto in developing the Machian program; midisuperspace exhibits nontrivial Configurational Relationalism too.

2.6 Four further Problem of Time facets

A third PoT facet is the Problem of Beables. Observables, or beables – following John Bell [34]: a more cosmologicallyappropriate notion than observables – are hard to come by in classical and quantum GR. Models with trivial Configurational Relationalism (or resolved Best Matching) readily possess an explicit full set of classical Kuchař beables, i.e. quantities that Poisson-brackets-commute with the classical linear constraints. For the present paper, these are

K = F[Ω, ϕ, p_Ω, p_ϕ alone] . (11)

In case of trivial Configurational Relationalism, Halliwell provided [24, 25] a prescription for Dirac beables – commuting with the quadratic constraint also – which I promoted to the case of resolved Best Matching too [8].

The other three facets to overcome in order to have a local resolution of the PoT are the Constraint Closure Problem, the Foliation Dependence Problem and the Spacetime Reconstruction Problem. See Secs 2 and 7 of [2] for a more full account of these three facets. At the classical level, these are avoided for full GR anyway, by the ‘trident’ of constraint algebroid results based on work of Dirac, Teitelboim, Hojman–Kuchař–Teitelboim, Barbour–Foster–ó Murchadha, the author, and Mercati (see [2, 37] for details and [35, 5, 36] for the original references). However, for minisuperspace in general, there is a simpler trident resolution based on homogeneity. Homogeneity implies no momentum constraint, so the Hamiltonian constraint stands alone, giving closure. Homogeneity implies a foliation privileged by the surfaces of homogeneity, and the spacetime to be reconstructed in this case is simpler due to this structure too. The bracket of two Hamiltonian constraints has a momentum constraint-factor that is zero by homogeneity, thus one has a bona fide algebra of constraints (rather than the constraint algebroid of full GR). Furthermore, the obstruction term to classical spacetime reconstruction [5, 36, 37] contains a spatial derivative factor, so it is also trivialized for homogeneous models.

3 Quantum version of the model

Kinematical quantization for this system involves what is to be expected for a system whose isometry group is the 2-d Poincaré group: a boost K and a 2-vector P = (p_Ω, p_ϕ) that form this isometry group and another 2-vector X upon which this group acts. This is the indefinite counterpart of the familiar Heisenberg group (here 2-d). Dynamical Quantization is based on the relationally-motivated [38] conformal ordering [13]. Moreover, either the 2-dness or the flatness of the configuration space suffices to ensure that the conformal ordering is equal to the Laplacian ordering. Thus the wave equation is the toy model Wheeler–DeWitt equation of the form

ℏ^2□_2Ψ := ℏ^2△_M 2 Ψ = ℏ^2{∂^2_Ω − ∂^2_ϕ}Ψ = exp(6Ω){exp(Ω) − 2Λ − V (ϕ)} . (12)

This is elementary to solve for V (ϕ) = 0, and then one can treat exp(6Ω)V (ϕ) as an interaction term J to which one can apply a standard form of time-independent perturbation theory.

4 Machian Semiclassical Approach

Moreover, Frozen Formalism Problem resolution by t^{em(J)} fails at the quantum level since the quantum wave equation remains in the form ^HΨ = 0. My answer to that is to Machianize semiclassical approach. The timestandard this produces is indeed similar to t^{em(J)} from a Machian perspective. Furthermore these two timestandards are indeed expected to differ on Machian grounds also, as explained in the next SSec.

