arXiv:1307.2280v2 [hep-ph] 10 Jul 2013

The state of non-relativistic quantum system in a relativistic reference frame

Deliyergiyev M.A., Kotanzhyan A.G., Merkotan K.K., Podoliian N.O., Potiyenko O.S., Ptashynskyy D.A., Rusov V.D.^∗, Sharph I.V., Sokhrannyi G.O., Tykhonov A.V., Volkotrub Yu.V.

Department of Theoretical and Experimental Nuclear Physics, Odessa National Polytechnic University, Shevchenko ave. 1, 65044 Odessa, Ukraine

Abstract

Let us consider the problem of internal particle state transformation, which is a bound state of several particles, from the rest frame of a composite particle to the system in which it is relativistic. We also suppose that in the rest frame of the composite particle, its internal state could be considered in the relativistic approximation. It has been shown, that this internal state is unchanged during the transition from one reference frame to another. That is, the spherical symmetric particle in the rest frame stays in this state and resists, in any other reference frame, the Lorentz contraction along the movement direction of the arbitrary reference frame relative to the rest frame. It is discussed the possible application of the work results for hadrons scattering processes description like bound states of quarks.

1 Introduction

It has been shown in our last work [1], that the hadrons inelastic scattering processes could be described with Laplace method. However, calculations, in [1], have been done only for the model of scalar theory, so that allowed replicate the experimental results only on the qualitative level [2]. That is why, we will try to apply this method within the framework of more realistic theory - QCD. Besides, we run into the well-known problem, on the diagrams we have quarks and gluons lines, while in the initial and finite states we have the bound quarks states that are hadrons. So, if the initial and finite hadrons are non-interaction particles in the ”ordinary” scattering process, but for quarks inside these hadrons it is not like this. We surely can distribute the bound state of the particles over the eigenstates for momentum, or over the states of free particles, however it appears two problems.

The first one lays in the possibility to find coefficients of this distribution in the arbitrary reference frame. The second one - the Hamiltonian of the frame in the initial and finite states does not approximate asymptotically to the free quarks Hamiltonian, hence the interaction does not ”turn on” in the initial state and does not ”turn off” in the finite state, like in the ”ordinary” scattering theory. That results in that if we even distribute the bound state over free particles states, the asymptotic time dependence of these states does not match with the dependence of free particles states. As the result, we cannot use the usual interaction representation, and we need to find another ”interaction representation”, where there is the

∗Corresponding author: Vitaliy D. Rusov, e-mail: siiis@te.net.ua

Hamiltonian of non-interaction hadrons, with accounting their quarks structure, instead of the free fields Hamiltonian.

We can simplify the solution of these problems with the following arguments. If we say, that the free hadron, in the initial or the finite state of the scattering, consists of certain numbers of certain quarks, then as the result of these quarks interactions, new particles cannot be born. Therefore, the internal state of the free hadron, in the rest frame, can be described in the nonrelativistic approximation. Accordingly the quark Hamiltonian inside the free hadron in its rest frame can be described in the non-relativistic approximation. However, the initial and the finite state of the scattering process consists of a few hadrons, hence we cannot find a reference frame so that it would be the rest frame for all these hadrons.

In this way, it appears a problem of the transformation of the non-relativistic internal state and the Hamiltonian in the transition from the rest frame of the particle into the reference frame where this particle is relativistic. The essence of this problem could be explained by the following easy example. Let us suppose we have the most trivial quantum system - atom of hydrogen, that stays, for example, in the in the simplest spherically symmetric main state. We also suppose that there is an inertial observer, that is moving with the relativistic speed relative to the atom of hydrogen. We want to figure out what result this observer will get, if he measures the coordinates or momentum of the particles that make up the system. That is what probability amplitude the results of his measurements can be described by and how it is connected with the probability amplitude in the rest frame of the hydrogen atom or otherwise - with the center of mass frame of the particles which compose it. Then, for example, we will consider a meson as a two-particle system of a quark and an antiquark and next we will apply the obtained results to more complex three-quark systems, i.e. baryons.

