arXiv:1307.2216v1 [hep-th] 8 Jul 2013

Cabling procedure for the colored HOMFLY polynomials

A.Anokhina^∗, An.Morozov^†

ITEP/TH-23/13

Abstract

In the present paper we discuss the cabling procedure for the colored HOMFLY polynomial. We describe how it can be used and how one can find all the quantities such as projectors and R-matrices, which are needed in this procedure. The constructed matrix forms of the projectors and the fundamental R-matrices allow one in principle (neglecting the computational difficulties) to find the HOMFLY polynomial in any representation for any knot.

We also discuss the group theory explanation of the cabling procedure. This leads to the explanations of the form of the fundamental R-matrices and illuminates several conjectures proposed in previous papers.

Contents

1 Introduction 2

2 Cabling procedure 5

3 R-matrices 6 3.1 Diagonal R-matrices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6 3.2 General R-matrices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 3.3 R-matrices properties and Polynomial rings . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

4 Projectors 11 4.1 Path description of the projectors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11 4.2 Projectors as a combinations of R-matrices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12 4.2.1 Projectors from the unknots . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12 4.2.2 R-matrix description from the paths description. . . . . . . . . . . . . . . . . . . . . . . . 13 4.2.3 Projectors from the characteristic equations. . . . . . . . . . . . . . . . . . . . . . . . . . 16 4.2.4 (Anti-)symmetric representations. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

5 Framing in the cabling procedure 22

6 Cabling for the 2-strand knots 23 6.1 2-strand links . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23 6.2 2-strand knots . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

7 Cabling for the 3 and 4-strand knots 25 7.1 3-strand knots . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25 7.2 4-strand knots . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

8 Multicolored 3 strand links 25 8.1 Colored R-matrices approach . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26 8.2 [1] ⊗ [1] ⊗ [2] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26 8.3 [2] ⊗ [2] ⊗ [1] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28 8.4 [1] ⊗ [2] ⊗ [3] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

∗MIPT and ITEP, Moscow, Russia; anokhina@itep.ru †Moscow State University and ITEP, Moscow, Russia; Andrey.Morozov@itep.ru

9 Cabling procedure from the representation theory. 34 9.1 Colored R-matrices from the fundamental ones . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36 9.1.1 |Q| = 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36 9.1.2 |Q| = 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36 9.2 The transposition operators in R and U-matrices. . . . . . . . . . . . . . . . . . . . . . . . . . . 37 9.3 |T | = 2, m = 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38 9.4 |T | = 2, m = 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38 9.5 |T | = 3, m = 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

10 Eigenvalue conjecture and cabling. 40 10.1 Constraints on the R-matrix elements from the cabling procedure. . . . . . . . . . . . . . . . . . 40 10.2 U-matrix elements via R-matrix eigenvalues. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41 10.2.1 2 × 2 mixing blocks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43 10.2.2 3 × 3 mixing blocks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43 10.3 Eigenvalue conjecture for the different representations . . . . . . . . . . . . . . . . . . . . . . . . 44 10.3.1 2 Different representations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44 10.3.2 3 Different representations. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44 10.4 Blocks in the non-diagonal R-matrices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

11 Special polynomials 47

12 Alexander polynomials 47

13 Conclusion 47

A Projectors on the single copies of the multiple representations as polynomials from Rmatrices for |Q| = 4 . 53

B Colored R eigenvalues from 2-strand cabling 54

C 3-strand knots in representation [21] 59

D 4-strand knots in representation [2] 66

E The knot 4_1 and the link 5^2_1 67

F The form of blocks in the level 3 projectors 69

G Blocks in the 3-strand R-matrices for |T | = 2 71

H Blocks in the 3-strand R-matrices for |T | = 3 75

1 Introduction

Some quantum effects are known to be non-perturbative phenomena. Some of them arise already in quantum mechanics e.g. the Aharonov-Bohm effect [1],[2] and there are much more of them in the gauge field theory [3],[4]. The non-perturbative phenomena now are attracting more and more attention. One of the main reasons for this is that there is a huge amount of exactly solvable problems where, unlike the realistic QFT, the answer itself is well defined and thus available to a rigorous analysis. On the other hand, there are crucial observable phenomena including confinement in QCD [5] which probably could be understood while studying non-perturbative effects. The studies of these effects gave birth to several new types of theories such as Seiberg-Witten theory [6],[7] and conformal field theory [8] where non-perturbative effects play crucial role.

Quite important class of such non-perturbative theories are the so-called topological field theories [9]. They are a very special class of QFT-s, where the observables, e.g. amplitudes, are unaffected by small perturbations of for example the coupling constant, and in this sense are topological invariants. The advances in the theories of this type led to the study of various topological objects either familiar ones or newly discovered. The most direct way to adopt QFT for the study of topological objects is to construct a QFT with an action which is in a sense a total derivative so that the corresponding partition function Z = ∫ M^′ [DA]e i ℏ ∫ M L[A] (1.1)

remains constant under smooth deformations of the manifold M [10],[11]. Such partition function can be quite sophisticated for a complicated manifold with nontrivial topological properties (e.g. see [12]). The other way is to consider a very simple manifold (e.g. a sphere), but to insert an additional structure into the integral (1.1) i.e. try to study the averages of some observables. For a gauge theory the usual candidate is the Wilson average [13], ⟨ W^K ⟩ = 1 Z ∫ M^′ [DA]Tr Pexp ∮ K Adx e^{iℏ} ∫ M L[A] (1.2)

Wilson average is an average of the Wilson loop - the path exponent of the integral of the connection A over the closed contour K. Then even for a topologically trivial manifold a nontrivial embedding of the contour K → M can be considered. This embedding can be characterized by the corresponding Wilson loop average. The simplest theory in which the observables of this type can be studied is the 3-dimensional topological gauge theory called the 3D Chern-Simons theory [14]. The Wilson averages then correspond to knots, i.e. embeddings S_1 ∈ S_3. The Lagrangian of this theory is cubic: L_{CS} = k 4π ( A ∧ dA − 2 3 A ∧ A ∧ A ) (1.3)

the Wilson loop average ⟨ W^K_Q ⟩ CS(N,k) then is defined for the knot K in the Chern-Simons theory with the

coupling constant k and the Wilson loop carrying the representation Q of the gauge group SU(N). In the case of link, i.e. of several knots tangled with each other, an arbitrary representation Q_i can be put on each component of the link.

In 1989 E.Witten suggested [15] that the Wilson averages of the Chern-Simons theory on the S^3 manifold with the SU(2) gauge group are equal to the colored Jones polynomials known from the mathematical knot theory. This fact can be generalized to the gauge group SU(N) with arbitrary N — the Jones polynomials should then be replaced by the HOMFLY polynomials [16].

HOMFLY polynomials H^K(A, q) for the case of fundamental representation of SU(N) in mathematical knot theory can be defined via the skein relations [17],[18]. The skein relations are the set of equations on the HOMFLY polynomials of the given knot K and the knots K^′ and K^{′′} obtained by inverting and resolving any crossing:

A K − A^{−1} K^′ = (q − q_{−1}) K^{′′} (1.4)

The skein relations and the fundamental HOMFLY polynomial for the unknot provides the full definition of all fundamental HOMFLY polynomials, i.e. any knot can be reduced to the unknot using the skein relations and the answer does not depend on the order in which the skein relations for different crossings are applied^1 [17]. The proof of topological invariance of the answer, i.e. that it does not change with the smooth deformations of the knot is provided e.g. in [17],[18]. It is also known that the HOMFLY polynomial is a Laurent polynomial in A and q up to the factor (q − 1/q) for the knots [17],[18] and diverges as (q − 1/q)^{−n} for the n-component link in the fundamental representation, [19]. Thus the skein relations give a constructive though quite sophisticated definition of the HOMFLY polynomials. Anyway, with the use of this method a huge amount of data for different knots was obtained [20].

According to the ideas of E.Witten [15] the HOMFLY polynomial is equal to the Chern-Simons Wilson average: ⟨ W^K ⟩ CS(N,k) = H K ( A = q^N , q = e^{2πik+N} ) (1.5)

1In principle the skein relations exist also for the colored, i.e. non fundamental case, but they are much more complicated and cannot be used to reduce any knot to the unknot. See [88] for the details.

The numerous studies of the connections between the Chern-Simons theory and the knot theory [21]-[33],[43]- [46] as well as those of the Chern-Simons theory [34]-[37] and of the knot theory [38]-[41],[47]-[79] themselves were performed recently.

The approach relating the knot invariants to the Chern-Simons theory [15],[21]-[33],[43]-[46] as well as more mathematical approaches based on the Hecke algebras [38]-[41],[76]-[79] involves the construction in which a vector space V is associated with each connection component. More precisely this V is a space of a Lie group representation. Defined in a such way, a knot invariant depends (for a given knot and for a given group) on the discrete variable that marks the choice of the representation. This variable is called the color of the knot invariant [25]. Considering various representations of the group SU(N), one can define the so called colored HOMFLY polynomials that generalize the HOMFLY polynomials defined earlier by the skein relations (1.4) which in fact correspond to the fundamental representation. Reshetikhin-Turaev approach [80]-[82] used e.g. in the series of publications [83]-[92] provides a possible way to define colored HOMFLY based on this idea.

In the present paper we use the method to evaluate the HOMFLY polynomials based on the Reshetikhin- Turaev formalism [80]-[82]. According to this formalism the HOMFLY polynomials can be described as a specially weighted trace of product of the R-matrices^2: H^K_{T1⊗T2 ...} = Tr_{T1⊗T2 ...} ∏ α R̃_α (1.6)

where α enumerates all the crossings in the braid. One of the crucial ideas of this approach is that all the vectors of the same irreducible representation have the same eigenvalue when the R-matrix acts on them:

R̃ = ∑ Q λ_Q I_{dQ}⊗ R (1.7)

where d_Q is the dimension of the representation Q. Since all the R-matrices do not mix different irreducible representations the irreducible representations instead of the vectors can be considered. Then it can be said that the R-matrices act on the irreducible representations. This can be understood as if the R-matrix acts on the highest weight vector ξ_i of the representation Q_i:

R_{ij} = [Rξ_i]_{ξj} (1.8)

The weighted trace [17],[40] is defined so that the trace over all vectors in the irreducible representation gives the character of the representation S^∗_Q(A, q) (Schur polynomial [93]):

Tr_QI_{dQ} = S^∗_Q(A, q) (1.9)

These properties of the R-matrices and of the weighted trace lead to the character expansion formula for the HOMFLY polynomial [84]: H^K_{T1 ⊗T2⊗...}(A, q) = ∑ Q⊢T_1 ⊗T_2⊗... h^{K,Q}_{T1 ⊗T2⊗...}(q)S^∗_Q(A, q) (1.10) The coefficients h^{K,Q}_{T1 ⊗T2⊗...} are the Laurent polynomials in only one variable^3 — q and they thus do not depend on N. All the dependence of the HOMFLY polynomial on N is described by the Schur polynomials. From the existence of the character expansion formula it follows that the components corresponding to the different irreducible representations can be studied independently. The detailed description and analysis of this method can be found e.g. in [84],[89].

The character expansion (1.10) also leads to the construction of the so-called extended HOMFLY polynomial. To find them the Schur polynomials depending on the variables A and q should be replaced with the ones

2In principle the Reshetikhin-Turaev formalism does not require the braid representation of the knot, but we will describe all the methods using this representation of the knot for the sake of simplicity. The knot corresponding to the braid can be constructed from the latter one by closing it. The knot can have several different braid representations even with the different number of strands. The braid below is the braid representation of the trefoil knot.

3In principle h^{K,Q}_{T1⊗T2 ⊗...} can also depend on A with some choices of the framing (see s.5). This dependence is quite simple and can be derived from the fact that h^{K,Q}_{T1⊗T2 ⊗...} depend only on q when the vertical framing is chosen.

dependent on the set of the time variables t_k, while the coefficients h^{K,Q}_{T1⊗T2 ⊗...} remain intact. These extended HOMFLY polynomials [83] are closely related to integrable systems [94],[95].

Calculations of the fundamental and colored HOMFLY polynomials using the Reshetikhin-Turaev formalism in a straightforward way were provided for several important examples in [85],[87]. In the present paper we will discuss slightly different topic. There is an approach which allows one to study the colored knot invariants using the results in the fundamental representation. This is called cabling procedure [96]. In the present paper we discuss how to use the cabling procedure within the Reshetikhin-Turaev formalism and interpret it from the group theory point of view.

The paper is organized as follows. In ss.2-5 we will explain what is the cabling procedure, what elements are needed to use it and how to find them. Ss.6-8 provide some results evaluated using the cabling procedure. Then the group theory properties of the cabling procedure are discussed in s.9. Finally in ss.10-12 we give explanations and cabling descriptions for some conjectures suggested in the previous papers [87],[60].

Through the paper we will use the following notations:

The R-matrices are always considered as acting in the space of intertwining operators. The colored R-matrices corresponding to the crossing between representations Q_i and Q_{i+1} in the braid with representations Q_1, . . . , Q_k is denoted with R_{Q1 ⊗...(Qi ⊗Qi+1)...⊗Qk} . By definition [80], this operator acts as a unit on the all representations but Q_i and Q_{i+1} but the concrete form of its matrix depends on the all representations Q_1, . . . Q_k. We omit the sign ⊗ unless it leads to a confusion.

The fundamental R-matrix corresponding to the crossing between the strands i and i + 1 in the fundamental braid is denoted by R_i.

The projector from the representation T on the representation Q is denoted by P^T_Q . The notation P_Q corresponds to the projector from the representation 1^{|Q|} on the representation Q. The representation Q can be reducible, e.g. Q = Q_1 ⊗ Q_2.

The notation T_1 . . . T_m|Q is used for the component of the product of T_1 . . . T_m corresponding to the representation Q.

In the case of powers of representations we omit the sign “⊗”, i.e. 1^n always mean 1^{⊗n}. The representations Q are usually enumerated by the Young diagrams, i.e. by a set of natural numbers k_1 . . . k_m such that k_1 ≤ k_2 ≤ . . . ≤ k_m [93]. By the size of the representation we mean the size of the corresponding Young diagram |Q| = ∑ i k_i.

The Racah matrix [84],[97] describing the transition between the bases Q_1 ⊗ (Q_2 ⊗ Q_3) and (Q_1 ⊗ Q_2) ⊗ Q_3 is denoted by U_{Q1⊗Q2 ⊗Q3} .

The Schur polynomials S_Q are usually defined as functions of an infinite set of time variables {t_k} [93]. Those needed for the HOMFLY polynomials are functions of A and q only and are defined in the following way: S^∗_Q(A, q) = S_Q { t_k = A^k − A^{−k} q^k − q^{−k} } (1.11)

Such choice of {t_k} is called the topological locus. Transition from the usual HOMFLY polynomials to the extended ones corresponds to leaving the topological locus. For the S^∗_Q(A, q), there also exists a constructive hook formula which allows one to easily calculate them: S^∗_Q(A, q) = ∏ (i,j)∈Q Aq^{i−j} − A^{−1}q^{j−i} q^{hi,j} − q^{−hi,j} x i j k

h_{i,j} = k + l + 1

(1.12)

[n]_q denotes the quantum number n, i.e. [n]_q ≡^{qn−q−n}_{q−q−1} .

2 Cabling procedure

There are several ways to evaluate the colored HOMFLY polynomials. Since it is not clear yet how to use the direct approach for representations which are neither symmetric, nor antisymmetric another approach is often used (see e.g. [76]). This approach uses the so-called cabling procedure [96]. The main idea behind this approach is the following. As was already mentioned, the HOMFLY polynomials can be represented as the character expansion (1.10). The size of these representations Q in the r.h.s of the (1.10) is equal to the product of the sizes of representation T_1, T_2 etc. at the l.h.s. Thus it is natural to try to somehow replace our knot/link in the initial representations T_1, T_2 etc. with the knots/links in the fundamental one but with (|T_1||T_2| · . . .) strands in the braid representation.

Hence the cabling procedure appears [96]. The initial knot is replaced with the satellite knots, i.e. the band along the initial knot on which some other knot or link is placed. If the knot placed on the band is just a braid with |T_1| strands and zero crossings then the resulting HOMFLY in the representation T_2 will be equal to the HOMFLY polynomial of the initial knot in representation T^{|T1|}_2 :

H^K_{T |T1|2} = H^{K|T1|}_{T2} (2.1)

This is a basic relation on which the cabling procedure is based. To get the HOMFLY (or Jones) polynomial in some other representation Q of the size |T_2|^{|T1 |} some linear combination of the satellite knots should be used. Constructing this linear combination corresponds to the projection from the representation |T_2|^{|T1|} on the representation Q. Hence instead of the linear combination the operator called the projector can be inserted into the product of the R-matrices. Since in the Reshetikhin-Turaev formalism each crossing corresponds to the R-matrix the linear combination of the satellite knots can be described as a combination of R-matrices. Thus the projector can be described as a polynomial in R-matrices (see s.4 for details).

Hence the cabling procedure for the expression through the fundamental HOMFLY is the following one:

• If there is a representation T_i on the strand then the strand is replaced with |T_i| parallel strands. This step for the trefoil knot and for |T_i| = 2 can be described with the following picture:

−→

• The projectors from the representation 1^{Ti} on the representation T_i is constructed.

• The resulting knot/link is evaluated in the fundamental representation with the addition of the projector operator.

3 R-matrices

We use R-matrices [80] as a building blocks of the considered construction (see Introduction to the present paper for the details). For each crossing of the 2-dimensional projection of the knot an R-matrix should be put. Generally speaking the R-matrices are some operators with the four indices corresponding to the crossings of the oriented strands of the knot or link. To get the matrix form of these operators it is useful to consider very particular case of 2-dimensional projection called a braid representation. Then appears the braid counterpart of usual R-matrix which act not only on two strands which cross, but on the whole braid, and which has a matrix form described in the what follows. Since this braid R-matrix is still constructed from the four-indices operator the matrices corresponding to the crossings of different pairs of strands are still different. Also it can be shown that the matrix corresponding to the inverse crossing is just the inverse R-matrix [80].

3.1 Diagonal R-matrices

The braid construction that we consider means that there is no longer one generic type of R-matrix - they differ if they act on the different pairs of strands in the braid. Any R-matrix (but not all of them at the same time) can be diagonalized and its eigenvalues are quite simple. We will usually consider the construction in which the first R-matrix (the one which corresponds to the crossing between the first and the second strand) is diagonal unless the otherwise is stated. This R-matrix is diagonal if we consider it acting on the irreducible representations in the decomposition of product of representations placed on each braid. The simplest case is the R-matrix in the 2-strand case with the representations T_1 and T_2. Then the R-matrix is diagonal and the eigenvalues for each representation Q_i ⊢ T_1 ⊗ T_2 are: |λ_i| = q^{κQ}i^{−κT1 −κT2} κ_Q =^1_2 ∑ {i,j}∈Q (j − i); i and j enumerate all boxes in the Young diagram Q

(3.1)

The eigenvalues of the R-matrix are defined up to a common factor since it does not change the Yang-Baxter equation. They can be chosen differently depending on the studied quantities. The eigenvalues given in (3.1) correspond to the vertical framing of the knot, we will discuss this in more details in s.5.

When there are more than 2 strands, the situation is a little bit more tricky. Let the representations be T_1, T_2,. . . T_m and let us consider the diagonal R-matrix which corresponds to the crossing between the first two strands (T_1 and T_2). Then we should describe the irreducible representation expansion of T_1 ⊗ T_2 ⊗ . . . ⊗ T_m = ∑ j Q̄_j as (∑ i Q_i) ⊗ .. ⊗ T_m. Then eigenvalues for Q̄_j are the same as eigenvalues of Q_i from which Q̄_j arises

[80],[84].

The diagonal R matrix corresponding to the inverse crossing is just the inverse of the diagonal R-matrix and has the eigenvalues: |λ_i|^{−1} = q^{−κQi +κT1 +κT2} (3.2) 3.2 General R-matrices

If one considers the basis where the R-matrix acting on the first two strands is diagonal, the form of the general (non-diagonal) R-matrix is a lot more difficult question. The general answer depending on the number of strands is not known. But still we know some answers, such as a form of the R-matrix in the fundamental representations.

As was already described in [91] there is a way of constructing the R-matrix from the paths. To use this construction one should first draw a kind of tree for the studied representation. The example of such a tree is shown in Fig.1. This is the case of representation [321] which is constructed from 6 fundamental representations. Each arrow in this tree means multiplication by one fundamental representation. Let us also introduce the 2 × 2 matrix b_j -block:

b_j = −^1_{qj [j]q} √_{[j+1]q [j−1]q} [j]_q √_{[j+1]q [j−1]q} [j]_q q^j [j]_q (3.3)

Let us study the basis with the following order of the brackets

((. . . (1 ⊗ 1) ⊗ . . . ⊗ 1) ⊗ 1) (3.4)

We will call this basis the standard basis. Then the statement is that the matrix R_{k−1} which corresponds to the crossing between strands number k − 1 and k in the standard basis is block diagonal and consists only of the blocks b_k and of the 1 × 1 blocks of two types: q and −q^{−1}. To describe where one should put which block we use a particular example in Fig.1.

Each row and column in the R-matrix corresponds to the starting point, leaf, of the tree (the points where the fundamental representations are put). Then R_{k−1} is described by the level k in the tree. The paths through level k can go either like doublets (this means that for the two paths all the representations above and below level k coincide) or like a singlet. If one uses the fundamental representation as the constructing block of the tree then there can be no triplets, quadruplets etc. If the pair of paths is a doublet at level k then in the crossings of the corresponding rows and columns b_j should be placed, where j is the length of the hook connecting the two cells added at the corresponding levels (levels k and k − 1) minus one (see Fig.2). This is not exactly a block since there can be other rows and columns between those which we study, but it can be transformed into a block if we exchange some rows and columns.

It is left to describe when singlets appear. Going from level k − 1 to level k + 1 corresponds to adding two cells to the Young diagram (see Fig. 3 for the particular example when k = 4). They can be added in three ways:

• Two cells can be added to the same column (3 → 311).Then the corresponding diagonal element in R_{k−1} is equal to −q^{−1}.

321 32 311 221 Level 5

31 22 31 211 22 211 Level 4

3 21 21 3 21 21 111 21 21 111 Level 3

2 2 11 2 11 2 2 11 2 11 11 2 11 2 11 11 Level 2

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 Level 1 (Leaves)

Figure 1: Tree for representation [321] for the 6-strand braid in fundamental representation

21 → 32 b_2 block in R

21 → 311 b_4 block in R Figure 2: To find out which b_i blocks should be used, the diagram describing the transition at level k should be drawn. If the length of a hook, connecting the two added cells at levels k and k + 1 (described by the circles in the picture) is equal to j then block b_{j−1} should be used.

21 → 311 b_4 block in R

111 → 311 q in R 3 → 311 −q^{−1} in R Figure 3: Description of R in terms of added cells to the Young diagrams for the level 4 and representation 311 as the final representation. Circles denote the cells added to the initial diagrams.

• Two cells can be added to the same row (111 → 311). Then the corresponding diagonal element in R_{k−1} is equal to q.

• Two cells can be added to different columns and rows (21 → 311). Then there is a doublet and there is b_j block in R_{k−1}. The element −(q^j [j]_q )^{−1} corresponds to the path which is at the left in the tree, Fig.1.

Using these principles any non-diagonal fundamental R-matrix can be constructed. As an example the part corresponding to representation [321] of the R_4-matrix in Fig.1 (the one which corresponds to level 4) will look like:

R_{4|321} = q −^1_{[2]q q2}

√_{[3]q}

[2]_q

−^1_{[2]q q2}

√_{[3]q}

[2]_q

√_{[3]q}

[2]_q q^2 [2]_q

√_{[3]q}

[2]_q q^2 [2]_q −q^{−1} −^1_{[4]q q4}

√_{[3]q [5]q}

[4]_q

−^1_{[4]q q4}

√_{[3]q [5]q}

[4]_q

√_{[3]q [5]q}

[4]_q q^4 [4]_q

√_{[3]q [5]q}

[4]_q q^4 [4]_q q −^1_{[2]q q2}

√_{[3]q}

[2]_q

−^1_{[2]q q2}

√_{[3]q}

[2]_q

√_{[3]q}

[2]_q q^2 [2]_q

√_{[3]q}

[2]_q q^2 [2]_q −q^{−1} The R-matrix has this form in the basis ((((([1] ⊗ [1]) ⊗ [1]) ⊗ [1]) ⊗ [1]) ⊗ [1]).

The inverse of the R-matrix constructed above can be also described in a similar way. One should just replace all instances of q with −q^{−1}.

The existence of the blocks of only sizes 1 × 1 and 2 × 2 can be explained in the following way. Each point at the level i ≤ k−1 corresponds to a representation T_i coming from the decomposition of the product T_1⊗. . .⊗T_{i−1} of the representations on which the matrix R_k acts as a unit. Hence, a pair of paths mixed by the matrix R_k coincides up to level k − 1. Then, the action of the matrix R_k on the product T_1 ⊗ . . . ⊗ T_{k+1} ⊗ T_m is obtained from that on the product T_1 ⊗ . . . ⊗ T_{k+1} where it does not mix the irreducible representations corresponding to different Young diagrams. Hence, the pair of paths mixed by R_k have to arrive at the same Young diagram Q at level k + 1. Again, the representations T_{k+1}, . . . , T_m multiplied at higher levels are unaffected by R_k and hence the corresponding parts of the mixing paths also have to coincide. Therefore all the paths in the same mixing block of R_k coincide (i.e. go through the same Young diagrams) everywhere but at level k.

The size of the blocks depends on the representations multiplied. In the fundamental case T_i = □ each arrow in the tree corresponds to the addition of a cell to the Young diagram. The paths that coincide everywhere but at level k correspond to the same Young diagram at the level k − 1 and to the same Young diagram on the level k + 1 differing from the former one by two cells put at certain positions. Hence, there is either a pair of such paths (where two cells are added at levels k − 1 and k in one or in the other order) or only one (if the cells are added at the same line or at the same column). The first case corresponds to the block 2 × 2 , the second one to the block 1 × 1 and there is no other possibilities in the fundamental case.

The blocks 1 × 1 are just the eigenvalues of the fundamental R-matrix. Once the addition of two sells at the same line implies the symmetrization in the corresponding pair of strands and the addition of them to the same column is antisymmetrization, then the first case corresponds to the eigenvalue q and the second one to −q^{−1}. It is left to specify the form of 2 × 2 blocks. This is done in s.10.

3.3 R-matrices properties and Polynomial rings

There are several properties of R-matrices which are important for our further calculations.

It is known that the R-matrices satisfy the same relations as the generators of the braid group [98]. This leads to the first two properties of the R-matrices:

R_iR_j − R_j R_i = 0, |i − j| ≠ 1 (3.5) and R_iR_{i+1}R_i = R_{i+1}R_iR_{i+1} (3.6)

where R_i corresponds to the crossing between strands i and i + 1. These relations are valid for the R-matrices corresponding to the crossings between the strands with any representations placed on them. Relation (3.5) is quite obvious if one takes a look at the braid. The crossings having no common strands can be placed on the braid at any order. This means that the R-matrices which correspond to these crossings should commute. Relation (3.6) is the crucial property of R-matrices which in fact defines that crossings indeed correspond to the R-matrices. It is the famous Yang-Baxter equation.

The third property of R-matrix important for our considerations is well-known for the fundamental case. It differs the third property from the first two: while the latter ones are valid for any representations, the former one is quite different when different representations are considered. This relation is in fact a characteristic equation on the R-matrix: ( R_i − q ) ( R_i + 1 q ) = 0 (3.7)

In mathematical knot theory, the third property is called skein relations and is usually described by the picture in Fig.4. Since in the fundamental representation there are only two eigenvalues the characteristic equation is quite simple and can be used to find the knot polynomials as combinations of polynomials of simpler knots as it is done in mathematical knot theory. One can also introduce characteristic equations of the colored R-matrices as colored skein relations [88]. However such colored skein relations are not as useful as the fundamental ones since there are more different eigenvalues for higher representations and hence, no immediate way to untie knots in this case is available. For example for representation [2] the skein relation will look like: ( R_{22} − q^4 )( R_{22} + 1 )( R_{22} − q^{−2} ) = 0 (3.8)

This means that the skein relations now include three terms and not all of them are necessary simpler than the initial knot. It is not clear if one can use these colored skein relations to evaluate the colored HOMFLY polynomials.

R − R^{−1} = ( q − q^{−1} )

1 Figure 4: Pictorial description of the fundamental skein relations in the vertical framing (see s.5)

The fundamental R-matrices satisfying relations (3.5), (3.6) and (3.7) generate a Hecke algebra. This means that the polynomial ring generated by the finite number of R-matrices (e.g. on any set of R describing the braid with m strands) is finite dimensional. Such polynomial rings will be quite important for our further calculations. Each m-strand braid can be represented as an element of such polynomial ring on m−1 R-matrices - R_1, R_2, . . . R_{m−1}. However finite dimension of such polynomial ring does not mean that there is only finite number of prime knots. The fact that the knot polynomial of some knot is equal to the sum of the knot polynomials of some other knots does not mean that the initial knot is a combination of the latter ones. In fact the knot polynomial of the composite knot is equal to the product of knot polynomials of its parts. It is known from the properties of Hecke algebra [40] that the dimension of such polynomial ring is equal to the m!. The m! basis elements can be constructed for example in the following way: Ξ_{k1 k2 ...km−1} = ∏_{m−1} l=1 σ_{l,kl} , k_l = 0, . . . , l σ_{l,0} = 1, σ_{l,k} = ∏_l i=k R_{l−i+1}, k = 1, . . . , m − 1, l = k, . . . , m − 1 (3.9)

In the q = 1 limit, these σ_{l,k} realize the cyclic permutation of the elements from k to l. Each of the Ξ_{k1 k2 ...km−1} realizes one of the m! permutations. The simplest basis elements of the polynomial ring for the m-strand braid then look like:

σ_{1,0} = 1 σ_{1,1} = R_1 σ_{2,0} = 1 σ_{2,1} = R_2R_1 σ_{2,2} = R_2 σ_{3,0} = 1 σ_{3,1} = R_3R_2R_1 σ_{3,2} = R_3R_2 σ_{3,3} = R_3 . . . . . . . . . . . . σ_{m−1,0} = 1 σ_{m−1,1} = R_{m−1} . . . R_2R_1 σ_{m−1,2} = R_{m−1} . . . R_2 . . . σ_{m−1,m−1} = R_{m−1}

Ξ_{00...0} = σ_{1,0}σ_{2,0} . . . σ_{m−1,0} = 1

Ξ_{10...0} = σ_{1,1}σ_{2,0} . . . σ_{m−1,0} = R_1

Ξ_{01...0} = σ_{1,0}σ_{2,1} . . . σ_{m−1,0} = R_2R_1

Ξ_{11...0} = σ_{1,1}σ_{2,1} . . . σ_{m−1,0} = R_1R_2R_1

Ξ_{02...0} = σ_{1,0}σ_{2,2} . . . σ_{m−1,0} = R_2

Ξ_{12...0} = σ_{1,1}σ_{2,2} . . . σ_{m−1,0} = R_1R_2 (3.10)

4 Projectors

If the strand in the knot is replaced with the cable consisting of e.g. two strands, this leads to the knot polynomial of the same knot but evaluated in representation [1] ⊗ [1]. Thus if one wants to know the answers in irreducible representations (e.g. [2] and [11] in this case) some operators which somehow project the answer in reducible representation onto answers in irreducible representations should be constructed. These operators are called projectors.