4.1 The standard semiclassical approach

Here [17, 39] one again has a h–l split; moreover now the h carries additional connotation of ‘slow’ to l’s ‘fast’ due to the double nature of the wavefunction ansatz and associated approximations in use. Namely, one now has the Born–Oppenheimer–WKB ansätze Ψ(h, l) = ψ(h)|χ(h, l)⟩ , ψ(h) = exp(i W (h)/ℏ) . (13)

One then forms the h-equation,

0 = ⟨χ| ^H Ψ = −{∂_ΩW }^2 + 2iℏ∂_ΩW ⟨∂_Ω⟩ + ℏ^2⟨□_2⟩ + exp(6Ω){⟨V (ϕ)⟩ + 2Λ − exp(Ω)} . (14)

(applying the product rule and the WKB approximation). Then interpreting W as a Hamilton’s function and applying the momentum–velocity relation, this is cast in the form

−exp(6Ω)Ω^{∗ 2} + 2iℏ exp(3Ω)Ω^∗⟨∂_Ω⟩ + ℏ^2⟨□_2⟩ + exp(6Ω){⟨V (ϕ) + 2Λ − exp(Ω)} = 0 . (15)

Under a number of simplifications, the most common approximand to (14) is a Hamilton–Jacobi equation and to (15) an energy equation. Integrating the latter gives an expression for t^{em(WKB)}_{(0)} that clearly coincides to this order with t^{em(J)}, and thus also fails to be Machian. The semiclassical correction terms, however, are distinct from the classical ones; both are Machian and the difference between them is for Machian reasons too: now it is quantum change that needs to be given the opportunity to contribute. Thus the semiclassical and classical Machian timestandards must indeed be distinct [2, 9].

Before treating these correction terms, however, it is useful to additionally form the l-equation 0 = {1 − |χ⟩⟨χ|} ^H Ψ = {1 − |χ⟩⟨χ|}{2iℏ ∂_ΩW ∂_Ω + ℏ^2□_2 + exp(6Ω)}|χ⟩ . (16) Thus this originally comes in the form of a fluctuation equation. However, it can be recast, modulo further approximations, and the chroniferous move

N^{hh}iℏ ∂W ∂h ∂ |χ⟩ ∂h = iℏ N^{hh}p_h ∂ |χ⟩ ∂h = iℏ N^{hh}M_{hh}∗h ∂ |χ⟩ ∂h = iℏ ∂h ∂t^{em(WKB)} ∂ |χ⟩ ∂h = iℏ ∂ |χ⟩ ∂t^{em(WKB)}

, (17)

into an emergent-WKB-TDSE for the l-degrees of freedom

iℏ exp(3Ω) ∂|χ⟩ ∂t^{em(WKB)} = ^H_l|χ⟩ ≈ ℏ^2 2 ∂^2_ϕ|χ⟩ + exp(6Ω) 2 V (ϕ)|χ⟩ . (18) The emergent-time-dependent left-hand side of this arises from the cross-term ∂_h|χ⟩∂_hψ. ^H_l is the remaining surviving piece of the quadratic constraint; it acts as a Hamiltonian for the l-subsystem.

(18) is, modulo the h–l coupling term, ‘ordinary relational l-physics’. The more usually considered simpler situation ‘has the scene set’ by the h-subsystem for the l-subsystem to have dynamics. This dynamics is furthermore slightly perturbed by the h-subsystem, while neglecting the back-reaction of the l-subsystem on the h-subsystem. One might even argue for the interaction term to be quantitatively negligible as regards the observed l-physics. Thus, overall, the fluctuation l-equation (16) can be rearranged to obtain a TDSE with respect to an emergent time that is ‘provided by the h-subsystem’.

4.2 Rectified Time

Next, note that a rectified time given by exp(3Ω)∂/∂t^{em(WKB)} = ∂/∂t^{em(rec)} (19) simplifies the l-equation to the emergent rectified-TDSE iℏ ∂|χ⟩ ∂t^{em(rec)} ≈ ℏ^2 2 ∂^2_ϕ|χ⟩ + exp(6Ω) 2 V (ϕ)|χ⟩ . (20) Moreover, because the h and l equations for a coupled set of equations that in general have to be treated together as a system to solve for the unknowns t^{em}(rec) and |χ⟩, I then choose to write the h-equation in terms of the rectified time as well, −{dΩ/dt^{em(rec)}}^2 + 2iℏ{dΩ/dt^{em(rec)}}⟨∂_Ω⟩ + ℏ^2⟨□_2⟩ + exp(6Ω){⟨V (ϕ)⟩ + 2Λ − exp(Ω)} = 0 . (21) Only now do I integrate the h-equation, to obtain in general