This problem is rather non-typical. Because usually we deal with the fact that connected with the same event values are measured relative to different reference frames. In the case of the probability amplitude of many-particle system we have other situation. If there are two various inertial observers, which we call ”unprimed” and ”primed”, then, for example, the probability amplitude of the two-particle system relative to the ”unprimed” observer (denoted by Ψ (t, ⃗r_1, ⃗r_2)) describes the result of the particles coordinates measurement that is simultaneous relative to the ”unprimed” system and taken at clock time t of this system. In a similar way, the probability amplitude Ψ^′ (t^′, ⃗r^′_1, ⃗r^′_2) relative to the ”primed” observer describes the result of the coordinates measurement, that is simultaneous relative to this observer at his clock time t^′. However, measurements that are simultaneous relative to one observer but not to the another one, and vice versa. This is the essential distinction between the considered problem in comparison with the classical problem of the Lorentz contraction, where the coordinate measurement of the rod ends should be synchronized with the reference frame relative to which the rod moves, but it cannot be simultaneous in the rod rest frame. Due to this fact the rod length can be calculated by the coordinates of the same events but in different reference frames. In our case the probability amplitudes Ψ (t, ⃗r_1, ⃗r_2) and Ψ^′ (t^′, ⃗r^′_1, ⃗r^′_2) associated with the different realizations of the measurement process. Consequently between the values of t and t^′ any connection cannot be found, because such connection can be only between the time coordinates of the same event measured relative to various reference frames. Accordingly it is impossible to establish a tie between the values of ⃗r_1 and ⃗r_2 on the one hand and of ⃗r^′_1, ⃗r^′_2 on the other hand. So there is no connection like Lorentz transformations between the arguments of the probability amplitudes in both reference frames. Therefore conclusions about the lengths contraction or on increasing of time intervals, which are consequences of the Lorentz transformations, become invalid.

Thus considering the problem of the probability amplitude transformation in the transition from one inertial reference frame to another we should establish a tie not between the values of the function (the probability amplitude) which correspond to the same events in the different reference frames, but between its values for the same arguments, like as it is done for internal symmetries. Therefore the probability amplitude in the ”primed” reference frame we will denote Ψ^′ (t, ⃗r_1, ⃗r_2).

Principled method of the problem solution of the transformation in the transition one inertial reference frame to another is given by the field quantization postulate, adopted in [3]. However the problem is that the postulate is applied to the case of the relativistic quantum system state. It means that, for example, the internal state of the meson should be described not by the two-particle probability amplitude Ψ (t, ⃗r_1, ⃗r_2), but by the Fock space element, i.e. by the set of probability amplitudes of the type: |Ψ⟩ = { Ψ_{nq ,ng} ( t, ⃗r_1, ⃗r_2; ⃗q_1, . . . , ⃗q_{nq} ; ⃗g_1, . . . , ⃗g_{ng} )} , (1)

which take into account that the system besides the constituent quark and antiquark (the values ⃗r_1, ⃗r_2 can be obtained when measuring the coordinates) can contain an arbitrary number of current (n_q) quarks and antiquarks (obtained by measuring their coordinates and denoted ⃗q_1, . . . , ⃗q_{nq} ). The denotations n_g and ⃗g_1, . . . , ⃗g_{ng} have a similar meaning but for gluons.

To avoid difficulties, connected with the necessity to define a large number of unknown functions, we want to take advantage of the above circumstance, which is that the hadron internal state in the rest frame can be described in the nonrelativistic approximation. It means that there is a possibility to transform operators and the state vector (1) thus that all observed values remained unchanged and while all the functions included in (1), except for Ψ_{nq =0,ng =0} (t, ⃗r_1, ⃗r_2) ≡ Ψ (t, ⃗r_1, ⃗r_2), turned out to take small values and they can be put equal to zero with great accuracy.

But then we have to build a corresponding nonrelativistic approximation for the generators too, which are included in the unitary operator by which, according to the quantization postulate [3], the state can be transformed in the transition to the new reference frame. Our own formulation of such approximations is the content of the next part of the work. It is known that the arbitrary Lorentz transformation can be made as the product of rotations and boost. It is obvious that early noticed problems concern exactly boost. Therefore further we will consider only state transformations at the boost. At the same time we will consider that the boost is realized along OZ axis.

Before the transition to resolving of the earlier described problem, lets turn attention to the next possibility of this problem simplification. Let’s consider the hadron in its rest frame. In this system the state (1) must be eigenstate for total momentum ^⃗P of the all particles that make up this system. And at the same time this state must correspond to zero eigenvalue. The temporal progress of state (1) of the particles system that make up hadron could be represented in next form as well before the transition to non-relativistic approximation:

|Ψ (t)⟩ = exp ( −iĤt ) |Ψ (t = 0)⟩ , (2)

where Ĥ is the relativistic Hamiltonian of the fields system, whose quanks are makeing up hadron. In the reference frame that obtained from outcome system by applying the boost, according to [3] we will obtain:

|Ψ^′ (t)⟩ = Û (Y ) ( exp ( −iĤt ) |Ψ (t = 0)⟩ ) . (3)

Here Û (Y ) is unitary [3] state transformation operator as a result of boost with rapidity Y . Considering, that we talk about the eigenstate for total momentum of the system and this state corresponds the zero eigenvalue we can write relation (3) in the next form:

|Ψ^′ (t)⟩ = Û (Y ) ( exp ( −i ( Ĥt − (^ ⃗P · ^⃗R ))) |Ψ (t = 0)⟩ ) , (4) where ⃗R is complex of the three random coordinates. The specific choice of these three coordinates have no matter, because the eigenvalue of the total momentum operator ^⃗P is equal to zero.