Generally speaking each R-matrix should be surrounded by four projectors (one for each colored strand which enters or leaves the corresponding crossing). The crucial point in the method presented in this paper from the point of view of calculations is that one can in fact use only one projector for the whole knot (or one per component of the link) or in fact any number of projectors one wants (but not less than one per component). This follows from the properties of the R-matrix. Since the R-matrix which we use is a combination of the universal one and the operator of permutations [80] and, hence, commutes with the comultiplication it cannot mix different irreducible representations with each other. Thus if one puts the projector on some irreducible representation on one side of the R-matrix then only the same representation would appear on the other side and thus on the whole connection component.

There are several approaches to construct the projectors.

4.1 Path description of the projectors

The easiest projectors to describe are the ones that project the first n strands on some representations of level n. In the standard basis (3.4) used in the present paper these are diagonal and can be described in the similar way as the R-matrix. For example let us take the same tree as in Fig.1. The projector constructed from this tree would describe how representation [321] would appear if one wants to study a 3-strand knot in representations [2] and [11] or a 2-strand knot in the representations of size 3. E.g. the projector describing how representation [321] appears in the decomposition of representation [2] ⊗ [1]^4 acts as unity on all branches which pass through the representation [2] and as zero on all the others, i.e. on those passing through [11] in this case. All the non-diagonal elements of the matrix of the projector on the representations T ⊗ [1]^m in basis (3.4) are equal to zero. Hence the answer in this case is:

P_{2⊗1}4_{|321} =

1 1 0 1 0 1 1 0 1 0 0 1 0 1 0 0

(4.1)

Unfortunately these projectors only describe the projection on the first strand in the initial colored knot. Nevertheless, this is enough for all the calculations which we need since as was already mentioned for the knot case it is enough to insert only one projector for the whole knot which then can be placed in the first cable. For the same reasons described at the beginning of the s.4 for the link it is enough to insert one projector in each component and any component can be transformed using only the Reidemeister moves to include the first strand. For the purpose of simplifying the calculations we inserted two projectors for each colored R-matrix, at the first strand at one side of the colored crossing and at the other side (i.e. this means that the projectors are inserted at the both sides outside of the product of the fundamental R-matrices corresponding to the colored crossing, no projectors can be inserted inside this product). This makes these transformed R-matrices which one has to multiply in order to get the answer much simpler.

4.2 Projectors as a combinations of R-matrices

Though one can get the answers from cabling using only the paths descriptions of the projectors and the fundamental R-matrices, it is still interesting to understand what are expressions for the projectors as combinations of the R-matrices. The very formulation of the cabling procedure implies that such a description should exist. Each satellite link of the studied type can be described by a set of added crossings (in other words of added R-matrices) to the link without crossings. Thus any linear combination of such polynomials can be described as an element of the polynomial ring on the R-matrices. The R-matrix description of the projectors allows us to study connections between the colored HOMFLY polynomials and the fundamental ones and also to check the consistency of our definition of cabling procedure with the paths description of the projectors. Another advantage of the R-matrix description of the projectors is that the path description works only with a particular choice of bases for the R-matrices. On the other side, the R-matrix description works for any choice of bases. This also means that finding the R-matrix form of some projector e.g. the one for the first strands which we already know from s.4.1, one can immediately write the same projector placed at any strand or even in the knots with different number of strands.

4.2.1 Projectors from the unknots

The most straightforward method to construct the R-matrix description of the projectors (and the one which was introduced in [85]) is to use the idea that the form of this projector should not depend on the studied knot but only on the studied representation. Thus to find the form of these projectors one can look at the simplest of the knots, the unknot. The unknot in representation Q can be represented in two ways. On one side, the corresponding colored HOMFLY polynomial is equal to S^∗_Q(A, q). On the other side, it can be represented as a sum of several knots and links in fundamental representations with the |Q| strands in the braid representation with some coefficients. From these two representations of the HOMFLY polynomial for the unknot one can try to find the projectors.

|Q| = 2.

This case is the simplest example where the cabling can be used. Since |Q| = 2 the 2-strand knots and links should be used to describe the unknot in representation Q. On the side of the 2-strand knots there are no more than two linear independent HOMFLY polynomials since there are only two characters in the character expansion (1.10) for the 2-strand knots. The corresponding braids can be chosen as two strands without any crossings (H_0 = S^∗_2 (A, q) + S^∗_{1,1}(A, q)) and the representation of the unknot in the form of two strands with one crossing (H_1 = S^∗_2 q − S^∗_{1,1}q^{−1}). The HOMFLY polynomials of all other 2-strand knots can be represented as a linear combinations of these two with the coefficients depending on q. On the side of the colored unknots there is one strand braid either in representation [2] or in representation [11] with the HOMFLY polynomials S^∗_{[2]}(A, q) and S^∗_{[11]}(A, q) correspondingly. Thus to find the projectors the following system has to be solved:

S^∗_2 (A, q) = p^0_2H_0 + p^1_2H_1 S^∗_{11}(A, q) = p^0_{11}H_0 + p^1_1H_1 (4.2)

This system can be solved in two ways. The first one uses the exact form of the Schur polynomials in A and q. If the coefficients are independent on A there is only one solution. The second approach uses the idea that the cabling is applicable to the extended HOMFLY polynomials [83]. This means that the system (4.2) should be solved on the level of the coefficients in front of the Schur polynomials. Both approaches give the same solution of this system:

p^0_2 =^1_{q(q+q−1 )} p^1_2 =^1_{(q+q−1 )}

p^0_{11} =^q_{(q+q−1 )} p^1_1 = −^1_{(q+q−1 )}

(4.3)

From these coefficients the following projectors in the terms of R-matrices can be constructed:

P_2 = p^0_2 + p^1_2R = 1 q(q + q^{−1}) + 1 (q + q^{−1}) R

P_{11} = p^0_{11} + p^1_1R = q (q + q^{−1}) − 1 (q + q^{−1}) R (4.4)

It can be easily checked that the projectors constructed this way are orthogonal:

P_2P_{11} = 1 (q + q^−1)^2 ( 1 + R(q^{−1} − q) − R^2 ) = = 1 (q + q^−1)^2 ( 1 + R(q − q^{−1})) − ( R(q − q^{−1}) + 1 ) ) = 0 (4.5)

The check of the relations P^2_{2,11} = P_{2,11} can be done in a similar way.

Higher representations

Unfortunately this method does not provide answers for higher representations. The reason is quite simple. For example at the level 3 any 3-strand knot is described by only 3 q-dependent coefficients in the character expansion (1.10). At the same time the polynomial ring, as was described in s.3.3, in this case is six dimensional, hence one has to define 6 coefficients. This means that in fact 3-strand knots do not provide enough many equations to find projectors. The same applies to the higher representations. Thus it is not clear how to use the unknot approach to find the projectors for representations higher than [2] and [11].

4.2.2 R-matrix description from the paths description.

Another method to find the desired formula for projectors is to use the already known answers for projectors from s.4.1. One can try to find out which combination of the R-matrices (which element of the corresponding polynomial ring) would give the right matrix of the projector in the corresponding basis and how it can be expressed through the basis elements of the polynomial ring: ∑ I α_I Ξ_I = P_Q (4.6)

where Ξ_I are the basis elements of the polynomial ring, α_I are the coefficients which have to be found and I is the multi-index defined as in eq.(3.10) which has |Q|! different values. At the r.h.s. of eq.(4.6) stands the projector in the matrix form. This can be either the projector on the entire representation Q, the projector on one specifically chosen representation Q in the decomposition of [1]^{|Q|} or on any combinations of such representations. Since all elements of the polynomial ring have the block structure with each block corresponding to an irreducible representation Q from the decomposition [1]^{|Q|} = ∑ i N_{Qi} Q_i, the number of elements of the Ξ_i which are not

identically zero is equal to the sum of the squared multiplicities ∑ i (N_{Qi} )^2. This is the number of equations in (4.6) and one can see that it is exactly equal to |Q|! which is the number of different Ξ_i according to sec.3.3 and thus the number of variables α_I . Indeed, it is well known in the representation theory that the multiplicities of the irreducible representations can be obtained from the character expansion of the degree |Q| of the fundamental representation S^{|Q|}_1 = t^{|Q|}_1 over the characters S_{Qi} of the irreducible representations Q_i ⊢ 1^{|Q|}. The characters satisfy the following equations: t^{|Q|}_1 = ∑ Q_i ⊢|Q| N^{Qi}_{1|Q|} S_{Qi} (t_k) (_∂ ∂t_1 )_{|Q|} = ∑ Q_i⊢1^{|Q|} N^{Qi}_{1|Q|} S_{Qi} (^∂_{k∂tk} ) (4.7)

Thus one can define the scalar product for the characters as follows: S_T ( ∂ k∂t_k ) S_R(t_k) = δ_{Q,T} (4.8)

Applying (4.8) to (4.7) one obtains the identity |Q|! = ∑ ( N^{Qi}_{1|Q|} )_2 (4.9)

This proves that the number of variables is indeed equal to the number of equations, hence all the coefficients α_I in (4.6) can be found.

|Q| = 2.

The polynomial ring has the single generator R_1 which satisfy

(R_1 − q)(R_1 + q^{−1}) = 0 (4.10)

According to (3.10), the polynomial ring in this case is 2! = 2-dimensional and the basis can be chosen as

Ξ_0 = 1 = ( 1 1 ) , Ξ_1 = R_1 = ( q −q^{−1} ) (4.11)

Then the equations, which the projectors should satisfy are

P_2 = α^0_2 + α^1_2R_1 = ( 1 0 )

P_{11} = α^0_{11} + α^1_1R_1 = ( 0 1 ) (4.12)

Since [1]^2 = [2] + [11], all elements of the ring are split into 2 blocks 1 × 1, one for [2] the other one for [11], so that there is exactly 1^2 + 1^2 = 2 equations on 2! = 2 variables. The solutions of these equations coincide with (4.4)

P_2 =

1 + qR_1

q[2]_q

P_{11} = q − R_1 [2]_q

(4.13)

|Q| = 3.

According to (3.10), the ring of R-matrices has two generators - R_1, R_2. The polynomial ring is 3! = 6 dimensional with the basis that can be chosen as

Ξ_{00} = 1, Ξ_{10} = R_1, Ξ_{01} = R_2R_1, Ξ_{11} = R_1R_2R_1, Ξ_{02} = R_2, Ξ_{12} = R_1R_2 (4.14)

The equations for the projectors are

P_3 = α^{00}_3 + α^{10}_3 R_1 + α^{02}_3 R_2 + α^{12}_3 R_1R_2 + α^{01}_3 R_2R_1 + α^{11}_3 R_1R_2R_1 = 1 0 0 0

P_{21} = α^{00}_{21} + α^{10}_{21}R_1 + α^{02}_{21}R_2 + α^{12}_{21}R_1R_2 + α^{01}_{21}R_2R_1 + α^{11}_{21}R_1R_2R_1 = 0 1 0 0

P_{21} = α^{00}_{21} + α^{10}_{21}R_1 + α^{02}_{21}R_2 + α^{12}_{21}R_1R_2 + α^{01}_{21}R_2R_1 + α^{11}_{21}R_1R_2R_1 = 0 0 1 0

P_{111} = α^{00}_{111} + α^{10}_{111}R_1 + α^{02}_{111}R_2 + α^{12}_{111}R_1R_2 + α^{01}_{111}R_2R_1 + α^{11}_{111}R_1R_2R_1 = 0 0 0 1

(4.15)

Since [1]^3 = [3] + 2 [21] + [111], all the elements of the polynomial ring are split into 3 blocks, the 1 × 1 blocks for representations [3] and [111] and the 2 × 2 one for [21]. Thus there are exactly 1^2 + 2^2 + 1^2 = 6 equations on 3! = 6 variables. The solution reads,

P_3 = 1 q^3[2]_q [3]_q ( 1 + qR_1 + qR_2 + q^2R_1R_2 + q^2R_2R_1 + q^3R_1R_2R_1 )

P_{21} = 1 [3]_q ( 1 + qR_1 − 1 q^2[2]_q

R_2 − 1 q[2]_q

(R_1R_2 + R_2R_1) − 1 [2]_q

R_1R_2R_1 )

P_{21} = 1 [3]_q ( 1 − q^{−1}R_1 + q^2 [2]_q

R_2 − q [2]_q

(R_1R_2 + R_2R_1) + 1 [2]_q

R_1R_2R_1 )

P_{111} = q^3 [2]_q [3]_q ( 1 − q^{−1}R_1 − q^{−1}R_2 + q^{−2}R_1R_2 + q^{−2}R_2R_1 − q^{−3}R_1R_2R_1 )

(4.16)

The rank two projector on the entire representation [21] can be obtained as a sum

P_{21} = P_{21} + P_{21} = 1 [3]_q ( 2 + (q − q^{−1})(R_1 + R_2) − R_1R_2 − R_2R_1 ) (4.17)

The other way to obtain this projector is to study instead of equations (4.16) the following equation

P_{21} = α^{00}_{21} + α^{10}_{21}R_1 + α^{02}_{21}R_2 + α^{12}_{21}R_1R_2 + α^{01}_{21}R_2R_1 + α^{11}_{21}R_1R_2R_1 = 0 1 1 0 (4.18)

This would give the same result.

|Q| = 4.

The polynomial ring of the R-matrices has three generators R_1, R_2 and R_3. There are 24 basis elements, for example

Ξ_{000} = 1 Ξ_{001} = R_3R_2R_1 Ξ_{002} = R_3R_2 Ξ_{003} = R_3 Ξ_{100} = R_1 Ξ_{101} = R_1R_3R_2R_1 Ξ_{102} = R_1R_3R_2 Ξ_{103} = R_1R_3 Ξ_{010} = R_2R_1 Ξ_{011} = R_2R_1R_3R_2R_1 Ξ_{012} = R_2R_1R_3R_2 Ξ_{013} = R_2R_1R_3 Ξ_{110} = R_1R_2R_1 Ξ_{111} = R_1R_2R_1R_3R_2R_1 Ξ_{112} = R_1R_2R_1R_3R_2 Ξ_{113} = R_1R_2R_1R_3 Ξ_{020} = R_2 Ξ_{021} = R_2R_3R_2R_1 Ξ_{022} = R_2R_3R_2 Ξ_{023} = R_2R_3 Ξ_{120} = R_1R_2 Ξ_{121} = R_1R_2R_3R_2R_1 Ξ_{122} = R_1R_2R_3R_2 Ξ_{123} = R_1R_2R_3

(4.19)

Since [1]^4 = [4] + 3 [31] + 2 [22] + 3 [211] + [1111], each element of the ring can be split into 5 blocks - the 1 × 1 one for [4], the 3 × 3 one for [31], the 2 × 2 one for [22], the 3 × 3 one for [211] and 1 × 1 one for [1111]. Hence, there are exactly 1^2 + 3^2 + 2^2 + 3^2 + 1^2 = 24 equations on 4! = 24 variables. The equations for the projectors onto definite copies of representations are quite lengthy in this case thus we will give them in the Appendix A, listing here only projectors onto subspaces of representations:

P_4 = 1 q^6[4]_q! ( 1 + q(R_1 + R_2 + R_3) + q^2(R_1R_2 + R_2R_1 + R_2R_3 + R_3R_2 + R_1R_3)+ +q^3(R_1R_2R_1 + R_2R_3R_2 + R_1R_2R_3 + R_2R_1R_3 + R_3R_1R_2 + R_3R_2R_1)+ +q^4(R_1R_2R_1R_3 + R_1R_2R_3R_2 + R_1R_3R_2R_1 + R_2R_1R_3R_2 + R_2R_3R_2R_1)+ +q^5(R_1R_2R_1R_3R_2 + R_1R_2R_3R_2R_1 + R_2R_1R_3R_2R_1) + q^6R_1R_2R_1R_3R_2R_1 )

P_{31} = 1 q^2[2][4] ( 3 + (2q − q^{−1})(R_1 + R_2 + R_3) + (q^2 − 1)(R_1R_2 + R_2R_1 + R_2R_3 + R_3R_2)+ +(q^2 − 2)R_1R_3 + q^3(R_1R_2R_1 + R_2R_3R_2)− −q(R_1R_2R_3 + R_2R_1R_3 + R_3R_1R_2 + R_3R_2R_1) − R_2R_1R_3R_2− −q(R_1R_2R_1R_3R_2 + R_2R_1R_3R_2R_1) + q^3R_1R_2R_3R_2R_1 − q^2R_1R_2R_1R_3R_2R_1 )

P_{22} = 1 [3][2]^2 ( 2 + (q − q^{−1})(R_1 + R_2 + R_3) − (R_1R_2 + R_2R_1 + R_2R_3 + R_3R_2)+ +(q^2 + q^{−2})R_1R_3 − (R_1R_2R_1R_3 + R_1R_2R_3R_2 + R_1R_3R_2R_1 + R_2R_3R_2R_1)+ +(q^2 + q^{−2})R_2R_1R_3R_2− −(q − q^{−1})(R_1R_2R_1R_3R_2 + R_1R_2R_3R_2R_1 + R_2R_1R_3R_2R_1) + 2R_1R_2R_1R_3R_2R_1 )

P_{211}(q) = P_{31}(−1/q) P_{1111}(q) = P_4(−1/q)

(4.20)

4.2.3 Projectors from the characteristic equations.

Another approach which allows one to construct projectors as a combinations of R-matrices unlike the method described in the previous section expresses the projectors as polynomials of R-matrices which are neither of the minimal degree nor with the minimal number of terms. Instead, this approach gives the answer with a more transparent structure what makes this method important for theoretical analysis.

The approach comes from the fact that given a characteristic equation for a linear operator, n∏ i=1 (Â − λ_i) = 0 (4.21)

it is easy to construct a projector on the space corresponding to each eigenvalue^4

P̂_{λj} = ∏ i≠j Â − λ_i λ_j − λ_i (4.22)

or on a sum of such spaces P̂_{λj1 ,...,λjk} =^k ∑ l=1 P̂_{λjk} (4.23)

The property P̂^2_{λj} = P̂_{λj} then follows directly from (4.21). A drawback of using this method when dealing with R-matrices is that many of their eigenvalues coincide, e.g. in the fundamental case there are only two of them - q and −q^{−1}. Therefore, the main task in this case is to find a combination of R-matrices which has enough different eigenvalues to distinguish all irreducible representations in the decomposition of [1]^{|Q|}. Such an equation can be found using only |R|-strand braids and then generalized to any number of braids. It is natural to consider at first the particular cases |Q| = 2 and |Q| = 3 and then try to generalize the method.

Since the R-matrices are split into the blocks corresponding to different irreducible representations, the characteristic equation can be written in the form ∏ Q⊢1^{|Q|} F_Q(R) = 0 (4.24)

where F_Q denotes the characteristic equation for particular representation Q and thus can be described by the following formula F_Q(P_QR) = 0 (4.25)

|Q| = 2

In this case there is the single R-matrix with the characteristic equation

F_2(R_1)F_{11}(R_1) ≡ (R_1 − q)(R_1 + 1/q) = 0 (4.26)

This equation gives enough information to construct both projectors:

P_2 =

R_1 + q^{−1} −q − q^{−1} P_{11} =

R_1 − q q + q^{−1} (4.27)

This result coincides with the previously obtained ones (4.4) up to the sign.

|Q| = 3

In this case there is a pair of matrices R_1 and R_2 satisfying the same characteristic equation (3.7). The projectors, obtained from the characteristic equation for the first R-matrix distinguish representations [3] and [21], the symmetric ones in the first pair of strand from the antisymmetric representations [21] and [111]. The projectors obtained from the equation for the second R-matrix distinguish the same two groups of representations but with respect to the second pair of strands. This is not enough to construct the projectors on each of representations [3], [21] and [111]. Thus some combinations of R-matrices should be found which can provide all the needed projectors. For |Q| = 3 the simplest such combination is R_1 − R_2. From the explicit expressions for R_1 and R_2 one can see that this combination satisfies the following characteristic equation:

(R_1 − R_2) ( (R_1 − R_2)^2 − (q^2 + 1 + q^{−2}) ) = 0 (4.28)

This gives the projector P_{21}:

P_{21} =

(R_1 − R_2)^2 q^2 + 1 + q^{−2}

(4.29)

4The ordering of the factors is inessential both in (4.21) and (4.22) since they commute.

Together with (4.26) it also gives all the 4 projectors:

P_3 =

(R_1 + q^{−1}) ( (R_1 − R_2)^2 − (q^2 + 1 + q^{−2}) ) (q + q^{−1})(q^2 + 1 + q^{−2})

P_{21} =

(R_1 + q^{−1})(R_1 − R_2)^2 (q + q^{−1})(q^2 + 1 + q^{−2})

P_{21} =

(q − R_1)(R_1 − R_2)^2 (q + q^{−1})(q^2 + 1 + q^{−2})

P_{111} =

(q − R_1) ( (R_1 − R_2)^2 − (q^2 + 1 + q^{−2}) ) (q + q^{−1})(q^2 + 1 + q^{−2})

(4.30)

Torus products of the R-matrices.

The question remains if there is a universal method to construct the projectors on arbitrary representations from the characteristic equations. It could be possible if one manages to find a combination of the R-matrices known for any representations and with enough many different eigenvalues to distinguish all irreducible representations at the corresponding level. The obvious candidate for such a combination is the product R_{|Q|} ≡ |Q|−1∏

i=1 R_i (4.31)

This is the product which appears when the torus knots are studied. Its eigenvalues are known from the Rosso-Jones formula to be equal to λ_{Q,j} = q^{κQ|Q|} Λ_{Q,j} , j = 1 . . . N^{|Q|}_{Qi} (4.32) where the coefficients Λ_{R,j} are q independent numbers implicitly defined by the Adams rule [57]-[60]. The former ones are in fact made from the |Q|-degree roots of unit exp^{2πik}_{|Q|} with the multiplicity non-trivially defined by the Q_i. Thus, |λ_{Q,j} | = q^{κQ|Q|} j = 1 . . . N^{|Q|}_{Qi} (4.33) For such products of the R-matrices, the sets of eigenvalues corresponding to different representations do not overlap up to |Q| = 5. Thus the projectors on all the irreducible representations with |Q| cells can be obtained from the single equation for R_{|Q|}. This method stops to work at the level |Q| = 6 where κ_{411} = κ_{33} = 3 and additional equations are required. Besides that fact even when all the eigenvalues are different the explicit formulae for them are not known for arbitrary representations. One has either to extract them from the Adams rule [57]-[60] or to straightforwardly calculate them for each |Q| as it is done in [84],[89]. Moreover even in the simplest cases these eigenvalues are quite complicated and include fractional degrees of q and roots of unit. Due to these problems it is not clear how to find the general answer for the projectors on the arbitrary representations using the torus product R_{|Q|}. Thus we only provide several examples of using these products. The case |Q| = 2 is trivial since R_2 = R thus we will start from |Q| = 3.

F_3(R_2R_1)F_{21}(R_2R_1)F_{111}(R_2R_1) ≡ (R_2R_1 − q^2) ( (R_2R_1)^2 + R_2R_1 + 1 ) (q^2R_2R_1 − 1) = 0 (4.34)

The corresponding projectors on the symmetric and on the antisymmetric representations are constructed immediately

P_3 = ( (R_2R_1)^2 + R_2R_1 + 1 ) (q^2R_2R_1 − 1)

(q^4 + q^2 + 1)(q^4 − 1)

P_{111} =

(R_2R_1 − q^2) ( (R_2R_1)^2 + R_2R_1 + 1 ) (q^{−2} − q^2)(q^{−4} + q^{−2} + 1)

(4.35)

The simple construction like (4.22) gives the operator P ≡ (R_2R_1 − q^2)(q^2R_2R_1 − 1) which does not satisfy the property P^2 = const · P . Thus it is not a projector even up to a normalization but a linear operator which annihilates representations [3] and [111] and somehow rotates two copies of representation [21]. To obtain the projector according to (4.23) one has to further decompose (4.34) in the following way

(R_2R_1 − q^2)(R_2R_1 − e^{2πi3} )(R_2R_1 − e^{4πi3} )(q^2R_2R_1 − 1) = 0 (4.36)

Then, P_{21} can be obtained as a sum

P_{21} =

(R_2R_1 − q^2)(q^2R_2R_1 − 1) (e^{2πi}3 − e^{4πi}3 ) ( R_2R_1 − e^{4πi3} (e^{2πi}3 − q^2)(q^2e^{2πi}3 − 1) − R_2R_1 − e^{2πi3} (e^{4πi}3 − q^2)(q^2e^{4πi}3 − 1) ) =

(R_2R_1 − q^2)(q^2R_2R_1 − 1)(R_2R_1 − 1) q^4 + q^2 + 1

(4.37)

The summands are rank one projectors on the single copies of the representations [21], but these copies are not [21], [21] of the standard basis used in this paper (3.4). It can be shown using the properties described in s.3.3 that all three answers for the projectors (4.16), (4.35,4.37) and (4.30) are equivalent.

In the case of |Q| = 4 the relevant products now includes the three R-matrices:

R_3 ≡ R_3R_2R_1 (4.38)

with the characteristic equation

F_4(R_3)F_{31}(R_3)F_{22}(R_3)F_{211}(R_3)F_{1111}(R_3) = 0 (4.39)

where F_4(R_3) = q^3 − R_3 F_{31}(R_3) = (q + R_3)(q^2 + R^2_3) F_{22}(R_3) = R^2_3 − 1)

F_{211}(q|R_3) = F_{31}(−1/q|R_3) F_{1111}(q|R_3) = F_4(−1/q|R_3)

(4.40)

Thus the whole characteristic equation looks like

(q^3 − R_3) · (q + R_3)(q^2 + R^2_3) · (R^2_3 − 1) · (1 − qR_3)(1 + q^2R^2_3) · (1 − q^3R_3) = 0 (4.41)

Here the “·” separates the multipliers corresponding to different irreducible representations. The projectors are constructed according to (4.22) and (4.23):

P_4 = ∏ Q_i ⊢1^4 Q_i≠4 F_{Qi} (R_3) F_{Qi} (q^3) = (q + R_3)(q^2 + R^2_3)(R^2_3 − 1)(qR_3 − 1)(q^2R^2_3 + 1)(q^3R_3 + 1) q^3(q^2 + 1)(q^{12} − 1)(q^{16} − 1)

P_{31} = ∏ Q_i⊢1^4 Q_i ≠31

F_{Qi} (R_3)

R^{3 +q} 2 F^′_{41} (−q) ∏ Q_i⊢1^4 Q_i ≠31 F_{Qi} (−q) + (R_3 +q)(R_3 +iq) F^′_{41} (iq) ∏ Q_i ⊢1^4 Q_i≠31 F_{Qi} (iq) + (R_3 +q)(R_3 −iq) F^′_{41}(−iq) ∏ Q_i⊢1^4 Q_i ≠31 F_{Qi} (−iq) =

= (R_3 − q^3)(R^2_3 − 1)(q^8R^2_3 − q^4R^2_3 + R^2_3 − q^5R_3 + qR_3 + q^2)(qR_3 − 1)(q^2R^2_3 + 1)(q^3R^2_3 + 1) q^3(q^2 + 1)(q^4 − 1)(q^{16} − 1)

P_{22} = ∏ Q_i⊢1^4 Q_i ≠22

F_{Qi} (R_3)

R^{3 +1}

F^′_{22} (1) ∏ Q_i ⊢1^4 Q_i ≠22

F_{Qi} (1) +

R_3 −1 F^′_{22} (−1) ∏ Q_i ⊢1^4 Q_i ≠22 F_{Qi} (−1) =

= (q^3 − R_3)(q + R_3)(q^2 + R^2_3)(1 − qR_3)(1 + q^2R^2_3)(1 − q^3R_3) (q^4 − 1)^2(q^4 + q^2 + 1)

(4.42)

The same procedure can be repeated also for |Q| = 5 and |Q| = 7. However the method does not work for |Q| = 6 and most of higher representations cases when there are different representations with the same κ_Q, e.g. in this case such representations are [411] and [33]. This means that for such representations eigenvalues of the torus product also coincide - |λ_{411}| = |λ_{33}| = q. Thus the projectors constructed using the described method do not distinguish these two representations:

F_{411}(R_3) = (R^2_3 − q^2)^2(R^2_3 − qR_3 + q^2)(R^4_3 + q^2R^2_3 + q^4) F_{33}(R_3) = (R^2_3 − q^2)(q^2 − qR_3 + R^2_3) (4.43)

Since all the eigenvalues of the representation [33] are also the eigenvalues of the representation [411] even the projector on some particular copy of the representation [33] cannot be constructed from these formulae. This means that some other equations are needed. It would be natural to use the equations from the same series but from lower levels, i.e. |Q| ≤ 6, thus applying the already known answers for the projectors on the lower representations but it cannot be done straightforwardly with the torus products since the eigenvectors of R_{|Q|} are not in general the eigenvectors of R_{|Q|+1}

Link products of the R-matrices.

Another class of R-matrix combinations which eigenvalues are known in full generality is the one we call link products: R_{n,m}R^†_{n,m} = m∏ i=1 n∏ j=1 R_{n+i−j} n∏ i=1 m∏ j=1 R_{m+i−j} (4.44)

These products emerge for the 2-strand links. If one places a representation of size n at the first strand and of size m at the second one, then in the cabling procedure each pair R_{Q1 Q2} R_{Q2 Q1} should be replaced with product (4.44). As will be discussed in details in s.6, such a product should satisfy the following characteristic equation: ∏ T_1 ⊢1^m T_2 ⊢1^n Q⊢1^{m+n}

( R_{n,m}R^†_{n,m} − q^{2κQ−2κT1 −2κT2} ) = 0 (4.45)

This link product is more lengthy than the torus one but for some reasons is more convenient. First of all, its eigenvalues are explicitly known for any number of strands and they are much simpler than the ones of the torus product since they are just an integer degree of q. Also the standard basis used in this paper (3.4) gives an eigenvectors of such product. These facts allows one to construct a recursive procedure to obtain the projectors.