t^{em(rec)} =^∫ dΩ/{iℏ⟨∂Ω⟩ +^√ℏ^2{⟨□2⟩ − ⟨∂Ω⟩^2} + exp(6Ω){⟨V (ϕ)⟩ + 2Λ − exp(Ω)}} . (22)

4.3 Machian emergent semiclassical time

The zeroth approximation here coincides with the classical zeroth approximation, which was already declared to be non- Machian. I then perform binomial and ℏ expansion moves to isolate what will often serve as first correction terms:

t^{em(rec)}_{(0)} ≈ t^{em(rec)}_{(0)} −^{⟨V (ϕ)⟩}_2^{∫ dΩ}

exp(3Ω){2Λ − exp(Ω)}^{3/2} − iℏ ∫ dΩ⟨∂_Ω⟩ exp(6Ω){2Λ − exp(Ω)}

+ O(ℏ^2, ⟨ ⟩^2) . (23)

The first of these contains an integral factor that can be evaluated without knowledge of the l-subsystem; this gives − 1 √ 2Λ − exp(Ω) { 1 6Λexp(3Ω) + 7 48Λ^2exp(2Ω) + 35 192Λ^3exp(Ω) − 35 128 } − 35 128 √ 2Λ^{9/2} arctanh (√ 2Λ − exp(Ω) 2Λ ) . (24)

For computation of its co-factor, or the other term, we need to address the l-subsystem too. I then consider 1) the free approximation to the emergent rectified-TDSE and 2) emergent rectified-time-dependent perturbations about this. Note that for terms with already other small factors, the perturbations only contribute to lower order, so we can omit that part of the calculation for now. 1) involves calculating the expectation of V (ϕ) can be considered by Fourier expansion and then 3-trig-function integrals. 2) is by the method given in [12]. It gives the general form

Poly(exp(Ω))/ √ 2Λ − exp(Ω) + Poly(exp(Ω)) + combination of power, square root and artanh functions (25) though the polynomials here have complicated enough coefficients that I do not include the explicit form of the answer.

See [40, 2, 9, 20] for the physical justification of, and mathematical methods for, some of the next most simple regimes for such a semiclassical scheme. [20] in particular does so for this paper’s minisuperspace example and its Bianchi IX counterpart.

4.4 WKB problem

N.B. that the working leading to such a TDWE (‘W’ for ‘wave’) ceases to work in the absence of making the WKB ansatz and approximation. Additionally, in the quantum-cosmological context, this is not known to be a particularly strongly supported ansatz and approximation to make [46, 1]. This is crucial as regards the present Article and program, since propping this up requires considering one or two further PoT strategies from the classical level upwards.

4.5 Handling the rest of a local PoT resolution at the semiclassical level

There is no Configurational Relationalism in the first place. Quantum Kuchař beables are trivial in the sense of being a subalgebra of the classical Kuchař beables, but nontrivial as regards precisely what this choice entails. Constraint Closure, Foliation-Dependence and Spacetime Reconstruction remain protected at the quantum level by the model’s homogeneity.