Now we rewrite expression (4) in another form:

|Ψ^′ (t)⟩ = Û (Y ) û (x) Û^{−1} (Y ) Û (Y ) |Ψ (t = 0)⟩ , (5)

where next denotations are entered: x ≡ (t, R_x, R_y, R_z) , û (x) ≡ exp ( −i ( Ĥt − (^ ⃗P · R̂ ))) . (6)

Expression Û (Y ) û (x) Û^{−1} (Y ) matches formally with the expression which appears at transformation of operator field function ([3]). Therefore when we denote matrix of boost along OZ axis by Λ^{(0)} (Y ) we will obtain

Û (Y ) û (x) Û^{−1} (Y ) = û (Λ^{(0)} (Y ) x) . (7)

Then instead of (5), we can write:

|Ψ^′ (t)⟩ = exp ( −it ( ch (Y ) Ĥ + sh (Y ) P̂_z )) exp ( iR_z ( sh (Y ) Ĥ + ch (Y ) P̂_z )) × × exp ( i ( R_xP̂_x + R_yP̂_y )) Û (Y ) |Ψ (t = 0)⟩ . (8)

Pay attention, that in relation (8) the operators Ĥ and ^⃗P are included, which belongs to output reference frame in which we can apply non-relativistic approximation. In this approximation these operators may be replaced by non-relativistic internal Hamiltonian of the quarks system accordingly, which make up hadron, and non-relativistic momentum operator of this system. The quantity |Ψ (t = 0)⟩ in such non-relativistic approximation may be replaced by coordinate part of the probability amplitude for two-particle system (quark and antiquark) in an eigenstate for energy. Also, if we consider a borderline case of a small rapidities Y , we will see that we must choose a coordinates of the center of mass as an arbitrary coordinates of the vector ^⃗R:

⃗R = ⃗R (⃗r_1, ⃗r_2) = m^1⃗r^1 + m^2⃗r^2 m_1 + m_2

. (9)

Thus, simplification, which we have been talked about, is achieved by (4)-(8). The simplification means that we dont need to describe the transformation of the whole probability amplitude in an eigenstate for energy during a transition from the center-of-mass (quark and antiquark) system to another reference system, but we can limit only by transformation of the coordinate part of this probability amplitude.

2 Approximation of Lorentz transformation generators by differential operators

As it is known ([3]) the component Û (Y ) of the angular momentum tensor is the generator of M̂_{0,3} transformation. That is

Û (Y ) = exp ( iM̂_{0,3}Y ) . (10)

According to ([3]) the representation of M̂_{0,3} by the differential operators has next form:

M̂_{0,3} = i ( t ∂ ∂z + z ∂ ∂t ) . (11)

Therefore, we note that the generator representations by the differential operators can be obtained by considering a some function of coordinates and time and we are doing a corresponding substitution of the independent variables in the function. But, as noted in the previous section, in our case the replacement of the independent variables is impossible. Therefore, ratio (11) can be understood only as a limit to which the ”right” relativistic operator M̂_{0,3} is approached in the transition to a non-relativistic approximation. Then we have a question which boundary the operator should approximate to in the case of many-particle system. Given that the spatial components of the momentum are presented like a sum of the corresponding single-particle operators, we can make an assumption that the components in which one of indices is equal to zero are also additive. Then, for the two-particle system we have:

M̂_{0,3} = i ( t ( ∂ ∂z_1 + ∂ ∂z_2 ) + (z_1 + z_2) ∂ ∂t ) . (12)

As already noted, a quantity |Ψ (t = 0)⟩, which is included in (8), in our case can be replaced by coordinate’s part of energy eigenstate, which we denote ψ (⃗r_1, ⃗r_2) in the transition to a nonrelativistic approximation. This function does not depend on time and it is eigenfunction for operator of total momentum of system, that corresponds to zero eigenvalue. If we consider the operator (12) can be written in form:

M̂_{0,3} = −tP̂_z + (z_1 + z_2) i ∂ ∂t , (13)

we will come to the conclusion, that function ψ (⃗r_1, ⃗r_2) is also the eigenfunction of operator M̂_{0,3}, which corresponds to zero eigenvalue.

It can be explained by such considerations. As a result that the output reference frame is the center of mass frame of quark and antiquark, we have:

ψ (⃗r_1, ⃗r_2) = ψ (⃗r_2 − ⃗r_1) . (14)

If in the expression i ( t ( ∂ ∂z_1 + ∂ ∂z_2 ) + (z_1 + z_2) ∂ ∂t ) ψ (⃗r_2 − ⃗r_1) , (15)

from ⃗r_1 and ⃗r_2 we go to new a variables

⃗r_+ = ⃗r_1 + ⃗r_2, ⃗r_− = ⃗r_1 − ⃗r_2, (16)

then operator in (15) will only depend on z_+, and function on which operator acts will only depend on z_−.