The simplest case is when T_1 = [1]. Then R_{1,|T2|} is just a torus product:

R_{1,|T2|}R^†_{1,|T2|} ≡ R_{|T2|}R^†_{|T2|} (4.46)

As before we will start with some examples and discuss the generalization possibilities afterwards. In the case of |Q| = 2, the deformation of the characteristic equations are quite simple:

F_2 = R_2R^†_2 − q^{2κ2} = R_2R^†_2 − q^2 F_{11} = R_2R^†_2 − q^{2κ11} = R_2R^†_2 − q^{−2} ⇓ F_2F_{11} = ( R_2R^†_2 − q^2 ) ( R_2R^†_2 − q^{−2} ) = 0 (4.47)

which gives the following projectors:

P_2 = ( R_2R^†_2 − q^{−2} ) q^2 − q^{−2}

P_{11} = ( R_2R^†_2 − q^2 ) q^{−2} − q^2

(4.48)

This answer can be transformed into the answer obtained using the previous methods using the fact that R_2R^†_2 = R^2_1 = ( q − q^{−1} ) R_1 + 1.

In the first non-trivial case of |Q| = 3 the characteristic equations look like

F_3 = R_3R^†_3 − q^{2κ3 −2κ2} = R_3R^†_3 − q^4 F_{21} = ( R_3R^†_3 − q^{2κ21 −2κ3} ) ( R_3R^†_3 − q^{2κ21 −2κ111} ) = ( R_3R^†_3 − q^{−2} ) ( R_3R^†_3 − q^2 ) F_{111} = R_3R^†_3 − q^{2κ111−2κ11} = R_3R^†_3 − q^{−4} ⇓ F_3F_{21}F_{111} = ( R_3R^†_3 − q^4 ) ( R_3R^†_3 − q^{−2} ) ( R_3R^†_3 − q^2 ) ( R_3R^†_3 − q^{−4} ) = 0 (4.49)

The rank one projectors on the most symmetric and the most antisymmetric representations are

P_3 = P^{(3)}_{q4} = ( R_3R^†_3 − q^{−2} ) ( R_3R^†_3 − q^2 ) ( R_3R^†_3 − q^{−4} ) (q^4 − q^{−2}) (q^4 − q^2) (q^4 − q^{−4})

P_{111} = P^{(3)}_{q−4} = ( R_3R^†_3 − q^4 ) ( R_3R^†_3 − q^{−2} ) ( q^{−4} − q^2 ) (q^{−4} − q^4) (q^{−4} − q^{−2}) (q^{−4} − q^2)

(4.50)

Where P^{(m)}_λ denotes the projector on the eigenvalue λ obtained from the m-strand equation. The last one is of the rank two being obtained as the sum of the rank one projectors:

P_{21} = P^{(3)}_{q2} + P^{(3)}_{q−2} =

= ( R_3R^†_3 − q^4 ) ( R_3R^†_3 − q^{−2} ) ( R_3R^†_3 − q^{−4} ) (q^2 − q^4) (q^2 − q^{−2}) (q^2 − q^{−4}) + ( R_3R^†_3 − q^4 ) ( R_3R^†_3 − q^2 ) ( R_3R^†_3 − q^{−4} ) (q^{−2} − q^4) (q^{−2} − q^2) (q^{−2} − q^{−4}) =

= − ( R_3R^†_3 − q^4 ) ( R_3R^†_3 − q^{−4} ) ( R_3R^†_3 − q^2 − q^{−2} ) (q − q^{−1})(q^3 − q^{−3})

(4.51)

For |Q| = 4 the characteristic equations are

F_4 = R_4R^†_4 − q^{2κ4−2κ3} = R_4R^†_4 − q^6

F_{31} = ( R_4R^†_4 − q^{2κ31−2κ3} ) ( R_4R^†_4 − q^{2κ31 −2κ21}

)_2 = ( R_4R^†_4 − q^{−2} ) ( R_4R^†_4 − q^2

)_2

F_{22} = ( R_4R^†_4 − q^{2κ22−2κ21}

)_2 = ( R_4R^†_4 − 1

)_2

F_{211} = ( R_4R^†_4 − q^{2κ211 −2κ21}

)_2 (

R_4R^†_4 − q^{2κ211 −2κ111} ) = ( R_4R^†_4 − q^2 ) ( R_4R^†_4 − q^2 )_{−2} F_{1111} = R_4R^†_4 − q^{2κ4−2κ3} = R_4R^†_4 − q^{−6} ⇓ F_4F_{31}F_{22}F_{211}F_{1111} = ( R_4R^†_4 − q^6 ) ( R_4R^†_4 − q^2 ) ( R_4R^†_4 − q^{−2} ) ( R_4R^†_4 − 1 ) ( R_4R^†_4 − q^{−6} ) = 0

(4.52)

In this case the single equation is not enough to find all the projectors since there are different irreducible representations with the same set of eigenvalues: representations [31] and [22] both have two eigenvalues equal to q^{±2}. This can be resolved using the observation that each factor in (4.52) corresponds to certain irreducible representations at the previous levels. For example in F_{31} the factor q^2 corresponds to the paths [1] → [2, 11] → [21] → [31] and q^{−2} - to the path [1] → [2] → [3] → [31], in F_{211} q^2 corresponds to the path [1] → [11] → [21] → [31] and q^{−2} - to the paths [1] → [2, 11] → [21] → [211]. This means that in order to construct the needed projectors, the already known ones from the previous levels can be used:

P_{31} = P^{(4)}_{q−2} P_3 + P^{(4)}_{q2} P_{21} = = ( R_4R^†_4 − q^6 ) ( R_4R^†_4 − 1 ) ( R_4R^†_4 − q^{−6} ) (q^4 − q^{−4})(q^2 − q^{−2})^2(q − q^{−1}) ( q^3 ( R_4R^†_4 − q^2 ) P_3 + q^{−3} ( R_4R^†_4 − q^{−2} ) P_{21} )

P_{211} = P^{(4)}_{q−2} P_{21} + P^{(4)}_{q2} P_{111} = = ( R_4R^†_4 − q^6 ) ( R_4R^†_4 − 1 ) ( R_4R^†_4 − q^{−6} ) (q^4 − q^{−4})(q^2 − q^{−2})^2(q − q^{−1}) ( q^3 ( R_4R^†_4 − q^2 ) P_{21} + q^{−3} ( R_4R^†_4 − q^{−2} ) P_{111} ) (4.53)

All the other projectors can be constructed as before

P_4 = P^{(4)}_{q6} = ( R_4R^†_4 − q^6 ) ( R_4R^†_4 − q^2 ) ( R_4R^†_4 − q^{−2} ) ( R_4R^†_4 − 1 ) ( R_4R^†_4 − q^{−6} ) (q^6 − q^2) (q^6 − q^{−2}) (q^6 − 1) (q^6 − q^{−6})

P_{22} = P^{(4)}_1 = ( R_4R^†_4 − q^6 ) ( R_4R^†_4 − q^2 ) ( R_4R^†_4 − q^{−2} ) ( R_4R^†_4 − q^{−6} ) (1 − q^6) (1 − q^2) (1 − q^{−2}) (1 − q^{−6})

P_{1111} = P^{(4)}_{q−6} = ( R_4R^†_4 − q^6 ) ( R_4R^†_4 − q^2 ) ( R_4R^†_4 − q^{−2} ) ( R_4R^†_4 − 1 ) (q^{−6} − q^6) (q^{−6} − q^2) (q^{−6} − q^{−2})

(4.54)

Arbitrary representations.

In principle, the set of equations for the link products R_{|Q|}R^†_{|Q|} is enough to construct a projector on any representation. If for example a representation Q was made from a representation T by adding one cell with the coordinates (i, j) to the Young diagram then κ_Q = κ_S + j − i. Thus for any T all the Q obtained in this way have different κ_Q. If the representations Q are chosen as eigenvectors of R_{|Q|}R^†_{|Q|} then the projectors can be constructed from the equation: ∏ i,j ( P_T R_{|S|}R^†_{|S|}P_T − q^{2j−2i} ) = 0, (4.55)

in the following way P_{Q=T ∪(k,l)} = ∑ i,j ∏ (i,j)≠(k,l) P_T R_{|S|}R^†_{|S|}P_T − q^{2j−2i} q^{2l−2k} − q^{2j−2i} = ∑ i,j ∏ (i,j)≠(k,l) R_{|Q|}R^†_{|Q|} − q^{2j−2i} q^{2l−2k} − q^{2j−2i} P_T (4.56)

All the products are implied to be over all additions of the cell (with coordinates (i, j)) to the Young diagram T which yield again a Young diagram.

The obtained formula for the projector (4.56) gives the projector on all the representations Q obtained from representation T . To construct the projector on some particular Q the corresponding projector on the single representation T should be used. On the other hand, in order to find the projector on all representations Q, the sum over all possible T should be taken:

P_Q = ∑ T : |T |=|Q|−1 P_{Q=T ∪(k,l)} (4.57)

These formulae give a recursive procedure to construct a projector on any representation.

4.2.4 (Anti-)symmetric representations.

The method described in the previous sections allows one in principle to find any projector but it is not clear how to write the general formula. Nevertheless such formula can be written for the simplest class of representations: the symmetric ones. These projectors have the form:

P_{[r]} = P_{[r−1]} 1 + k∑ j=1 q^j j∏ i=1 R_{k−i+1} = k=1∏ r−1 1 + k∑ j=1 q^j j∏ i=1 R_{k−i+1} (4.58) or P_{[r]} = r!∑ k=1 q^{lk} Ξ_k (4.59)

where the sum is over all r! independent elements Ξ_k (see eq.(3.10)) of the polynomial ring and l_k is the number of R-matrices in the Ξ_k.

5 Framing in the cabling procedure

The R matrices are defined up to the common factor since it does not change the validity of Yang-Baxter equation. This common factor can be chosen differently thus changing the answer for the HOMFLY polynomials.

From the point of view of the Chern-Simons theory the Wilson loop should correspond to the framed knot [16],[98] and the common factor depends on the framing of the knot. Hence the choices of the common factors are called framings. It can be shown that the different framings should differ by the multiplying on the q^{κT + N |T |2} [47].

Framing can be chosen in different ways. One common choice comes from the representation theory where the eigenvalues of R-matrix are equal to q^{κQ− N |Q|2 −κT1 + N |T1|2 −κT2 + N |T2|2} , where Q describes corresponding irreducible representation and T_1 and T_2 describes the two crossing representations (i.e. this is the eigenvalue corresponding to the irreducible representation Q in the decomposition of T_1 ⊗ T_2 thus actually |Q| = |T_1| + |T_2| so there is no N in this framing). This gives the eigenvalues q and −q^{−1} for the fundamental R-matrix and q^4, −1 and q^{−2} for those in the representation [2]. This framing is called vertical framing and using it the cabling approach and the direct R-matrix approach would give the exact same answers.

Another framing factor should be chosen for topological invariance (this one was used e.g. in [84]-[87] to evaluate knot polynomials). In this case eigenvalues of R-matrices are described as q^{κQ−4κT} A^{−|T |} = q^{κQ−4κT −N|T |} (T_1 = T_2 = T ). This framing gives eigenvalues^q_A and −^1_{qA} for fundamental representations and^{q2}_{A2} ,^1_{A2q2} and 1 A^2q^4 for representation [2].

The fact that in the case of topological framing only the case T_1 = T_2 was considered corresponds to the nature of this choice of framing. Topological framing is required to get the same polynomials for any braid representation of the knot with generally speaking different number of crossings. If on the other hand there are two strands with different representations at them then they should belong to the different components of the link (there cannot exist a knot which have different representations at different parts of the strand). The algebraic number of crossings between different components of the link cannot be changed by any topological transformations [98]. Thus topological framing does not require any factors for the crossings between different components of the link. This is true not only for different representations but also for the link with same representations on different components - topological framing factor is only given by the self-crossings of the components.

6 Cabling for the 2-strand knots

For the 2-strand knots the answers for any representation are known because there are no mixing matrices. Thus the 2-strand case is useful as a check for formulae for projectors or as a check of consistency of eigenvalues of the R-matrices in different representations. The general formula is H^{T [2,n]} T_1 T_2 = T rT1⊗T2 ( (R_{T1 T2} R_{T2 T1} )^{n2} ) = 1 q^{nκT1 +nκT2} ∑ Q_i ⊢T_1 ⊗T_2

(±q^{κQi} )^n N^{Qi}_{T1 T2} S^∗_{Qi} (6.1)

where q^{κQ} are eigenvalues of 2-strand R-matrix, described in s.3.1, and the sum is over all irreducible representations Q_i in the expansion of the tensor product T_1 ⊗ T_2, their multiplicities are N^{Qi}_{T1T2} . The coefficient in front of the sum gives the answer, corresponding to the vertical framing (see s.5).

The answer from the cabling procedure can be obtained using the following formula:

H^{T [2,n]} T_1T_2 = T r1^{⊗(|T1|+|T2|)} PT_1 T_2 T_2∏

i=1

T_1∏

j=1 R_{|T1|+i−j} T_1∏

i=1

T_2∏

j=1 R_{|T2 |+i−j} n 2 (6.2)

It is useful to discuss two different 2 cases - the 2-strand links and the 2-strand knots. Study of the links allows to find the form of eigenvalues for different representations on the different components of the links which can’t be done while studying the knots. On the other side since 2-strand links always have even number of crossings the signs of the eigenvalues cannot be found from the cabling procedure for the links, for this 2-strand knots are needed.

6.1 2-strand links

In this case there are two R-matrices - R_{T1 T2} and R_{T2 T1} , which are different from the operator point of view since they act on different spaces:

R_{T1 T2} : T_1 ⊗ T_2 → T_2 ⊗ T_1

R_{T2 T1} : T_2 ⊗ T_1 → T_1 ⊗ T_2

(6.3)

But their matrix forms coincide up to the transpostition - R_{T1T2} = R^†_{T2 T1} . The answer (6.1) in the case of links with 2n crossings can be rewritten in the following form: H^{T [2,2n]} T_1 T_2 = ( q^{κT1 +κT2} )_{−2n} ∑ Q_i ⊢T_1 ⊗T_2 N^{Qi}_{T1T2} q^{2nκQi} S^∗_{Qi} = ∑ Q_i ⊢T_1⊗T_2

H^{[2,2n]}

T_1T_2 |Q_i S ∗ Q_i (6.4)

It is impossible to find the signs of eigenvalues from the cabling procedure for the 2-strand links since all the powers of the eigenvalues in this formula are even.

This answer can be reproduced using the cabling procedure even on the level of the coefficients H^{[2,2n]}_{T1 Q2|Qi} in the character expansion for the HOMFLY polynomial: H^{T [2,2n]} T_1T_2 |Q_i = N Q_i T_1T_2 q

2nκ_{Qi} −2nκ_{T1} −2nκ_{T2} (6.5)

as expected^5.

5It is enough to check this equality for 2 ≤ 2n ≤ min(rank P_{T1} , rank P_{T2} )

From the cabling calculations it can be seen that both level-rank duality^6 H^{T [2,2n]} T_1 T_2|Q_i (q) = H T [2,2n] T̃_1T̃_2|Q̃_i ( − 1 q ) (6.6)

and permutation of the representations H^{T [2,2n]} T_2T_1 |Q_i = H T [2,2n] T_1 T_2|Q_i (6.7)

properties of HOMFLY polynomials described e.g. in [84],[85] are satisfied since N^{Qi}_{T1 T2} = N^{Qi}_{T2T1} = N^{Q̃i}_{T̃1T̃2} and κ_Q = −κ_{Q̃}. It can also be checked that the answers would be the same no matter which irreducible representations T_1 and T_2 from the decomposition of 1^{⊗|T1|+|T2|} have been chosen.

The absolute values of the eigenvalues of the colored R-matrices are listed in Appendix B. The multiplicities of the different irreducible representations can be found in a very simple way from the representation theory using the following relation on the characters:

S_{T1} S_{T2} = ∑ Q_i ⊢T_1 ⊗T_2

N^{Qi}_{T1T2} S_{Qi} (6.8)

For example

S_{31}S_{31} = S_{62} + S_{611} + S_{53} + 2S_{521} + S_{5111} + S_{44} + 2S_{431} + S_{422} + S_{4211} + S_{332} + S_{3311} (6.9)

Most of the representations which we studied had trivial multiplicities 0 or 1. Non-trivial multiplicities for the 2-strand knots and links start to appear for the size 3 of the representations. The list of all non-trivial for the sizes 3 and 4 of representations T_1 and T_2 are given in Appendix B.

The decomposition of 1^{⊗|T1|+|T2|} includes some irreducible representations which do not appear in the decomposition of the T_1 ⊗ T_2. Thus for all such representations the cabling procedure should somehow give the zero coefficients. Since we place the projectors described in s. 4.1 on each side of each R-matrix it means that all the representations which does not appear in the decomposition of T_1 ⊗ 1^{⊗|T2|} automatically vanish. It appears that the remaining parts of R-matrices are still degenerate so that all representations which appear in 1^{⊗|T1|} ⊗ T_2 also disappear as they should.

6.2 2-strand knots

As was already mentioned the study of the cabling procedure for 2-strand knots allows one to find not only to find the absolute values of the eigenvalues of the colored R-matrix but also their signs. The drawback is that obviously only the cases where T_1 = T_2 can be studied. Using cabling methods it can be checked that in all multiplicity free cases (we checked this up to the |T_1| = |T_2| ≤ 4) the eigenvalues of the colored 2-strand R-matrix satisfy the following rule:

Eigenvalue with the maximal degree of q comes with the sign plus, the eigenvalue with the next to the maximum degree comes with the sign minus, the next one with the sign plus, etc.

This rule was used e.g. in [87]. The problems with this rule arise when there appear multiplicities in decomposition of the product of two representation. The simplest examples of such multiplicities are:

[21] × [21] = [42] + [411] + [33] + 2 [321] + [3111] + [222] + [2211] (6.10)

with the following corresponding eigenvalues evaluated from the cabling procedure

q^5, −q^3, −q^3, 1, −1, q^{−3}, q^{−3}, −q^{−5} (6.11) and [31] × [31] = [62] + [611] + [53] + 2 [521] + [5111] + [44]+ +2 [431] + [422] + [4211] + [332] + [3311] (6.12)

with the following eigenvalues evaluated from the cabling procedure

q^{10}, −q^8, −q^6, q^3, q^{−3}, 1, q^4, 1, −1, q^{−2}, −q^{−4}, −q^{−4}, q^{−6} (6.13)

Thus the general rule for the choice of signs in the 2-strand R-matrix is not clear.

6T̃ here denotes the representation with the transposed T diagram.

The multiplicities can be found in a very simple way from the representation theory using the equations on characters:

S_{T1} S_{T2} = ∑ Q_i ⊢T_1 ⊗T_2

N^{Qi}_{T1T2} S_{Qi} (6.14)

For example

S_{31}S_{31} = S_{62} + S_{611} + S_{53} + 2S_{521} + S_{5111} + S_{44} + 2S_{431} + S_{422} + S_{4211} + S_{332} + S_{3311} (6.15)

The results for the eigenvalues are presented in Appendix B.

These results can be checked by considering the properties of the HOMFLY we get as the result. These HOMFLY should indeed be polynomials. Also the two strand knot with only one crossing should be equal to the unknot according to the first Reidemeister move up to the framing coefficient. Thus the eigenvalues should satisfy the following equations: S^∗_R = ∑ λ_QS^∗_Q ∑ (λ_Q)^{2n+1}S^∗_Q . . S^∗_R (6.16)

These requirements seem to fix all the signs, but it is not clear how to find the signs from these equations.

7 Cabling for the 3 and 4-strand knots

7.1 3-strand knots

The results for the 3-strands knot in representations [2] and [11] were obtained in [85]. These results can be evaluated also using the cabling methods. To evaluate these answers one should replace each colored R-matrix in the 3-stand braid with a following product of the fundamental ones in the 6-strand braid:

R_{(1}2_{⊗1}2_{)⊗1}2 = R_2R_1R_3R_2 R_12_{⊗(1}2_{⊗1}2_) = R_4R_3R_5R_4 (7.1)

Then the projectors on the corresponding representations should be inserted. As was already explained in s.4 any number of projectors but not less than one per component can be inserted and any form from the described in s.4 can be used. The most convenient way to simplify the calculations is to use the path description projectors and insert two of them for each R-matrix - on both sides outside the matrix.

In the case of level 3 representations i.e. [3], [21] and [111] the 3-strand braid should be replaced with the fundamental 9-strand braid with the following replacement for the R-matrices:

R_{(1}3_{⊗1}3_{)⊗1}3 = R_3R_2R_4R_1R_3R_5R_2R_4R_3 R_13_{⊗(1}3_{⊗1}3_) = R_6R_5R_7R_4R_6R_8R_5R_7R_6 (7.2)

All the needed projectors are described in s.4. HOMFLY polynomials for the 3-strand knots in representations [3] and [111] were provided in [87] thus in the present paper we provide only the results for representation [21], see App.C.

This procedure can be repeated for higher representations but the higher computational power is needed.

7.2 4-strand knots

For the 4-strand knots the principle is the same as for the 3-strand knots. For representations [2] and [11] the colored R-matrices should be replaced with the following fundamental ones:

R_{(1}2_{⊗1}2_{)⊗1}2_{⊗1}2 = R_2R_1R_3R_2 R_12_{⊗(1}2_{⊗1}2_{)⊗1}2 = R_4R_3R_5R_4 R_12_{⊗1}2_{⊗(1}2_{⊗1}2_) = R_6R_5R_7R_6 (7.3)

The HOMFLY polynomials of the 4-strand knots are provided in App.D. This procedure can be repeated for higher representations.

8 Multicolored 3 strand links

The colored links possess a much wider problem than the colored knots since they have several components and different representations can be placed on each of these components. The links with the components of the same color are evaluated in the same way as the colored knots thus we will concentrate on the multicolored links in this section. Another property which even fundamental links possess is an orientation. There is only one possible orientation for the knots (in fact two but they can transformed into each other by the mirror symmetry), but in the case of links different components can have different relative orientation. The orientation is automatically accounted for when the braid representation is used since differently oriented links have different braid representations. Also it is important to note that the HOMFLY polynomials for the links are in fact not polynomials, there is always some denominator dependant on the studied representations.

In the present section we provide the simplest and mostly already known examples to illustrate the approach which was used.

8.1 Colored R-matrices approach

The main problem with the Reshetikhin-Turaev approach in this case is that besides the difference between the matrices acting on different pair of strands there is also difference between matrices acting in different orderings of strands carrying different representations. Also one should also that R-matrices includes the permutation operators and thus change the placement of representation on the strands, i.e: R_{T1 ...(TiTi+1 )...Tm−1} : T_1 ⊗ . . . (T_i ⊗ T_{i+1}) . . . T_{m−1} → T_1 ⊗ . . . (T_{i+1} ⊗ T_i) . . . T_{m−1} U_{T1...(Ti−1 Ti Ti+1)...Tm−1} : T_1 ⊗ . . . ( (T_{i−1} ⊗ T_i) ⊗ T_{i+1} ) . . . T_{m−1} → T_1 ⊗ . . . ( T_{i−1} ⊗ (T_i ⊗ T_{i+1}) ) . . . T_{m−1} (8.1) The eigenvalues of the R-matrices are known: they are the same ones as for the diagonal R-matrix described in s.3.1 and are equal to R_{T1 T2 |Q} = ±q^{κQ−κT1 −κT2} in the vertical framing. The signs are essential only for the crossings of the same representation strands since the number of the crossings between the different representation strands is always even. In the considered examples these signs simply alternate in each Rmatrix, i.e. the eigenvalue with the highest power has the sign plus, the next one the size minus etc. The non-diagonal matrices can be constructed from the diagonal one with the help of Racah matrices [84] which can be evaluated using the methods of the representation theory [97].

We consider three particular examples of the multicolored links — [1]⊗[1]⊗[2], [1]⊗[2]⊗[2] and [1]⊗[2]⊗[3]. In all these cases the representation theory of the SU_q(2) group is enough to find the Racah matrices.

8.2 [1] ⊗ [1] ⊗ [2]

Calculations using the Colored R-matrices

The tensor product of the representations is decomposed as

[1] ⊗ [1] ⊗ [2] = [4] + 2 [31] + [22] + [211] (8.2)

For the singlets there are no mixing matrices and the corresponding components of the R-matrices are entirely described by their eigenvalues:

R_{(1⊗2)⊗1|4} = R_{(2⊗1)⊗1|4} = R_{1(12)|4} = R_{1⊗(2⊗1)|4} = ( q^{κ3 −κ2} ) = ( q^2 )

R_{(1⊗2)⊗1|22} = R_{(2⊗1)⊗1|22} = R_{1(12)|22} = R_{1⊗(2⊗1)|22} = ( q^{κ21 −κ2} ) = ( −q^{−1} )

R_{(1⊗2)⊗1|211} = R_{(2⊗1)⊗1|211} = R_{1(12)|211} = R_{1⊗(2⊗1)|211} = ( q^{κ21 −κ2} ) = ( −q^{−1} )

R_{(1⊗1)⊗2|4} = R_{2⊗(1⊗1)|4} ( q^{κ2} ) = ( q )

R_{(1⊗1)⊗2|22} = R_{2⊗(1⊗1)|22} = ( q^{κ2} ) = ( q )

R_{(1⊗1)⊗2|211} = R_{2⊗(1⊗1)|211} = ( −q^{κ11} ) = ( −q^{−1} )

(8.3)

For the doublets both the diagonal and the non-diagonal R-matrices are needed, the latter being calculated with help of the mixing matrices. The doublet components of the diagonal ones are:

R_{(1⊗1)⊗2|31} = ( q^{κ2} −q^{κ11} ) = ( q −q^{−1} )

R_{(1⊗2)⊗1|31} = R^†_{(2⊗1)⊗1|31} = ( q^{κ3−κ2} −q^{κ21−κ2} ) = ( q^2 −q^{−1} ) (8.4)

The mixing matrices evaluated using the representation theory for the group SU_q(2) are^7:

U_{1⊗2⊗1|31} =

1^{[3]q}

√_{[2]q [4]q}

[3]_q

√_{[2]q [4]q}

[3]_q − 1 [3]_q

, U_{1⊗1⊗2|31} = U_{2⊗1⊗1|31} =

1√_{[3]q}

√_{[4]q}

[2]_q [3]_q

√_{[4]q}

[2]_q [3]_q −

1√_{[3]q}

(8.5)

Which gives the following non-diagonal R-matrices:

R_{2⊗(1⊗1)|31} = U_{2⊗1⊗1|31} ( q −q^{−1} ) U^†_{2⊗1⊗1|31} =

1^{q3 [3]q}

√_{[2]q [4]q}

[3]_q

√_{[2]q [4]q}

[3]_q − q^3 [3]_q

R_{1⊗(1⊗2)|31} = R^†_{1⊗(2⊗1)|31} = U_{1⊗1⊗2|31} ( q^2 −q^{−1} ) U^†_{1⊗2⊗1|31} =

−^1_q√_{[3]q}^q

√_{[4]q} √_{[2]q [3]q} √_{[4]q} √_{[2]q [3]q}^{q3}√_{[3]q}

(8.6)

To give an illustrative example of how to deal with the multicolored links we compute the HOMFLY polynomials for the several simplest 2-component 3-strand links in the representation [1] ⊗ [1] ⊗ [2]. If one wants to study such links then the 2-strand component should carry the fundamental representation and the 1-strand component — representation [2]. The simplest link of this type is the pair of untangled unknots with the braid word σ_1. Then the HOMFLY in the vertical framing is equal to:

H^{◯2}_{1⊗2} = Tr_{1⊗1⊗2} R_{(1⊗1)⊗2} = qS^∗_4 + (q − q^{−1})S^∗_{31} + qS^∗_{22} − q^{−1}S^∗_{211} = S^∗_1 S^∗_2 (8.7)

Next in simplicity example is the 3-strand version of the torus link T [2, 4] with the braid word σ_1σ_2σ_1σ_2σ_1 or σ_2σ_1σ_1σ_2σ_1 The corresponding HOMFLY is

H^{T [2,4]} 2⊗1⊗1 = Tr2⊗1⊗1 R(2⊗1)⊗1R1⊗(2⊗1)R(1⊗1)⊗2R1⊗(1⊗2)R(1⊗2)⊗1 = q 9S^∗_4 + (q − q^3)S^∗_{31} + q^3S^∗_{22} − q^{−5}S^∗_{311} (8.8)

This answer coincides with the one for the 2-strand version of the same link (if the topological framing is used which differs from the vertical one by the factor A^{−1}): A^{−1}H^{T [2,4]−3strand} 2⊗1⊗1 = H T [2,4]−2strand 1⊗2 = q^{4κ3 −8κ2} S^∗_3 + q^{4κ21 −8κ2} S^∗_{21} = q^8S^∗_3 + q^{−4}S^∗_{21} (8.9)

The simplest non-torus 3-strand 2-component link is 5^2_1 or the Whitehead link^8 with the braid word σ^{−1}_1 σ_2σ^{−1}_1 σ_2σ^{−1}_1 . It differs from the torus link T [2, 4] by inverting all R matrices acting on the first pair of strands. The HOMFLY polynomial is given by the following formula:

H^{521}_{2⊗1⊗1} = Tr_{2⊗1⊗1} R^{−1}_{(2⊗1)⊗1}R_{1⊗(2⊗1)}R^{−1}_{(1⊗1)⊗2}R_{1⊗(1⊗2)}R_{(1⊗2)⊗1} =

= q^{−1}S^∗_4 + (−q^7 + q^5 + q^3 − 2 q + 2 q^{−1} − q^{−3} − q^{−5} + q^{−7})S^∗_{31} + q^{−1}S^∗_{22} − qS^∗_{221} = = S^∗_2 q^2 − 1 ( (−q^3 + q^{−1} − q^{−3})A^{−2}+

+(q^7 − q^5 − q^3 + 3 q − q^{−1} − q^{−3} + q^{−5}) + (−q^5 + q^3 + q − q^{−1})A^2 )

(8.10)

Calculations using the Cabling procedure

To perform the calculations of the same polynomials in the cabling approach the colored R-matrices should be substituted by the corresponding products of the fundamental ones, in this case in the 4-strand braid (since 1 + 1 + 2 = 4): R_{(1⊗1)⊗2} → R_1 R_{(1⊗2)⊗1} = R^†_{(2⊗1)⊗1} → R_2R_1 R_{1⊗(1⊗2)} = R^†_{1⊗(2⊗1)} → R_3R_2 R_{2⊗(1⊗1)} → R_3

(8.11)

7See e.g. [84] for the detailed derivation of the Racah matrices from the representation theory.

8The Rolfsen notation of a link c^n_k generalizes the Rolfsen notation c_k of a knot. In this notation, c is the crossing number, i.e. is the minimal number of the intersections in the planar diagram of the knot or link and n is a number of the components.

with the corresponding substitution for the inverse crossings

R^{−1}_{(1⊗1)⊗2} → R^{−1}_1 R^{−1}_{(1⊗2)⊗1} = R^†_{(2⊗1)⊗1} → R^{−1}_2 R^{−1}_1 R^{−1}_{1⊗(1⊗2)} = R^†_{1⊗(2⊗1)} → R^{−1}_3 R^{−1}_2 R^{−1}_{2⊗(1⊗1)} → R^{−1}_3

(8.12)

Also the projector should be inserted. Depending on the place where the projector is put and the used placement of the representations one of the three projectors can be used^9:

P_{2⊗1⊗1} =

1 + qR_1 1 + q^2

P_{1⊗2⊗1} =

1 + qR_2 1 + q^2

P_{1⊗1⊗2} =

1 + qR_3 1 + q^2

(8.13)

The answers for the particular links can be obtained by applying the relations (8.11) and (8.13) to the braidword and then evaluating the HOMFLY for the resulting fundamental braids. The answers obtained in this way coincide with the ones obtained using the colored R-matrices.