5 Combined Machian–Semiclassical–Histories–Records scheme

The idea is to get round the WKB problem via combination with the histories and records approaches to the PoT. For the present paper’s model, records approaches need none of the innovations of [43, 2] since minisuperspace fails to allow for localized structure. Histories approaches require but a few departures from the perspective offered by Anastopoulos and Savvidou [23], as follows. Their approach is a histories projection operator (HPO) approach [44], applied indeed to the specific case of isotropic minisuperspace models with scalar field matter. To make contact with the present paper’s work, one needs to specialize their work from FLRW with general spatial curvature to FLRW with positive spatial curvature and the usual compensating-sign Λ-term. One also needs to suppress their use of the lapse and its conjugate momentum in order to conform to our approach’s Temporal Relationalism. These changes do not elsewise affect the classical and quantum histories brackets they consider. In general, the HPO kinematical quantization is notably different from Sec 3’s since the HPO approach involves continuous time and one then gets a 1-d QFT in that; all of this is covered in detail in [23] itself. On can additionally use parametrization-irrelevant smearing functions in close parallel to the formulation used in [37].

The combined Machian–Semiclassical–Histories–Records scheme is a particularly interesting prospect [24] along the following lines (see [41, 42, 25, 2] for more details).

1) Histories decohereing is a leading (if not as yet fully established) way by which a semiclassical regime’s WKB approximation could be legitimately obtained in the first place. Thus Histories Theory could support the Semiclassical Approach by freeing it of a major weakness.

2) There is a Records Theory within Histories Theory, as pointed out by Gell-Mann and Hartle [41] and extended to imperfect cases by Halliwell [42, 24, 25]. Thus Histories Theory supports Records Theory by providing guidance as to the form a working Records Theory would take. This also allows for these two to be jointly cast as a mathematically-coherent package. 3) Moreover, at the quantum level, in the words of Gell-Mann and Hartle [41],

Records are “somewhere in the universe where information is stored when histories decohere". (26)

The elusive question of which degrees of freedom decohere which should then be answerable through where in the universe the information is actually stored, i.e. where the records thus formed are [41, 24]. In this way, Records Theory could in turn support Histories Theory.

4) Both histories and timeless approaches lie on the common ground of atemporal logic structures [44, 47, 2]. 5) By providing an underlying dynamics or history, the Semiclassical Approach and/or Histories Theory [24, 39] overcome present-day pure Records Theory’s principal weakness of needing to find a practicable construction of a semblance of dynamics or history. Such would go a long way towards Records Theory being complete. Emergent semiclassical time amounts to an approximate semiclassical recovery of the emergent classical time [4], which is an encouraging result as regards making such a Semiclassical–Timeless Records combination.

6) The Semiclassical approach aids in the computation of timeless probabilities of histories entering given configuration space regions (see below for more).

7) The Semiclassical Approach provides a Machian scheme for Classical and Quantum Records and Histories to reside within.

Note 1) At the classical level, inter-relations 1) and 3) are absent since they concern the purely quantum notion of decoherence, and 6) vanishes since it concerns a purely quantum probability computation. 4) is much more trivial now too (standard logic versus nontrivial topos-theoretic intuitionistic logic [47]).

Note 2) I end by I logically ordering the interprotections between the three strategies. Meaningless label histories come first, this gives the Semiclassical Approach and then this gives the emergent-time version of the histories approach. Then localized timeless approaches sit inside the last two of these. On the other hand, the Semiclassical Approach sits inside the global timeless approach, but the global timeless approach can be taken to sit within global meaningless label time histories approach, so down both strands this is primary.

The current paper’s model is archetypal of Halliwell’s own examples [24, 25] of this combination, albeit additionally with a Machian interpretation pinned upon it. This is by specifically using whichever suitable type of emergent time in the construction of the semiclassical expressions for the timeless probabilities. Moreover, this paper’s model’s case of this construction has no need of the curved-geometry subtleties^6 indicated in [8] since this model possesses a flat presentation of configuration space. Being indefinite, this is qualitatively distinguished from Halliwell’s absolute particle mechanics examples [24] and my flat configuration space RPM examples [8, 2, 10]. Also, possessing no linear constraints, this model has no need to build and subsequently use nontrivial Kuchař beables (in this sense, the triangleland model in [8, 2, 10] is more advanced. All in all, one has expressions for semiclassical quantum probabilities such as^7

