arXiv:1307.2229v1 [gr-qc] 7 Jul 2013

Weyl-Cartan-Weitzenböck gravity through Lagrange multiplier

Zahra Haghani^1,^∗ Tiberiu Harko^2,^† Hamid Reza Sepangi^1,^‡ and Shahab Shahidi^{1§} 1Department of Physics, Shahid Beheshti University, G. C., Evin,Tehran 19839, Iran and 2Department of Mathematics, University College London, Gower Street, London, WC1E 6BT, United Kingdom

We consider an extension of the Weyl-Cartan-Weitzenböck (WCW) and teleparallel gravity, in which the Weitzenböck condition of the exact cancellation of curvature and torsion in a Weyl-Cartan geometry is inserted into the gravitational action via a Lagrange multiplier. In the standard metric formulation of the WCW model, the flatness of the space-time is removed by imposing the Weitzenböck condition in the Weyl-Cartan geometry, where the dynamical variables are the spacetime metric, the Weyl vector and the torsion tensor, respectively. However, once the Weitzenböck condition is imposed on the Weyl-Cartan space-time, the metric is not dynamical, and the gravitational dynamics and evolution is completely determined by the torsion tensor. We show how to resolve this difficulty, and generalize the WCW model, by imposing the Weitzenböck condition on the action of the gravitational field through a Lagrange multiplier. The gravitational field equations are obtained from the variational principle, and they explicitly depend on the Lagrange multiplier. As a particular model we consider the case of the Riemann-Cartan space-times with zero non-metricity, which mimics the teleparallel theory of gravity. The Newtonian limit of the model is investigated, and a generalized Poisson equation is obtained, with the weak field gravitational potential explicitly depending on the Lagrange multiplier and on the Weyl vector. The cosmological implications of the theory are also studied, and three classes of exact cosmological models are considered.

PACS numbers: 04.20.Cv, 04.50.Kd, 98.80.Jk, 98.80.Es

I. INTRODUCTION

General relativity (GR) is considered to be the most successful theory of gravity ever proposed. Its classic predictions on the perihelion advance of Mercury, on the deflection of light by the Sun, gravitational redshift, or radar echo delay have been confirmed at an unprecedented level of observational accuracy. Moreover, predictions such as the orbital decay of the Hulse-Taylor binary pulsar, due to gravitational - wave damping, have also fully confirmed the observationally weak-field validity of the theory. The detection of the gravitational waves will allow the testing of the predictions of GR in the strong gravitational field limit, such as, for example, the final stage of binary black hole coalescence (for a recent review on the experimental tests of GR see [1]).

Despite these important achievements, recent observations of supernovae [2] and of the Cosmic Microwave Background radiation [3] have suggested that on cosmological scales GR may not be the ultimate theory to describe the Universe. If GR is correct, in order to explain the accelerating expansion of the Universe, we require that the Universe is filled with some component of unknown nature, called dark energy, having some unusual physical properties. To find an alternative to dark energy to explain cosmological observations, in the past decade many modified theories of gravity, which deviate from the

∗Electronic address: z˙haghani@sbu.ac.ir †Electronic address: t.harko@ucl.ac.uk ‡Electronic address: hr-sepangi@sbu.ac.ir §Electronic address: s˙shahidi@sbu.ac.ir

standard GR on cosmological scales have been proposed (see [4] for a recent review on modified gravity and cosmology). On the other hand, because of its prediction of space-time singularities in the Big Bang and inside black holes GR could be considered as an incomplete physical model. In order to solve the singularity problem it is generally believed that a consistent extension of GR into the quantum domain is needed.

Since GR is essentially a geometric theory, formulated in the Riemann space, looking for more general geometric structures adapted for the description of the gravitational field may be one of the most promising ways for the explanation of the behavior at large cosmological scales of the matter in the Universe, whose structure and dynamics may be described by more general geometries than the Riemannian one, valid at the Solar System level.

The first attempt to create a more general geometry is due to Weyl [5], who proposed a geometrized unification of gravitation and electromagnetism. Weyl abandoned the metric-compatible Levi-Civita connection as a fundamental concept, since it allowed the distant comparison of lengths. Substituting the metric field by the class of all conformally equivalent metrics, Weyl introduced a connection that would not carry any information about the length of a vector on parallel transport. Instead the latter task was assigned to an extra connection, a socalled length connection that would, in turn, not carry any information about the direction of a vector on parallel transport, but that would only fix, or gauge, the conformal factor. Weyl identified the length connection with the electromagnetic potential. A generalization of Weyls theory was introduced by Dirac [6], who proposed the existence of two metrics, one unmeasurable metric ds_E , affected by transformations in the standards of length, and a second measurable one, the conformally invariant atomic metric ds_A.

In the development of the generalized geometric theories of gravity a very different evolution took place due to the work of Cartan [7], who proposed an extension of general relativity, which is known today as the Einstein- Cartan theory [8]. The new geometric element of the theory, the torsion field, is usually associated from a physical point of view to a spin density [8]. The Weyl geometry can be immediately generalized to include the torsion. This geomety is called the Weyl-Cartan space-time, and it was extensively studied from both mathematical and physical points of view [9]. To build up an action integral from which one can obtain a gauge covariant (in the Weyl sense) general relativistic massive electrodynamics, torsion was included in the geometric framework of the Weyl-Dirac theory in [10] . For a recent review of the geometric properties and of the physical applications of the Riemann-Cartan and Weyl-Cartan space-times see [11].

A third independent mathematical development took place in the work of Weitzenböck [12], who introduced the so-called Weitzenböck spaces. A Weitzenböck manifold has the properties ∇_μg_{σλ} = 0, T^μ_{σλ} ≠ 0, and R^μ_{νσλ} = 0, where g_{σλ}, T^μ_{σλ} and R^μ_{νσλ} are the metric, the torsion, and the curvature tensors of the manifold, respectively. When T^μ_{σλ} = 0, the manifold is reduced to a Euclidean manifold. The torsion tensor possesses different values on different parts of the Weitzenböck manifold. Therefore, since their Riemann curvature tensor is zero, Weitzenböck spaces possess the property of distant parallelism, also known as absolute, or teleparallelism. Weitzenböck type geometries were first used in physics by Einstein, who proposed a unified teleparallel theory of gravity and electromagnetism [13]. The basic idea of the teleparallel approach is to substitute, as a basic physical variable, the metric g_{μν} of the space-time by a set of tetrad vectors e^i_μ. In this approach the torsion, generated by the tetrad fields, can be used to describe general relativity entirely, with the curvature eliminated in favor of torsion. This is the so-called teleparallel equivalent of General Relativity (TEGR), which was introduced in [14], and is also known as the f(T ) gravity model. Therefore, in teleparallel, or f(T) gravity, torsion exactly compensates curvature, and the space-time becomes flat. Unlike in f(R) gravity, which in the metric approach is a fourth order theory, in the f(T ) gravity models the field equations are of second order. f(T ) gravity models have been extensively applied to cosmology, and in particular to explain the late-time accelerating expansion of the Universe, without the need of dark energy [15].