In the two unknot case with the braidword 1 the HOMFLY obtained in the cabling procedure is equal to:

H^{◯2}_{1⊗2} = Tr_14 P_{1⊗1⊗2}R_1 = qS^∗_4 + (q − q^{−1})S^∗_{31} + qS^∗_{22} − q^{−1}S^∗_{211} = A S^∗_1 S^∗_2 (8.14)

The torus link T [2, 4] in the 3-strand representation has the HOMFLY polynomial: H^{T [2,4]−3strand} 2⊗1⊗1 = Tr1^4 P2⊗1⊗1R1R2 · R2R3 · R1 · R3R2 · R2R1 =

= q^9S^∗_4 + (q − q^3)S^∗_{31} + q^3S^∗_{22} − q^{−5}S^∗_{311} = AH^{T [2,4]−2strand} 1⊗2 (8.15)

Finally, for the Whitehead link the answer from the cabling procedure is

H^{521}_{2⊗1⊗1} = Tr_{2⊗1⊗1} P_{2⊗1⊗1}R^{−1}_1 R^{−1}_2 · R_2R_3 · R^{−1}_1 · R_3R_2 · R_2R_1 =

= q^{−1}S^∗_4 + (−q^7 + q^5 + q^3 − 2 q + 2 q^{−1} − q^{−3} − q^{−5} + q^{−7})S^∗_{31} + q^{−1}S^∗_{22} − qS^∗_{221}

(8.16)

8.3 [2] ⊗ [2] ⊗ [1]

Calculations using the Colored R-matrices

The tensor product of the representations in this case decomposes as

[2] ⊗ [2] ⊗ [1] = [5] + 2 [41] + 2 [32] + [311] + [221] (8.17)

The singlet components of the colored R-matrices are

R_{(1⊗2)⊗2|5} = R_{(2⊗1)⊗2|5} = R_{2⊗(1⊗2)|5} = R_{2⊗(2⊗1)|5} = ( q^{κ3 −κ2} ) = ( q^2 )

R_{(1⊗2)⊗2|311} = R_{(2⊗1)⊗2|311} = R_{2⊗(1⊗2)|311} = R_{2⊗(2⊗1)|311} = ( q^{κ21 −κ2} ) = ( −q^{−1} )

R_{(1⊗2)⊗2|221} = R_{(2⊗1)⊗2|221} = R_{2⊗(1⊗2)|221} = R_{2⊗(2⊗1)|221} = ( q^{κ21 −κ2} ) = ( −q^{−1} )

R_{(2⊗2)⊗1|5} = R_{1⊗(2⊗2)|5} = ( q^{κ4−2κ2} ) = ( q^4 )

R_{(2⊗2)⊗1|311} = R_{1⊗(2⊗2)|311} = ( −q^{κ31−2κ2} ) = ( −1 )

R_{(2⊗2)⊗1|221} = R_{1⊗(2⊗2)|221} = ( q^{κ22−2κ2} ) = ( q^{−2} )

(8.18)

9As was described in s.4 different placement of the projectors and different number of projectors can be used. In these calculations we will use the projector places at the beginning of the braid

The doublet components of the diagonal colored R-matrices in this case are:

R_{(1⊗2)⊗2|41} = R_{(1⊗2)⊗2|32} = R^†_{(2⊗1)⊗2|41} = R^†_{(2⊗1)⊗2|32} = ( q^{κ3−κ2} −q^{κ21−κ2} ) = ( q^2 −q^{−1} )

R_{(2⊗2)⊗1|41} = ( q^{κ4−2κ2} −q^{κ31−2κ2} ) = ( q^4 −1 )

R_{(2⊗2)⊗1|32} = ( −q^{κ31−2κ2} q^{κ22 −2κ2} ) = ( −1 q^{−2} ) (8.19)

The corresponding Racah matrices are:

U_{2⊗2⊗1|41} = U_{1⊗2⊗2|41} =

√_{[2]q}

[3]_q [4]_q

√_{[2]q [5]q}

[3]_q [4]_q

√_{[2]q [5]q}

[3]_q [4]_q −

√_{[2]q}

[3]_q [4]_q

U_{2⊗2⊗1|32} = U_{1⊗2⊗2|32} =

1√_{[3]q}

√_{[4]q}

[2]_q [3]_q

√_{[4]q}

[2]_q [3]_q −

1√_{[3]q}

U_{2⊗1⊗2|41} =

[2]_q [3]_q

√_{[5]q}

[3]_q

√_{[5]q}

[3]_q −

[2]_q [3]_q , U_{2⊗1⊗2|32} = 1^{[3]q}

√_{[2]q [4]q}

[3]_q

√_{[2]q [4]q}

[3]_q − 1 [3]_q

(8.20)

This gives the following doublet components of the colored R-matrices:

R_{2⊗(1⊗2)|41} = R^†_{2⊗(1⊗2)|41} = U_{2⊗1⊗2|41} ( q^2 −q^{−1} ) U^†_{2⊗2⊗1|41} = − √_{[2]q}

q^3

√_{[3]q [4]q}^q

√_{[2]q [5]q} √_{[3]q [4]q} √_{[2]q [5]q} √_{[3]q [4]q}^{q4}

√_{[2]q} √_{[3]q [4]q}

R_{2⊗(1⊗2)|32} = R^†_{2⊗(1⊗2)|32} = U_{2⊗1⊗2|32} ( q^2 −q^{−1} ) U^†_{2⊗2⊗1|32} =

−^1_{q2}√_{[3]q}

√_{[4]q} √_{[2]q [3]q} q √_{[4]q} √_{[2]q [3]q}^{q3}√_{[3]q}

R_{1⊗(2⊗2)|41} = U_{2⊗2⊗1|41} ( q^4 −1 ) U^†_{2⊗2⊗1|41} = − [2]_q q[3]_q q^2

√_{[5]q}

[3]_q q^2

√_{[5]q}

[3]_q q^5 [2]_q [3]_q

R_{1⊗(2⊗2)|32} = U_{2⊗2⊗1|32} ( −1 q^{−2} ) U^†_{2⊗2⊗1|32} =

1^{q4 [3]q} −

√_{[2]q [4]q}

q[3]_q − √_{[2]q [4]q}

q[3]_q − q^2 [3]_q

(8.21)

As examples we use the same links as in the s.8.2 with the representation [2] on the 2-strand component and the fundamental one on the 1-strand component.

For the pair of untangled unknots the colored R-matrices approach gives:

H^{◯2}_{1⊗2} = q^4S^∗_5 + (q^4 − 1)S^∗_{41} + (q^{−2} − 1)S^∗_{32} − S^∗_{311} + q^{−2}S^∗_{221} = A^2q^2S^∗_1 S^∗_2 (8.22)

The factor A^2q^2 corresponds to the transition between the vertical and the topological framing (see s.5). For the 3-strand version of the torus link T [2, 4] the answer is H^{T [2,4]−3strand} 1⊗2⊗2 = Tr1⊗2⊗2 R(1⊗2)⊗2R2⊗(1⊗2)R(2⊗2)⊗1R2⊗(2⊗1)R † (2⊗1)⊗2

= q^{12}S^∗_5 + (q^2 − q^6)S^∗_{41} + (q^2 − 1)S^∗_{32} − q^{−4}S^∗_{311} + q^{−6}S^∗_{221} = = A^2q^2H^{T [2,4]−2strand} 2⊗1 = A^2q^2 ( q^{4κ3−8κ2} S^∗_3 + q^{4κ21 −8κ2} S^∗_{21} ) = A^2q^{10}S^∗_3 + A^2q^{−2}S^∗_{21}

(8.23)

The Whitehead link gives the following HOMFLY polynomial:

H^{521}_{1⊗2⊗2} = Tr_{1⊗2⊗2} R^{−1}_{(1⊗2)⊗2}R_{2⊗(1⊗2)}R^{−1}_{(2⊗2)⊗1}R_{2⊗(2⊗1)}R^†_{(2⊗1)⊗2} =

= q^{−4}S^∗_5 + (−q^6 + q^4 + q^2 − 2 + 2 q^{−4} − q^{−6} − q^{−8} + q^{−10})S^∗_{41}+

+(−q^6 + q^4 + q^2 − 2 + 2 q^{−4} − q^{−6} − q^{−8} + q^{−10})S^∗_{32} − S^∗_{311} + q^2S^∗_{221} = A^{−1}q^{−1}H^{521}_{2⊗1⊗1}

(8.24)

i.e. the polynomials H^{521}_{2⊗1⊗1} and H^{521}_{1⊗2⊗2} are equal up to a factor. This factor appears due to the difference between the vertical framing which was used in these calculations and the topological framing which should give the same answers for these two polynomials. The relation H^{521}_{2⊗1⊗1} = H^{521}_{1⊗2⊗2} in topological framing should exist because using the Reidemeister moves the components of the Whitehead link can be exchanged.

One more consistency check is that the answer poses the factorization property [60] (see s.11 for the details). When untied, both components of the Whitehead link are isomorphic to the unknots. This is consistent with the fact that H^{521}_{1⊗2⊗2} S^∗_1 S^∗_2 | | | | |_{q→1} = A^{−2} (8.25)

Calculations using the Cabling procedure

The cabling procedure is analogous to the one in the s.8.2. The colored R-matrices are substituted in the following way:

R_{(2⊗2)⊗1} −→ R_2R_1R_3R_2

R_{(1⊗2)⊗2} = R^†_{(2⊗1)⊗2} −→ R_1R_2

R_{2⊗(1⊗2)} = R^†_{2⊗(2⊗1)} −→ R_3R_4

R_{1⊗(2⊗2)} −→ R_3R_4R_2R_3

(8.26)

For the inverse crossings the same products of the inverted R-matrices are substituted. The relevant projectors are P_{1⊗2⊗2} =

1 + qR_2 1 + q^2 · 1 + qR_4 1 + q^2 P_{2⊗1⊗2} =

1 + qR_1 1 + q^2 · 1 + qR_4 1 + q^2 P_{2⊗2⊗1} =

1 + qR_1 1 + q^2 · 1 + qR_3 1 + q^2

(8.27)

The HOMFLY polynomial for the untangled unknots is:

H^{◯2}_{1⊗2} = Tr_15 P_{2⊗2⊗1}R_1 = qS^∗_4 + (q − q^{−1})S^∗_{31} + qS^∗_{22} − q^{−1}S^∗_{211} = AS^∗_1 S^∗_2 (8.28)

For the 3-strand version of the torus link T^{2,4} H^{T [2,4]−3strand} 1⊗2⊗2 = Tr1^5 P1⊗2⊗2R1R2 · R3R4 · R2R1R3R2 · R4R3 · R2R1 = = q^{12}S^∗_5 + (q^2 − q^6)S^∗_{41} + (q^2 − 1)S^∗_{32} − q^{−4}S^∗_{311} + q^{−6}S^∗_{221}

(8.29)

For the non-torus Whitehead link the HOMFLY polynomial is

H^{521}_{1⊗2⊗2} = Tr_{1⊗2⊗2} P_{1⊗2⊗2}R^{−1}_1 R^{−1}_2 · R_3R_4 · R^{−1}_2 R^{−1}_1 R^{−1}_3 R^{−1}_2 · R_4R_3 · R_2R_1 =

= q^{−4}S^∗_5 + (−q^6 + q^4 + q^2 − 2 + 2 q^{−4} − q^{−6} − q^{−8} + q^{−10})S^∗_{41}+

+(q^8 − q^6 − q^4 + 2 q^2 − 2 + q^{−2} + q^{−4} − q^{−6})S^∗_{32} − S^∗_{311} + q^2S^∗_{221}

(8.30)

These answers coincide with the ones obtained by the colored R-matrix calculations.

8.4 [1] ⊗ [2] ⊗ [3]

Calculations using the Colored R-matrices

The tensor product of these representations decomposes as

[1] ⊗ [2] ⊗ [3] = [6] + 2 [51] + 2 [42] + [411] + [33] + [321] (8.31)

The singlet components of the R-matrices are equal to

R_{(1⊗2)⊗3|6} = R_{(2⊗1)⊗3|6} = R_{3⊗(1⊗2)|6} = R_{3⊗(2⊗1)|6} = ( q^{κ3−κ2} ) = ( q^2 )

R_{(1⊗2)⊗3|411} = R_{(2⊗1)⊗3|411} = R_{3⊗(1⊗2)|411} = R_{3⊗(2⊗1)|411} = ( −q^{κ21−κ2} ) = ( −q^{−1} )

R_{(1⊗2)⊗3|33} = R_{(2⊗1)⊗3|33} = R_{3⊗(1⊗2)|33} = R_{3⊗(2⊗1)|33} = ( q^{κ3−κ2} ) = ( q^2 )

R_{(1⊗2)⊗3|321} = R_{(2⊗1)⊗3|321} = R_{3⊗(1⊗2)|321} = R_{3⊗(2⊗1)|321} = ( −q^{κ21−κ2} ) = ( −q^{−1} )

R_{(1⊗3)⊗2|6} = R_{(3⊗1)⊗2|6} = R_{2⊗(1⊗3)|6} = R_{2⊗(3⊗1)|6} = ( q^{κ4−κ3} ) = ( q^3 )

R_{(1⊗3)⊗2|411} = R_{(3⊗1)⊗2|411} = R_{2⊗(1⊗3)|411} = R_{2⊗(3⊗1)|411} = ( −q^{κ31−κ3} ) = ( −q^{−1} )

R_{(1⊗3)⊗2|33} = R_{(3⊗1)⊗2|33} = R_{2⊗(1⊗3)|33} = R_{2⊗(3⊗1)|33} = ( −q^{κ31−κ3} ) = ( −q^{−1} )

R_{(1⊗3)⊗2|321} = R_{(3⊗1)⊗2|321} = R_{2⊗(1⊗3)|321} = R_{2⊗(3⊗1)|321} = ( q^{κ31−κ3} ) = ( q^{−3} )

R_{(2⊗3)⊗1|6} = R_{(3⊗2)⊗1|6} = R_{1⊗(2⊗3)|6} = R_{1⊗(3⊗2)|6} = ( q^{κ5−κ2−κ3} ) = ( q^6 )

R_{(2⊗3)⊗1|411} = R_{(3⊗2)⊗1|411} = R_{1⊗(2⊗3)|411} = R_{1⊗(3⊗2)|411} = ( −q^{κ41−κ2−κ3} ) = ( −q )

R_{(2⊗3)⊗1|33} = R_{(3⊗2)⊗1|33} = R_{1⊗(2⊗3)|33} = R_{1⊗(3⊗2)|33} = ( q^{κ32−κ2−κ3} ) = ( q^{−2} )

R_{(2⊗3)⊗1|321} = R_{(3⊗2)⊗1|321} = R_{1⊗(2⊗3)|321} = R_{1⊗(3⊗2)|321} = ( q^{κ32−κ2−κ3} ) = ( q^{−2} )

(8.32)

The doublet components of the diagonal R-matrices are

R_{(1⊗2)⊗3|51} = R_{(1⊗2)⊗3|42} = R^†_{(2⊗1)⊗3|51} = R^†_{(2⊗1)⊗3|42} = ( q^{κ3−κ2} −q^{κ21−κ2} ) = ( q^2 −q^{−1} )

R_{(1⊗3)⊗2|51} = R_{(1⊗3)⊗2|42} = R^†_{(3⊗1)⊗2|51} = R^†_{(3⊗1)⊗2|42} = ( q^{κ4−κ3} −q^{κ31−κ3} ) = ( q^3 −q^{−1} )

R_{(2⊗3)⊗1|51} = R^†_{(3⊗2)⊗1|51} = ( q^{κ5−κ2−κ3} −q^{κ41−κ2−κ3} ) = ( q^6 −q )

R_{(2⊗3)⊗1|42} = R^†_{(3⊗2)⊗1|42} = ( q^{κ41−κ2−κ3} −q^{κ32−κ2−κ3} ) = ( q −q^2 )

(8.33)

The corresponding Racah matrices are

U_{1⊗2⊗3|51} = U_{3⊗2⊗1|51} =

1√_{[5]q}

√_{[2]q [6]q}

[3]_q [5]_q

√_{[2]q [6]q}

[3]_q [5]_q −

1√_{[5]q} , U1⊗2⊗3|42 = U3⊗2⊗1|42 = [2]_q

[3]_q

√_{[5]q}

[3]_q

√_{[5]q}

[3]_q −

[2]_q

[3]_q

U_{1⊗3⊗2|51} = U_{2⊗3⊗1|51} =

√_{[2]q}

[4]_q [5]_q

√_{[3]q [6]q}

[4]_q [5]_q

√_{[3]q [6]q}

[4]_q [5]_q −

√_{[2]q}

[4]_q [5]_q

, U_{1⊗3⊗2|42} = U_{2⊗3⊗1|42} =

√_{[2]q}

[3]_q [4]_q

√_{[2]q [5]q}

[3]_q [4]_q

√_{[2]q [5]q}

[3]_q [4]_q −

√_{[2]q}

[3]_q [4]_q

U_{2⊗1⊗3|51} = U_{3⊗1⊗2|51} =

√_{[2]q}

[4]_q

√_{[6]q}

[3]_q [4]_q

√_{[6]q}

[3]_q [4]_q −

√_{[2]q}

[4]_q

, U_{2⊗1⊗3|42} = U_{3⊗1⊗2|42} =

√_{[2]q}

[3]_q [4]_q

√_{[2]q [5]q}

[3]_q [4]_q

√_{[2]q [5]q}

[3]_q [4]_q −

√_{[2]q}

[3]_q [4]_q

(8.34)

This gives the following formulae for the doublet components of the non-diagonal R-matrices:

R_{3⊗(1⊗2)|51} = R^†_{3⊗(2⊗1)|51} = U_{3⊗1⊗2|51} ( q^2 −q^{−1} ) U^†_{3⊗2⊗1|51} = − √_{[2]q}

q^4

√_{[4]q [5]q}^q

√_{[3]q [6]q} √_{[4]q [5]q} √_{[3]q [6]q} √_{[4]q [5]q}^{q5}

√_{[2]q} √_{[4]q [5]q}

R_{3⊗(1⊗2)|42} = R^†_{3⊗(2⊗1)|42} = U_{3⊗1⊗2|42} ( q^2 −q^{−1} ) U^†_{3⊗2⊗1|42} = − √_{[2]q}

q^3

√_{[3]q [4]q}

√_{[2]q [5]q} √_{[3]q [4]q} q √_{[2]q [5]q} √_{[3]q [4]q}^{q4}

√_{[2]q} √_{[3]q [4]q}

R_{2⊗(1⊗3)|51} = R^†_{2⊗(3⊗1)|51} = U_{2⊗1⊗3|51} ( q^3 −q^{−1} ) U^†_{2⊗3⊗1|51} =

−^1_{q3} √_{[5]q}^{q2}

√_{[2]q [6]q} √_{[3]q [5]q} √_{[2]q [6]q} √_{[3]q [5]q}^{q5}√_{[5]q}

R_{2⊗(1⊗3)|42} = R^†_{2⊗(3⊗1)|42} = U_{2⊗1⊗3|42} ( q^3 −q^{−1} ) U^†_{2⊗3⊗1|42} = −^{1q2 [3]q} q √_{[5]q}

[3]_q q √_{[5]q}

[3]_q q^4 [3]_q

R_{1⊗(2⊗3)|51} = R^†_{1⊗(3⊗2)|51} = U_{1⊗2⊗3|51} ( q^6 −q ) U^†_{1⊗3⊗2|51} = − √_{[2]q} √_{[4]q}^{q4}

√_{[6]q} √_{[3]q [4]q}

q^3

√_{[6]q} √_{[3]q [4]4}^{q7}

√_{[2]q} √_{[4]q}

R_{1⊗(2⊗3)|42} = R^†_{1⊗(3⊗2)|42} = U_{1⊗2⊗3|42} ( q −q^2 ) U^†_{1⊗3⊗2|42} = − √_{[2]q} √_{q4[3]q [4]q}

√_{[2]q [5]q} √_{[3]q [4]q} √_{[2]q [5]q} q √_{[3]q [4]q}^{q3}

√_{[2]q} √_{[3]q [4]q}

(8.35)

Now, let us provide several examples of the computation of HOMFLY polynomials for the simplest 3-colored 3-strand links. The simplest nontrivial 3-strand braid corresponds to the Hopf link with the untangled unknot and has the braid word 11. There are 3! = 6 possible placements of three representations on the 3-strand braid which easily can be reduced to the 3 different links since each link of this type has two braid representations corresponding to the permutations of the R-matrices under the trace. The three remaining links correspond to the different choice of representation of the untangled unknot:

Tr R_{(1⊗2)⊗3}R_{(2⊗1)⊗3} = H^{T [2,2]}_{1⊗2} S^∗_3 Tr R_{(1⊗3)⊗2}R_{(3⊗1)⊗2} = H^{T [2,2]}_{1⊗3} S^∗_2 Tr R_{(2⊗3)⊗1}R_{(3⊗2)⊗1} = H^{T [2,2]}_{2⊗3} S^∗_1

(8.36)

It can be checked that the answer for the HOMFLY of the Hopf link on the r.h.s. obtained from the 3-strand calculations are the same as the ones obtained from the 2-strand calculations:

H^{T [2,2]}

1⊗2 = q^{κ3 −κ2} S^∗_3 + q^{κ21−κ2} S^∗_{21} = q^4S^∗_3 + q^{−2}S^∗_{21} H^{T [2,2]}

1⊗3 = q^{κ4 −κ3} S^∗_4 + q^{κ31−κ3} S^∗_{21} = q^6S^∗_4 + q^{−2}S^∗_{21} H^{T [2,2]}

2⊗3 = q^{κ5 −κ3−κ2} S^∗_5 + q^{κ41−κ3 −κ2} S^∗_{41} + q^{κ32 −κ3−κ2} S^∗_{32} = q^{12}S^∗_5 + q^2S^∗_{41} + q^{−4}S^∗_{32}

The next to the simplest example is the “Double Hopf” composite link represented by the braid σ_1σ_1σ_2σ_2. There are again six different placements of the representations on the braid with the three different HOMFLY:

Tr_{1⊗2⊗3} R_{1⊗(2⊗3)}R_{(1⊗3)⊗2}R_{(3⊗1)⊗2}R_{1⊗(3⊗2)} =

= Tr_{2⊗1⊗3} R_{2⊗(1⊗3)}R_{(2⊗3)⊗1}R_{(3⊗2)⊗1}R_{2⊗(3⊗1)} =

H^{T [2,2]}

2⊗3 H^{T [2,2]}_{1⊗3}

S^∗_3 Tr_{3⊗1⊗2} R_{3⊗(1⊗2)}R_{(3⊗2)⊗1}R_{(2⊗3)⊗1}R_{3⊗(2⊗1)} =

= Tr_{1⊗3⊗2} R_{1⊗(3⊗2)}R_{(1⊗2)⊗3}R_{(2⊗1)⊗3}R_{1⊗(2⊗3)} =

H^{T [2,2]}

1⊗2 H^{T [2,2]}_{2⊗3}

S^∗_2 Tr_{3⊗2⊗1} R_{3⊗(2⊗1)}R_{(3⊗1)⊗2}R_{(1⊗3)⊗2}R_{3⊗(1⊗2)} =

= Tr_{2⊗3⊗1} R_{2⊗(3⊗1)}R_{(2⊗1)⊗3}R_{(1⊗2)⊗3}R_{2⊗(1⊗3)} =

H^{T [2,2]}

1⊗2 H^{T [2,2]}_{1⊗3}

S^∗_1

(8.37)

It is known [98] that the HOMFLY of the composite knot or link is proportional to the product of its components which is indeed satisfied in this case.

The simplest prime 3-strand link is the torus link T [3, 3] = 6^3 with the braid word σ_1σ_2σ_1σ_2σ_1σ_2. The Reshetikhin-Turaev approach allows to find an answer not for the single link but for the whole series at the same time. In this case the series is T [3, 3n]. To compute these the eigenvalues of the following product are needed:

R ≡ R_{(1⊗2)⊗3}R_{2⊗(1⊗3)}R_{(2⊗3)⊗1}R_{3⊗(2⊗1)}R_{(3⊗1)⊗2}R_{1⊗(3⊗2)} (8.38)

Then coefficients in the character expansion of the HOMFLY are given by the n-th power of the corresponding eigenvalues of this product: H^{T [3,3n]} 1⊗2⊗3 = Tr1⊗2⊗3 R

n = q^{22n}S^∗_6 + 2q^{10n}S^∗_{51} + 2q^{2n}S^∗_{42} + q^{−2n}S^∗_{411} + q^{−2n}S^∗_{33} + q^{−8n}S^∗_{321} (8.39)

This answer is obviously invariant under the permutations of the representations on the strands since it corresponds to the cyclic permutation of the R-matrices under the trace.

The simplest non-torus 3-component 3-strand link is the Borromean rings 6^3_2 with the braid word σ^{−1}_1 σ_2σ^{−1}_1 σ_2σ^{−1}_1 σ_2. The answer can be obtained in the same way as for the T [3, 3]:

H^{632}_{1⊗2⊗3} = Tr_{1⊗2⊗3} R^{−1}_{(1⊗2)⊗3}R_{2⊗(1⊗3)}R^{−1}_{(2⊗3)⊗1}R_{3⊗(2⊗1)}R^{−1}_{(3⊗1)⊗2}R_{1⊗(3⊗2)} =

= S^∗_6 + ( −q^{12} + q^{10} + q^8 − q^4 − q^2 + 4 − q^{−2} − q^{−4} + q^{−8} + q^{−10} − q^{−12} ) S^∗_{51}+ + ( −q^{10} + q^8 + 2 q^6 − 2 q^4 − q^2 + 4 − q^{−2} − 2 q^{−4} + 2 q^{−6} + q^{−8} − q^{−10} ) S^∗_{42} + S^∗_{411} + S^∗_{33} + S^∗_{321} = = S^∗_3 (q^2 − 1)^2(q^4 − 1) ( (q^{15} − 2 q^{13} + q^9 + q^7 − q^5 − 2 q^3 + q)A^3+

+(−q^{17} + 2 q^{15} − 2 q^{11} + 2 q^7 + 3 q^5 − 2 q^3 − q + 2 q^{−1} + q^{−3} − q^{−5})A+ +(q^{13} − q^{11} − 2 q^9 + q^7 + 2 q^5 − 3 q^3 − 2 q + 2 q^{−3} − 2 q^{−7} + q^{−9})A^{−1}+ +(−q^7 + 2 q^5 + q^3 − q − q^{−1} + 2 q^{−5} − q^{−7})A^{−3}

(8.40)

The answer is again symmetric under the permutation of the representations.

The Borromean rings consists of 3 entangled unknots. Hence the factorization property [60], s.11 has to be

H^{632}_{1⊗2⊗3} S^∗_1 S^∗_2 S^∗_3 | | | | |_{q→1} = 1 (8.41)

This relation is indeed satisfied.

Calculations using the Cabling procedure

There are 6 different substitutions corresponding to the different colored crossings;

R_{(1⊗2)⊗3} = R^†_{(2⊗1)⊗3} −→ R_1R_2 R_{(1⊗3)⊗2} = R^†_{(3⊗1)⊗2} −→ R_1R_2R_3 R_{(2⊗3)⊗1} = R^†_{(3⊗2)⊗1} −→ R_2R_1R_3R_2R_4R_3 R_{1⊗(2⊗3)} = R^†_{1⊗(3⊗2)} −→ R_3R_2R_4R_3R_5R_4 R_{2⊗(1⊗3)} = R^†_{2⊗(3⊗1)} −→ R_3R_4R_5 R_{3⊗(1⊗2)} = R^†_{3⊗(2⊗1)} −→ R_4R_5

(8.42)

The inverse crossings are substituted by the same products of the inverted matrices. There are 6 projectors corresponding to the 3! = 6 permutations of the representations placed on the strands:

P_{1⊗2⊗3} =

1 + qR_2 1 + q^2 · 1 + qR_4 + qR_5 + qR_4R_5 + qR_5R_4 + q^2R_4R_5R_4 (1 + q^2)(1 + q^2 + q^4) P_{2⊗1⊗3} =

1 + qR_1 1 + q^2 · 1 + qR_4 + qR_5 + qR_4R_5 + qR_5R_4 + q^2R_4R_5R_4 (1 + q^2)(1 + q^2 + q^4) P_{1⊗3⊗2} =

1 + qR_5 1 + q^2 · 1 + qR_2 + qR_3 + qR_2R_3 + qR_3R_2 + q^2R_2R_3R_2 (1 + q^2)(1 + q^2 + q^4) P_{3⊗1⊗2} =

1 + qR_5 1 + q^2 · 1 + qR_1 + qR_2 + qR_1R_2 + qR_2R_1 + q^2R_1R_2R_1 (1 + q^2)(1 + q^2 + q^4) P_{2⊗3⊗1} =

1 + qR_1 1 + q^2 · 1 + qR_3 + qR_4 + qR_3R_4 + qR_4R_3 + q^2R_3R_4R_3 (1 + q^2)(1 + q^2 + q^4) P_{3⊗2⊗1} =

1 + qR_4 1 + q^2 · 1 + qR_1 + qR_2 + qR_1R_2 + qR_2R_1 + q^2R_1R_2R_1 (1 + q^2)(1 + q^2 + q^4)

(8.43)

Combining these relations all the HOMFLY for the multicolored 3-strand links in the representation [1]⊗[2]⊗[3] can be computed. The answers for the Hopf link with the untangled unknot are

Tr_16 P_{1⊗2⊗3}R_2R_1 · R_1R_2 = H^{T [2,2]}_{1⊗2} S^∗_3 Tr_16 P_{1⊗3⊗2}R_3R_2R_1 · R_1R_2R_3 = H^{T [2,2]}_{1⊗3} S^∗_2 Tr_16 P_{2⊗3⊗1}R_2R_1R_3R_2R_4R_3 · R_3R_4R_2R_3R_1R_2 = H^{T [2,2]}_{2⊗3} S^∗_1

(8.44)

for the “Double Hopf”:

Tr_16 P_{1⊗2⊗3}R_3R_2R_4R_3R_5R_4 · R_3R_2R_1 · R_1R_2R_3 · R_4R_5R_3R_4R_2R_3 =

= Tr_16 P_{2⊗1⊗3}R_5R_4R_3 · R_2R_1R_3R_2R_4R_3 · R_3R_4R_2R_3R_1R_2 · R_3R_4R_5 =

H^{T [2,2]}

2⊗3 H^{T [2,2]}_{1⊗3} S^∗_3

Tr_16 P_{3⊗1⊗2}R_4R_5 · R_3R_4R_2R_3R_1R_2 · R_2R_1R_3R_2R_4R_3 · R_4R_5 =

= Tr_16 P_{1⊗3⊗2}R_3R_2R_4R_3R_5R_4 · R_2R_1 · R_1R_2 · R_4R_5R_3R_4R_2R_3 =

H^{T [2,2]}

1⊗2 H^{T [2,2]}_{2⊗3} S^∗_2

Tr_16 P_{3⊗2⊗1}R_5R_4 · R_1R_2R_3 · R_3R_2R_1 · R_4R_5 =

= Tr_16 P_{2⊗3⊗1}R_3R_4R_5 · R_1R_2 · R_2R_1 · R_5R_4R_3 =

H^{T [2,2]}

1⊗2 H^{T [2,2]}_{1⊗3} S^∗_1

(8.45)

for the series of torus links: H^{T [3,3n]} 1⊗2⊗3 = Tr1^6 P1⊗2⊗3 ( R_2R_1 · R_5R_4R_3 · R_2R_1R_3R_2R_4R_3 · R_4R_5 · R_3R_2R_1 · R_4R_5R_3R_4R_2R_3 )_n = = q^{22n}S^∗_6 + 2q^{10n}S^∗_{51} + 2q^{2n}S^∗_{42} + q^{−2n}S^∗_{411} + q^{−2n}S^∗_{33} + q^{−8n}S^∗_{321} (8.46) and for the Borromean rings:

H^{632}_{1⊗2⊗3} = Tr_16 P_{1⊗2⊗3} R^{−1}_2 R^{−1}_1 · R_5R_4R_3 · R^{−1}_2 R^{−1}_1 R^{−1}_3 R^{−1}_2 R^{−1}_4 R^{−1}_3 · ·R_4R_5 · R^{−1}_3 R^{−1}_2 R^{−1}_1 · R_4R_5R_3R_4R_2R_3 = = S^∗_6 + (−q^{12} + q^{10} + q^8 − q^4 − q^2 + 4 − q^{−2} − q^{−4} + q^{−8} + q^{−10} − q^{−12})S^∗_{51}+ +(−q^{10} + q^8 + 2 q^6 − 2 q^4 − q^2 + 4 − q^{−2} − 2 q^{−4} + 2 q^{−6} + q^{−8} − q^{−10})S^∗_{42} + S^∗_{411} + S^∗_{33} + S^∗_{321}

(8.47)

In all these cases the results of these calculations give the same results as the calculations using the colored R-matrices.