Thereby we can make next conclusion that exp ( iM̂_{0,3}Y ) ψ (⃗r_2 − ⃗r_1) = ψ (⃗r_2 − ⃗r_1) . (17)

Namely the internal state of meson does not change in the transition to a new reference frame.

In all previous discussion we have considered generator M̂_{0,3} such as a component of the orbital momentum tensor. We note that for free bispinor field with explicit appearance of component spin in tensor of angular momentum [3] it is seen that the components equal to zero for components tensor at which even if one of indexes is equal to zero. Interaction operator of bispinor field with gauge field does not contain derivatives from components of bispinor field and does not give contribution in tensor of spin angular momentum. Therefore spin component is equal to zero in ”right” relativistic operator M̂_{0,3}. It means that in the transition to the non-relativistic bound, we can consider only the orbital contribution to the M̂_{0,3}.

Hence all considerations are applicable not only for mesons but to baryons because the presence of this non-zero spins does not change anything. For baryon taking assumption additively all components for moment of momentum, instead of (12) we obtain:

M̂_{0,3} = i ( t (_∂ ∂z_1 + ∂ ∂z_2 + ∂ ∂z_3 ) + (z_1 + z_2 + z_3)^∂_{∂t} ) . (18)

This operator is expressed through operator z, which is the component of total momentum system. Therefore when we act by this operator on eigenfunction of operator total moment momentum that corresponds to zero eigenvalue we will get zero.

Given in this section, two considerations have essential shortcomings. First, the ”right” relativistic operator M̂_{0,3} is not realized by differential operators, but it is given in the second quantization representation. Therefore, its non-relativistic limit is appropriate to look for in this representation. In addition we considerably used the assumptions (12) and (18). In the second quantization representation, owing to the fact that the expression for the operators do not depend either on single-particle or many-particle space these operators are set by, the following assumptions are not required. Therefore, the arguments in this section may be considered only as auxiliary. In the next section we will show that considering the problem in the secondary quantization representation we can get the same result.

3 Approximation of Lorentz transformation generators in second quantization representation

We denote q̂^+ (f, ν, c, ⃗r) as nonrelativistic quark operators in the coordinate representation of the second quantization. Its indexes f, ν, c set respectively flavor, spin and color state of quarks, which comes to their radius eigenvector state corresponding to the eigenvalue ⃗r. Birth antiquark operator in the same state denoted as ^̄q^+ (f, ν, c, ⃗r) and destruction operators as q̂^− (f, ν, c, ⃗r) and ^̄q^− (f, ν, c, ⃗r) respectively.

In these notations, the coordinate of the internal state of mesons as quark and antiquark can be represented in the form: |μ⟩ = ∫ d⃗r_2d⃗r_1ψ (|⃗r_2 − ⃗r_1|)s (ν_1, ν_2) c (c_1, c_2) a (f_1, f_2) ×

×q̂^+ (f_1, ν_1, c_1, ⃗r_1) ^̄q^+ (f_2, ν_2, c_2, ⃗r_2) |0⟩ .

(19)

In this relation we have denoted s (ν_1, ν_2) k (c_1, c_2) a (f_1, f_2) respectively as the spin, color and flavor of probability amplitudes, whereas the function ψ (|⃗r_2 − ⃗r_1|) is describing the coordinate dependence of amplitude probability in the center of mass frame of quark and antiquark. Since we consider the coordinate part of the eigenstate for energy, as ψ (|⃗r_2 − ⃗r_1|) we should consider the eigenfunctions of the nonrelativistic Hamiltonian of quark and antiquark. Besides, that normally assumed by compiling indices which are repeated. We also used the usual notation vacuum state |0⟩.

Whereas the dependence of all quantities on internal indices for us in this section will be insignificant, denoted hereinafter totality of indices {ν, c, f} by one letter ξ, and the dependence of probability amplitude on internal indices as:

s (ν_1, ν_2) k (c_1, c_2) a (f_1, f_2) ≡ F (ξ_1, ξ_2) . (20)

That is, instead of (19) we can write

|μ⟩ = F (ξ_1, ξ_2) ∫ d⃗r_2d⃗r_1ψ (|⃗r_2 − ⃗r_1|)q̂^+ (ξ_1, ⃗r_1) ^̄q^+ (ξ_2, ⃗r_2) |0⟩ . (21)

As it is known, the operator M̂_{0,3} in the field theory is presented in the form:

M̂_{0,3} = ∫ d⃗r ( x_3T̂_{0,0} (⃗r) − x_0T̂_{3,0} (⃗r) ) , (22)

Where T̂_{0,0} (⃗r) and T̂_{3,0} (⃗r) are operators of corresponding component of the energy-momentum tensor, x_0 ≡ t is the time component of the coordinate 4-vector and x_3 ≡ (−z) is its component along covariant axis OZ. Relation (22) clearly can be rewritten in the form:

M̂_{0,3} = −tP̂_z + ∫ d⃗r ( x_3T̂_{0,0} (⃗r) ) , (23)

where P̂_z is operator z− total momentum components of the system.