An extension of the teleparallel gravity models, called WCW gravity, was introduced recently in [16]. In this approach, the Weitzenböock condition of the vanishing of the sum of the curvature and torsion scalar is imposed in a background Weyl-Cartan type space-time. In contrast to the standard teleparallel theories, the model is formulated in a four-dimensional curved space-time, and not in a flat Euclidian geometry. The properties of the gravitational field are described by the torsion tensor and the Weyl vector fields, defined in a four-dimensional curved space-time manifold. In the gravitational action a kinetic term for the torsion is also included. The field equations of the model, obtained from a Hilbert-Einstein type variational principle, allow a complete description of the gravitational field in terms of two vector fields, the Weyl vector and torsion, respectively, defined in a curved background. The Newtonian limit of the model was also considered, and it was shown that in the weak gravitational field approximation the standard Poisson equation can be recovered. For a particular choice of the free parameters, in which the torsion vector is proportional to the Weyl vector, the cosmological applications of the model were investigated. A large variety of dynamical evolutions can be obtained in the WCW gravity model, ranging from inflationary/accelerated expansions to non-inflationary behaviors. The nature of the cosmological evolution is determined by the numerical values of the parameters of the cosmological model. In particular a de Sitter type late time evolution can be naturally obtained from the field equations of the model. Therefore the WCW gravity model leads to the possibility of a purely geometrical description of dark energy where the late time acceleration of the Universe is determined by the intrinsic nature of the space-time.

Recently, the use of Lagrange multipliers in the formulation of dynamical gravity models has attracted considerable attention. The method of Lagrange multipliers is a strategy for finding the local maxima and minima of a function subject to equality nonholonomic constraints, which are capable of reducing the dynamics [17]. The extension of f(R) gravity models via the addition of a Lagrange multiplier constraint has been proposed in [18]. This model can be considered as a new version of f(R) modified gravity since dynamics, and the cosmological solutions, are different from the standard version of f(R) gravity without such constraint. Cosmological models with Lagrange multipliers have been considered from different points of view in [19].

It is the purpose of the present paper to investigate a class of generalized WCW type gravity models, in which the Weitzenböck condition of the exact compensation of torsion and curvature is introduced into the gravitational action via a Lagrange multiplier approach. We start our analysis by considering the general action for a gravitational field in a Weyl-Cartan space-time, and we explicitly introduce the Weitzenböck condition into the action via a Lagrange multiplier. By taking the Weyl vector as being identically zero, we obtain the field equations of this gravity model in a Riemann-Cartan space time, with the Weitzenböck condition being described by a proportionality relation between the scalar curvature and torsion scalar, included in the gravitational action via a Lagrange multiplier method which mimics the teleparallel gravity. The weak field limit of the general theory is also investigated, and a generalized Poisson equation, explicitly depending on the Lagrange multiplier and the Weyl vector is obtained.

The cosmological implications of the model are investigated for three classes of models. The solutions obtained describe both accelerating and decelerating expansionary phases of the Universe, and they may prove useful for modeling the early and late phases of cosmological evolution.

The paper is organized as follows. The gravitational action of the WCW theory with Lagrange multiplier is introduced in Section II. The gravitational field equations are derived in Section III. Some particular cases are also considered in detail. The field equations for the case of the zero Weyl vector are presented in Section IV. The weak field limit of the theory is investigated in Section V, and the generalized Poisson equation is obtained. The cosmological implications of the theory are investigated in Section VI, and several cosmological models are presented. We discuss and conclude our results in Section VII. Some aspects of the Weyl invariance of the theory are considered in the Appendix.

II. WCW GRAVITY MODEL WITH LAGRANGE MULTIPLIER

In this Section we formulate the action of the gravitational field in the WCW gravity with a Lagrange multiplier. A Weyl - Cartan space CW_4 is a four-dimensional connected, oriented, and differentiable manifold, having a metric with a Lorentzian signature chosen as (−+++), curvature, torsion, and a connection which can be determined from the Weyl nonmetricity condition. Hence the Weyl-Cartan geometry has the properties that the connection is no longer symmetric, and the metric compatibility condition does not hold. The Weyl non-metricity condition is defined as

∇_λg_{μν} = −2w_λg_{μν} , (1)

where w_μ is the Weyl vector. Expanding the covariant derivative, we obtain the connection in the Weyl-Cartan geometry

Γ^λ_{μν} = { λ μ ν } + C^λ_{μν} + g_{μν} w^λ − δ^λ_μ w_ν − δ^λ_ν w_μ, (2)

where the first term in the LHS is the Christoffel symbol constructed out of the metric and the contorsion tensor C^λ_{μν} is defined as C^λ_{μν} = T^λ_{μν} − g^{λβ}g_{σμ}T^σ_{βν} − g^{λβ}g_{σν} T^σ_{βμ}, (3) with torsion tensor T^λ_{μν} given by

T^λ_{μν} = 1 2 ( Γ^λ_{μν} − Γ^λ_{νμ} ) . (4)

One can then obtain the curvature tensor of the Weyl- Cartan space-time as

K^λ_{μνσ} = Γ^λ_{μσ,ν} − Γ^λ_{μν,σ} + Γ^α_{μσ} Γ^λ_{αν} − Γ^α_{μν} Γ^λ_{ασ} . (5)

Using equation (2) and contracting the curvature tensor with the metric, we obtain the curvature scalar

K = K^{μν}_{μν} = R + 6∇_ν w^ν − 4∇_ν T^ν − 6w_ν w^ν + 8w_ν T^ν + T^{μαν} T_{μαν} + 2T^{μαν} T_{ναμ} − 4T_μT^μ, (6) where R is the curvature scalar constructed from the Christoffel symbols and we have defined T_β = T^α_{βα}. Also all covariant derivatives are with respect to the Riemannian connection described by the Christoffel symbols constructed out of the metric g_{μν} . We also introduce two tensor fields W_{μν} and T_{μν} , constructed from the Weyl vector and the torsion vector, respectively

W_{μν} = ∇_ν w_μ − ∇_μw_ν , (7) T_{μν} = ∇_ν T_μ − ∇_μT_ν , (8)

where T = T_μT^μ.

The most general action for a gravitational theory in the Weyl-Cartan space-time can then be formulated as S = ∫ d^4x √ −g ( 1 κ^2 K − 1 4 W_{μν} W^{μν} + β̂∇_μT ∇^μT + α̂T_{μν} T^{μν} + L_m ) , (9) where L_m is the matter Lagrangian which depends only on the matter fields and the metric, and is independent on the torsion tensor and the Weyl vector. We have also added a kinetic term for the Weyl vector and two possible kinetic terms for the torsion tensor. In equation (9), α̂ and β̂ are arbitrary numerical constants, and κ^2 = 16πG. Substituting definition of the curvature scalar from equation (6), the action for the gravitational field becomes S = 1 κ^2 ∫ d^4x √ −g ( R + T^{μαν} T_{μαν} + 2T^{μαν} T_{ναμ} − 4T_μT^μ − 6w_ν w^ν + 8w_ν T^ν − κ^2 4 W_{μν} W^{μν} + β∇_μT ∇^μT + αT_{μν} T^{μν} + κ^2L_m ) , (10)

where we have defined α = κ^2α̂ and β = κ^2β.