9 Cabling procedure from the representation theory.

In the previous sections we described the cabling procedure with all the needed elements and provided some examples of calculations using this procedure but the procedure itself was so far considered as postulates. In the present section discuss why this cabling procedure should work from the representation theory point of view.

Since the existence of the cabling procedure arises not from the topology but from the representation theory it can also be used not only for the topological invariants, i.e. HOMFLY polynomials but also for the objects closely related with these but not topologically invariant themselves such as extended HOMFLY polynomials [84] and R-matrices.

In the representation theory the higher representations can be introduced with the help of two operations - the co-product that defines the action of the algebra operators on the tensor product of the representations and the decomposition of the tensor product of representations into the sum of irreducible ones. This is exactly what cabling approach does. Let us consider the 2-strand R-matrix corresponding to the crossing between the strands with the representations T_1 and T_2. We want to describe i using the fundamental R-matrices for the T_1 + T_2 strand braid. The corresponding cabling procedure can be schematically described with the following two steps:

• The colored R-matrix is substituted with the fundamental ones R_{T1 ⊗T2} −→ |T_2 |∏

i=1

|T_1|∏

j=1 R_{|T1|+i−j} (9.1)

• The projectors P_R are inserted

The first step is based on the statement that

R_1|T_1 |_{⊗1}|T_2| = |T_2|∏

i=1

|T_1|∏

j=1 R_{|T1|+i−j} (9.2)

that in turn relies on the definition of the coproduct for the R-matrices^{10} [99]-[101]

R_{(T1 ⊗T2)⊗T3} = (I_{T1} ⊗ R_{T2 ⊗T3} ) · (R_{T1 ⊗T3} ⊗ I_{T2} )

R_{T1 ⊗(T2⊗T3 )} = (R_{T1 ⊗T2} ⊗ I_{T3} ) · (I_{T2} ⊗ R_{T1 ⊗T3} )

(9.3)

where T_1, T_2 and T_2 are arbitrary representations, not necessary an irreducible ones.

The relation (9.2) follows from (9.3) by the induction, first |T_1| times applying the first of the relations (9.3)

R_1m+1_{⊗1} = R_{(1}m_{⊗1)⊗1} = (I_1m ⊗ R_{1⊗1}) · (R_1m_{⊗1} ⊗ I_1) = R_{m+1} (R_1m_{⊗1} ⊗ I_1) = m+1∏ i=1 R_{m−i+1} (9.4)

then applying |T_2| times the second of (9.3) in the similar way.

The non-triviality of the second step of the description of the cabling procedure is hidden in the definition of the projectors. This definition relies on the expansion of the tensor power of the e.g. fundamental representation into the irreducible ones 1^m = ∑ T ⊢1^m T , see s.4 for details. Once the projectors are defined, the second step of

(9.1) is based on the linear algebra identity

Tr_1|T_1|_{⊗1}|T_2| P_{T1} P_{T2} · (. . .) = Tr_{T1 ⊗T2} · (. . .) (9.5)

Summarizing the said above, the cabling procedure relies on the claim: the colored R-matrix is equal to the product of the fundamental ones and the projectors. In particular, this means that in the basis where the corresponding projectors are diagonal the cabling product of the fundamental R-matrices has to split into the colored blocks corresponding to the different irreducible representations. From the point of view of the Reshetikhin-Turaev formalism this is a nontrivial statement since it considers fundamental and colored R-matrices as two independent quantities defined via their eigenvalues.

The main technical obstacle here is the transition from the “standard” basis (3.4) where the form of the fundamental R-matrices is known to the basis

(1 ⊗ 1 ⊗ . . . ⊗ 1) ⊗ (1 ⊗ 1 ⊗ . . . 1) ⊗ . . . ⊗ (1 ⊗ 1 ⊗ . . . ⊗ 1) (9.6)

where the colored R-matrices should be defined. The Racah coefficients [97] describing this transition in the straightforward way are not known in general case. However the needed transition matrix can be found in a

10Note that there is the product of operators in the r.h.s, not a sum as there is for the algebra operators. This is due to the R-matrix being expressed through the exponent of the algebra operators.

number of cases. To avoid the problem of the transition between the bases one can instead try to diagonalize the projectors P_Q : 1 ⊗ 1 ⊗ . . . ⊗ (1 ⊗ 1 ⊗ . . . ⊗ 1) ⊗ . . . ⊗ 1 → 1 ⊗ 1 ⊗ . . . ⊗ Q ⊗ . . . ⊗ 1 (9.7) that are the known products of the fundamental R-matrices (see s.4 for the details). The fundamental R-matrices are also known explicitly (see s.3.3).

9.1 Colored R-matrices from the fundamental ones

As was described in s.3.3 fundamental R-matrices are built from the blocks of the sizes 1 × 1 and 2 × 2. Blocks 1 × 1 are just the eigenvalues ±q^{±1} while the blocks 2 × 2 has the form

b_k = − 1 q^k[k] √ [k − 1][k + 1] [k] √ [k − 1][k + 1] [k] q^k [k] (9.8)

and it can be diagonalized using √ [k − 1] [2][k] − √ [k + 1] [2][k] √ [k + 1] [2][k] √ [k − 1] [2][k]

(9.9)

Thus it is easy to diagonalize any particular fundamental R-matrix. This leads to a derivation of the R-matrices for the higher representations from the fundamental ones.

9.1.1 |Q| = 2 The colored R-matrices for the representations of the size 2 (i.e. representations [2] and [11]) are diagonal in the bases of the form (1 ⊗ 1) ⊗ (1 ⊗ 1) ⊗ (1 ⊗ 1) ⊗ . . . (9.10) In these bases all the projectors

P^{(j)}_2 : (1 ⊗ 1) ⊗ (1 ⊗ 1) . . . ⊗ (1 ⊗ 1) ⊗ . . . → (1 ⊗ 1) ⊗ (1 ⊗ 1) . . . ⊗ 2 ⊗ . . .

P^{(j)}_{11} : (1 ⊗ 1) ⊗ (1 ⊗ 1) . . . × (1 ⊗ 1) ⊗ . . . → (1 ⊗ 1) ⊗ (1 ⊗ 1) . . . ⊗ 11 ⊗ . . .

(9.11)

where j denotes the number of the projected pair of the fundamental representations are diagonal. Since (see ss.4)

P^{(j)}_2 = 1 + qR_{2j−1} 1 + q^2

, P^{(j)}_{11} = q^2 − qR_{2j−1} 1 + q^2

(9.12)

diagonalizing all the projectors P^{(j)}_{2,11} (what is equivalent to the diagonalizing all the P^{(j)}_2 ) means diagonalizing all the “odd” fundamental R_{2j−1}-matrices. This actually can be done since the only R matrices which do not commute are the adjacent ones R_i and R_{i+1}. For the form of the R-matrices described above it follows that when there is a block 2 × 2 in one of the matrices then in all the others there would be either two identical unitary blocks or the same 2 × 2 blocks.

9.1.2 |Q| = 3 The bases in which the R-matrices for the representations of the size 3 are diagonal look like

(1 ⊗ 1 ⊗ 1) ⊗ (1 ⊗ 1 ⊗ 1) ⊗ . . . × (1 ⊗ 1 ⊗ 1) (9.13)

In these bases all the projectors

P^{(j)}_3 : (1 ⊗ 1) ⊗ (1 ⊗ 1) . . . ⊗ (1 ⊗ 1) ⊗ . . . → (1 ⊗ 1) ⊗ (1 ⊗ 1) . . . ⊗ 2 ⊗ . . . P^{(j)}_{21} : (1 ⊗ 1) ⊗ (1 ⊗ 1) . . . ⊗ (1 ⊗ 1) ⊗ . . . → (1 ⊗ 1) ⊗ (1 ⊗ 1) . . . ⊗ 11 ⊗ . . . P^{(j)}_{111} : (1 ⊗ 1) ⊗ (1 ⊗ 1) . . . ⊗ (1 ⊗ 1) ⊗ . . . → (1 ⊗ 1) ⊗ (1 ⊗ 1) . . . ⊗ 11 ⊗ . . .

(9.14)

are diagonal. As will be described further it is enough to diagonalize only the projectors P^{(j)}_{21} . As follows from (4.29) the corresponding R-matrix expressions are

P^{(j)}_{21} =

(R_{3j−2} − R_{3j−1})^2 q^{−2} + 1 + q^2

(9.15)

The basis (9.13) is not well defined since there is an ambiguity in the choice of the bases in the two-dimensional spaces of the representations [21] coming from the expansion of the each bracket^{11} [1]⊗[1]⊗[1] = [3]+2 [21]+[111]. This ambiguity can be fixed by the definition of the order of multiplying the fundamental representations in each bracket (( (1 ⊗ 1) ⊗ 1 ) ⊗ ( (1 ⊗ 1) ⊗ 1 ) ⊗ . . . ) ⊗ ( (1 ⊗ 1) ⊗ 1 ) (9.16)

this means that additionally all the projectors

∗P^{(j)}_2 = 1 + qR_{3j−2} 1 + q^2

(9.17)

are diagonalized. The^∗P^{(j)}_2 can be diagonalized in the same way as the P^{(j)}_2 was in the previous section. Then the matrices of P^{(j)}_{21} in the obtained basis can be calculated. The non-diagonal elements in this matrix will appear only where there are unit or zero blocks in the already diagonalized projectors since P^{(j)}_{21} and^∗P^{(l)}_2 commute for any j and l. In the considered 6-strand case all the P^{(j)}_{21} consist of 2 ⊗ 2 blocks except for the single 3 × 3 block appearing several times in the component P^{(j)}_{21|321} corresponding to the representation [321]. Unlike the blocks in the fundamental R-matrices and the projectors on the representations of the size 2, the blocks in the projectors on the representations of the size 3 have no universal form. The explicit expressions are given in the appendix F.

9.2 The transposition operators in R and U-matrices.

The mixing matrices operators U can be defined in two ways. The first way is just to define them as the mixing matrices which just switch from the one basis (e.g. in which the R-matrix corresponding to the crossing between the first pair of strands is diagonal) to the other (e.g. in which the R-matrix corresponding to the crossing between the second pair of strands is diagonal). All the U-matrices described in s.8 are of this type. The approach which uses the mixing matrices of this type implies that the diagonal form of R-matrix is known irrespective to where it stands. Another way to define the U-operators is to say that there is also a permutation operator in it so that it changes the placement of the representations in the braid. We denote these matrices with the straight U. U-operators discussed in this section allows to define any R-matrix using only the diagonal R-matrices corresponding to the crossing of the first two strands.

If the operators U are considered then both R and U permute representations:

m = 2

T_1 ⊗ T_2 T_2 ⊗ T_1 R_{T1 T2}

11 There is also a general ambiguity in since the order of the multiplication of the brackets is not defined. In all cases we choose

the generalization of the standard basis (3.4) ((( (. . .) ⊗ (. . .) ) ⊗ (. . .) ) . . . ) ⊗ . . .

m = 3

(T_1 ⊗ T_2) ⊗ T_3 (T_2 ⊗ T_1) ⊗ T_3

T_3 ⊗ (T_2 ⊗ T_1) T_3 ⊗ (T_1 ⊗ T_2)

R_{(T1T2 )T3}

R_{T3 (T2T1 )}

U_{T1 T2T3} U_{T2 T1 T3}

R_{T3 (T2 T1)} = U_{T1 T2 T3} R_{(T1 T2)T3} U^†_{T2 T1T3} (9.18) here and further in the section m denotes the number of the strands.

Below we consider some particular examples and describe the form of the products of the fundamental R-matrices corresponding to the colored R-matrices.

9.3 |T | = 2, m = 2

In this case there is the single R-matrix which should be substituted according to (9.1) with the following product R_1 → R_1 ≡ R_2R_1R_3R_2 (9.19) The matrix R splits into the blocks corresponding to the colored R-matrices — R_{QQ}′ with |Q| = |Q^′| = 2 (here and further in the section the bold lines denote the symmetric representation and the dashed lines the antisymmetric one):

R_{2⊗2} ... .... ... .

R_{11⊗2} ... .... ... .

R_{2⊗11} ... .... ... . ... .... ... .

R_{11⊗11}

...... [2] [11]

If the matrix R is considered in the basis (1 ⊗ 1) ⊗ (1 ⊗ 1) then these four blocks can be seen in the matrix itself:

Q = [31]

R_{1|31} = −1 q^2 q^2 = q^{−2κ2} R_{2⊗2|31} q^{−κ2 −κ11} R_{2⊗11|31} q^{−κ2−κ11} R_{11⊗2|31} (9.20)

Q = [22]

R_{1|22} = 1 q^2

q^2 = ( q^{−2κ2} R_{2⊗2|22} q^{−2κ11} R_{11⊗11|22} ) (9.21)

9.4 |T | = 2, m = 3

For the 3-strand knots two different R-matrices are needed: R_1 → R_1 ≡ R_2R_1R_3R_2

R_2 → R_2 ≡ R_5R_3R_4R_5

(9.22)

The colored U mixing matrix also should be replaced with the product of the fundamental ones U. There are 8 various types of crossings corresponding to the each of the R-matrices:

R_{(2⊗2)⊗2}

........

R_{(2⊗2)⊗11}

.... ... ... .

R_{(2⊗11)⊗2}

.... ... ... .

R_{(11⊗2)⊗2}

.... ... ... . ........

R_{(2⊗11)⊗11}

.... ... ... . ........

R_{(11⊗2)⊗11}

.... ... ... . .... ... ... .

R_{(11⊗11)⊗2}

.... ... ... . .... ... ... . ........

R_{(11⊗11)⊗11}

R_{2⊗(2⊗2)} ... ... .... .

R_{2⊗(2⊗11)} ... ... .... .

R_{2⊗(11⊗2)}

.......

R_{11⊗(2⊗2)} ... ... .... . ... ... .... .

R_{2⊗(11⊗11)} ... ... .... . .......

R_{11⊗(2⊗11)} ... ... .... . .......

R_{11⊗(11⊗2)} ... ... .... . ... ... .... . .......

R_{11⊗(11⊗11)}

This gives 8 transitions described by the operator U:

U_{2⊗2⊗2}

... ... .... ... ... ... ... .... ... ... U_{2⊗2⊗11} ... ... .. ...... ..

U_{2⊗11⊗2}

... ... .... ... ... ... ... .... ... ..

U_{11⊗2⊗2}

... ... ... ... .... ... ....

. .... ... ... .... .. ...... ..

U_{2⊗11⊗11}

.... ... ... ....

..... ... .... ... .. .... ... ... ....

..... ... .... ... ..

U_{11⊗2⊗11}

.... ... ... .... .. .... . ... ... ... ... .... ... .... .

U_{11⊗11⊗2} ... ... ... ....

....... ... .... ... . ... ... .. ..... ... ... ... ..... ... ... ... ... ... ..

U_{11⊗11⊗11}

In the basis ( (1 ⊗ 1) ⊗ (1 ⊗ 1) ) ⊗ (1 ⊗ 1) the matrices R and U indeed have the block structure:

R_1 =

R_{(2⊗2)⊗2}

R_{(2⊗2)⊗11}

R_{(2⊗11)⊗2}

R_{(11⊗2)⊗2}

R_{(2⊗11)⊗11}

R_{(11⊗2)⊗11}

R_{(11⊗11)⊗2}

R_{(11⊗11)⊗11}

R_2 =

R_{2⊗(2⊗2)}

R_{2⊗(2⊗11)}

R_{2⊗(11⊗2)}

R_{11⊗(2⊗2)}

R_{2⊗(11⊗11)}

R_{11⊗(2⊗11)}

R_{11⊗(11⊗2)}

R_{11⊗(11⊗11)}

U =

U_{2⊗2⊗2} U_{11⊗2⊗2} U_{2⊗11⊗2} U_{2⊗2⊗11} U_{11⊗11⊗2}

U_{11⊗2⊗11}

U_{2⊗11⊗11}

U_{11⊗11⊗11}

This means that the equality R_2 = U R_1U^† can be split into separate parts

R_{2⊗(2⊗2)} = U_{2⊗2⊗2}R_{(2⊗2)⊗2}U^†_{2⊗2⊗2} R_{11⊗(11⊗11)} = U_{11⊗11⊗11}R_{(11⊗11)⊗11}U^†_{11⊗11⊗11}

R_{11⊗(2⊗2)} = U_{2⊗2⊗11}R_{(2⊗2)⊗11}U^†_{11⊗2⊗2} R_{2⊗(11⊗2)} = U_{2⊗11⊗2}R_{(2⊗11)⊗2}U^†_{2⊗11⊗2}

R_{2⊗(2⊗11)} = U_{11⊗2⊗2}R_{(11⊗2)⊗2}U^†_{2⊗11⊗11} R_{2⊗(11⊗11)} = U_{11⊗11⊗2}R_{(11⊗11)⊗2}U^†_{2⊗11⊗11}

R_{11⊗(2⊗11)} = U_{11⊗2⊗11}R_{(11⊗2)⊗11}U^†_{11⊗2⊗11} R_{22⊗(11⊗11)} = U_{11⊗11⊗2}R_{(11⊗11)⊗2}U^†_{2⊗11⊗11}

(9.23)

The explicit form of the blocks is given in the App.G.

9.5 |T | = 3, m = 2

Due to the technical complexity of the calculations we provide only the calculations for the 2-strand knots for the representations of the size 3. This case requires 2 · 3 = 6 strand calculations of the knots/links in the fundamental representation (and so do the 3-strand knots in the representations of the size 2). The basis which should be considered in this case is of the type (1 ⊗ 1 ⊗ 1) ⊗ (1 ⊗ 1 ⊗ 1).

According to (9.1) the single R-matrix should be substituted with the product of six fundamental R-matrices:

R_1 → R = R_3R_2R_1R_4R_3R_2R_5R_4R_3 (9.24)

This matrix decomposes into the blocks corresponding to the irreducible representations coming from the decomposition (1 ⊗ 1) ⊗ 1 = 3 + 21 + 21 + 111.

R = r_{3⊗111} r_{3⊗21}

r_{21⊗111} r_{21⊗21}

r_{3⊗111} = R3⊗3 R3⊗111 R111⊗3 R111⊗111 r3⊗21 = R3⊗21 R21⊗3 R_{3⊗21} R_{21⊗3}

r_{21⊗111} =

R111⊗21 R21⊗111 R_{111⊗21} R_{21⊗111} r21⊗21 = R21⊗21 R_{21⊗21} R_{21⊗21} R_{21⊗21}

(9.25)

The explicit form of the blocks is given in App.H.

10 Eigenvalue conjecture and cabling.

It was proposed in the paper [87] that there exists a certain relation between eigenvalues of R-matrix and the corresponding Racah-coefficients. The conjecture stated that when the 3-strand colored braids with the same representations on all the strands are studied the mixing matrices depend only on the somehow normalized eigenvalues of the R-matrix, which correspond to the representations, which they mix. Thus two mixing matrices in these cases coincide if and only if the corresponding “normalized” eigenvalues coincide. the hypothesis of the existence of such relation was called the Eigenvalue conjecture. The existence of such a conjecture can be explained within the cabling procedure.

10.1 Constraints on the R-matrix elements from the cabling procedure.

The existence of the cabling procedure implies that there are severe constraints on the form of the R-matrices. As was discussed in s.9 the cabling procedure in fact describes the fusion (co-product) rule for the R-matrices. This implies that the specific products of R-matrices should in certain bases split into blocks corresponding to the R-matrices in higher representations (see s.9 for examples). This means that in fact the co-product rule (9.3) can be considered as a set of constraints on the form of the R-matrices.

The simplest case where such constraints exist is the 3-strand R-matrices. On this case the following identity can be written: R_{x(xx)}R_{(xx)x} = ⨁ w⊢x⊗x R_{wx} ⨂ v≠w⊢x⊗x ~0_{vx} (10.1)

~0_{vx} is an operator which acts as zero from the space v ⊗ x to the space x ⊗ v. R-matrices in the r.h.s also act between the two different spaces: R_{wx} : w ⊗ x → x ⊗ w (10.2) R_{wx} becomes diagonal if the bases in the origin and the image are different and come from the corresponding tensor product decomposition:

R̂_{wz}Q = λ_QQ̃ (10.3)

where Q comes from the decomposition of w ⊗ x and Q̃ is its counterpart coming from the decomposition x ⊗ w. The formula (10.1) can also be generalized on the case of the three different representations:

R_{z(yx)}R_{(zx)y} = ⨁ w⊢z⊗y R_{wx} ⨂ v≠w⊢z⊗y ~0_{vx} (10.4)

Using the definition of the Racah matrices U_{xxx} (10.1) can be rewritten in the following form: U_{xxx}R_{(xx)x}U^†_{xxx}R_{(xx)x}U_{xxx} = diag ( R_{wx} ) w⊢x⊗x (10.5)

where the matrix in the r.h.s is the diagonalized R-matrix with the eigenvalues described by w. The relation (10.5) as always splits into the separate colored blocks, each one corresponding to the set of irreducible representations Q ⊢ x ⊗ x ⊗ x given by the same Young diagrams. We imply that all the identities in the present section are written for the separate colored blocks U_{xxx|Q} though the index Q is omitted. In particular, w in (10.5) runs not over all irreducible representations from the decomposition of x ⊗ x but only through those for which a certain Q appears in the decomposition of w ⊗ x.

If all element of the diagonal matrix R_{xx} are known, the system (10.5) gives a severe constraints on the form of the Racah matrix U and on the eigenvalues of the matrix R_{wx} for the representations w higher than x (i.e. |w| > |x|). Naively the system (10.5) is even overdefined since it imposes N^2 − N constraints on the off-diagonal elements at the l.h.s. while there are only^1_2 (N^2 − N) free parameters in the orthogonal matrix U. This contradiction is resolved since the Racah matrix U is not only orthogonal but also pseudosymmetric, i.e. satisfies U_{ij} = ±U_{ji}. As will be seen in particular examples, this results in reduction of the number of the independent equations in (10.5) to the number of the independent variables. We will treat the pseudosymmetric matrix U as an ansatz for the solution of (10.5). In fact it is enough to consider only the symmetric matrices since each pseudosymmetric solution U of (10.5) corresponds to the symmetric one^{12}.

10.2 U-matrix elements via R-matrix eigenvalues.

Let us sightly simplify (10.5) for the further analysis. From the relation (10.5) and from the orthogonal matrix property det U = ±1 it follows that ( det R_{(xx)x} )_2

= det R_{wx}. Hence, a direct substitution shows that (10.5) is still satisfied if the R-matrices are rescaled at the both sides as R → R (± det R)^{1/n}

(10.6)

where n is the size of the mixing block and the sign before the determinant is chosen so that the expression in the brackets is positive for q being the positive real (this choice slightly simplifies the formulae below). Then, (10.5) can be rewritten in the components as n∑ j,k=1 U_{ij} U_{jk}U_{lk}ξ_j ξ_k = δ_{il}η_i (10.7)

12If the matrix U is pseudosymmetric and the symmetric one can be constructed by multiplying it on the sign matrix σ then the symmetric solutions can be constructed from the pseudosymmetric by substituting U with Uσ in (10.5).

where ξ and η are the normalized eigenvalues introduced in [87]^{13} R_{(xx)x} (± det R)^{1/n} ≡ ( diag ξ_i )_n i=1 , diag ( R_{wx} ) w⊢x⊗x (± det R)^{1/n} ≡ ( diag η_i )_n i=1 (10.8)

The equations (10.7) together with the orthogonality condition n∑ k=1 U_{ik} U_{lk} = δ_{il} (10.9)

are the constraints the U-matrix should satisfy. At a first glance the explicit solution is not available since the obtained equations are highly non-linear. Yet, they can be reduced tot the linear form in some particular examples.

Since as ansatz the symmetric U has been taken one can try to express it via a symmetric linear projector P: U = 1 − 2P, P^2 = P P^† = P ⇒ U^2 = 1 U^† = U (10.10) The simplest possible form of the projector is

rank P = 1 ⇒ P = u_iu_j ⇒ U_{ij} = δ_{ij} − 2u_iu_j (10.11)

The substitution of (10.11) in (10.7) then gives

δ_{il}ξ^2_i − 2u_iu_l(ξ^2_l + ξ^2_i + ξ_iξ_l) + 4u_iu_l ( (ξ_i + ξ_l) n∑ j=1 u^2_j ξ_j + n∑ j=1 u^2_j ξ^2_j ) − 8u_iu_l( n∑ j=1 u^2_j ξ_j )^2 = δ_{ij} η_i (10.12)

For the off-diagonal components this gives

− (ξ^2_l + ξ^2_i + ξ_iξ_l) + 2

(ξ_i + ξ_l) n∑ j=1 u^2_j ξ_j + n∑ j=1 u^2_j ξ^2_j − 4 n∑ j=1 u^2_j ξ_j 2 = 0, i ≠ l (10.13)

The condition (10.10) then is provided by_n ∑ i=1 u^2_i = 1 (10.14)

The projector in the form (10.11) is the only possible choice for the mixing matrix blocks of the size n = 2. When n = 3 the projectors of the rank P = 2 can also be used which can be reduced to the previous case using the following relations

U = 1 − 2P = 2(P − 1) − 1, (1 − P)^2 = 1 − P, rank(1 − P) = n − rankP (10.15)

The explicit solutions for the U-matrix for n = 2, 3 will be calculated in ss.10.2.1, 10.2.2. For n ≥ 4 for the rankP = 1 the system (10.13,10.14) turns to be incompatible and rankP = 2 cannot be reduced to (10.11). Hence this ansatz do not provide an answer for n ≥ 4

Once the U-matrices are found the normalized eigenvalues η for the higher representation can be immediately defined from (10.12). Another way is to define η straight from (10.5) using the ansatz U^† = U. Indeed, denoting diag ( R_{wx} ) w⊢x⊗x ≡ R̃ URURU = R̃ ⇒ { URU = R̃UR^{−1} URU = R^{−1}UR̃ ⇒ R̃UR^{−1} − R^{−1}UR̃ = 0 (10.16)

If R and R̃ are rescaled according to (10.6) then the last equation rewritten in components gives

(ξ^{−1}_i η_j − ξ^{−1}_j η_i)U_{ij} = 0 (10.17)

wherefrom ξ_iη_i = C provided that U_{ij} ≠ 0 for all i, j (as it is for all known U-matrices). From the relation on the determinants from (10.5) it follows that C^3 = 1 and one can set C = 1 since the common phase factor is inessential for the definition of the normalized eigenvalues. Thus the normalized eigenvalues should satisfy

η_i = ξ^{−1}_i (10.18)

The same relation can be obtained from the general formula R_{xy|Q} = q^{κQ−κx−κy} (according to (3.1)).

13In [87] the normalized eigenvalues are denoted as ξ̃ while ξ is reserved for the ordinary eigenvalues. We on the other side use ξ for the normalized eigenvalues since the ordinary ones do not appear in our calculations.

10.2.1 2 × 2 mixing blocks Constraints (10.13, 10.14) provide two equations — the quadratic one and the linear one with respect to u^2_1 and u^2:

u^2_1ξ^4_1 + 2ξ_1ξ_2u^2_1u^2 + u^2ξ^4_2 − (2ξ^2_1 + ξ_1ξ_2)u^2_1 − (2ξ^2 + ξ_1ξ_2)u^2_1 + ξ + 1^2 + ξ_1ξ_2 + ξ + 2^2 = 0 u^2_1 + u^2 = 1 (10.19)

Eliminating u^2, one obtains ( (ξ_1 − ξ_2)u^2_1 − ξ_1

)_2 = 0 (10.20) Hence the system (10.13, 10.14) possesses the single solution rational w.r.t u^2_1 and u^2. Substitution of this solution to (10.10) yields the following U-matrix ( U_{11} U_{12} U_{12} −U_{11} ) = 1^ξ2^{−ξ}1

√_{ξ21 +1+ξ2}

ξ_1 −ξ_2

√_{ξ21 +1+ξ2}

ξ_1 −ξ_2 1 ξ_1 −ξ_2

(10.21)

what coincides with [87].