We note that relations (22) and (23) are accurate and do not require any assumptions and approximations. This dependence on t in (23) coincides with (13), while also (13) is a consequence of the assumptions (12) and (18). Thus, we can conclude that (23) proves the validity of these assumptions.

State (21) is an eigenstate for the total momentum of the system, which corresponds to the zero eigenvalue, so the action of the first summand of (23) on this condition trivially gives zero. Next we will consider the second summand of (23). We introduce the denotation for it

M̂_{0,3} ( T̂_{0,0} ) = ∫ x_3T̂_{0,0} (⃗r) d⃗r. (24)

To act this operator on the state of two-particle system (21), we shall construct a nonrelativistic approximation for the energy density T_{0,0} (⃗r). For the solution of this problem it is the most suitable representation of second quantization, because in this representation the Hamiltonian is presented by the integral from some operator-significant functions, which can be taken as nonrelativistic limit of the energy density.

Nonrelativistic Hamiltonian of the quark-antiquark which in second quantization representation can be written in the form:

Ĥ = Ĥ^{(0)} + Ĥ^{(V )},

Ĥ^{(0)} = ∫ d⃗r ( ^̄q^+ (ξ, ⃗r) ( − 1 2m Δ ) q̂^− (ξ, ⃗r) ) + ∫ d⃗r ( q̂^+ (ξ, ⃗r) ( − 1 2m Δ ) ^̄q^− (ξ, ⃗r) ) , Ĥ^{(V )} = 1 2 ∫ d⃗r_1d⃗r_2V (⃗r_2 − ⃗r_1) ^̄q^+ (ξ_1, ⃗r_1) q̂^+ (ξ_2, ⃗r_2) ^̄q^− (ξ_2, ⃗r_2) q̂^− (ξ_1, ⃗r_1) ,

(25)

where V (⃗r_2 − ⃗r_1) is a potential energy of interaction between the quark and antiquark, m is a mass of the quark and antiquark, which is approximately independent of the flavor, because the bound state exists due to the strong interaction and other types of interaction we neglect.

As we know when two-particle Hamiltonian representation by differential operators is considered by introducing Jacobi coordinates ⃗R = 1 2 (⃗r_1 + ⃗r_2) , ⃗r = ⃗r_2 − ⃗r_1, (26)

it can be presented as a sum of two commuting operators - center of mass Hamiltonian, which depends only on ⃗R and internal Hamiltonian which depends only on ⃗r. A similar presentation we want to achieve in the case when the Hamiltonian is written by creation and annihilation operators. For this purpose, it is convenient to rewrite one-particle part of Hamiltonian Ĥ^{(0)} in the two-particle operator form. As we examine the non-relativistic approximation, all operators can be considered on the subspace of the Fock space with a fixed number and composition of particles. In our case, we consider the subspace of states which contain one quark and one antiquark. The basic states of this subspace can be written in the form:

|ξ_1, ξ_2, ⃗r_1, ⃗r_2⟩ = ^̄q^+ (ξ_1, ⃗r_1) q̂^+ (ξ_2, ⃗r_2) |0⟩ . (27)

If we act on arbitrary linear combination of states (27) by the operator

Ê = ∫ d⃗r^̄q^+ (ξ, ⃗r) q̂^− (ξ, ⃗r) , (28) we will see a unit operator (28) on the subspace of states which contains one quark and one antiquark. On the same subspace the same property has operator

Ê^′ = ∫ d⃗rq̂^+ (ξ, ⃗r) ^̄q^− (ξ, ⃗r) . (29) If the first summand in the one-particle part Ĥ^{(0)} of Hamiltonian (25) multiply by the unit operator (29), and the second summand multiply by (28) we will get the expression of the one-particle part in two-particle effective form

Ĥ^{(0)} = ( − 1 2m ) ∫ d⃗r_1d⃗r_2 ( ^̄q^+ (ξ_1, ⃗r_1) q̂^+ (ξ_2, ⃗r_2) Δ_1 ^̄q^− (ξ_2, ⃗r_2) q̂^− (ξ_1, ⃗r_1) +

+^̄q^+ (ξ_1, ⃗r_1) q̂^+ (ξ_2, ⃗r_2) Δ_2 ^̄q^− (ξ_2, ⃗r_2) q̂^− (ξ_1, ⃗r_1) ) . (30)

Now we are replacing one-particle part of Hamiltonian (25) by (30) and after this replacement we are going to the variables (26). We also introduce the following denotations ⃗r_1 ( ⃗R, ⃗r ) = ⃗R − 1 2 ⃗r, ⃗r_2 ( ⃗R, ⃗r ) = ⃗R + 1 2 ⃗r, ^̄q^+ ( ξ_1, ⃗r_1 ( ⃗R, ⃗r )) = ^̄q^+ (1) , q̂^+ ( ξ_2, ⃗r_2 ( ⃗R, ⃗r )) = q̂^+ (2) , ^̄q^− ( ξ_2, ⃗r_2 ( ⃗R, ⃗r )) = ^̄q^− (2) , q̂^− ( ξ_1, ⃗r_1 ( ⃗R, ⃗r )) = q̂^− (1) .