The Weitzenböck condition W ≡ R + T^{μαν} T_{μαν} + 2T^{μαν} T_{ναμ} − 4T_μT^μ = 0, (11) requires that the sum of the scalar curvature and torsion be zero. In order to impose this condition on the gravitational field equations of the theory, we add it to the action by using a Lagrange multiplier λ. The gravitational action then becomes S = 1 κ^2 ∫ d^4x √ −g [ − κ^2 4 W_{μν} W^{μν} − 6w_ν w^ν + 8w_ν T^ν

+ (1 + λ) ( R + T^{μαν} T_{μαν} + 2T^{μαν} T_{ναμ} − 4T_μT^μ ) + β∇_μT ∇^μT + αT_{μν} T^{μν} + κ^2L_m ] . (12)

We note that for λ = −1 one gets the original WCW action [16].

III. THE GRAVITATIONAL FIELD EQUATIONS OF THE WCW GRAVITY MODEL WITH A LAGRANGE MULTIPLIER

Let us now derive the field equations of the WCW gravity with the Lagrange multiplier. By considering the irreducible decomposition of the torsion tensor and imposing a condition on the terms of the decomposition, we obtain an explicit representation of the Weitzenböck condition. The field equations of a simplified model in which the constant α = 0 are also obtained explicitly.

A. The gravitational field equations and the effective energy-momentum tensor

Variation of the action (12) with respect to the Weyl vector and the torsion tensor results in the equations of motion

− κ^2 2 ∇_ν W^{νμ} − 6w^μ + 4T^μ = 0, (13) and 4w^{[ρ}δ^{β]}_μ + 2αδ^{[β}_μ ∇_αT^{ρ]α} − 2βT^{[ρ}δ^{β]}_μ □T + (1 + λ) ( T^{ρβ}_μ + T^{βρ}_μ + T^{ρ β}_μ − 4T^{[ρ}δ^{β]}_μ ) = 0, (14)

respectively. Variation of the action with respect to the Lagrange multiplier λ gives the Weitzenböck condition (11). Now, varying the action with respect to the metric and using the condition (11), we obtain the dynamical equation for the metric as

(1 + λ)R_{μν} = κ^2 2 T^m_{μν} + ∇_μ∇_ν λ − g_{μν} □λ − (1 + λ) ( 2T^{αβ}_ν T_{αβμ} − T^{αβ}_μ T_{ναβ} + 2T_{βα(μ}T^{αβ}_{ν)} − 4T_μT_ν )

+ κ^2 2 ( W_{μα}W^α_ν − 1 4 W_{αβ} W^{αβ} g_{μν} ) − 2α ( T_{μα}T^α_ν − 1 4 T_{αβ}T^{αβ}g_{μν} ) + 6 ( w_μw_ν − 1 2 w^αw_αg_{μν} )

− β ( ∇_μT ∇_ν T − 1 2 g_{μν} ∇_αT ∇^αT − 2T_μT_ν □T ) − 8 ( T_{(μ}w_{ν)} − 1 2 w^αT_αg_{μν} ) , (15)

where T^m_{μν} is the energy-momentum of the ordinary-matter. The generalized Einstein field equation (15) can be written as

G_{μν} = T^{ef f}_{μν} , (16)

where we have defined the effective energy-momentum tensor as

T^{ef f}_{μν} = (1 + λ)^{−1} [ κ^2 2 T^m_{μν} + ∇_μ∇_ν λ − g_{μν} □λ − (1 + λ) ( 2T^{αβ}_ν T_{αβμ} − T^{αβ}_μ T_{ναβ} + 2T_{βα(μ}T^{αβ}_{ν)} − 4T_μT_ν )

+ κ^2 2 ( W_{μα}W^α_ν − 1 4 W_{αβ} W^{αβ} g_{μν} ) − 2α ( T_{μα}T^α_ν − 1 4 T_{αβ}T^{αβ}g_{μν} ) + 6 ( w_μw_ν − 1 2 w^αw_αg_{μν} )

− β ( ∇_μT ∇_ν T − 1 2 g_{μν} ∇_αT ∇^αT − 2T_μT_ν □T ) − 8 ( T_{(μ}w_{ν)} − 1 2 w^αT_αg_{μν} )

+ 1 2 (1 + λ) ( T^{γβα}T_{γβα} + 2T^{γβα}T_{αβγ} − 4T^αT_α ) g_{μν} ] , (17)

and use has been made of equation (11).

B. The decomposition of the torsion tensor

The torsion tensor can be decomposed irreducibly into T_{μνρ} = 2 3 (t_{μνρ} − t_{μρν} ) + 1 3 (Q_ν g_{μρ} − Q_ρg_{μν} ) + ϵ_{μνρσ} S^σ, (18) where Q_ν and S^ρ are two vectors, and the tensor t_{μνρ} is symmetric under the change of the first two indices, and satisfies the following conditions

t_{μνρ} + t_{νρμ} + t_{ρμν} = 0, (19) g^{μν} t_{μνρ} = 0 = g^{μρ}t_{μνρ}. (20)

By contracting equation (18) over μ and ρ we obtain Q_μ = T_μ. Assuming that t_{μνρ} ≡ 0 [16], one may formulate the Weitzenböck condition as

R = −6S_μS^μ + 8 3 T. (21)

Now in equations (14) and (15) the terms with coefficient (1 + λ) can be simplified to

T^{ρβ}_μ + T^{βρ}_μ + T^{ρ β}_μ − 4T^{[ρ}δ^{β]}_μ = − 8 3 T^{[ρ}δ^{β]}_μ − ϵ^{ρβσ}_μ S_σ, (22) and 2T^{αβ}_ν T_{αβμ} − T^{αβ}_μ T_{ναβ} + 2T_{βα(μ}T^{αβ}_{ν)} − 4T_μT_ν = − 24 9 T_μT_ν + 2(S_αS^αg_{μν} − S_μS_ν ), (23)

respectively. Taking the trace of equation (14) over indices β and μ, we have α∇_αT^{ρα} − βT^ρ□T = 4 3 (1 + λ)T^ρ − 2w^ρ. (24)

Now, substituting the LHS of the above equation into (14) we obtain

(1 + λ)ϵ^{ρβσ}_μ S_σ = 0. (25)

If one assumes λ ≠ −1 then S_μ = 0. We note that from equation (21) one has R = 8/3T which implies that the vector T^μ should be space-like for the accelerating Universe with R = 6(Ḣ + 2H^2), where H is the Hubble parameter.