10.2.2 3 × 3 mixing blocks For n > 2 (10.13) provides not one but several relations (one per each off-diagonal element of the symmetric matrix) and the difference of any two of them gives a linear equation on u^2_i

− (ξ^2_l − ξ^2_m + ξ_i(ξ_l − ξ_m)) + 2(ξ_l − ξ_m) n∑ j=1 u^2_j ξ_j = 0, i ≠ l ≠ m (10.22)

For n = 3 (10.22) provides 3 different equations which factorize as

i = 1, l = 2, m = 3 (ξ_2 − ξ_3)(ξ_1u^2_1 + ξ_2u^2 + ξ_3u^2_3 − ξ_1 − ξ_2 − ξ_3) = 0 i = 2, l = 1, m = 3 (ξ_1 − ξ_3)(ξ_1u^2_1 + ξ_2u^2 + ξ_3u^2_3 − ξ_1 − ξ_2 − ξ_3) = 0 i = 3, l = 1, m = 2 (ξ_2 − ξ_3)(ξ_1u^2_1 + ξ_2u^2 + ξ_3u^2_3 − ξ_1 − ξ_2 − ξ_3) = 0

(10.23)

All of them have the same factor which depend on u — the second one. This factor is linear in u^2_1, u^2 and u^2_3 as well as (10.14), which for n = 3 looks like:

u^2_1 + u^2 + u^2_3 = 1 (10.24)

Expressing u^2 and u^2_3 from (10.23,10.24) and substituting them into (10.13), say, for i = 1, l = 2, gives

ξ^2_1 u^4_1 + ξ^2 u^4_2 + ξ^2_3 u^4_3 + 2ξ_1ξ_2u^2_1u^2 + 2ξ_1ξ_3u^2_1u^2_3 + 2ξ_2ξ_3u^2u^2_3 − (2ξ^2_1 + ξ_1ξ_2)u^2_1− −(2ξ^2 + ξ_1ξ_2)u^2 − (ξ^2_3 + ξ_1ξ_3 + ξ_2ξ_3)u^2_3 + (ξ^2_1 + ξ^2 + ξ_1ξ_2) = 0 (10.25)

This leads to a linear equation on u^2_1:

(ξ^2_1 − ξ_1ξ_2 − ξ_1ξ_3 + ξ_2ξ_3)u^2_1 − ξ^2_1 = 0 (10.26)

The solutions of this equation as well as the ones for u^2 and u^2_3 after the substitution in (10.10) reproduce the formula from [87] for the 3 × 3 mixing block:

U_{11} = − ξ_1(ξ_2 + ξ_3) (ξ_1 − ξ_2)(ξ_1 − ξ_3)

U_{22} = − ξ_2(ξ_1 + ξ_3) (ξ_2 − ξ_1)(ξ_2 − ξ_3)

U_{33} = − ξ_3(ξ_1 + ξ_2) (ξ_3 − ξ_1)(ξ_3 − ξ_2)

U^2_{12} = −

(ξ^2_1 − 1)(ξ^2 − 1) ξ_1ξ_2(ξ_1 − ξ_2)^2(ξ_1 − ξ_3)(ξ_2 − ξ_3)

U^2_{23} = −

(ξ^2 − 1)(ξ^2_3 − 1) ξ_2ξ_3(ξ_2 − ξ_3)^2(ξ_3 − ξ_2)(ξ_3 − ξ_1)

U^2_{13} = −

(ξ^2_1 − 1)(ξ^2_3 − 1) ξ_1ξ_3(ξ_1 − ξ_3)^2(ξ_1 − ξ_2)(ξ_3 − ξ_2)

(10.27)

10.3 Eigenvalue conjecture for the different representations

Using the methods discussed in s.10.1 one can try to generalize the eigenvalue conjecture on the cases with different representations. This generalization can potentially lead to the possibility of using the Reshetikhin- Turaev straightforwardly to calculate colored links. Our generalization of the eigenvalue conjecture, which we illustrate below, is:

The mixing matrices of the multicolored braid are completely defined by the normalized eigenvalues of all the R-matrices which can appear in this braid.

10.3.1 2 Different representations

Each of the mixing matrices U_{QSQ} and U_{QQS} = U^†_{SQQ} is expressed through the two sets of the normalized eigenvalues: that of R_{QQ} and that of R_{SQ}. For these matrices two relations, instead of one (10.5) can be constructed U_{xyx}R_{(yx)x}U_{xxy}R_{(xx)y}U_{xxy} = R_{wx} U_{xxy}R_{(xy)x}U_{xyx}R_{(xy)x}U_{yxx} = R_{wy} (10.28) but the first of them is enough to define both mixing matrices and the eigenvalues of the corresponding matrix in the r.h.s.

2 × 2 mixing blocks

After the exact matrix forms of R and U are substituted in (10.28) one gets ( −c_x s_x s_x c_x ) ( ξ_{yx} −ξ^{−1}_{yx} ) ( −c_y s_y s_y c_y ) ( ξ_{yy} −ξ^{−1}_{yy} ) ( −c_y s_y s_y c_y ) = ( ξ_{wy} −ξ^{−1}_{wy} )

( −c_y s_y s_y c_y ) ( ξ_{xy} −ξ^{−1}_{xy} ) ( −c_x s_x s_x c_x ) ( ξ_{yx} −ξ^{−1}_{yx} ) ( −c_y s_y s_y c_y ) = ( ξ_{wx} −ξ^{−1}_{wx} ) (10.29)

The solution of this system is quite simple:

• The compatibility condition on the off-diagonal components of the first equation can be reduced to the equation, linear w.r.t. c^2_y and s^2_y = 1 − c^2_y. From this equation c^2_y can be found.

• After c^2_y is evaluated, c_x, s_x can be found as the solutions of the obtained degenerate system.

• Substituting the obtained c^2_x and c^2_y back into (10.28) one can obtain ξ_{xx} and ξ_{xy}.

The solutions constructed in this way are

c^2_x =

(ξ^2_{xx} − ξ^4_{xy}) (1 − ξ^4_{xy})(1 + ξ^2_{xx}) s^2_x =

(1 − ξ^2_{xx}ξ^4_{xy}) (1 − ξ^4_{xy})(1 + ξ^2_{xx})

c^2_y = ξ^2_{xy}(1 − ξ^2_{xx})^2 ξ^2_{xx}(1 − ξ^4_{yx})^2 s^2_y =

(ξ^2_{xx} − ξ^4_{yx})(1 − ξ^4_{xy}ξ^2_{xx}) ξ^2_{xx}(1 − ξ^4_{yx})^2 ξ_{wx} = − 1 ξ_{yx} ξ_{wy} = − 1 ξ_{xx}

(10.30)

10.3.2 3 Different representations.

In this case each of the mixing matrices U_{zxy} = U^†_{yxz}, U_{xzy} = U^†_{yxz} and U_{zyx} = U^†_{xyz} is expressed through the three sets of the normalized eigenvalues: that of R_{yz} , that of R_{xz} and that of R_{yx}.

2 × 2 mixing blocks

In this case there are three equations instead of one (10.5): U_{xyz}R_{(yz)x}U_{xzy}R_{(xz)y}U_{zxy} = R_{wz} U_{xzy}R_{(zy)x}U_{xyz}R_{(xy)z}U_{yxz} = R_{wy} U_{zyx}R_{(yx)z}U_{zxy}R_{(zx)y}U_{xzy} = R_{wx} (10.31)

In fact any two of them are enough to define all the mixing matrices and the eigenvalues of the corresponding matrices in the r.h.s. The equations (10.31) (e.g. the first one) has the form ( −c_y s_y s_y c_y ) ( ξ_{zy} −ξ^{−1}_{zy} ) ( −c_z s_z s_z c_z ) ( ξ_{xz} −ξ^{−1}_{xz} ) ( −c_x s_x s_x c_x ) = ( ξ_{wz} −ξ^{−1}_{wz} ) (10.32)

There are four equations on the off-diagonal components of two of the equations in the system (10.31). The solutions of this system can be constructed by studying the compatibility conditions (which can be reduced to the linear equations on the squares of the parameters of mixing matrices) of these four equations:

c^2_z =

(ξ^2_{xz} − ξ^2_{xy}ξ^2_{zy} )(ξ^2_{zy} − ξ^2_{xz}ξ^2_{xy}) ξ^2_{xy}(1 − ξ^4_{zy} )(1 − ξ^4_{xz} ) s^2_z =

(ξ^2_{xy} − ξ^2_{xz}ξ^2_{zy})(1 − ξ^2_{zy}ξ^2_{xz}ξ^2_{xy}) ξ^2_{xy}(1 − ξ^4_{zy})(1 − ξ^4_{xz} ) ξ_{wz} = − 1 ξ_{yx} (10.33)

The signs in (10.33) can be restored by substituting them in (10.32).

10.4 Blocks in the non-diagonal R-matrices

The approach used in ss.10.1-10.3 can also be used to define the form of the blocks in the R-matrices, discussed in s.3.2. If z = R^{m−1}, x = R and y = R are substituted in eq.(10.4) should be considered and the fact that the matrix R_xm_{⊗x}R_{x⊗x}m = ⨁ w⊢x^m ( R_{wx}R_{xw} ) (10.34)

is diagonal in the standard basis (3.4) should be used. Then it can be induced from the co-product rule (9.3) that

diag ( R^2_{ux|w} ) w⊢u⊗x w⊗x⊣Q = R_xm+1_{⊗x}R_{x⊗x}m+1 = R_xm_{⊗(x⊗x)}R_{(x}m_{⊗x)⊗x}R_{(x⊗x}m_{)⊗x}R_xm_{⊗(x⊗x)} = = R_xm_{⊗(x⊗x)}diag ( R^2_{wx|Q} ) w⊢u⊗x w⊗x⊣Q R_xm_{⊗(x⊗x)} (10.35)

here u is an irreducible representation such that u ⊢ x^{m−1} and Q ⊢ u ⊗ x^2. Different u never appear in the same mixing block due to the properties of R-matrices. The size n of the mixing block equals to the number of w that satisfy w ⊢ u ⊗ x and w ⊗ x ⊣ Q. In the following we will define the form of the blocks in the non-diagonal R matrices explicitly in two cases where the mixing blocks are of the size n = 2 using (10.35). These cases are the fundamental representation case x = □ and the case where the representations x, u, Q and hence all w are described by the hook diagrams.

Introducing the notations r_{11}, r_{12} and r_{22} for the elements of the unknown block and λ_1 and λ_2 for the corresponding eigenvalues of R_{ux|w} the equation (10.35) for the 2 × 2 mixing block can be rewritten in the following form: ( r_{11} r_{12} r_{12} r_{22} ) ( λ^2_1 0 0 λ^2 ) ( r_{11} r_{12} r_{12} r_{22} ) = (~ λ^2_1 0 0 λ̃^2 ) (10.36)

The equations on the off-diagonal elements can be written in the following form:

r_{12}(λ^2_1r_{11} + λ^2r_{22}) = 0 (10.37)

Also the following property of the 2 × 2 matrix is needed:

r_{11} + r_{22} = μ_1 + μ_2

r_{11}r_{22} − r^2_{12} = μ_1μ_2

where μ_1 and μ_2 are the eigenvalues of the non-diagonal block which are supposed to be known. The solutions of these equations are

r_{11} = −

(μ_1 + μ_2)λ^2 λ^2_1 − λ^2 r_{22} = −

(μ_1 + μ_2)λ^2_1

λ^2_1 − λ^2 r^2_{12} =

(μ_1λ^2_1 + μ_2λ^2)(μ_1λ^2 + μ_2λ^2_1) (λ^2_1 − λ^2)^2

(10.38)

The fundamental representation

In the x = □ case Q is u with the pair of the added cells (i_1, j_1) and (i_2, j_2) hence there are two w obtained from u by the addition either of one or of the other of the two cells. According to the general formula (3.1):

μ_1 = q, μ_2 = −q^{−1}, λ_{1,2} = q^{κw1,2 −κu} = q^{j1,2 −i1,2} (10.39)

The substitution of (10.39) into (10.38) gives the formula for the fundamental R-matrix blocks from the section s.3.2

R_1m_{⊗(1⊗1)|Q} = − q − q^{−1} q^n(q^n − q^{−n}) √ (q^{n+1} − q^{−n−1}) (q^{n−1} − q^{1−n}) q^n − q^{−n} √ (q^{n+1} − q^{−n−1}) (q^{n−1} − q^{1−n}) q^n − q^{−n} q^n ( q − q^{−1} ) q^n − q^{−n} Q = w_1 ∪ (i_1, j_1) = w_2 ∪ (i_2, j_2), n = j_2 − i_2 + j_1 − i_1

(10.40)

Hook representations.

If representations x and u are the hook ones

x = [r_1, 1^{s1} ], u = [r_2, 1^{s2} ] (10.41)

then there are only three possible hook representations Q since

[r_2, 1^{s2} ] × [r_1, 1^{s1} ] × [r_1, 1^{s1} ] = = ( [r_2 + r_1, 1^{s2+s1} ] + [r_2 + r_1 − 1, 1^{s2+s1 +1}] + not one-hook ) × [r_1, 1^{s1} ] = = [2r_1 + r_2, 1^{2s1+s2} ] + 2[2r_1 + r_2 − 1, 1^{2s1+s2 +1}] + [2r_1 + r_2 − 2, 1^{2s1+s2+2}] + not one-hook

(10.42)

These three possibilities are:

Q = [2r_1 + r_2, 1^{2s1+s2} ], Q = [2r_1 + r_2 − 1, 1^{2s1+s2 +1}], Q = [2r_1 + r_2 − 2, 1^{2s1+s2 +2}] (10.43)

where the first and the last one are the singlets and the second one is a doublet with the intermediate representations being w_1 = [r_1 + r_2, 1^{s1+s2} ], w_2 = [r_1 + r_2 − 1, 1^{s1+s2+1}] (10.44) Since a path that ends at the hook representation Q goes only through the hook representations, the relevant block of the matrix R_xm_{⊗x⊗x} corresponds to one of the two representations y from the decomposition of x ⊗ x:

y_1 = [2r_1, 1^{2s1} ], y_2 = [2r_1 − 1, 1^{2s1+1}] (10.45)

The eigenvalues in (10.38) are given by (3.1):

μ_1 = q^{κy1 −κx} = q^{r1 (2r1−1)−s1(2s1 +1)} ≡ q^{r1+s1} μ, μ_2 = −q^{κy2 −κx} = −q^{−r1−s1} μ λ_1 = q^{κw1 −κu} ≡ q^{r2+s2} λ, λ_2 = q^{κw2 −κu} = q^{−r2 −s2} λ (10.46)

Substituting these eigenvalues in (10.38) one gets the blocks of the form: R_xm_{⊗(x⊗x)|Q} = q^{2r1(r1−1)−2s1 (s1 +1)} bullet

• − q^r − q^{−r} q^{rn}(q^{rn} − q^{−rn}) √ (q^{rn+r} − q^{−rn−r}) (q^{rn−r} − q^{r−rn}) q^{rn} − q^{−rn} √ (q^{rn+r} − q^{−rn−r}) (q^{rn−r} − q^{r−rn}) q^{rn} − q^{−rn} q^{rn}(q^r − q^{−r}) q^{rn} − q^{−rn} x = [r_1, 1^{s1} ], w_1 = [r_1 + r_2, 1^{s1+s2} ], w_2 = [r_1 + r_2 − 1, 1^{s1+s2+1}]

Q = [2r_1 + r_2 − 1, 1^{2s1+s2 +1}], n = s_2 − r_2 + 1, r = r_1 + s_1

(10.47)

11 Special polynomials

Special polynomials describe the double scaling limit of the HOMFLY polynomial with the large N and small ℏ. One can try to study the limit of HOMFLY polynomials in q → 1 and A = q^N = const. The whole expansion in this limit is called a genus expansion [94], [95]. But here we are more interested in the zero-order term of this expansion which is called Special polynomial [60].

σ^K_Q (A) = H^K_Q (A = q^N = const, q = 1) (11.1)

The behavior of the colored special polynomials in this limit is called the factorization property. This property obtained in [60] and studied in [94],[95],[102]-[105] describes the connections between fundamental and colored special polynomials: σ^K_Q = σ^{K|Q|}_1 = ( σ^K_q )_{|Q|} (11.2)

This property follows from the basic properties of HOMFLY polynomials i.e. skein-relations (4), the possibility to apply cabling procedure, the factorization of HOMFLY polynomial for the untied collection of knots and the theorem that the fundamental unreduced (not divided on the unknot) HOMFLY of the n-component link diverges in the q → 1 limit as (q − q^{−1})^{−n} [19].

From the cabling property it follows that the colored HOMFLY polynomial in representation Q diverges in the limit q → 1 as the |Q|-component link, i.e. as (q − q^{−1})^{−n}. Indeed there cannot be more than |Q| components and there is always a term with |Q| components in the cabling for the representation Q, thus σ^K_Q ∼ σ^{K|Q|}_1 Then in the q → 1 limit using the skein relations the |Q|-component link can be transformed into the |Q|-untangled components. Indeed if the skein relations are applied to the crossing of two different components then the term corresponding to the resoled crossing reduces the number of components by one and thus diverges as (q − q; −1])^{−|Q|+2}, thus σ^{K|Q|}_1 ∼ ( σ^K_q )_{|Q|} . If the vertical framing of the knot is used then there is no A is the skein relations thus the second part of (11.2) is exact. Thus the we proved that in (11.2) σ^K_Q is

equal to ( σ^K_q )_{|Q|} . 12 Alexander polynomials

Alexander polynomials is a A = 1 limit of the HOMFLY polynomials

A^K_Q(q) = H^K_Q (A = q^N = 1, q = const) (12.1)

The is a hypothesis concerning the colored behavior of the Alexander polynomial but it is valid only for the particular class of representations Q - the hook diagrams. This hypothesis claims that

A^K_Q(q) = A^K_1 (q^{|Q|}) (12.2)

The proof of this fact in the case of hook diagrams can be made using the methods described in s.3. The answers for the R-matrices presented in that section can be generalized on the hook diagrams. On the limit A → 1 the only term in the Schur polynomials that matter is ( A − A^{−1} ) . The power of this term in S^∗_Q is equal to the number of hooks in the diagram Q. This means that if one studies the Alexander polynomials in the representation with the hook diagram [r, 1^s] then all the diagrams which are not the hook ones vanish from the answer for the reduced HOMFLY polynomial in the A → 1 limit. All the remaining R-matrices consist of at most 2 × 2 blocks like in fundamental case as was described in s.10. These blocks has the form (10.47) and it can be easily checked that and it is straightforward to check that they satisfy:

R^i_□^{q→qr+s}−→ R^i_{[r,1}s_] (12.3)

This means that the property (12.2) is satisfied for the coefficients h in the character expansion (1.10). It can be checked that the characters themselves in the limit A → 1 also satisfy the needed relation, Hence the Alexander polynomials should also satisfy the relation (12.2).

13 Conclusion

In the present paper we studied the method of evaluating the colored HOMFLY polynomials via the fundamental ones. This method is called the cabling procedure and it consists of three steps. The first step is to construct the cabled knot from the initial one. It is quite simple and can be described by the simple picture (see s.2). The second step is to find the projector which describes which combination of the fundamental HOMFLY polynomials compose the colored one. The third step is to evaluate the fundamental HOMFLY polynomials.

To evaluate the fundamental HOMFLY polynomials using the Reshetikhin-Turaev approach (the one which we studied) the fundamental R-matrices are needed. Their matrix form can be constructed using quite simple paths construction provided in s.3. These answers in principle allow to construct the fundamental HOMFLY polynomial of any knot. The main problem is the calculational difficulty of the evaluation of the knot polynomials which increases rapidly with increasing the number of strands in the braid representing the knot.

The paths description allows also to construct the matrix form of the projectors on any representation (see s.4). Though this matrix form describes only the projector on the first cable it is enough to evaluate in principle the HOMFLY polynomial in any representation of any knot. The main problem is again computational difficulties. Since the cabling procedure implies that the HOMFLY polynomials in representation Q are expressed through the fundamental ones for the knots with |Q| times more strands in the braid representation the difficulties are much more severe for the colored HOMFLY polynomials. At the moment the explicit calculation can be done up to the 12 strands in the braid. This allows to evaluate colored HOMFLY in various representations for a number of knots and links. The answers are listed in the app.C-E.

We also discussed the group theory description of the cabling procedure. This description allows to derive the form of the fundamental R-matrices described in s.3. Other deductions of the cabling procedure include explanations of the conjectures stated in the previous papers — the eigenvalue conjecture [87] and the dependence of the Alexander and special polynomials on the representation [60].

Though there is a principal method to construct any colored HOMFLY polynomial a lot of studies remain to be done. The internal structure of the HOMFLY polynomials in different representations for different knots can be constructed. There are several examples for which the general formula (or at least more general than just one particular HOMFLY polynomial) is already known such as torus knots [57]-[60], twist knots [86],[48],[92]. But there are much more examples which are completely mysterious. Obtaining the general formulas for these series would be very helpful not only for the exploring of HOMFLY polynomials but also for the studies of some adjacent topics like difference equations and τ-functions [69]-[75], [83],[94],[95], superpolynomials [53]-[56], [60]-[68] and Khovanov homologies [106]-[112].

For the sake of obtaining the general formulae for HOMFLY polynomials the eigenvalue conjecture [87] may turn very fruitful. This conjecture in fact implies that HOMFLY polynomial is fully described in terms of R-matrix eigenvalues though the straightforward expression [84] involves several R-matrices which do not commute. The cabling description of the eigenvalue conjecture (s.10) gives a possible tool for the further studies in this direction.

Another direction of studies is complexification of the topology of space (see e.g. [98] and references therein). Nearly all the known answers represent the theories on the S^3 manifold and almost nothing is known even about the next in simplicity case of S^1 × S^2.

Acknowledgements

The authors would like to thank G.Aminov, I.Danilenko, D.Diakonov, H.Itoyama, P.Dunin-Barkowsky, A.Mironov, A.Morozov, A.Popolitov, A.Sleptsov, D.Vasiliev, Ye.Zenkevich and all the participants of the ITEP weekly seminars for the very useful discussions and criticism. The authors are also indebted to S.Arthamonov for the help with the calculations. Our work is partly supported by Ministry of Education and Science of the Russian Federation under contract 8498, by NSh-3349.2012.2, by RFBR grant 12-02-31078 young a, by joint grants 12-02-92108-Yaf-a (An.Mor.) and 13-02-91371-ST-a and by the Dynasty Foundation (An.Mor.).

References

[1] W.Ehrenberg, R.E.Siday, Proceedings of the Physical Society B62 (1949) 821

[2] Y.Aharonov; D.Bohm,Physical Review 115 (1959) 485491

[3] The Uses of Instantons, by Sidney Coleman in Proc. Int. School of Subnuclear Physics, (Erice, 1977)

[4] V.Rubakov, Classical Theory of Gauge fields, Princeton University Press 2002

[5] A.M.Polyakov, Nucl.Phys.B, 1977, v. 120, p. 429

[6] N.Seiberg, E.Witten, arXiv:hep-th/9407087, Nucl.Phys.B426:19-52,1994;

[7] N.Seiberg, E.Witten, arXiv:hep-th/9408099, Nucl.Phys.B431:484-550,1994 [8] A.A.Belavin, A.M.Polyakov, A.B.Zamolodchikov, Nuclear Physics B241(2), 333-380 [9] M.F.Atiyah, New invariants of three and four dimensional manifolds, in The Mathematical Heritage of Herman Weyl, Proc. Symp. Pure Math., 48, American Math. Soc. (1988), 285-299 [10] M.A. Semenov-Tyan-Shanskij, Mat. Ind. Steklov (LOMI) 37 (1973) 53; and Izv. Akad. Nauk. 40 (1976) 562 [11] J.J. Duistermaat and G.J. Heckman, Inv. Math. 69 (1982) 259; and ibid 72 (1983)153 [12] A. Hietamhki, A. Yu. Morozov, A. J. Niemi and K. Palo, Phys. Lett. B263 (1991), 417 [13] Michael E. Peskin und Daniel V. Schroeder: An Introduction to Quantum Field Theory. Addison-Wesley, Reading 1995 [14] S.-S.Chern and J.Simons, Ann.Math. 99 (1974) 48-69 [15] E.Witten, Comm.Math.Phys. 121 (1989) 351 [16] Louis H. Kauffman, The Interface of Knots and Physics, AMS, 1996 [17] P.Freyd, D.Yetter, J.Hoste, W.B.R.Lickorish, K.Millet, A.Ocneanu, Bull. AMS. 12 (1985) 239 [18] J.H.Przytycki and K.P.Traczyk, Kobe J. Math. 4 (1987) 115-139 [19] W. B. R Lickorish and K. C. Millett, A polynomial invariant of oriented links, Topology 26 (1987)107 [20] Knot Atlas at http://katlas.org/wiki/Main Page (by D.Bar-Natan) [21] A.Morozov and A.Rosly, 1991, unpublished [22] A.Morozov and A.Smirnov, Nucl.Phys. B835 (2010) 284-313, arXiv:1001.2003 [23] A.Smirnov, hep-th/0910.5011, Proceedings of International School of Subnuclar Phys. in Erice, Italy, 2009 [24] D.Galakhov, A.Mironov, A.Morozov and A.Smirnov, arXiv:1104.2589 [25] R. Kirby and P. Melvin, Invent. Math. 105 (1991), no.1, 1432-1297 [26] M.Alvarez, J.M.F.Labastida and E.Perez, Nucl.Phys. B488 (1997) 677-718, arXiv:hep-th/9607030 [27] J.M.F.Labastida and E.Perez, J.Math.Phys. 39 (1998) 5183-5198, arXiv:hep-th/9710176 [28] R.Gopakumar and C.Vafa, Adv.Theor.Math.Phys. 3 (1999) 1415-1443, hep-th/9811131 [29] H.Ooguri and C.Vafa, Nucl.Phys. B577 (2000) 419-438, hep-th/9912123; [30] J.Labastida, M.Mariño, Comm.Math.Phys. 217 (2001) 423-449, hep-th/0004196; math/010418 [31] M.Marino and C.Vafa, arXiv:hep-th/0108064 [32] M.Marino, arXiv:1001.2542 [33] M.Marino, arXiv:1206.6272 [34] G.Moore and N.Seiberg, Phys.Lett. B220 (1989) 422 [35] V.Fock and Ya.I.Kogan, Mod.Phys.Lett. A5 (1990) 1365-1372 [36] J.M.F.Labastida and A.V.Ramallo, Phys.Lett. B227 (1989) 92; Nucl.Phys.Proc.Suppl. 16 (1990) 594-596 [37] L.Alvarez-Gaume, C.Gomez and G.Sierra, Phys.Lett. B220 (1989) 142-152; [38] A.S.Schwarz, Comm. Math. Phys. 67:1, 1979 [39] V.F.R.Jones, Bull.AMS 12 (1985) 103 [40] V.F.R.Jones, Ann.Math. 126 (1987) 335

[41] L.Kauffman, Topology 26 (1987) 395 [42] R. K. Kaul, Commun.Math.Phys. 162 (1994) 289-320, arXiv:hep-th/9305032 [43] R.K.Kaul and T.R.Govindarajan, Nucl.Phys. B380 (1992) 293-336, hep-th/9111063 [44] P.Ramadevi, T.R.Govindarajan and R.K.Kaul, Nucl.Phys. B402 (1993) 548-566, hep-th/9212110; [45] P. Ramadevi, T.R. Govindarajan, R.K. Kaul, Nucl.Phys. B422 (1994) 291-306, hep-th/9312215 [46] P.Ramadevi and T.Sarkar, Nucl.Phys. B600 (2001) 487-511, hep-th/0009188 [47] P. Borhade, P. Ramadevi, T. Sarkar, Nucl.Phys. B678 (2004) 656-681, hep-th/0306283 [48] Zodinmawia and P.Ramadevi, arXiv:1107.3918 [49] Zodinmawia and P.Ramadevi, arXiv:1209.1346 [50] S.Nawata, P.Ramadevi, Zodinmawia and X.Sun, arXiv:1209.1409 [51] S.Nawata, P.Ramadevi and Zodinmawia, arXiv:1302.5143 [52] S.Nawata, P.Ramadevi and Zodinmawia, arXiv:1302.5144 [53] S.Gukov, A.Schwarz and C.Vafa, Lett.Math.Phys. 74 (2005) 53-74, arXiv:hep-th/0412243 [54] N.M.Dunfield, S.Gukov and J.Rasmussen, Experimental Math. 15 (2006) 129-159, math/0505662 [55] E.Gorsky, S.Gukov, M.Stosic, arXiv:1304.3481 [56] S.Arthamonov, A.Mironov, A.Morozov, arXiv:1306.5682 [57] M.Rosso and V.F.R.Jones, J. Knot Theory Ramifications, 2 (1993) 97-112 [58] X.-S.Lin and H.Zheng, Trans. Amer. Math. Soc. 362 (2010) 1-18 math/0601267 [59] S.Stevan, Annales Henri Poincaré 11 (2010) 1201-1224, arXiv:1003.2861 [60] P.Dunin-Barkowski, A.Mironov, A.Morozov, A.Sleptsov and A.Smirnov, arXiv:1106.4305 [61] M.Aganagic and Sh.Shakirov, arXiv:1105.5117; [62] M.Aganagic and Sh.Shakirov, arXiv:1210.2733 [63] A.Mironov, A.Morozov, Sh.Shakirov and A.Sleptsov, JHEP 2012 (2012) 70, arXiv:1201.3339 [64] A.Mironov, A.Morozov and Sh.Shakirov, J. Phys. A: Math. Theor. 45 (2012) 355202, arXiv:1203.0667 [65] E.Gorsky, arXiv:1003.0916 [66] I.Cherednik, arXiv:1111.6195 A.Oblomkov, J.Rasmussen and V.Shende, arXiv:1201.2115 (with an Appendix by E.Gorsky) [67] E.Gorsky, A.Oblomkov, J.Rasmussen and V.Shende, arXiv:1207.4523 [68] E.Gorsky and A.Negut, arXiv:1304.3328 [69] S.Garoufalidis, Geom. Topol. Monogr. 7 (2004) 291-309, math/0306230 [70] A.Brini, B.Eynard and M.Marino, arXiv:1105.2012 [71] R.Gelca, Math. Proc. Cambridge Philos. Soc. 133 (2002) 311-323, math/0004158 [72] R.Gelca and J.Sain, J. Knot Theory Ramifications, 12 (2003) 187-201, math/0201100 [73] S.Gukov, Commun.Math.Phys. 255 (2005) 577-627, hep-th/0306165 [74] H.Fuji, S.Gukov and P.Sulkowski, arXiv:1203.2182 [75] H.Fuji, S.Gukov, M.Stosic and P.Sulkowski, arXiv:1209.1416

[76] H. R. Morton, H. J. Ryder, Geom. Topol. Monogr. 1 (1998), 365-381, arXiv:math/9810197 [77] H. R. Morton, M. Rampichini, Knots in Hellas 98, Proceedings of the International Conference on Knot Theory and its Ramifications, ed. C.Gordon et al., World Scientific (2000), 335-346, arXiv:math/9907017 [78] Hugh R. Morton, Richard J. Hadji, Algebr. Geom. Topol. 2 (2002) 11-32, arXiv:math/0106207 [79] H.Morton and S.Lukac, J. Knot Theory and Its Ramifications, 12 (2003) 395, arXiv:math/0108011 [80] V. G. Turaev, The Yang-Baxter equation and invariants of links, Invent. Math. 92 (1988), 527553. [81] N.Yu.Reshetikhin and V.G.Turaev, Comm. Math. Phys. 127 (1990) 1-26 [82] E.Guadagnini, M.Martellini and M.Mintchev, Clausthal 1989, Procs.307-317; Phys.Lett. B235 (1990) 275 [83] A.Mironov, A.Morozov and And.Morozov, Strings, Gauge Fields, and the Geometry Behind: The Legacy of Maximilian Kreuzer, edited by A.Rebhan, L.Katzarkov, J.Knapp, R.Rashkov, E.Scheidegger (World Scietific Publishins Co.Pte.Ltd. 2013) pp.101-118, arXiv:1112.5754 [84] A.Mironov, A.Morozov and And.Morozov, JHEP 03 (2012) 034, arXiv:1112.2654 [85] H.Itoyama, A.Mironov, A.Morozov and And.Morozov, JHEP 2012 (2012) 131, arXiv:1204.4785 [86] H.Itoyama, A.Mironov, A.Morozov and And.Morozov, Journal of High Energy Physics Volume 2012, Number 7 (2012), 131, arXiv:1203.5978 [87] H.Itoyama, A.Mironov, A.Morozov and And.Morozov, arXiv:1209.6304 [88] A.Mironov and A.Morozov, AIP Conf.Proc. 1483 (2012) 189-211, arXiv:1208.2282 [89] A.Anokhina, A.Mironov, A.Morozov and And.Morozov, Nucl.Phys. B868 (2013) 271-313, arXiv:1207.0279 [90] A.Anokhina, A.Mironov, A.Morozov and And.Morozov, arXiv:1211.6375 [91] A.Anokhina, A.Mironov, A.Morozov and And.Morozov, arXiv:1304.1486 [92] A.Mironov, A.Morozov and And.Morozov, arXiv:1306.3197 [93] William Fulton, Young Tableaux, with Applications to Representation Theory and Geometry, Cambridge University Press, 1997 [94] A.Mironov, A.Morozov and A.Sleptsov, arXiv:1303.1015 [95] A.Mironov, A.Morozov and A.Sleptsov, arXiv:1304.7499 [96] C.C.Adams, The Knot Book: An Elementary Introduction to the Mathematical Theory of Knots, New York: W.H.Freeman, p.118, 1994 [97] N.Vilenkin and A.Klymik, Representation of Lie groups and Special Functions, Volume 3, Mathematics and its applications, Kluwer academic publisher, 1993 [98] V.Prasolov, A.Sosinski, Knots, links, braids, and 3-manifolds, Amer. Math. Soc. Publ., Providence, R.I., 1996 [99] P.P.Kulish and N.Yu.Reshetikhin, Zap. Nauchn. Sem. LOMI 120 (1982) 92-121 (in russian), Engl. transl.:

J. Soviet Math. 34 (1986) 1948-1971 [100] P.P.Kulish and E.K.Sklyanin, Lecture Notes in Physics 151 61-119, Springer, 1982 [101] M.Jimbo, T.Miwa and M.Okado, Mod. Phys. Lett. B1 (1987) 73-79 [102] X.-S. Lin and H. Zheng, math.QA/0601267 [103] Shengmao Zhu, arXiv:1206.5886 [104] Anton Morozov, arXiv:1208.3544 [105] Anton Morozov, JHEP 12 (2012) 116, arXiv:1211.4596

[106] M. Khovanov, Duke Math. J. 101 (2000) 359-426 [107] D.Bar-Natan, Algebraic and Geometric Topology, 2 (2002) 337-370, math/0201043; [108] M.Khovanov and L.Rozhansky, Fund.Math. 199 (2008) 1, math.QA/0401268 [109] M.Khovanov and L.Rozhansky, Geom. Topol. 12 (2008) 1387, math.QA/0505056 [110] N.Carqueville and D.Murfet, arXiv:1108.1081 [111] V.Dolotin and A.Morozov, JHEP 1301 (2013) 065, arXiv:1208.4994; [112] V.Dolotin and A.Morozov, 2013 J. Phys.: Conf. Ser. 411 012013, arXiv:1209.5109

A Projectors on the single copies of the multiple representations as polynomials from R-matrices for |Q| = 4 .