(31)

Then instead of Hamiltonian (25) we will get

Ĥ = Ĥ(^{⃗R}) + Ĥ^{(⃗r,V )},

Ĥ(^{⃗R}) = ( − 1 4m ) ∫ d ⃗Rd⃗r^̄q^+ (1) q̂^+ (2) Δ_{⃗R} ^̄q^− (2) q̂^− (1) ,

Ĥ^{(⃗r,V )} = ∫ d ⃗Rd⃗r^̄q^+ (1) q̂^+ (2) ( − 1 m Δ_{⃗r} + V (⃗r) ) ^̄q^− (2) q̂^− (1) .

(32)

The operator Ĥ(^{⃗R}) will be called the center of mass Hamiltonian and the operator Ĥ^{(⃗r,V )} will be called internal Hamiltonian of system. The Hamiltonian (32) can be written in form

Ĥ = ∫ T̂_{00} ( ⃗R ) d ⃗R, (33) where the energy density operator T̂_{00} ( ⃗R ) can be written in the form:

T̂_{00} ( ⃗R ) = T (^{⃗R})_{00} ( ⃗R ) + T^{(⃗r)}_{00} ( ⃗R ) + T^{(V )}_{00} ( ⃗R ) , (34) and such denotations are introduced

T (^{⃗R})_{00} ( ⃗R ) = ( − 1 4m ) ∫ d⃗r^̄q^+ (1) q̂^+ (2) Δ_{⃗R} ^̄q^− (2) q̂^− (1) ,

T^{(⃗r)}_{00} ( ⃗R ) = ( − 1 m ) ∫ d⃗r^̄q^+ (1) q̂^+ (2) Δ_{⃗r} ^̄q^− (2) q̂^− (1) ,

T^{(V )}_{00} ( ⃗R ) = ∫ d⃗r^̄q^+ (1) q̂^+ (2) V (⃗r) ^̄q^− (2) q̂^− (1) .

(35)

Ratios (33)-(35) define the non-relativistic approximation for the operator T̂_{00} (⃗r), which can be used to construct non-relativistic approximation for the generator (24). Using these ratios, we have: M̂_{0,3} ( T̂_{0,0} ) = M̂(^{⃗R})_{0,3} + M̂^{(⃗r)}_{0,3} + M̂^{(V )}_{0,3} , (36)

where M̂^{(a)}_{0,3} = ∫ d ⃗R ( R_3T^{(a)}_{0,0} ( ⃗R )) , (37)

and index a takes three possible values a = ⃗R, ⃗r, V .

Having a non-relativistic approximation for the generator (22) we can act on the nonrelativistic approximation for state (10) by a bound him operator (21) and get the probability amplitude of the state in the new reference frame. In order to simplify the action of operator exponent (10) on (21) we consider that state (21) is the eigenstate for internal Hamiltonian Ĥ (⃗r,V ). We are interested in a main state of the bound quark’s system that in their intrinsic center of mass system corresponds to the eigenvalue, which is equal to the mass of hadron. But for the main state this eigenvalue is non-degenerate. Therefore, if we prove that the generator (22) commutes with the internal Hamiltonian, it will mean that the state (21) is the eigenstate for the generator (22) and for the operator (10).

So, our next aim is to prove that the operators M̂_{0,3} ( T̂_{0,0} ) and Ĥ^{(⃗r,V )} commute.

For this purpose it is better to go to the momentum representation for differentiation operator functions of the coordinates, which are included in the Laplace operator in the expression for the Hamiltonian (32). For transition to the momentum representation we will write the operators (31) in form:

^̄q^+ (1) = 1 (2π)^{3/2} ∫ d⃗p_1 ^̄q^+ (ξ_1, ⃗p_1) exp ( i⃗p_1 ( ⃗R − 1 2 ⃗r )) , q̂^+ (2) = 1 (2π)^{3/2} ∫ d⃗p_2q̂^+ (ξ_2, ⃗p_2) exp ( i⃗p_2 ( ⃗R + 1 2 ⃗r )) , ^̄q^− (2) = 1 (2π)^{3/2} ∫ d⃗p_3 ^̄q^− (ξ_2, ⃗p_3) exp ( −i⃗p_3 ( ⃗R + 1 2 ⃗r )) , q̂^− (1) = 1 (2π)^{3/2} ∫ d⃗p_4q̂^− (ξ_1, ⃗p_4) exp ( −i⃗p_4 ( ⃗R − 1 2 ⃗r )) ,