C. The case α = 0

In order to further simplify the gravitational field equations of the WCW model with a Lagrange multiplier, let us assume that α = 0, as in [16]. In this case from equation (24) we find □T = − 4 3β (1 + λ) + 2 βT w_ρT^ρ, (26) provided that T ≠ 0. Substituting (24) into (14) we obtain

T^αT_α(w^ρδ^β_μ − w^β δ^ρ_μ) = w^αT_α(T^ρδ^β_μ − T^βδ^ρ_μ), (27)

which implies that T_μ = Aw_μ, where A is a constant. In order to obtain the value of the constant A, we take the covariant divergence of equation (13), with the result

∇_μ(6w^μ − 4T^μ) = 0. (28)

The above equation implies that A = 3/2, so we conclude that

T_μ = 3 2 w_μ. (29) Substituting the above equation into (13) we obtain the dynamical field equation of the Weyl vector

□w_μ − ∇_μ∇_ν w^ν − w^ν R_{νμ} = 0. (30)

Now, using (29), we write equation (14) as

□T = − 4 3β λ, (31)

which implies

λ = − 27β 16 □w^2, (32)

where w^2 = w_αw^α. Substituting T^μ and λ from equations (29) and (32) into the metric field equation we obtain the effective energy-momentum tensor of the WCW model with the Lagrange multiplier, equation (17), as

T^{ef f}_{μν} = ( 1 − 27β 16 □w^2 )_{−1}[ κ^2 2 T^m_{μν} − 27β 16 (∇_μ∇_ν □w^2 − □^2w^2g_{μν} ) + κ^2 2 ( W_{μα}W^α_ν − 1 4 W_{αβ} W^{αβ} g_{μν} )

+ 81β 32 (2w^2□w^2g_{μν} − 2∇_μw^2∇_ν w^2 + g_{μν} ∇_αw^2∇^αw^2) ] . (33)

In summary, one may obtain the Weyl vector from equation (30) and then the Lagrange multiplier λ from equation (32). The field equation (16), together with equation (33) can then be used to obtain the evolution of the metric. Hence a complete solution of the gravitational field equations in the WCW model with a Lagrange multiplier can be constructed, once the thermodynamic parameters of the matter (energy density and pressure) are known.

It is worth mentioning that because of the general covariance, the matter energy-momentum tensor should be conserved due to the Bianchi identity. One can easily prove this statement in the case α = 0. Using equation (33), one may write equation (16) as

( 1 − 27β 16 □w^2 ) G_{μν} = [ κ^2 2 T^m_{μν} − 27β 16 (∇_μ∇_ν □w^2 − □^2w^2g_{μν} ) + κ^2 2 ( W_{μα}W^α_ν − 1 4 W_{αβ} W^{αβ} g_{μν} )

+ 81β 32 (2w^2□w^2g_{μν} − 2∇_μw^2∇_ν w^2 + g_{μν} ∇_αw^2∇^αw^2) ] . (34)

Taking the divergence of the above equation one obtains − 27β 16 ∇^μ□w^2G_{μν} = κ^2 2 ∇^μT^m_{μν} − 27β 16 ( □∇_ν □w^2 − ∇_ν □^2w^2 ) + 81β 16 w^2∇_ν □w^2.

(35)

Now, using the identity

∇^μ∇_ν A_μ − ∇_ν ∇^μA_μ = R^α_ν A_α, (36)

and considering the Weitzenböck condition which reads R = 6w^2, where R is the Ricci scalar, one easily finds ∇^μT^m_{μν} = 0.

IV. THE LIMITING CASE w^μ = 0 AND THE TELEPARALLEL GRAVITY

In this Section we consider the limiting case in which the Weyl vector becomes zero. We also assume α = 0 for simplicity. The action of the theory becomes S = 1 κ^2 ∫ d^4x √ −g [ β∇_μT ∇^μT + κ^2L_m + (1 + λ) ( R + T^{μαν} T_{μαν} + 2T^{μαν} T_{ναμ} − 4T_μT^μ ) ] , (37)

One may then obtain the field equations for the torsion tensor and the metric as

(1 + λ) ( T^{ρβ}_μ + T^{βρ}_μ + T^{ρ β}_μ − 4T^{[ρ}δ^{β]}_μ ) − 2βT^{[ρ}δ^{β]}_μ □T = 0, (38) and G_{μν} = T^{ef f}_{μν} , (39)

with

T^{ef f}_{μν} = (1 + λ)^{−1} [ κ^2 2 T^m_{μν} + ∇_μ∇_ν λ − g_{μν} □λ − (1 + λ) ( 2T^{αβ}_ν T_{αβμ} − T^{αβ}_μ T_{ναβ} + 2T_{βα(μ}T^{αβ}_{ν)} − 4T_μT_ν )

− β ( ∇_μT ∇_ν T − 1 2 g_{μν} ∇_αT ∇^αT − 2T_μT_ν □T ) + 1 2 (1 + λ) ( T^{γβα}T_{γβα} + 2T^{γβα}T_{αβγ} − 4T^αT_α ) g_{μν} ] , (40)

The variation of the action with respect to the Lagrange multiplier gives the Weitzenböck condition (11). Now consider the decomposition of the torsion tensor, given by equation (18), with t_{μνρ} = 0. One can again obtain S_μ = 0 by the same trick as in Section III. We then obtain the Weitzenböck condition in the form R = 8 3 T. (41)

From equation (38) one can isolate the Lagrange multiplier

λ = − 3β 4 □T − 1. (42)

By substituting equation (42) one can check that equation (38) is automatically satisfied. The metric then equation becomes □T G_{μν} = − 2κ^2 3β T^m_{μν} + ∇_μ∇_ν □T − g_{μν} □^2T + 4 3 ∇_μT ∇_ν T − 2 3 g_{μν} ∇_αT ∇^αT − 4 3 g_{μν} T □T. (43)

A. The case β = 0

For β = 0 the torsion has no kinetic term. Putting β = 0 in equation (38) and using equation (22), we obtain T^ρ = 0. The trace of equation (38) then gives S_μ = 0. Therefore, from the field equations we obtain T^μ_{ρν} = 0 and the theory reduces to a Brans-Dicke type theory, with equations of motion

G_{μν} = (1 + λ)^{−1} [ κ^2 2 T^m_{μν} + ∇_μ∇_ν λ − g_{μν} □λ ] , (44) and □λ = κ^2 6 T^m, (45)

respectively, where T^m is the trace of the energymomentum tensor. We have used the Weitzenböck condition R = 0 to obtain equation (45).