See sec.4 for the definitions.

P_{31} = 1 q^2[2][4] ( 1 + q(R_1 + R_2) − 1 q^3[3]

R_3 + q^{−2}(R_1R_2 + R_2R_1) − 1 q^2[3]

(R_2R_3 + R_3R_2 + R_1R_3)+

+ q^3R_1R_2R_1 − 1 q[3]

(R_2R_3R_2 + R_1R_2R_3 + R_2R_1R_3 + R_3R_1R_2 + R_3R_2R_1)−

− 1 [3] (R_1R_2R_1R_3 + R_1R_2R_3R_2 + R_1R_3R_2R_1 + R_2R_1R_3R_2 + R_2R_3R_2R_1)−

− q [3] (R_1R_2R_1R_3R_2 + R_1R_2R_3R_2R_1 + R_2R_1R_3R_2R_1) − q^2 [3] R_1R_2R_1R_3R_2R_1 )

P_{31} = 1 q^2[2][4] ( 1 + qR_1 − 1 q^2[2]

R_2 + q^3 [3] R_3 − 1 q[2]

(R_1R_2 + R_2R_1) + q^2(R_2R_3 + R_3R_2) − q [2] R_1R_3−

− 1 [2] R_1R_2R_1 + q^4 + q^2 − 2 + q^{−2} [2][3]

R_2R_3R_2 − q^2 [2][3]

(R_1R_2R_3 + R_2R_1R_3 + R_3R_1R_2 + R_3R_2R_1)−

− q^2 [2][3]

(R_1R_2R_1R_3 + R_1R_3R_2R_1) + q(q^4 + q^2 − 2 + q^{−2}) [2][3]

(R_1R_2R_3R_2 + R_2R_1R_3R_2 + R_2R_3R_2R_1)+

− q[4] [2][3]

(R_1R_2R_1R_3R_2 + R_2R_1R_3R_2R_1) + q^2(q^4 + q^2 − 2 + q^{−2}) [2][3]

R_1R_2R_3R_2R_1 − q^2[4] [2][3]

R_1R_2R_1R_3R_2R_1 )

P_{31} = 1 q^2[2][4] ( 1 − q^{−1}R_1 + q^2 [2] R_2 + qR_3 − q [2] (R_1R_2 + R_2R_1) − R_2R_3 − q(R_3R_2 + R_1R_3)+

+ q^3 [2] R_1R_2R_1 + 1 [2] R_2R_3R_2 + q^4 [2] R_1R_2R_3 + q^2 [2] (R_2R_1R_3 + R_3R_1R_2 + R_3R_2R_1)+

+ q [2] (R_1R_2R_1R_3 + R_1R_3R_2R_1) − q^3 [2] (R_1R_2R_3R_2 + R_2R_1R_3R_2) + q [2] R_1R_2R_1R_3R_2 )

P_{22} = 1 [2]^2[3] ( 1 + q(R_1 + R_3) − 1 q^2[2]

R_2 − 1 q[2]

(R_1R_2 + R_2R_1 + R_3R_2 + R_1R_3) + q^2R_2R_3+

− 1 [2] (R_1R_2R_1 + R_2R_3R_2 + R_1R_2R_3 + R_2R_1R_3 + R_3R_1R_2 + R_3R_2R_1)−

− q [2] (R_1R_2R_1R_3 + R_1R_2R_3R_2 + R_1R_3R_2R_1 + R_2R_1R_3R_2) + q^{−2}R_2R_3R_2R_1+

+ q^{−1}(R_1R_2R_1R_3R_2 + R_2R_1R_3R_2R_1) + 1 q^2[2]

R_1R_2R_3R_2R_1 + R_1R_2R_1R_3R_2R_1 )

P_{22}(q) = P_{22}(−1/q)

P_{211}(q) = P_{31}(−1/q), P_{211}(q) = P_{31}(−1/q), P_{211}(q) = P_{31}(−1/q)

B Colored R eigenvalues from 2-strand cabling

We used the 2-strand knots and links to find the eigenvalues of the colored R-matrices. In the table below we provide the answers for the squares of the eigenvalues for the colored R-matrices corresponding to the crossings between different representations with the summarized size up to |T_1| + |T_2| = 8. These eigenvalues were obtained by studying the cabling for the 2-strand links with representations T_1 on the one component and T_2 on the other, Q are the irreducible representations in the expansion of T_1 ⊗ T_2. The listed answers are obtained using the vertical framing, i.e. λ_Q = q^{κQ−κT1 −κT2} , see s.5 for details.

Q/κ_Q [3] [21] T_1 κ_{T1} T_2 κ_{T2} 3 0 [1] 0 [2] 1 q^4 q^{−2} [11] −1 q^2 [4] [31] [22] T_1 κ_{T1} T_2 κ_{T2} 6 2 0 [1] 0 [3] 3 q^6 q^{−2} [21] 0 q^4 1 [111] −3 [2] 1 [2] 1 q^8 1 q^{−4} [11] −1 q^4 [11] −1 [11] −1 q^4

Q/κ_Q [5] [41] [32] [311] T_1 κ_{T1} T_2 κ_{T2} 10 5 2 0 [1] 0 [4] 6 q^8 q^{−2} [31] 2 q^6 1 q^{−4} [22] 0 q^4 [211] −2 q^4 [1^4] −6 [2] 1 [3] 3 q^{12} q^2 q^{−4} [21] 0 q^8 q^2 q^{−2} [111] −3 q^4 [11] −1 [3] 3 q^6 q^{−4} [21] 0 q^6 q^2 [111] −3

Q/κ_Q [6] [51] [42] [411] [33] [321] T_1 κ_{T1} T_2 κ_{T2} 15 9 5 3 3 0 [1] 0 [5] 10 q^{10} q^{−2} [41] 5 q^8 1 q^{−4} [32] 2 q^6 q^2 q^{−4} [311] 0 q^6 1 [221] −2 q^4 [2111] −5 [1^5] −10 [2] 1 [4] 6 q^{16} q^4 q^{−4} [31] 2 q^{12} q^4 1 1 q^{−6} [22] 0 q^8 q^{−2} [211] −2 q^8 q^2 [1^4] −6 [11] −1 [4] 6 q^8 q^{−4} [31] 2 q^8 q^4 q^{−2} [22] 0 q^8 q^2 [211] −2 q^6 [1^4] −6 [3] 3 [3] 3 q^{18} q^6 q^{−2} q^{−6} [21] 0 q^{12} q^4 1 q^{−6} [111] −3 q^6 [21] 0 [21] 0 q^{10} q^6 q^6 2 [111] −3 q^6 [111] −3 [111] −3

Q, κ_Q [7] [61] [52] [511] [43] [421] [4111] [331] T_1 κ_{T1} T_2 κ_{T2} 21 14 9 7 6 3 0 1 [1] 0 [6] 15 q^{12} q^{−2} [51] 9 q^{10} 1 q^{−4} [42] 5 q^8 q^2 q^{−4} [411] 3 q^8 1 q^{−6} [33] 3 q^6 q^{−4} [321] 0 q^6 q^2 [3111] −3 q^6 [222] −3 [2211] −5 [21^4] −9 [1^6] −15 [2] 1 [5] 10 q^{20} q^6 q^{−4} [41] 2 q^{16} q^6 q^2 1 q^{−6} [32] 5 q^{12} q^6 1 q^{−4} [311] 0 q^{12} q^4 q^{−2} 1 [221] −5 q^8 [2111] −2 q^8 [1^5] −10 [11] −1 [5] 10 q^{10} q^{−4} [41] 2 q^{10} q^6 q^{−2} q^{−8} [32] 5 q^{10} q^4 1 [311] 0 q^8 q^2 [221] −2 q^8 [2111] −5 [1^5] −10 [3] 3 [4] 6 q^{24} q^{10} 1 q^{−6} [31] 2 q^{18} q^8 q^4 q^2 q^{−4} q^{−8} [22] 0 q^{12} 1 [211] −2 q^{12} q^4 q^{−2} [1^4] −6 q^6 [21] 0 [4] 6 q^{16} q^6 q^2 q^{−6} [31] 2 q^{14} q^{10} q^8 2q^2 q^{−4} q^{−2} [22] 0 q^{12} q^6 q^2 [211] −2 q^{10} q^4 q^6 [1^4] −6 [111] −3 [4] 6 q^8 q^{−6} [31] 2 q^8 q^2 [22] 0 q^8 [211] −2 [1^4] −6

Q, κ_Q [8] [71] [62] [611] [53] [521] [5111] [44] [431] [422] [4211] [332] T_1 κ_{T1} T_2 κ_{T2} 28 20 14 12 10 7 4 8 4 2 0 0 [1] 0 [7] 21 q^{14} q^{−2} [61] 14 q^{12} 1 q^{−4} [52] 9 q^{10} q^2 q^{−4} [511] 7 q^{10} 1 q^{−6} [43] 6 q^8 q^4 q^{−4} [421] 3 q^8 q^2 q^{−2} q^{−6} [4111] 0 q^8 1 [331] 1 q^6 q^{−2} [322] −1 q^6 q^2 [3211] −3 q^6 [31^4] −7 [22111] −6 [21^5] −9 [1^7] −14 [2] 1 [6] 15 q^{24} q^8 q^{−4} [51] 9 q^{20} q^8 q^4 1 q^{−6} [42] 5 q^{16} q^8 q^2 q^4 q^{−4} q^{−8} [411] 3 q^{16} q^6 1 1 q^{−8} [33] 3 q^{12} 1 q^{−8} [321] 0 q^{12} q^6 q^2 q^{−2} q^{−2} [3111] −3 q^{12} q^4 [222] −3 q^8 [2211] −5 q^8 [21^4] −9 [1^6] −15 [11] −1 [6] 14 q^{12} q^{−4} [51] 9 q^{12} q^8 q^{−2} q^{−8} [42] 5 q^{12} q^6 1 q^{−8} [411] 3 q^{10} q^4 1 q^{−4} [33] 3 q^{12} q^4 [321] 0 q^{10} q^6 q^2 q^2 [3111] −3 q^8 [222] −3 q^8 [2211] −5 [21^4] −9 [1^6] −15

Q, κ_Q [8] [71] [62] [611] [53] [521] [5111] [44] [431] [422] [4211] [332] T_1 κ_{T1} T_2 κ_{T2} 28 20 14 12 10 7 4 8 4 2 0 0 [3] 3 [5] 10 q^{30} q^{14} q^2 q^{−6} [41] 2 q^{24} q^{12} q^8 q^4 q^{−2} 1 q^{−8} [32] 5 q^{18} q^{10} q^4 q^{−2} q^{−6} q^{−10} [311] 0 q^{18} q^8 q^2 q^2 q^{−6} [221] −2 q^{12} q^2 q^{−2} [2111] −5 q^{12} q^4 [1^5] −10 [21] 0 [5] 10 q^{20} q^8 q^4 q^{−6} [41] 2 q^{18} q^{14} q^{10} 2q^4 q^{−2} q^{−2} q^{−6} q^{−10} [32] 5 q^{16} q^{10} q^{12} 2q^4 1 q^{−4} q^{−4} [311] 0 q^{14} q^8 q^8 q^4 q^2 1 [221] −2 q^{12} q^8 q^4 q^4 [2111] −5 q^{10} [1^5] −10 [111] −3 [5] 10 q^{10} q^{−6} [41] 2 q^{10} q^4 q^{−4} [32] 5 q^{10} q^2 [311] 0 q^{10} q^6 [221] −2 q^{10} [2111] −5 [1^5] −10 [4] 6 [4] 6 q^{32} q^{16} q^4 q^{−4} q^{−8} [31] 2 q^{24} q^{12} q^8 q^4 q^{−2} q^{−8} [22] 0 q^{16} q^2 q^{−8} [211] −2 q^{16} q^6 1 q^{−8} [1^4] −6 q^8 [31] 2 [31] 2 q^{20} q^{16} q^{12} 2q^6 1 q^8 2 q^{−4} q^{−8} q^{−8} [22] 0 q^{16} q^{10} q^4 1 q^{−4} q^{−4} [211] −2 q^{14} q^8 q^8 q^4 2 [1^4] −6 q^8 [22] 0 [22] 0 q^{16} q^8 q^4 [211] −2 q^{12} q^4 q^4 [1^4] −6 [211] −2 [211] −2 q^{12} q^8 q^8 [1^4] −6 [1^4] −6 [1^4] −6

The study of the 2-strand colored knots allows to find not only the absolute values of the eigenvalues of the colored R-matrices but also their signs. The drawback is that then the representations corresponding to the two crossing strands should be equal T_1 = T_2 = T . In the table below the eigenvalues for the colored R-matrices corresponding to the crossings between T ⊗ T with |T | ≤ 4 are listed. Q, κ_Q [4] [31] [22] [211] [1^4] T κ_T 6 2 0 −2 −6 [2] 1 q^4 −1 q^{−2} [11] −1 q^2 −1 q^{−4} [6] [51] [42] [411] [33] [321] [3111] [222] [2211] [21^4] [1^6] T κ_T 15 9 5 3 3 0 −3 −3 −5 −9 −15 [3] 3 q^9 −q^3 q^{−1} −q^{−3} [21] 0 q^5 −q^3 −q^3 ±1 q^{−3} q^{−3} −q^{−5} [111] −3 q^3 −q q^{−3} −q^{−9} [8] [71] [62] [611] [53] [521] [5111] [44] [431] [422] [4211] T κ_T 28 20 14 12 10 7 4 8 4 2 0 [4] 6 q^{16} −q^8 q^2 −q^{−2} q^{−4} [31] 2 q^{10} −q^8 −q^6 ±q^3 1 q^4 ±1 q^{−2} −q^{−4} [22] 0 q^8 −q^4 q^2 [211] −2 q^6 −q^4 [1^4] −6 [41^4] [332] [3311] [3221] [32111] [31^5] [2222] [22211] [221^4] [21^6] [1^8] T κ_T −4 0 −2 −4 −7 −12 −8 −10 −14 −20 −28 [4] 6 [31] 2 −q^{−4} q^{−6} [22] 0 q^{−2} −q^{−4} q^{−8} [211] −2 1 −q^4 q^2 ±1 ±q^{−3} −q^{−8} q^{−4} −q^{−6} q^{−10} [1^4] −6 q^4 −q^2 q^{−2} −q^{−8} q^{−16}

Another important property of expansion into the irreducible representations which appear while studying high representations is the multiplicity. Starting from the size 6 some irreducible representations in the decomposition of the product of two representations appear multiple times. Though most representations have multiplicity equal to one (or zero if they do not appear at all) the ones which has multiplicities higher than one have the most nontrivial behavior. In the table below all the representations with the multiplicity 2 from the size 6 to the size 8 are listed (there are no other nontrivial multiplicities in this range).

[2, 1] × [2, 1] → [3, 2, 1]

[2, 1] × [3, 1] → [4, 2, 1] [2, 1] × [2, 1, 1] → [3, 2, 2, 1]

[2, 1] × [4, 1] → [5, 2, 1] [2, 1] × [3, 2] → [4, 3, 1] [2, 1] × [2, 2, 1] → [3, 2, 2, 1] [2, 1] × [2, 1, 1, 1] → [3, 2, 1, 1, 1] [3, 1] × [3, 1] → [5, 2, 1] [3, 1] × [3, 1] → [4, 3, 1] [3, 1] × [2, 1, 1] → [4, 2, 1, 1] [2, 1, 1] × [2, 1, 1] → [3, 2, 2, 1] [2, 1, 1] × [2, 1, 1] → [3, 2, 1, 1, 1]

(B.1)

C 3-strand knots in representation [21]

In this Appendix we present answers for 3-strand knots with up to eight crossings in representation [21]. The answers for the same knots in lower representations and in symmetrical and antisymmetrical representations of level 3 can be found in [85, 87].

We use here the notations suggested in [50]. Matrix describes coefficients in polynomial in A^2 and q^2 like this

q^{10}A^{16} 3 4 1 2 = q^{10}A^{16} + 2q^{12}A^{16} + 3q^{10}A^{18} + 4q^{12}A^{18} Knot 3_1

H_{[2,1]} = 1 q^{10}A^3

0 0 0 0 0 −1 0 0 0 0 0 0 0 1 1 1 0 1 1 1 0 0 −1 0 −2 0 −3 0 −3 0 −2 0 −1 1 0 2 −1 2 0 2 −1 2 0 1 Knot 4_1

H_{[2,1]} = 1 q^{10}A^6

0 0 0 0 0 1 0 0 0 0 0 0 0 −1 0 −1 1 −1 0 −1 0 0 1 −1 3 −3 5 −4 5 −3 3 −1 1 −2 2 −5 6 −8 7 −8 6 −5 2 −2 1 −1 3 −3 5 −4 5 −3 3 −1 1 0 0 −1 0 −1 1 −1 0 −1 0 0 0 0 0 0 0 1 0 0 0 0 0 Knot 5_2 H_{[2,1]} =^1_{q14 A6} 0 0 1 −2 3 −4 5 −5 5 −4 3 −2 1 0 0 0 1 −2 5 −7 9 −11 13 −11 9 −7 5 −2 1 0 1 −2 4 −6 9 −12 13 −14 13 −12 9 −6 4 −2 1 −1 1 −3 3 −5 7 −8 7 −8 7 −5 3 −3 1 −1 0 0 0 0 1 0 0 −2 0 0 1 0 0 0 0 0 0 0 0 1 0 1 −1 1 0 1 0 0 0 0 0 0 0 0 0 0 0 −1 0 0 0 0 0 0 0

Knot 6_2

H_{[2,1]} = 1 q^{20}A^6

0 0 0 0 0 1 −2 3 −4 5 −5 5 −4 3 −2 1 0 0 0 0 0 0 0 −1 1 −1 0 −1 −2 5 −6 4 −6 5 −2 −1 0 −1 1 −1 0 0 1 −2 5 −6 12 −14 17 −16 21 −18 18 −18 21 −16 17 −14 12 −6 5 −2 1 −2 3 −8 12 −22 24 −33 35 −42 39 −44 39 −42 35 −33 24 −22 12 −8 3 −2 1 −1 5 −7 13 −14 24 −22 29 −26 32 −26 29 −22 24 −14 13 −7 5 −1 1 0 0 −1 0 −3 2 −5 3 −8 4 −8 4 −8 3 −5 2 −3 0 −1 0 0 0 0 0 0 0 1 0 2 −1 2 0 2 −1 2 0 1 0 0 0 0 0 Knot 6_3

H_{[2,1]} = 1 q^{20}A^6

0 0 0 0 0 −1 2 −3 4 −5 5 −5 4 −3 2 −1 0 0 0 0 0 0 0 1 −1 2 −2 4 −4 6 −5 7 −5 6 −4 4 −2 2 −1 1 0 0 −1 2 −6 9 −17 23 −36 41 −55 56 −62 56 −55 41 −36 23 −17 9 −6 2 −1 2 −4 10 −16 31 −40 60 −71 90 −92 105 −92 90 −71 60 −40 31 −16 10 −4 2 −1 2 −6 9 −17 23 −36 41 −55 56 −62 56 −55 41 −36 23 −17 9 −6 2 −1 0 0 1 −1 2 −2 4 −4 6 −5 7 −5 6 −4 4 −2 2 −1 1 0 0 0 0 0 0 0 −1 2 −3 4 −5 5 −5 4 −3 2 −1 0 0 0 0 0

Knot 7_2 H_{[2,1]} =^1_{q24 A6} 0 0 1 −2 3 −6 10 −11 12 −15 16 −15 15 −15 16 −15 12 −11 10 −6 3 −2 1 0 0 0 1 −2 6 −11 17 −23 31 −35 38 −41 42 −40 42 −41 38 −35 31 −23 17 −11 6 −2 1 0 1 −2 5 −9 16 −22 28 −33 40 −41 39 −41 44 −41 39 −41 40 −33 28 −22 16 −9 5 −2 1 −1 1 −4 5 −9 10 −14 13 −14 11 −10 7 −6 7 −10 11 −14 13 −14 10 −9 5 −4 1 −1 0 0 0 0 0 1 −2 3 −8 9 −13 13 −18 13 −13 9 −8 3 −2 1 0 0 0 0 0 0 0 0 0 1 0 3 −2 5 −3 8 −4 8 −4 8 −3 5 −2 3 0 1 0 0 0 0 0 0 0 0 0 0 0 −1 0 −2 1 −2 0 −2 1 −2 0 −1 0 0 0 0 0 0 0 Knot 7_5 H_{[2,1]} =^1_{q24 A6}

0 0 0 0 0 0 0 −1 2 −3 4 −5 5 −5 4 −3 2 −1 0 0 0 0 0 0 0 0 0 0 0 1 −2 3 −6 9 −11 12 −14 16 −14 12 −11 9 −6 3 −2 1 0 0 0 0 0 0 0 1 0 2 −4 9 −12 17 −24 27 −26 27 −24 17 −12 9 −4 2 0 1 0 0 0 −1 2 −6 10 −17 24 −32 41 −47 51 −55 58 −56 58 −55 51 −47 41 −32 24 −17 10 −6 2 −1 1 −3 8 −18 30 −48 69 −92 111 −133 146 −156 158 −156 146 −133 111 −92 69 −48 30 −18 8 −3 1 0 1 −3 9 −19 33 −49 69 −90 107 −121 130 −134 130 −121 107 −90 69 −49 33 −19 9 −3 1 0 0 0 1 −2 5 −9 15 −20 27 −32 38 −40 42 −40 38 −32 27 −20 15 −9 5 −2 1 0 0

Knot 8_2 H_{[2,1]} =^1_{q30 A6}

0 0 0 0 0 1 −2 3 −6 10 −11 12 −15 16 −15 15 −15 16 −15 12 −11 10 −6 3 −2 1 0 0 0 0 0 0 0 −1 1 −1 1 −1 −5 9 −13 20 −28 29 −31 33 −35 33 −31 29 −28 20 −13 9 −5 −1 1 −1 1 −1 0 0 1 −2 5 −7 14 −17 22 −22 26 −20 19 −12 12 −7 8 −4 8 −7 12 −12 19 −20 26 −22 22 −17 14 −7 5 −2 1 −2 3 −8 13 −25 30 −45 50 −62 58 −69 64 −71 62 −71 65 −71 62 −71 64 −69 58 −62 50 −45 30 −25 13 −8 3 −2 1 −1 5 −7 15 −18 32 −32 46 −43 57 −48 61 −52 64 −52 64 −52 61 −48 57 −43 46 −32 32 −18 15 −7 5 −1 1 0 0 −1 0 −3 2 −7 4 −12 7 −15 8 −18 8 −18 9 −18 8 −18 8 −15 7 −12 4 −7 2 −3 0 −1 0 0 0 0 0 0 0 1 0 2 −1 4 −1 4 −1 4 −1 5 −1 4 −1 4 −1 4 −1 2 0 1 0 0 0 0 0

Knot 8_5 H_{[2,1]} =^1_{q30 A6}

0 0 0 0 0 1 0 4 −2 8 −4 13 −6 16 −8 20 −8 16 −6 13 −4 8 −2 4 0 1 0 0 0 0 0 0 0 −1 0 −5 3 −14 10 −29 18 −46 27 −62 31 −70 36 −70 31 −62 27 −46 18 −29 10 −14 3 −5 0 −1 0 0 1 −1 7 −10 26 −31 61 −61 102 −91 143 −114 173 −133 194 −136 194 −133 173 −114 143 −91 102 −61 61 −31 26 −10 7 −1 1 −2 3 −11 16 −35 40 −68 64 −97 77 −115 83 −130 84 −136 89 −136 84 −130 83 −115 77 −97 64 −68 40 −35 16 −11 3 −2 1 −2 6 −7 16 −14 22 −11 18 8 0 30 −16 46 −23 50 −23 46 −16 30 0 8 18 −11 22 −14 16 −7 6 −2 1 0 0 −1 1 −2 0 0 −10 14 −26 30 −46 42 −49 44 −54 44 −49 42 −46 30 −26 14 −10 0 0 −2 1 −1 0 0 0 0 0 0 0 1 −2 4 −6 9 −8 7 −5 5 −1 0 −1 5 −5 7 −8 9 −6 4 −2 1 0 0 0 0 0

Knot 8_7 H_{[2,1]} =^1_{q30 A6}

0 0 0 0 0 −1 2 −3 6 −10 11 −12 15 −16 15 −15 15 −16 15 −12 11 −10 6 −3 2 −1 0 0 0 0 0 0 0 1 −1 2 −4 7 −6 11 −17 19 −21 29 −30 32 −32 32 −30 29 −21 19 −17 11 −6 7 −4 2 −1 1 0 0 −1 2 −6 11 −23 34 −55 75 −104 124 −155 171 −190 198 −210 204 −210 198 −190 171 −155 124 −104 75 −55 34 −23 11 −6 2 −1 2 −4 11 −20 40 −57 91 −118 159 −181 220 −233 260 −255 273 −264 273 −255 260 −233 220 −181 159 −118 91 −57 40 −20 11 −4 2 −1 2 −7 11 −22 31 −49 55 −76 78 −90 77 −85 66 −72 56 −72 66 −85 77 −90 78 −76 55 −49 31 −22 11 −7 2 −1 0 0 1 −1 3 −2 3 2 −5 18 −25 45 −56 75 −78 88 −78 75 −56 45 −25 18 −5 2 3 −2 3 −1 1 0 0 0 0 0 0 0 −1 2 −5 9 −15 20 −27 32 −38 40 −42 40 −38 32 −27 20 −15 9 −5 2 −1 0 0 0 0 0

Knot 8_9 H_{[2,1]} =^1_{q30 A6}

0 0 0 0 0 1 −2 5 −9 15 −20 27 −32 38 −40 42 −40 38 −32 27 −20 15 −9 5 −2 1 0 0 0 0 0 0 0 −1 1 −3 3 −5 1 −1 −5 8 −18 16 −21 20 −26 20 −21 16 −18 8 −5 −1 1 −5 3 −3 1 −1 0 0 1 −2 7 −12 25 −36 58 −74 103 −121 155 −175 208 −224 247 −242 247 −224 208 −175 155 −121 103 −74 58 −36 25 −12 7 −2 1 −2 4 −12 22 −44 64 −103 136 −186 225 −286 332 −389 414 −454 459 −454 414 −389 332 −286 225 −186 136 −103 64 −44 22 −12 4 −2 1 −2 7 −12 25 −36 58 −74 103 −121 155 −175 208 −224 247 −242 247 −224 208 −175 155 −121 103 −74 58 −36 25 −12 7 −2 1 0 0 −1 1 −3 3 −5 1 −1 −5 8 −18 16 −21 20 −26 20 −21 16 −18 8 −5 −1 1 −5 3 −3 1 −1 0 0 0 0 0 0 0 1 −2 5 −9 15 −20 27 −32 38 −40 42 −40 38 −32 27 −20 15 −9 5 −2 1 0 0 0 0 0