P^{semicl} R ≈ ∫ dt^{em(rec)} ∫ R D Q(q) n^q · ∂S |χ(q)|^2 (27)

obtained via the Wigner function formulation and various semiclassical approximations. For instance, for R = {ϕ = 0 to ϕ_1 for Ω = Ω_1}, the approximately free case V (ϕ) ≈ 0 gives

P^{semicl} R ∝ ϕ_1 − sin 2 n ϕ_1 2 n ≈ 2 n^2ϕ^3_1 3 (28)

with the last approximation holding for the case of ϕ_1 small. This approach furthermore provides both classical and semiclassical entities that commute with H, the latter being a subgenre of class functional, a simple example of which is

C_R = θ (∫_∞ −∞ dt^{em(rec)}f_R(q(t^{em(rec)})) − ϵ ) P (q_f, q_0) exp(iS(q_f, q_0)) . (29)

For a theory with no linear constraints, these suffice as Dirac beables. For minisuperspace, these can be built in the sense of [25] as well as in the above sense of [24] (the later of which have the advantage of not succumbing to a different kind of frozenness – the Quantum Zeno Problem).

6 Conclusion

I have shown that a local resolution of the Problem of Time (PoT) that is Machian for the closed spatially-S^3 isotropic minisuperspace GR model with single minimally-coupled scalar field matter can be constructed. This approach starts at the classical level with an emergent Jacobi time. This is subsequently corrected at the semiclassical level to form an emergent WKB time. Next, it is rescaled to an emergent rectified time that further simplifies the semiclassical quantum equations. Problems with the semiclassical approach on its own are dealt with by passing to a combined semiclassical–histories–records scheme which amounts to placing a Machian interpretation on previous works of Anastopoulos and Savvidou [23] and of Halliwell [24].

In contrast with my earlier work on this approach for relational particle mechanics (RPM), the current paper’s study is simpler in not having 1) linear constraints. 2) A nontrivial notion of structure (and thus of structure formation and of localized records). On the other hand, the present paper’s minisuperspace work is aligned with full GR in possessing an indefinite configuration space metric and a potential that is restricted from its originating from full GR. It is also helpful to provide this minisuperspace example for this Machian approach to the PoT, since minisuperspace is rather more well-known than RPM’s. This begins to demonstrate the widespread applicability of this approach to the modelling of our universe and of background-independent physical theories more generally. The next step in this program is to complete the diagonal Bianchi IX example [20], in which the l-role is played by a small amount of anisotropy.

A final common focus [21, 22] of these RPM and minisuperspace works is to the case of the Halliwell–Hawking model [8] of inhomogeneous perturbations about isotropic minisuperspace. For this, the present paper’s model is the h-part and the new l-part are the inhomogeneous perturbations which may have seeded the galaxies and CMB hot spots that we observe. From a PoT perspective, this Halliwell–Hawking arena study additionally has extra pieces via possessing nontrivial semiclassical Constraint Closure, Foliation Dependence and Spacetime Reconstruction Problems [1]. Finally, as outlined in [2], one is yet to face the Global PoT and the Multiple Choice Problem within this Machian paradigm; the detailed mathematical status of the Multiple Choice Problem for the present paper’s model remains unknown.

Acknowledgements. I thank those close to me for support. Jeremy Butterfield, George Ellis, Jonathan Halliwell, Sophie Kneller, Matteo Lostaglio and David Sloan for discussions. Marc Lachieze-Rey, Malcolm MacCallum, Claus Kiefer, Don Page and Reza Tavakol and Jeremy Butterfield for help with my career. This work was carried out whilst I was funded in 2011 and 2012 by a grant from the Foundational Questions Institute (FQXi) Fund, a donor-advised fund of the Silicon Valley Community Foundation on the basis of proposal FQXi-RFP3-1101 to the FQXi. I thank also Theiss Research and the CNRS for administering this grant. Some of this work was typed up whilst receiving hospitality from the Institute of High Energy Physics at Protvino, Moscow.