V. THE NEWTONIAN LIMIT AND THE GENERALIZED POISSON EQUATION

In this Section, we will obtain the generalized Poisson equation describing the weak field limit of the WCW theory with Lagrange multiplier. Taking the trace of equation (15), using the Weitzenböck condition (21), and noting that S_μ = 0 in our setup, we obtain 1 2 κ^2T^m − 3□λ − 6w^2 + 8T^μw_μ

+ β(∇_αT ∇^αT + 2T □T ) = 0, (46)

Now, using equation (24) to eliminate the □T term, we find (1 + λ)R = 1 2 κ^2T^m − 3□λ − 6w^2 + β∇_μT ∇^μT

+ 12w_μT^μ + 2αT_μ∇_ν T^{μν} . (47)

In the limit of the weak gravitational fields the (00) component of the metric tensor takes the form g_{00} = −(1 + 2ϕ), where ϕ is the Newtonian potential. In this limit we have R = −∇^2ϕ, and obtain the generalized Poisson equation as

∇^2ϕ = (1 + λ)^{−1} [ 1 4 κ^2ρ + 3 2 □λ + 3w^2 − 6w_μT^μ − αT_μ∇_ν T^{μν} ] . (48)

In obtaining the above equation we have assumed that the matter content of the Universe is pressureless dust, and we have used the Weitzenböck equation to keep terms up to first order in ϕ.

In the particular case α = 0, from equation (32) we find that the Lagrange multiplier is of the order of ϕ. Using equation (29) we obtain the generalized Poisson equation as

∇^2ϕ = 1 4 κ^2ρ − 81 32 β□^2w^2 + 6w^2. (49)

For w = 0, we recover the standard Poisson equation of Newtonian gravity.

VI. COSMOLOGICAL SOLUTIONS

In this Section we consider the cosmological solutions and implications of the WCW model with Lagrange multiplier. We assume that the metric of the space-time has the form of the flat Friedmann-Robertson-Walker (FRW) metric,

ds^2 = −dt^2 + a^2(t) ( dx^2 + dy^2 + dz^2 ) . (50)

Also in the following we suppose that the tensor t_{μνρ} vanishes, t_{μνρ} = 0. As we have mentioned in the previous Section, S_μ = 0 and T_α should be space-like in order to obtain an accelerating solution. We consider only models in which the Universe is filled with a perfect fluid, with the energy-momentum tensor given in a comoving frame by T^μ_ν = diag(−ρ, p, p, p), (51) where ρ and p are the thermodynamic energy density and pressure, respectively. The Hubble parameter is defined as H = ȧ/a. As an indicator of the accelerated expansion we will consider the deceleration parameter q, defined as q = d dt 1 H − 1. (52)

If q < 0, the Universes experiences an accelerated expansion while q > 0 corresponds to a decelerating dynamics.

A. The case α = 0

In this case the cosmological dynamics is described by equation (30) which represents the dynamical equation for the Weyl vector together with equations (32) and (16) which determine the Lagrange multiplier and the scale factor, respectively. The Weitzenböck condition is

R = 6w^2. (53)

Let us assume that the Weyl vector is of the form

w_μ = a(t)ψ(t)(0, 1, 1, 1). (54)

The Weitzenböck equation reduces to Ḣ + 2H^2 − 3ψ^2 = 0, (55)

and the Lagrange multiplier can be obtained as λ = 81β 8 ( 2Ψ^2 + Ψ̇ + 3ΨH ) ψ^2, (56)

where we have defined Ψ = ψ̇/ψ. The dynamical equation for the Weyl vector is Ψ̇ + Ḣ + Ψ^2 + 2H^2 + 3ΨH = 0. (57)

The off diagonal elements of the metric field equation gives

Ψ + H = 0. (58)

One can then check that the Weyl equation (57) is automatically satisfied. By substituting H from (58) to the diagonal metric equations one obtains 3 8 βΨΨ̈ + 3 8 β(3ψ^2 − Ψ^2)Ψ̇ − 3 8 β(3ψ^2 − Ψ^2)Ψ^2 − 1 27 ψ^{−2}Ψ^2 + 1 162 κ^2ψ^{−2}ρ = 0, (59) and 1 8 β ... Ψ − 1 8 β(2Ψ̇ + 9ψ^2 + Ψ^2)Ψ̇ − 2 81 ψ^{−2}Ψ̇ − 3 8 βΨ^4 + 1 27 ψ^{−2}Ψ^2 + 1 162 κ^2ψ^{−2}p = 0, (60)

We note that in this case we have four equations, (55), (58), (59) and (60) for four unknowns a, ψ, ρ and p. The Lagrange multiplier can then be obtain from equation (56). Equation (58) can be immediately integrated to give

a(t)ψ(t) = constant = C_0 ≠ 0, (61)

where C_0 is an arbitrary constant of integration. With the use of ψ(t) = C_0/a(t), the Weitzenböck condition, equation (55), becomes

aä + ȧ^2 − 3C^2_0 = 0, (62)

or equivalently d dt (aȧ) = 3C^2_0 , (63)

which immediately leads to

a^2(t) = 3C^2_0 t^2 + C_1t + C_2, (64)

where C_1 and C_2 are arbitrary constants of integration. By assuming the initial conditions a(0) = a_0 and H(0) = H_0, respectively, we obtain C_2 = a^2_0, and C_1 = 2a^2_0H_0. Thus for the Hubble parameter we obtain H(t) = a^2_0H_0 + 6C^2_0 t a^2_0 + 2a^2_0H_0t + 6C^2_0 t^2

. (65)

The energy density of the Universe can be obtained from equation (60) as

κ^2ρ(t) =

4374C^{12}_0 t^{10} (2a^2_0H_0t + a^2_0 + 3C^2_0 t^2)^6 + 2916a^2_0C^{10}_0 t^8(5H_0t + 2) (2a^2_0H_0t + a^2_0 + 3C^2_0 t^2)^6 + 6a^{12}_0 H^2_0 (2H_0t + 1)^4 (2a^2_0H_0t + a^2_0 + 3C^2_0 t^2)^6 + 36a^{10}_0 C^2_0 H_0t(2H_0t + 1)^3(4H_0t + 1) (2a^2_0H_0t + a^2_0 + 3C^2_0 t^2)^6 + 54a^8_0C^4_0 t^2(2H_0t + 1)^2 ( 26H^2_0 t^2 + 12H_0t + 1 ) (2a^2_0H_0t + a^2_0 + 3C^2_0 t^2)^6 + 648a^6_0C^6_0 t^4(2H_0t + 1) ( 11H^2_0 t^2 + 7H_0t + 1 ) (2a^2_0H_0t + a^2_0 + 3C^2_0 t^2)^6 + 486a^4_0C^8_0 t^6 ( 41H^2_0 t^2 + 32H_0t + 6 ) (2a^2_0H_0t + a^2_0 + 3C^2_0 t^2)^6 + 243β 4 (2a^2_0H_0t + a^2_0 + 3C^2_0 t^2)^6 × { 2430a^2_0C^{10}_0 H_0t^4 + 324a^2_0C^8_0 t^3 ( 8a^2_0H^2_0 − 9C^2_0 ) +

3a^4_0C^4_0 t^2 [ a^4_0H^4_0 + 6a^2_0C^2_0 H^2_0 (84H_0 − 1) + C^4_0 (9 − 972H_0) ] + a^6_0C^2_0 [ a^4_0H^4_0 (48H_0 + 1)−

6a^2_0C^2_0 H^2_0 (24H_0 + 1) + 9C^4_0 (6H_0 + 1) ] + 2a^4_0C^2_0 t [ a^6_0H^5_0 + 6a^4_0C^2_0 H^3_0 (36H_0 − 1)+