Knot 8_{10} H_{[2,1]} =^1_{q30 A6}

0 0 0 0 0 −1 2 −5 9 −15 20 −27 32 −38 40 −42 40 −38 32 −27 20 −15 9 −5 2 −1 0 0 0 0 0 0 0 1 −1 4 −5 11 −13 26 −31 50 −56 77 −78 95 −88 95 −78 77 −56 50 −31 26 −13 11 −5 4 −1 1 0 0 −1 2 −8 14 −33 49 −89 119 −186 222 −303 333 −410 414 −471 444 −471 414 −410 333 −303 222 −186 119 −89 49 −33 14 −8 2 −1 2 −4 14 −23 51 −72 129 −159 242 −273 371 −377 476 −454 530 −474 530 −454 476 −377 371 −273 242 −159 129 −72 51 −23 14 −4 2 −1 2 −8 11 −26 31 −58 58 −95 80 −124 87 −129 76 −127 68 −127 76 −129 87 −124 80 −95 58 −58 31 −26 11 −8 2 −1 0 0 1 −1 4 −1 4 6 −5 30 −34 70 −72 119 −106 132 −106 119 −72 70 −34 30 −5 6 4 −1 4 −1 1 0 0 0 0 0 0 0 −1 2 −6 9 −16 20 −30 32 −39 39 −47 39 −39 32 −30 20 −16 9 −6 2 −1 0 0 0 0 0

Knot 8_{16} H_{[2,1]} =^1_{q30 A6}

0 0 0 0 0 −1 4 −9 16 −27 40 −51 61 −71 76 −77 76 −71 61 −51 40 −27 16 −9 4 −1 0 0 0 0 0 0 0 1 −3 5 −5 4 2 −19 48 −84 130 −183 232 −260 270 −260 232 −183 130 −84 48 −19 2 4 −5 5 −3 1 0 0 −1 4 −11 22 −40 67 −100 133 −170 206 −229 236 −240 238 −232 222 −232 238 −240 236 −229 206 −170 133 −100 67 −40 22 −11 4 −1 2 −8 21 −46 91 −160 254 −375 518 −674 827 −971 1098 −1187 1246 −1264 1246 −1187 1098 −971 827 −674 518 −375 254 −160 91 −46 21 −8 2 −1 4 −12 30 −62 113 −188 296 −426 573 −733 890 −1023 1128 −1198 1218 −1198 1128 −1023 890 −733 573 −426 296 −188 113 −62 30 −12 4 −1 0 0 1 −3 6 −13 23 −38 62 −97 133 −173 217 −250 272 −280 272 −250 217 −173 133 −97 62 −38 23 −13 6 −3 1 0 0 0 0 0 0 0 −1 4 −9 19 −33 46 −61 78 −90 96 −98 96 −90 78 −61 46 −33 19 −9 4 −1 0 0 0 0 0

Knot 8_{17} H_{[2,1]} =^1_{q30 A6}

0 0 0 0 0 1 −4 10 −20 36 −58 85 −112 136 −154 161 −154 136 −112 85 −58 36 −20 10 −4 1 0 0 0 0 0 0 0 −1 3 −6 9 −13 16 −17 13 −7 1 3 −9 13 −13 13 −9 3 1 −7 13 −17 16 −13 9 −6 3 −1 0 0 1 −4 12 −27 54 −96 159 −243 351 −478 626 −780 925 −1049 1131 −1158 1131 −1049 925 −780 626 −478 351 −243 159 −96 54 −27 12 −4 1 −2 8 −22 48 −96 172 −285 434 −628 862 −1122 1388 −1640 1844 −1980 2031 −1980 1844 −1640 1388 −1122 862 −628 434 −285 172 −96 48 −22 8 −2 1 −4 12 −27 54 −96 159 −243 351 −478 626 −780 925 −1049 1131 −1158 1131 −1049 925 −780 626 −478 351 −243 159 −96 54 −27 12 −4 1 0 0 −1 3 −6 9 −13 16 −17 13 −7 1 3 −9 13 −13 13 −9 3 1 −7 13 −17 16 −13 9 −6 3 −1 0 0 0 0 0 0 0 1 −4 10 −20 36 −58 85 −112 136 −154 161 −154 136 −112 85 −58 36 −20 10 −4 1 0 0 0 0 0

Knot 8_{18} H_{[2,1]} =^1_{q30 A6}

0 0 0 0 0 1 −6 16 −32 62 −106 155 −210 264 −298 307 −298 264 −210 155 −106 62 −32 16 −6 1 0 0 0 0 0 0 0 −1 5 −10 15 −25 36 −41 42 −40 34 −26 23 −13 11 −13 23 −26 34 −40 42 −41 36 −25 15 −10 5 −1 0 0 1 −6 18 −43 90 −168 289 −458 678 −947 1255 −1578 1876 −2142 2301 −2362 2301 −2142 1876 −1578 1255 −947 678 −458 289 −168 90 −43 18 −6 1 −2 12 −34 76 −160 304 −517 812 −1210 1691 −2218 2778 −3290 3710 −3980 4101 −3980 3710 −3290 2778 −2218 1691 −1210 812 −517 304 −160 76 −34 12 −2 1 −6 18 −43 90 −168 289 −458 678 −947 1255 −1578 1876 −2142 2301 −2362 2301 −2142 1876 −1578 1255 −947 678 −458 289 −168 90 −43 18 −6 1 0 0 −1 5 −10 15 −25 36 −41 42 −40 34 −26 23 −13 11 −13 23 −26 34 −40 42 −41 36 −25 15 −10 5 −1 0 0 0 0 0 0 0 1 −6 16 −32 62 −106 155 −210 264 −298 307 −298 264 −210 155 −106 62 −32 16 −6 1 0 0 0 0 0

Knot 8_{19} H_{[2,1]} =^1_{q30 A6}

1 0 2 1 3 1 5 3 6 3 8 4 10 3 10 5 10 3 10 4 8 3 6 3 5 1 3 1 2 0 1 −1 −1 −3 −3 −6 −6 −10 −10 −16 −14 −21 −16 −25 −19 −27 −19 −27 −19 −25 −16 −21 −14 −16 −10 −10 −6 −6 −3 −3 −1 −1 0 1 1 3 4 8 9 13 15 20 22 26 27 31 29 32 29 31 27 26 22 20 15 13 9 8 4 3 1 1 0 0 0 0 −1 −1 −3 −4 −7 −8 −13 −13 −18 −17 −22 −18 −25 −18 −22 −17 −18 −13 −13 −8 −7 −4 −3 −1 −1 0 0 0 0 0 0 0 0 0 1 1 3 3 5 5 7 8 8 8 8 8 7 5 5 3 3 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −1 −1 −2 −1 −2 −1 −2 −1 −2 −1 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

Knot 8_{20} H_{[2,1]} =^1_{q22 A6} 0 0 0 0 0 0 −1 0 −2 1 −2 0 −2 1 −2 0 −1 0 0 0 0 0 0 0 0 0 1 1 3 1 3 3 5 5 4 5 5 3 3 1 3 1 1 0 0 0 0 −1 −1 −2 −2 −3 −7 −5 −11 −5 −14 −6 −14 −5 −11 −5 −7 −3 −2 −2 −1 −1 0 1 −1 4 −3 10 −5 17 −8 24 −6 26 −6 26 −6 24 −8 17 −5 10 −3 4 −1 1 −1 2 −4 5 −10 9 −14 9 −16 6 −15 4 −15 6 −16 9 −14 9 −10 5 −4 2 −1 0 0 1 −1 1 −2 2 3 −4 7 −8 14 −8 7 −4 3 2 −2 1 −1 1 0 0 0 0 0 0 0 −1 2 −2 4 −8 8 −7 8 −8 4 −2 2 −1 0 0 0 0 0 Knot 8_{21} H_{[2,1]} =^1_{q22 A6} 0 0 0 0 0 0 1 −2 3 −4 5 −5 5 −4 3 −2 1 0 0 0 0 0 0 0 0 0 −1 1 −3 4 −6 7 −12 11 −11 11 −12 7 −6 4 −3 1 −1 0 0 0 0 1 0 2 −1 2 3 0 8 −7 14 −8 14 −7 8 0 3 2 −1 2 0 1 0 −2 3 −8 12 −25 30 −51 58 −83 85 −106 93 −106 85 −83 58 −51 30 −25 12 −8 3 −2 2 −4 10 −13 29 −36 59 −65 98 −93 121 −108 121 −93 98 −65 59 −36 29 −13 10 −4 2 0 0 −2 0 −4 2 −14 9 −25 20 −38 23 −38 20 −25 9 −14 2 −4 0 −2 0 0 0 0 0 0 0 4 −2 6 −4 11 −7 11 −7 11 −4 6 −2 4 0 0 0 0 0

D 4-strand knots in representation [2]

In this Appendix we present answers for 4-strand knots with up to seven crossings in representation [2]. The answers for representation [11] can be obtained from these with the simple substitution q → −q^{−1}. We use here the same notations as in app.C. Knot 6_1

H_{[2]} = 1 q^8A^6

0 0 0 0 0 0 0 1 0 0 0 0 0 −1 0 1 −1 −1 0 0 0 −1 1 2 −1 −1 1 1 0 −2 2 3 −2 −1 1 0 0 −3 0 4 −2 −2 1 0 0 −1 0 2 0 −1 0 0 0 0 0 1 0 0 0 0 0 0 0 Knot 7_2

H_{[2]} = 1 q^{14}A^6

0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 −1 0 1 −1 −1 0 0 0 0 0 −1 1 2 −1 −1 1 0 0 0 −1 −2 1 2 −2 −1 1 0 1 1 −1 −2 2 3 −2 −1 1 0 0 1 0 −3 1 3 −2 −1 1 0 0 0 1 −1 −1 2 0 −1 1 0 0 0 0 Knot 7_4

H_{[2]} = 1 q^6A^6

0 0 0 0 1 −2 −1 4 −1 −2 1 0 0 0 2 −2 −4 6 2 −6 0 2 0 0 3 −2 −4 6 4 −5 −1 2 1 0 2 −2 −4 5 3 −4 −1 1 0 0 1 −2 −3 3 1 −3 −1 0 0 0 0 −1 −1 2 1 −1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0

Knot 7_6

H_{[2]} = 1 q^{16}A^6

0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 −2 −1 2 −1 −2 0 0 0 0 0 1 3 −4 −2 8 0 −4 3 1 0 0 −2 1 5 −7 −6 10 −1 −8 3 1 −2 1 −2 0 7 −4 −7 10 2 −7 4 2 −2 1 −1 0 3 −2 −4 4 1 −4 1 1 −1 0 0 0 1 −1 −1 2 0 −1 1 0 0 0 0 0 Knot 7_7

H_{[2]} = 1 q^{10}A^6

0 0 0 0 0 1 −2 −1 4 −1 −2 1 0 0 0 −1 1 3 −6 −2 10 −2 −6 3 1 −1 1 −2 1 7 −8 −6 16 −1 −10 5 2 −2 1 −2 0 5 −7 −8 11 1 −10 2 2 −2 0 0 1 4 −3 −3 8 2 −4 2 1 0 0 0 0 0 −2 −2 2 0 −2 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0

E The knot 4_1 and the link 5^2_1

In this appendix the results for the colored HOMFLY polynomials of the figure-eight knot 4_1 and the Whitehead link 5^2_1 are provided. The HOMFLY polynomials of the 4_1 are the reduced ones (i.e. divided by the Schur polynomial in the corresponding representation) and the answers for the 5^2_1 are divided by two Schur polynomials, corresponding to the two representations. We use here the same notations as in app.C.

H^{41}_{22} = 1 q^{16}A^8

0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 −1 −2 0 2 0 −2 −1 0 0 0 0 0 0 0 0 2 1 −1 −2 2 6 2 −2 −1 1 2 0 0 0 0 −1 −1 2 1 −5 −7 0 6 0 −7 −5 1 2 −1 −1 0 1 −1 −1 4 4 −3 −5 4 13 4 −5 −3 4 4 −1 −1 1 0 −1 −1 2 1 −5 −7 0 6 0 −7 −5 1 2 −1 −1 0 0 0 0 2 1 −1 −2 2 6 2 −2 −1 1 2 0 0 0 0 0 0 0 0 −1 −2 0 2 0 −2 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0

(E.1)

H^{41}_{31} = 1 q^{18}A^8

0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 −1 0 0 −1 1 −1 −1 0 −1 0 0 0 0 0 0 1 0 −1 2 1 −1 5 −1 −2 4 −2 1 3 −1 1 0 −1 1 0 −5 3 −2 −6 9 −5 −6 7 −8 −1 5 −5 0 0 −2 1 2 −3 4 2 −7 12 −1 −8 15 −8 −1 12 −7 2 4 −3 2 1 −2 0 0 −5 5 −1 −8 7 −6 −5 9 −6 −2 3 −5 0 1 −1 0 1 −1 3 1 −2 4 −2 −1 5 −1 1 2 −1 0 1 0 0 0 0 0 0 −1 0 −1 −1 1 −1 0 0 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0

(E.2)

H^{521}_{1⊗321} = 1 q^{12}A^3(A − A^{−1})

0 0 0 1 −1 1 −1 1 −1 1 0 0 0 −1 2 −3 4 −5 6 −7 6 −5 4 −3 2 −1 0 0 0 1 −1 1 −2 1 −1 1 0 0 0

(E.3)

H^{521}_{2⊗3} =^1

q^{17} A^6(A−A^{−1})(Aq−A^{−1} q^{−1} )

0 0 0 0 0 0 0 1 0 −1 0 1 1 −1 −1 1 0 0 0 0 −1 0 2 0 −3 −2 3 3 −3 −3 1 2 0 −1 1 −1 −2 3 3 −3 −6 2 9 −1 −7 −1 4 2 −2 −1 1 −1 0 3 1 −5 −3 5 5 −3 −5 1 3 0 −1 0 0 0 0 1 −1 −2 1 2 1 −2 −1 1 0 0 0 0 0 0 0

(E.4)

H^{521}_{2⊗5} =^1

q^{25} A^6(A−A^{−1})(Aq−A^{−1} q^{−1} )

0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 −1 0 1 0 0 1 −1 −1 1 0 0 0 0 0 0 −1 0 1 0 1 0 −3 −1 1 −1 2 3 −3 −2 1 −1 0 2 0 −1 1 −1 −1 1 −1 2 3 −3 −2 1 −4 1 8 −2 −2 2 −4 −2 4 1 −1 1 −1 −1 1 −1 0 2 0 0 1 −4 −2 4 0 0 4 −2 −4 1 0 0 2 0 −1 0 0 0 0 0 0 1 −1 −1 1 −1 0 2 0 −1 1 −1 −1 1 0 0 0 0 0 0 0 0 0 0 0

(E.5)

F The form of blocks in the level 3 projectors

We consider the basis where both the R_1 and the R_4, or , which is the same, both the^∗P^{(1)}_2 ≡

1 + qR_1 1 + q^2 and ∗P^{(2)}_2 ≡

1 + qR_4 1 + q^2 are diagonal(see s.9.1 for definitions). Then R_1 and R_4 are equal to:

R_1 = q1 q1 q1 q1 −^1_q 1

−^1_q 1 −^1_q 1 −^1_q 1

R_4 = q1 −^1_q 1 q1 −^1_q 1 q1 −^1_q 1 q1 −^1_q 1

(F.1)

Here 1 denotes a unit matrix of the size of the block where it is placed. The first 3 strand projector

P^{(2)}_{21} =

(R_1 − R_2)^2 [3] (F.2)

is already diagonal, while the next 3 strand projector

P^{(2)}_{21} =

(R_5 − R_4)^2 [3] (F.3)

has the block structure:

P^{(2)}_{21} =

℘_{3, 2, 1}

℘_{3, 11, 1} ℘_{21, 2, 1} ℘_{21, 11, 1} ℘_{21, 2, 1} ℘_{21, 11, 1} ℘_{111, 2, 1} ℘_{111, 11, 1}

(F.4)

The structure of the transition matrix corresponding to the transition to the basis ??? is similar to the structure of P^{(2)}_{21} :

U =

U3, 2, 1 U3, 11, 1 U21, 2, 1 U21, 11, 1 U21, 2, 1 U21, 11, 1 U111, 2, 1 U111, 11, 1

(F.5)

Note, that there is in fact a couple of representations 2f1, 21 coming from the decomposition (1 × 1) × 1 = 3 + 21 + 21 + 111. Yet, here we denote the both as 21 since the corresponding blocks in P and U are totally identic.

The straightforward calculation gives the following form of the constituent blocks,

Q = [51]

℘_{3,2,1|51} = ( −s_{51} c_{51} ) ( −s_{51} c_{51} ) (F.6)

℘_{21,2,1|51} = 0, ℘_{3,11,1|51} = 1 (F.7)

℘_{21,11,1|51} = ℘_{111,2,1|51} = ℘_{111,11,1|51} = ∅ (F.8)

U_{3,2,1|51} = ( c_{51} −s_{51} s_{51} c_{51} ) (F.9)

c_{51} = 1 [5] (F.10)

[42]

℘_{3,2,1|42} = ( −s_{42} c_{42} ) ( −s_{42} c_{42} ) (F.11)

℘_{21,2,1|42} = ( −s^′_{42} c^′_{42} ) ( −s^′_{42} c^′_{42} ) (F.12)

℘_{21,2,1|42} = 0, ℘_{3,11,1|42} = 1 (F.13)

℘_{111,2,1|42} = ℘_{111,11,1|42} = ∅ (F.14)

U_{3,2,1|42} = ( c_{42} −s_{42} s_{42} c_{42} ) (F.15)

U_{21,2,1} = ( c^′_{42} −s^′_{42} s^′_{42} c^′_{42} ) (F.16)

c_{42} = 2 [3] , c^′_{42} = 1 [3] (F.17)

[411]

℘_{21,2,1|411} = ( −s_{411} c_{411} ) ( −s_{411} c_{411} ) , ℘_{3,11,1|411} = ( c_{411} s_{411} ) ( c_{411} s_{411} ) (F.18)

℘_{3,2,1|411} = ℘_{21,11,1|411} = ℘_{21,11,1|411} = 1 (F.19)

℘_{111,11,1|411} = ∅ (F.20)

U_{21,2,1} = U_{3,11,1} = ( c_{411} −s_{411} s_{411} c_{411} ) (F.21)

c_{411} = 1 [5] (F.22)

[33]

℘_{21,2,1|33} = ℘_{21,11,1|33} = 1, ℘_{3,2,1|33} = 0 (F.23)

℘_{3,11,1|33} = ℘_{111,2,1|33} = ℘_{111,11,1|33} = ∅ (F.24)

[321] This is the only case where 3 × 3 block actually appear.

℘_{3,2,1|321} = ℘_{3,11,1|321} = ℘_{111,11,1|321} = ℘_{111,2,1|321} = 1 (F.25)

℘_{21,2,1|321} = σ · ℘_{21,11,1|321} · σ = 1 − vv^† (F.26)

v^† =

(_1 √ [2][4] 1 [2] √ [5] [2][4] ) , v^†v = 1, σ = 1 −1 1 (F.27)

U_{21,2,1} = σ · U_{21,11,1} · σ =

1 √ [2][4] − √ [5] [2][3][4] √ [4] [2][3] 1 [2] − 1 [2] √ [3] − 1 √ [3] √ [5] [2][4] √ [3] [2][4] 0

(F.28)

G Blocks in the 3-strand R-matrices for |T | = 2

Q = [51]

R_{(2,2)2|51} = ( q^4 −1 ) = ±q^{−2κ2} R^{col}_{(2,2)2|51} (G.1)

R_{(2,2)11|51} = ( q^4 ) = ±q^{−2κ2} R^{col}_{(2,2)11|51}

R_{(2,11)2|51} = R_{(11,2)2|51} = ( −q^2 ) = ±q^{−κ2−κ11} R^{col}_{(2,11)2|51} R_{(2,11)11|51} = R_{(11,2)11|51} = R_{(11,11)2|51} = R_{(11,11)11|51} =

= R^{col}_{(2,11)11|51} = ±R^{col}_{(11,2)11|51} = R^{col}_{(11,11)2|51} = R^{col}_{(11,11)11|51} = ∅

U_{2,2,2|51} = (_{−c51 s51} −c_{51} −s_{51} ) (G.2)

U_{2,2,11|51} = U_{11,2,2|51} = (1) U_{2,11,2|51} = (−1)

U_{2,11,11|51} = U_{11,2,11|51} = U_{11,11,2|51} = U_{11,11,11|51} = ∅

c_{51} = [2] [4] , s_{51} = √ [2][6] [4] (G.3)

Q = [42]

R_{(2,2)2|42} = q^4 −1 1 q^2

= ±q^{−2κ2} R^{col}(2,2)2|42 (G.4)

R_{(2,2)11|42} = (−1) = ±q^{−2κ2} R^{col}_{(2,2)11|42}

R_{(2,11)2|42} = R_{(11,2)2|42} = ( −q^2 ) = R_{(2,11)11|42} = R_{(11,2)11|42} = ±q^{−κ2−κ11} R^{col}_{(2,11)2|42}

R_{(11,11)2|42} = ( q^2 ) = ±q^{−2κ11} R^{col}_{(11,11)2|42}

R_{(11,11)11|42} = R^{col}_{(11,11)11|42} = ∅

U_{2,2,2|42} =

[2] [3][4] − [2] [4] √ [5] [3] √ [5] [3] √ [5] [3] − [6] [3][4] − 1 √ [3] √ [5] [3] 1 √ [3] 1 [3]

(G.5)

U_{2,2,11|42} = U_{2,11,2|42} = U_{2,11,11|42} = U_{11,2,11|42} = U_{11,11,2|42} = (1) U_{11,2,2|42} = (−1)

U_{11,11,11|42} = ∅

Q = [411]

R_{(2,2)2|411} = (−1) = ±q^{−2κ2} R^{col}_{(2,2)2|411} (G.6)

R_{(2,2)11|411} = ( q^4 −1 ) = ±q^{−2κ2} R^{col}_{(2,2)11|411}

R_{(2,11)2|411} = R_{(11,2)2|411} = −q^2 − 1 q^2 = ±q^{−κ}2^{−κ}11 R^{col}_{(2,11)2|411}

R_{(2,11)11|411} = R_{(11,2)11|411} = ( −q^2 ) = ±q^{−κ2−κ11} R^{col}_{(2,11)11|411} R_{(11,11)2|411} = (−1) = ±q^{−2κ11} R^{col}_{(11,11)2|411}

R_{(11,11)11|411} = R^{col}_{(11,11)11|411} = ∅

U_{2,2,2|411} = (1) (G.7)

U_{2,2,11|411} = ( c_{411} −s_{411} s_{411} c_{411} ) U_{2,11,2|411} = ( c_{411} −s_{411} −s_{411} −c_{411} ) U_{11,2,2|411} = ( c_{411} s_{411} s_{411} −c_{411} )

U_{2,11,11|411} = (1) U_{11,2,11|411} = (−1) U_{11,11,2|411} = (−1)

U_{11,11,11|411} = ∅

c_{411} = [2] [4] , s_{411} = √ [2][6] [4] (G.8)

Q = [33]

R_{(2,2)2|33} = (−1) = ±q^{−2κ2} R^{col}_{(2,2)2|33} (G.9)

R_{(2,2)11|33} = ( 1 q^2 ) = ±q^{−2κ2} R^{col}_{(2,2)11|33}

R_{(2,11)2|33} = R_{(11,2)2|33} = ( −q^2 ) = ±q^{−κ2−κ11} R^{col}_{(2,11)2|33} R_{(2,11)11|33} = R_{(11,2)11|33} = R_{(11,11)2|33} = R^{col}_{(2,11)11|33} = R^{col}_{(11,2)11|33} = R^{col}_{(11,11)2|33} = ∅

R_{(11,11)11|33} = ( q^2 ) = ±q^{−2κ11} R^{col}_{(11,11)11|33} (G.10)

U_{2,2,2|33} = (1) (G.11)

U_{2,2,11|33} = U_{2,11,2|33} = U_{2,2,11|33} = (−1)

U_{2,11,11|33} = U_{11,2,11|33} = U_{11,11,2|33} = ∅

U_{11,11,11|33} = (−1)

Q = [321]

R_{(2,2)2|321} = R_{(2,2)11|321} = −1 − 1 q^2

= ±q^{−2κ}2 R^{col}_{(2,2)2|321} (G.12)

R_{(2,11)2|321} = R_{(11,2)2|321} = R_{(2,11)11|321} = R_{(11,2)11|321} = −q^2 − 1 q^2 = ±q^{−κ}2^{−κ}11 R^{col}_{(2,11)2|321}

R_{(11,11)11|321} = R_{(11,11)2|321} = ( q^2 −1 ) = ±q^{−2κ11} R^{col}_{(2,2)2|321}

U_{2,2,2|321} = ( −c_{321} −s_{321} s_{321} −c_{321} )

U_{2,2,11|321} = ( c^{′′}_{321} s^{′′}_{321} −s^{′′}_{321} c^{′′}_{321} ) U_{2,11,2|321} = ( −c^′_{321} −s^′_{321} −s^′_{321} c^′_{321} ) U_{11,2,2|321} = ( −c^{′′}_{321} s^{′′}_{321} s^{′′}_{321} c^{′′}_{321} )

U_{2,11,11|321} = ( −c^{′′}_{321} s^{′′}_{321} s^{′′}_{321} c^{′′}_{321} ) U_{11,2,11|321} = ( −c^′_{321} −s^′_{321} −s^′_{321} c^′_{321} ) U_{11,11,2|321} = ( −c^{′′}_{321} −s^{′′}_{321} s^{′′}_{321} −c^{′′}_{321} )

U_{11,11,11|321} = ( c_{321} s_{321} −s_{321} c_{321} )

c_{321} = 1 [2] , s_{321} = √ [3] [2] (G.13)

c^′_{321} = 1 [4] , s^′_{321} = √ [2][6] [4] c^{′′}_{321} = √ [3] [2][4]

, s^{′′}_{321} = √ [5] [2][4]

c_{321} = 1 [2] , c^′_{321} = 1 [4] , c^{′′}_{321} = √ [3] [2][4]

(G.14)

s_{321} = √ [3] [2] , s^′_{321} = √ [2][6] [4] , s^{′′}_{321} = √ [5] [2][4]

H Blocks in the 3-strand R-matrices for |T | = 3

Q = [51]

R_{3,3|51} = ( −q^3 ) = ±q^{−2κ3} R^{col}_{3,3|51} (H.1)

R_{3,21|51} = R_{21,3|51} = ( q^6 ) = ±q^{−κ3−κ21} R^{col}_{3,21|51} R_{3,21|51} = R^{col}_{21,3|51} = ( −q^6 ) = ±q^{−κ3−κ21} R^{col}_{3,21|51} R_{3,111|42} = R_{21,21|51} = R_{21,111|51} = R_{111,111|51} = = R^{col}_{3,111|51} = R^{col}_{21,21|51} = R^{col}_{21,111|51} = R^{col}_{111,111|51} = ∅

Q = [42]

R_{3,3|42} = ( 1 q ) = ±q^{−2κ3} R^{col}_{3,3|42} (H.2)

R_{3,21|42} = R_{21,3|42} = ( q^2 ) = ±q^{−κ3−κ21} R^{col}_{3,21|42} R_{3,21|42} = R^{col}_{21,3|42} = ( −q^2 ) = ±q^{−κ3−κ21} R^{col}_{3,21|42} R_{21,21|42} = R_{21,21|42} = ( q^5 ) = ±q^{−2κ21} R^{col}_{21,21|42} R_{21,21|42} = R_{21,21|42} = ( −q^5 ) = ±q^{−2κ21} R^{col}_{21,21|42} R_{3,111|42} = R_{21,111|42} = R_{111,111|42} = R^{col}_{3,111|51} = R^{col}_{21,111|42} = R^{col}_{111,111|42} = ∅

Q = [411]

R_{3,111|411} = R_{111,3|411} = ( q^3 ) = ±q^{−κ3−κ111} R^{col}_{3,111|411} (H.3)

R_{3,21|411} = R_{21,3|411} = R_{3,21|411} = R_{21,3|411} = (−1) = ±q^{−κ3−κ21} R^{col}_{3,21|411}

R_{21,21|411} = R_{21,21|411} = ( −q^3 ) = ±q^{−2κ21} R^{col}_{21,21|411}

R_{21,21|411} = R_{21,21|411} = ( q^3 ) = ±q^{−2κ21} R^{col}_{21,21|411}

R_{3,3|411} = R_{21,111|411} = R_{111,111|411} = R^{col}_{3,3|411} = R^{col}_{21,111|411} = R^{col}_{111,111|411} = ∅

Q = [33]

R_{3,3|51} = ( −q^3 ) = ±q^{−2κ3} R^{col}_{3,3|51} (H.4)

R_{3,21|51} = R_{21,3|51} = ( q^6 ) = ±q^{−κ3−κ21} R^{col}_{3,21|51} R_{3,21|51} = R^{col}_{21,3|51} = ( −q^6 ) = ±q^{−κ3−κ21} R^{col}_{3,21|51} R_{21,21|51} = R_{21,111|51} = R_{111,111|51} = R^{col}_{21,21|51} = R^{col}_{21,111|51} = R^{col}_{111,111|51} = ∅ (H.5)

Q = [321] In this case we encounter a new phenomenon is encountered: the representation [321] appears in the decomposition with multiplicity 2

21 × 21 = 42 + 411 + 2 321 + 3111 + 2211 (H.6) and the corresponding 2 × 2 block R_{21,21|321} turns to be non-diagonal and even different for 21 × 21, 21 × 21 and 21 × 21 crossings. Yet, the squares of these blocks are diagonal all the same.

R_{3,21|321} = R_{21,3|321} = R_{3,21|321} = R_{21,3|321} = ( − 1 q^3 ) = ±q^{−κ3−κ21} R^{col}_{3,21|321} R_{111,21|321} = R_{21,111|321} = R_{111,21|321} = R_{21,111|321} = ( −q^3 ) = ±q^{−κ21−κ111} R^{col}_{21,111|321}

R_{21,21|321} = ( −c_{321} s_{321}

s_{321} c_{321} ) = u ( 1 −1 ) u^†, R_{21,21|321} = ( c^′_{321} −s^′_{321} −s^′_{321} −c^′_{321} ) = ũ ( 1 −1 ) ũ^†

R_{21,21|321} = R_{21,21|321} = ( −c^{′′}_{321} −s^{′′}_{321} −s^{′′}_{321} c^{′′}_{321} ) = ũ ( 1 −1 ) ũ^†

R_{3,3|321} = R_{3,111|321} = R_{111,111|321} = R^{col}_{3,3|321} = R^{col}_{3,111|321} = R^{col}_{111,111|321} = ∅

c_{321} =

[3]^2 [2]^2[4]

, c^′_{321} = [5] [2]^2[4]

, c^{′′}_{321} = 1 [2]^7[4] + [3]^5[5] [2]^8[4]^2

(H.7)