6The simplest models to manifest these are the relational quadrilateral and the non-diagonal Bianchi IX minisuperspace. 7Here R a region of configuration space Q with corresponding characteristic function f_R. n is the normal in configuration space. P is a prefactor function, the detailed form of which is given in [45]. θ is a step function and ϵ is a small number. 0 and f subscripts denote ‘initial’ and ‘final’.

References

[1] K.V. Kuchař, in Proceedings of the 4th Canadian Conference on General Relativity and Relativistic Astrophysics ed. G. Kunstatter, D.

Vincent and J. Williams (World Scientific, Singapore, 1992); C.J. Isham, in Integrable Systems, Quantum Groups and Quantum Field Theories ed. L.A. Ibort and M.A. Rodríguez (Kluwer, Dordrecht 1993), gr-qc/9210011; E. Anderson, in Classical and Quantum Gravity: Theory, Analysis and Applications ed. V.R. Frignanni (Nova, New York 2012), arXiv:1009.2157; Invited Review in Annalen der Physik, 524 757 (2012), arXiv:1206.2403.

[2] E. Anderson, v3 of arXiv:1111.1472.

[3] J.B. Barbour and B. Bertotti, Proc. Roy. Soc. Lond. A382 295 (1982). [4] J.B. Barbour, Class. Quantum Grav. 11 2853 (1994).

[5] J.B. Barbour, B.Z. Foster and N. ó Murchadha, Class. Quantum Grav. 19 3217 (2002), gr-qc/0012089. [6] E. Anderson, arXiv:1205.1256. [7] E. Anderson, arXiv:1209.1266.

[8] E. Anderson, Class. Quantum Grav., 29 235015 (2012), arXiv:1204.2868.

[9] E. Anderson, arXiv:1305.4685; Invited Seminar at ’XXIX-th International Workshop on High Energy Physics: New Results and Actual Problems in Particle & Astroparticle Physics and Cosmology’, Moscow 2013, arXiv:1306.5812.

[10] E. Anderson, Invited seminar at ‘Do we need a Physics of Passage’ Conference, Cape Town, December 2012, arXiv:1306.5816. [11] E. Anderson, version 5 of arXiv:1202.4186.

[12] E. Anderson and S.A.R. Kneller, “Relational Quadrilateralland. II. The Quantum Theory", arXiv:1303.5645. [13] C.W. Misner, in Magic Without Magic: John Archibald Wheeler ed. J. Klauder (Freeman, San Francisco 1972). [14] M.P. Ryan, Hamiltonian Cosmology Lec. Notes Phys. 13 (Springer, Berlin 1972). [15] W.F. Blyth and C.J. Isham, Phys. Rev. D11 768 (1975).

[16] J.B. Hartle and S.W. Hawking, Phys. Rev. D28 2960 (1983). D.L. Wiltshire, in Cosmology: the Physics of the Universe ed. B. Robson, N.

Visvanathan and W.S. Woolcock (World Scientific, Singapore 1996), gr-qc/0101003; Isotropic models with scalar fields are also often used in inflationary and further cosmological modelling (e.g. quintessence).

[17] J.J. Halliwell and S.W. Hawking, Phys. Rev. D31, 1777 (1985).

[18] The Planck satellite data continues to conform with inflationary theory: P.A.R. Ade et al, arXiv:1303.5082. [19] W. Rindler, Relativity. Special, General and Cosmological (Oxford University Press, Oxford 2001). [20] E. Anderson, “Minisuperspace Model of Machian Resolution of Problem of Time. II. Bianchi IX", forthcoming 2013. [21] E. Anderson, “Thin Sandwich Problem as a Major Obstruction to Quantum Gravity", forthcoming 2013. [22] E. Anderson, “Machian Classical and Semiclassical Resolutions of the Problem of Time for Inhomogeneous Perturbations about Minisuperspace Cosmology", forthcoming 2013.