9a^2_0C^4_0 (1 − 60H_0)H_0 + 81C^6_0 ] + 1458C^{12}_0 t^5 } . (66)

The thermodynamic pressure is found in the form

κ^2p = 2 [ a^4_0H^2_0 − 6a^2_0C^2_0 H_0t − 6a^2_0C^2_0 − 9C^4_0 t^2 ] (2a^2_0H_0t + a^2_0 + 3C^2_0 t^2)^2 + 81C^2_0 β 4 (2a^2_0H_0t + a^2_0 + 3C^2_0 t^2)^5 × [ − 35a^8_0H^4_0 + 135a^6_0C^2_0 H^2_0 − 63a^4_0C^4_0 + 324a^2_0C^6_0 H_0t^3 + t ( 558a^4_0C^4_0 H_0 − 150a^6_0C^2_0 H^3_0 ) +

t^2 ( 837a^2_0C^6_0 − 117a^4_0C^4_0 H^2_0 ) + 243C^8_0 t^4 ] . (67)

For t = 0 we obtain the initial values of the density and pressure as

ρ(0) = ρ_0 = 6H^2_0 +

243βC^2_0 ( 48a^4_0H^5_0 + a^4_0H^4_0 − 144a^2_0C^2_0 H^3_0 − 6a^2_0C^2_0 H^2_0 + 54C^4_0 H_0 + 9C^4_0 ) 4a^6_0

, (68)

and

p(0) = p_0 = 2 ( a^2_0H^2_0 − 6C^2_0 ) a^2_0 − 81βC^2_0 ( 35a^4_0H^4_0 − 135a^2_0C^2_0 H^2_0 + 63C^4_0 ) 4a^6_0

, (69)

respectively. Once the initial conditions (a_0, H_0, ρ_0, p_0) are known, from Eqs. (68) and (69) the values of the integration constants can be determined. The deceleration parameter can be obtained as

q(t) = a^2_0 a^2_0H^2_0 − 3C^2_0 (a^2_0H_0 + 3C^2_0 t)^2

. (70)

If the initial values of the scale factor and Hubble parameter satisfy the condition a_0H_0 < √ 3C_0, q < 0 for all times then the Universe is in an accelerated expansionary phase. If a_0H_0 = √ 3C_0, q(t) ≡ 0 then the Universe is in a marginally inflating state. Finally, the Lagrange multiplier for this model can be obtained as λ(t) = 81a^2_0βC^2_0 ( a^2_0H^2_0 − 3C^2_0 ) 8 [a^2_0(2H_0t + 1) + 3C^2_0 t^2]^3

. (71)

B. The case α ≠ 0

We assume that the Weyl vector is space-like, mimicking the proportionality of the torsion and the Weyl vector as in the case α = 0. Let us assume that T_μ = a(t)ϕ(t)(0, 1, 1, 1), w^μ = ψ(t) a(t) (0, 1, 1, 1). (72)

By substituting these forms of the torsion and Weyl vector into equation (14) we obtain, after some algebra, the Lagrange multiplier

λ = 3 4 (6βϕ^2 − α)Φ̇ − 3 4 αḢ + 9 2 βϕ^2 (2Φ + 3H) Φ − 3 4 α(Φ^2 + 2H^2 + 3HΦ) + 3 2 ψ ϕ − 1, (73)

where we have defined

Φ = ϕ̇ ϕ . (74)

By using equation (73), the field equation (13) becomes

ψ̈ + 3Hψ̇ + (Ḣ + 2H^2 + 12κ^{−2})ψ − 8κ^{−2}ϕ = 0. (75)

The Weitzenböck equation takes the form

Ḣ = −2H^2 + 4 3 ϕ^2. (76)

Substituting equations (73) and (76) into (15), one obtains

9H(6βϕ^2 − α)Φ̈ + 6 [ (α − 6βϕ^2)(2ϕ^2 − 6H^2 − 3HΦ) + 36βϕ^2HΦ ] Φ̇ − 3ψ̇ ( κ^2ψ̇ + 2κ^2Hψ − 6 H ϕ )

+ 8ϕ^4(2α − 9βΦ^2) + 216βϕ^2HΦ^2(Φ + 2H) + 6ϕ^2Φ(4αΦ − 27βH^3) + 24ψϕ + 9αH^2Φ(3H − Φ)

− 3ψ^2(κ^2H^2 + 12) + 18H ψ ϕ (H − Φ) = 2κ^2ρ, (77)

−9(α − 6βϕ^2)ϕ ... Φ − 9ϕ [ α(5H + 2Φ) − 6βϕ^2(5H + 8Φ) ]¨ Φ + 18ψ̈ + 18(18βϕ^2 − α)ϕΦ̇^2 + 9 [ 40βϕ^5 + 6(24βΦ^2 + 30βHΦ − 7βH^2 − 2α)ϕ^3 + αH(7H − 4Φ)ϕ − 2ψ ]˙ Φ + 3κ^2ϕψ̇^2 + 8(117βΦ^2 − 81βHΦ − 2α)ϕ^5 + 18 [ 12β(2Φ + 5H)Φ^3 − 2(4α + 21βH^2)Φ^2 + (27βH^2 − 2α)HΦ ] ϕ^3 + 72ψϕ^2 + [ 6κ^2p + 9αH^2Φ^2 + 3κ^2H^2ψ^2 − 81αH^3Φ − 36ψ^2 ] ϕ + 6(6H − 6Φ + κ^2ϕHψ)ψ̇ + 18ψΦ^2 − 36ψHΦ − 18ψH^2 = 0, (78) and κ^2ψ̇(ψ̇ + 2ψH) + ψ^2(κ^2H^2 − 12) + 4αϕ^2 ( Φ̇ − H^2 + HΦ + 4 3 ϕ^2 ) + 8ψϕ = 0, (79)

Eqs. (75), (76), (77), (78) and (79) form a closed system of differential equations for five unknowns ψ, ϕ, H, p and ρ. Equation (73) can then be used to determine the Lagrange multiplier.

In the following we will look only for a de Sitter type solution of the field equations (75)-(79) with H = H_0 = constant and a = exp (H_0t), respectively. Then the Weitzenböck condition (76) immediately gives

ϕ^2 = 3 2 H^2_0 = constant, (80)

and Φ ≡ 0, respectively. Equation (75) takes the form

ψ̈ + 3H_0ψ̇ + (2H^2_0 − 12κ^{−2}) ψ = −4 √ 6κ^{−2}H^2_0 , (81)

with the general solution given by ψ(t) = 2 √ 6H^2_0 6 − H^2_0 κ^2

+ c_1e −κ √_{H20 κ2+48−3H0κ2} 2κ2 t +

c_2e κ √_{H20 κ2 +48−3H0 κ2}

2κ2 t, (82)

where c_1 and c_2 are arbitrary constants of integration. The simplest case corresponds to the choice c_1 = 0, c_2 = 0, giving ψ = 2 √ 6H^2_0 6 − H^2_0 κ^2

= constant. (83)

By substituting this form of ψ into equation (79) we obtain the value of α as α = 12κ^2 (6 − H^2_0 κ^2)^2

. (84)

For the energy density of the Universe we obtain

κ^2ρ =

72H^2_0 (2κ^2H^2_0 + 3) (6 − H^2_0 κ^2)^2

, (85)

κ^2p =

72H^2_0 (2κ^2H^2_0 − 3)

(6 − H^2_0 κ^2)^2

. (86)

One can see that the energy density and the pressure is positive if H_0 ≥ 1/κ^2 √ 3/2.