(38)

where ^̄q^+ (ξ_1, ⃗p_1) , q̂^+ (ξ_2, ⃗p_2) , ^̄q^− (ξ_2, ⃗p_3) , q̂^− (ξ_1, ⃗p_4) are creation and annihilation operators of quarks in the states, which are eigenstates of momentum. Analogously, we present potential energy V (⃗r) = 1 (2π)^{3/2} ∫ d⃗kV ( ⃗k ) exp ( i⃗k⃗r ) . (39)

If we substitute these expressions into (35) we will get the integrals over the variables ⃗p_1, ⃗p_2, ⃗p_3, ⃗p_4, in which is convenient to make the change of variables

⃗p_1 + ⃗p_2 = ⃗P_{12}, ⃗p_2 − ⃗p_1 2 = ⃗p_{12}, ⃗p_3 + ⃗p_4 = ⃗P_{34}, ⃗p_4 − ⃗p_3 2 = ⃗p_{34}, (40)

jacobian of which is equal to 1. Considering this substitution, we will obtain:

T (^{⃗R})_{00} ( ⃗R ) = 1 (2π)^3 ∫ d ⃗P_{12}d ⃗P_{34}d⃗p_{12}d⃗p_{34} ( ⃗P_{34} )_2 4m ^̄q^+ ( ξ_1, ⃗p_1 = 1 2 ⃗P_{12} − ⃗p_{12} ) q̂^+ ( ξ_2, ⃗p_2 = 1 2 ⃗P_{12} + ⃗p_{12} )

^̄q^− ( ξ_2, ⃗p_3 = 1 2 ⃗P_{34} − ⃗p_{34} ) q̂^− ( ξ_2, ⃗p_4 = 1 2 ⃗P_{34} + ⃗p_{34} )

exp ( i ( ⃗P_{12} − ⃗P_{34} ) ⃗R ) δ (⃗p_{12} + ⃗p_{34}) .

(41)

Here δ (⃗p_{12} + ⃗p_{34}) is denotation of Dirac δ-function. Due to this function we may do ⃗p_{34} integration. Suppose that ⃗p_{12} = ⃗p, ⃗p_{34} = −⃗p, (42) we will obtain

T (^{⃗R})_{00} ( ⃗R ) = 1 (2π)^3 ∫ d ⃗P_{12}d ⃗P_{34}d⃗p ( ⃗P_{34} )_2 4m q̄^+ ( ξ_1, ⃗p_1 = 1 2 ⃗P_{12} − ⃗p ) ×

× q̂^+ ( ξ_2, ⃗p_2 = 1 2 ⃗P_{12} + ⃗p ) ^̄q^− ( ξ_2, ⃗p_3 = 1 2 ⃗P_{34} + ⃗p ) × × q̂^− ( ξ_2, ⃗p_4 = 1 2 ⃗P_{34} − ⃗p ) exp ( i ( ⃗P_{12} − ⃗P_{34} ) ⃗R ) .

(43)

The expression for T^{(⃗r)}_{00} ( ⃗R ) is analogous to T (^{⃗R})_{00} ( ⃗R ) , but considering that operator Δ_{⃗r} provides the other variable differentiation of exponent:

T^{(⃗r)}_{00} ( ⃗R ) = 1 (2π)^3 ∫ d ⃗P_{12}d ⃗P_{34}d⃗p ( ⃗p^2 m ) ^̄q^+ ( ξ_1, ⃗p_1 = 1 2 ⃗P_{12} − ⃗p ) q̂^+ ( ξ_2, ⃗p_2 = 1 2 ⃗P_{12} + ⃗p ) × × ^̄q^− ( ξ_2, ⃗p_3 = 1 2 ⃗P_{34} + ⃗p ) q̂^− ( ξ_2, ⃗p_4 = 1 2 ⃗P_{34} − ⃗p ) exp ( i ( ⃗P_{12} − ⃗P_{34} ) ⃗R ) . (44)

Considering (39) for T^{(V )}_{00} ( ⃗R ) we have

T^{(V )}_{00} ( ⃗R ) = 1 (2π)^{9/2} ∫ d ⃗P_{12}d ⃗P_{34}d⃗p_{12}d⃗p_{34}d⃗k× × V ( ⃗k ) ^̄q^+ ( ξ_1, ⃗p_1 = 1 2 ⃗P_{12} − ⃗p_{12} ) q̂^+ ( ξ_2, ⃗p_2 = 1 2 ⃗P_{12} + ⃗p_{12} ) × × ^̄q^− ( ξ_2, ⃗p_3 = 1 2 ⃗P_{34} − ⃗p_{34} ) q̂^− ( ξ_2, ⃗p_4 = 1 2 ⃗P_{34} + ⃗p_{34} ) × × exp ( i ( ⃗P_{12} − ⃗P_{34} ) ⃗R ) δ ( ⃗p_{12} + ⃗k + ⃗p_{34} ) .