[23] C. Anastopoulos and N. Savvidou, Class. Quantum Grav. 22 1841 (2005), gr-qc/0410131.

[24] J.J. Halliwell, in The Future of Theoretical Physics and Cosmology (Stephen Hawking 60th Birthday Festschrift volume) ed. G.W. Gibbons, E.P.S. Shellard and S.J. Rankin (Cambridge University Press, Cambridge 2003), arXiv:gr-qc/0208018.

[25] J.J. Halliwell, Phys. Rev. D80 124032 (2009), arXiv:0909.2597. J. Phys. Conf. Ser. 306 012023 (2011), arXiv:1108.5991. [26] J.B. Barbour, The End of Time (Oxford University Press, Oxford 1999). [27] R.F. Baierlein, D. Sharp and J.A. Wheeler, Phys. Rev. 126 1864 (1962).

[28] J.A. Wheeler, in Groups, Relativity and Topology ed. B.S. DeWitt and C.M. DeWitt (Gordon and Breach, New York 1963); E.P. Belasco and H.C. Ohanian, J. Math. Phys. 10 1503 (1969); R. Bartnik and G. Fodor, Phys. Rev. D48 3596 (1993).

[29] E. Anderson, Class. Quantum Grav. 25 175011 (2008), arXiv:0711.0288. [30] P.A.M. Dirac, Lectures on Quantum Mechanics (Yeshiva University, New York 1964). [31] C. Rovelli, fqxi ‘Nature of Time’ Essay Competition: Community First Prize, arXiv:0903.3832. [32] J.B. Barbour, fqxi ‘Nature of Time’ Essay Competition: Juried First Prize, arXiv:0903.3489. [33] G.M. Clemence, Rev. Mod. Phys. 29 2 (1957).

[34] J.S. Bell, in Quantum Gravity 2. A Second Oxford Symposium ed. C.J. Isham, R. Penrose and D.W. Sciama (Carendon, Oxford, 1981). [35] C. Teitelboim, Ann. Phys. N.Y. 79 542 (1973); S.A. Hojman, K.V. Kuchař and C. Teitelboim, Ann. Phys. N.Y. 96 88 (1976). [36] E. Anderson, Stud. Hist. Phil. Mod. Phys. 38 15 (2007), gr-qc/0511070; in “Classical and Quantum Gravity Research", ed. M.N. Christiansen and T.K. Rasmussen (Nova, New York 2008), arXiv:0711.0285.

[37] E. Anderson and F. Mercati, forthcoming 2013.

[38] E. Anderson, Class. Quantum Grav. 27 045002 (2010), arXiv:0905.3357. [39] C. Kiefer, Quantum Gravity (Clarendon, Oxford 2004). [40] E. Anderson, Class. Quant. Grav. 28 185008 (2011), arXiv:1101.4916. [41] M. Gell-Mann and J.B. Hartle, Phys. Rev. D47 3345 (1993). [42] J.J. Halliwell, Phys. Rev. D60 105031 (1999), quant-ph/9902008.

[43] E. Anderson, Int. J. Mod. Phys. D18 635 (2009), arXiv:0709.1892; in Proceedings of the Second Conference on Time and Matter ed. M.

O’Loughlin, S. Stanič and D. Veberič (University of Nova Gorica Press, Nova Gorica, Slovenia 2008), arXiv:0711.3174. [44] C.J. Isham and N. Linden, J. Math. Phys. 36 5392 (1995), gr-qc/9503063. [45] J.J. Halliwell and J. Thorwart, Phys. Rev. D65 104009 (2002), gr-qc/0201070.

[46] H.D. Zeh, Phys. Lett. A126 311 (1988); The Physical Basis of the Direction of Time (Springer, Berlin, 1989). [47] A. Doering and C. Isham, to appear in “New Structures in Physics” ed R. Coecke, arXiv:0803.0417.