C. Cosmological models with w^μ = 0

Finally, we consider the cosmological implications of the WCW model with Lagrange multiplier with w^μ = 0. Assuming the following form for the torsion, T_μ = a(t)ϕ(t) [ 0, 1, 1, 1], (87)

the Weitzenböck condition is formulated as

R − 8ϕ^2 = 0. (88)

The Lagrange multiplier can be obtained in the form

λ + 1 = 9 2 βϕ^2 (˙ Φ + 2Φ^2 + 3HΦ ) , (89)

where we have defined Φ = ϕ̇/ϕ. The metric field equations take the form

Φ̈ + 2Φ̇(2H + 3Φ) − 4 3 ϕ^2 H (Φ̇ + Φ^2 + 3HΦ)

+ Φ(4Φ^2 + 3H^2 + 8HΦ + 3Ḣ) − κ^2 27β ρ HΦ^2

= 0, (90) and ... Φ + Φ̈(5H + 8Φ) + 3ΦḦ − 4ϕ^2(Φ̇ + 3Φ^2 + 3HΦ) + 8Φ^4

+ 4Ḣ(2Φ̇ + 4Φ^2 + 3HΦ) + 9H^2Φ(H + 2Φ) + 20HΦ^3

+ 3Φ̇(10HΦ + 8Φ^2 + 3H^2 + 2Φ̇) + κ^2 9β ϕ^{−2}p = 0, (91)

respectively.

Let us consider the case a(t) = t^s. In this case one obtains ϕ(t) = √ 3s(2s − 1) t , (92)

and the energy density and pressure take the form ρ(t) = 81s^2(3s^2 + 8s − 10)(2s − 1) 4κ^2 β t^6

, (93) p(t) = − 81(3s^3 + 2s^2 − 26s + 20)(2s − 1)s 4κ^2 β t^6

. (94)

In order to have a consistent solution, ϕ should be real and ρ and p must be positive. This restricts the range of s to 1 3 ( √ 46 − 4) < s < 2. (95)

For the deceleration parameter we obtain q = 1 s − 1, − 1 2 < q < 0.078. (96)

In the case a(t) = e^{H0t} we have

ϕ(t)^2 = 3 2 H^2_0 , (97)

with the matter energy density and the pressure becoming exactly zero

ρ = p = 0. (98)

VII. CONCLUSION

In this paper we have considered an extension of the Weitzenböck type gravity models formulated in a Weyl- Cartan space time. The basic difference between the present and the previous investigations is the way in which the Weitzenböck condition which in a Riemann- Cartan space time requires the exact cancellation of the Ricci scalar and the torsion scalar, is implemented. By starting with a general geometric framework, corresponding to a CW_4 space - time described by a metric tensor, torsion tensor and Weyl vector, we formulated the action of the gravitational field by including the Weitzenböck condition via a scalar Lagrange multiplier. With the use of this action the gravitational field equations have been explicitly obtained. They show the explicit presence in the field equations of a new degree of freedom, represented by the Lagrange multiplier λ. The field equations must be consistently solved together with the Weitzenböck condition which allows the unique determination of the Lagrange multiplier λ. The weak field limit of the model was also investigated and it was shown that the Newtonian approximation leads to a generalization of the Poisson equation where besides the matter energydensity, the weak field gravitational potential also explicitly depends on the Lagrange multiplier and the square of the Weyl vector.

An interesting particular case is represented by the zero Weyl vector case. For this choice of the geometry the covariant divergence of the metric tensor is zero and the Weitzenböck condition takes the form of a proportionality relation between the Ricci scalar and the torsion scalar, respectively. When one neglects the kinetic term associated to the torsion, the model reduces to a Brans- Dicke type theory where the role of the scalar field is played by the Lagrange multiplier.

The cosmological implications of the theory have also been investigated by considering a flat FRW background type cosmological metric. We have considered three particular models, corresponding to the zero and non-zero values of the coupling constant α, and to the zero Weyl vector respectively. For α = 0 the field equations can be solved exactly, leading to a scale factor of the form a(t) = √ 3c^2_0t^2 + 2H_0a^2_0 + a^2_0. The energy density and the pressure are monotonically decreasing functions of time and are both non-singular at the beginning of the cosmological evolution. The nature of the cosmological expansion - acceleration or deceleration - is determined by the values of the constants (C_0, a_0, H_0) and three regimes are possible: accelerating, decelerating, or marginally inflating. In the case α ≠ 0, we have considered only a de Sitter type solution of the field equations. Such a solution does exist if the matter energy density and pressure are constants, or, more exactly, the decrease in the matter energy density and pressure due to the expansion of the Universe is exactly compensated by the variation in the energy and pressure due to the geometric terms in the energy-momentum tensor.

In the case of the cosmological models with vanishing Weyl vector we have investigated two particular models corresponding to a power law and exponential expansion, respectively. In the case of the power law expansion, the energy density and pressure satisfy a barotropic equation of state, so that p ∼ ρ where both the energy and pressure decay as t^{−6}. Depending on the value of the parameter s, both decelerating and accelerating models can be obtained. On the other hand, for a vanishing Weyl vector, the de Sitter type solutions require a vanishing matter energy density and pressure and hence the accelerated expansion of the Universe is determined by the geometric terms associated with torsion which play the role of an effective cosmological constant.

In the present paper we have introduced a theoretical model for gravity, defined in a Weyl-Cartan space-time, in which the Weitzenböck geometric condition has been included in the action via a Lagrange multiplier method. The field equations of the model have been derived by using variational methods, and some cosmological implications of the model have been explored. Further astrophysical and cosmological implications of this theory will be considered elsewhere.

Appendix A: Note on Weyl gauge invariance

Suppose that length of a vector at point x is l. In the Weyl geometry, the length of the vector under parallel transportation to the nearby point x^′ is l^′ = ξl. On the other hand, the change in the length of the vector can be written as δl = lw_μδx_μ. (A1) So, the change in the Weyl vector is

w_μ → w^′_μ = w_μ + ∂_μ log ξ, (A2)

From the above relations, one obtains the change in the metric tensor

g_{μν} → g^′_{μν} = ξ^2g_{μν} , (A3) g^{μν} → g^{′μν} = ξ^{−2}g^{μν} . (A4)

The torsion tensor is invariant under the above gauge transformation, i.e.,

T^μ_{ρσ} → T^{′μ}_{ρσ} = T^μ_{ρσ} (A5)

We note that the curvature tensor (6) is covariant with the power −2, which means

K^′ = ξ^{−2}K. (A6)

and the metric determinant has power 4. Naturally, one demands to make the Lagrangian (9) gauge-invariant. In order to do so one can add a scalar field β or a Dirac field with power −1 and write the first term in equation (9) as √ −gβ^2K to make it gauge-invariant. However, the Weitzenböck condition (11) is neither gauge invariant nor covariant. In fact, one may write

W^′ = ξ^{−2}W − 6 (∇_ν k^ν + k^ν k_ν ) , (A7)

where ∇ is the metric covariant derivative and we have defined k_α = ∂_α log ξ. In order to make the Weitzenböck condition gauge-covariant, one should add to W some terms containing the torsion tensor and the Weyl vector. This generalization of the Weitzenböck condition by adding torsion and Weyl tensors will be considered in our future work [20].

[1] C. M. Will, Living Rev. Relativity 9, 3 (2006). [2] A. G. Riess, L. Macri, S. Casertano, et al., Astrophys. J.

730, 119 (2011).

[3] P. A. R. Ade et al., Planck 2013 results. I, arXiv:

1303.5062 [astro-ph) (2013).

[4] T. Clifton, P. G. Ferreira, A. Padilla, and C. Skordis, Phys. Rep. 513, 1 (2012).

[5] H. Weyl, Sitzungsber. Preuss. Akad. Wiss. 465, 1 (1918). [6] P. A. M. Dirac, Proc. R. Soc. London A 333, 403 (1973). [7] E. Cartan and A. Einstein, Lettres sur le Parallélisme Absolu. The Einstein-Cartan Correspondence, R. Debeber, Editor, Princeton University Press, Princeton, New Jersey, and Royal Academy of Sciences of Belgium (1979).

[8] F. W. Hehl, P. von der Heyde, G. D. Kerlick, and J. M.

Nester, Review of Modern Physics 48, 393 (1976). [9] H.-H. von Borzeszkowski and H.-J. Treder, Gen. Rel.

Grav. 29, 455 (1997); D. Puetzfeld and R. Tresguerres, Class. Quant. Grav. 18, 677 (2001); D. Putzfeld, Class. Quant. Grav. 19, 4463 (2002); D. Puetzfeld, Clas. Quant. Grav. 19, 3263 (2002); O. V. Babourova, Grav. Cosm. 10, 121 (2004); O. V. Babourova and V. F. Korolev, Russian Physics Journal 49, 628 (2006); O. V. Baburova, V. Ch. Zhukovsky, and B. N. Frolov, Theoretical and Mathematical Physics 157, 1420 (2008); B. S. Park and D. G. Pak, arXiv:1009.5174 (2010); O. V. Babourova, B. N. Frolov, and R. S. Kostkin, eprint arXiv:1006.4761 (2010); T. Y. Moon, J. Lee, and P. Oh, Mod. Phys. Lett. A 25, 3129 (2010) ; T. Y. Moon, P. Oh, J. S. Sohn, JCAP 11 (2010) 005.

[10] M. Israelit, Gen. Rel. Grav. 29, 1411 (1997); M. Israelit,

Gen. Rel. Grav. 29, 1597 (1997); M. Israelit, Found. Phys. 28, 205 (1998); M. Israelit, Hadronic J. 21, 75 (1998); M. Israelit, Proceedings of the 8-th Marcel Grossmann Meeting, Pirani and Ruffini Editors, World Scientic, Singapore, p. 653 (1999).

[11] M. Novello and S. E. Perez Bergliaffa, Physics Reports 463 127 (2008).

[12] R. Weitzenböck, Invariantentheorie, Noordhoff, Groningen (1923).

[13] A. Einstein, Preussische Akademie der Wissenschaften, Phys.-math. Klasse, Sitzungsberichte 1928 217 (1928).

[14] C. Möller, Mat. Fys. Skr. Dan. Vid. Selsk. 1, 10 (1961);

C. Pellegrini and J. Plebanski, Mat. Fys. Skr. Dan. Vid. Selsk. 2, 4 (1963); K. Hayashi and T. Shirafuji, Phys. Rev. D 19, 3524 (1979).

[15] R. Ferraro and F. Fiorini, Phys. Rev. D 75, 084031 (2007); R. Ferraro and F. Fiorini, Phys. Rev. D 78, 124019 (2008); G. R. Bengochea and R. Ferraro, Phys. Rev. D 79, 124019 (2009); E. V. Linder, Phys. Rev. D 81, 127301 (2010); G. R. Bengochea, Phys. Lett. B 695, 405 (2011); P. Wu and H. W. Yu, Phys. Lett. B 693, 415 (2010); R. -J. Yang, Europhys. Lett. 93, 60001 (2011); Y. -F. Cai, S. - H. Chen, J. B. Dent, S. Dutta, and E. N. Saridakis, arXiv:1104.4349 (2011); H. Wei, X. -P. Ma, and H. -Y. Qi, Phys. Lett. B 703, 74 (2011); Y. Zhang, H. Li, Y. Gong, and Z. -H. Zhu, JCAP 07 (2011) 015; C. G. Boehmer, T. Harko, and F. S. N. Lobo, Phys. Rev. D 85, 044033 (2012).

[16] Z. Haghani, T. Harko, H. R. Sepangi, S. Shahidi, JCAP 10 (2012) 061.

[17] V. I. Arnold, Mathematical Methods of Classical Mechanics, Springer-Verlag Berlin (1989); S. Capozziello, R. De Ritis, C. Rubano, P. Scudellaro, Riv. Nuovo Cim. 19, 1 (1996).

[18] S. Capoziello, Int. J. Mod. Phys. D 11, 486 (2002); S.

Capozziello, J. Matsumoto, S. Nojiri, and S. D. Odintsov, Phys. Lett. B 693, 198 (2010).

[19] J. Kluson, S. Nojiri, and S. D. Odintsov, Phys. Lett. B 701, 117 (2011); C. Gao, Y. Gong, X. Wang and X. Chen, Phys. Lett. B 702, 107 (2011); J. Kluson, Class. Quant. Grav. 28, 125025 (2011); Y. - F. Cai and E. N. Saridakis, Class. Quant. Grav. 28, 035010 (2011); C. - J. Feng and

X. - Z. Li, JCAP 1010, 027 (2010); D. Bettoni, V. Pettorino, S. Liberati and C. Baccigalupi, JCAP 1207, 027 (2012); D. Saez-Gomez, Phys. Rev. D 85, 023009 (2012); A. Cid and P. Labrana, Phys. Lett. B 717, 10 (2012); S. Capozziello, A. N. Makarenko, and S. D. Odintsov, Phys. Rev. D 87, 084037 (2013); Z. Haghani, T. Harko, F. S. N. Lobo, H. R. Sepangi and S. Shahidi, arXiv: 1304.5957 [gr-qc].

[20] Z. Haghani, T. Harko, H. R. Sepangi, S. Shahidi, in preparation.