(45)

Now to ⃗p_{34} integrate taking into account δ-function we will suppose ⃗p_{12} = ⃗p, ⃗p_{34} = −⃗p − ⃗k. (46) Then

T^{(V )}_{00} ( ⃗R ) = 1 (2π)^{9/2} ∫ d ⃗P_{12}d ⃗P_{34}d⃗pd⃗k× × V ( ⃗k ) ^̄q^+ ( ξ_1, ⃗p_1 = 1 2 ⃗P_{12} − ⃗p ) q̂^+ ( ξ_2, ⃗p_2 = 1 2 ⃗P_{12} + ⃗p ) × × ^̄q^− ( ξ_2, ⃗p_3 = 1 2 ⃗P_{34} + ⃗p + ⃗k ) q̂^− ( ξ_2, ⃗p_4 = 1 2 ⃗P_{34} − ⃗p − ⃗k ) exp ( i ( ⃗P_{12} − ⃗P_{34} ) ⃗R ) . (47)

Substituting the expressions for T^{(⃗r)}_{00} ( ⃗R ) and T^{(V )}_{00} ( ⃗R ) into (34) considering (33) and (32) we will obtain the expression for internal Hamiltonian Ĥ (⃗r). Along with this, ⃗R integration appears. It leads again to appearance of Dirac δ-function. It makes possible to use ⃗P_{34} integration. Besides we suppose ⃗P_{12} = ⃗P , ⃗P_{34} = ⃗P . (48)

As a result we will obtain:

Ĥ^{(⃗r)} = ∫ T^{(⃗r)}_{00} ( ⃗R ) d ⃗R = ∫ d ⃗P d⃗p ( ⃗p^2 m ) ^̄q^+ ( ξ_1, ⃗p_1 = 1 2 ⃗P − ⃗p ) q̂^+ ( ξ_2, ⃗p_2 = 1 2 ⃗P + ⃗p ) × × ^̄q^− ( ξ_2, ⃗p_3 = 1 2 ⃗P + ⃗p ) q̂^− ( ξ_2, ⃗p_4 = 1 2 ⃗P − ⃗p ) , Ĥ^{(V )} = ∫ T^{(V )}_{00} ( ⃗R ) d ⃗R = 1 (2π)^{3/2} ∫ d ⃗P d⃗pd⃗kV ( ⃗k ) ^̄q^+ ( ξ_1, ⃗p_1 = 1 2 ⃗P − ⃗p ) × × q̂^+ ( ξ_2, ⃗p_2 = 1 2 ⃗P + ⃗p ) ^̄q^− ( ξ_2, ⃗p_3 = 1 2 ⃗P + ⃗p + ⃗k ) q̂^− ( ξ_2, ⃗p_4 = 1 2 ⃗P − ⃗p − ⃗k ) .

(49)

The internal Hamiltonian of the system is represented by this operators in next way

Ĥ^{(⃗r,V )} = Ĥ^{(⃗r)} + Ĥ^{(V )}. (50)

Now consider the expression for the momentum representation of generator (36). For M̂

(^⃗R)_{0,3} we have

M̂(^{⃗R})_{0,3} = 1 (2π)^3 ∫ d ⃗P_{12}d ⃗P_{34}d⃗p ( ⃗P_{34} )_2 4m ×

q̄^+ ( ξ_1, ⃗p_1 = 1 2 ⃗P_{12} − ⃗p ) q̂^+ ( ξ_2, ⃗p_2 = 1 2 ⃗P_{12} + ⃗p ) × ^̄q^− ( ξ_2, ⃗p_3 = 1 2 ⃗P_{34} + ⃗p ) q̂^− ( ξ_2, ⃗p_4 = 1 2 ⃗P_{34} − ⃗p ) ∫ R_3 exp ( i ( ⃗P_{12} − ⃗P_{34} ) ⃗R ) d ⃗R.

(51)

Integration variable ⃗P_{12} will be represented as ⃗P , and instead of ⃗P_{34} we will enter a new variable of integration ⃗ε by using the expression ⃗P_{34} = ⃗P − ⃗ε. (52)

After this transformations:

M̂(^{⃗R})_{0,3} = −i ∫ d ⃗P d⃗εd⃗p ( ∂δ (⃗ε) ∂ε_3 ) ( ⃗P − ⃗ε )_2 4m q̄^+ ( ξ_1, ⃗p_1 = 1 2 ⃗P − ⃗p ) ×

× q̂^+ ( ξ_2, ⃗p_2 = 1 2 ⃗P + ⃗p ) ^̄q^− ( ξ_2, ⃗p_3 = 1 2 ( ⃗P − ⃗ε ) + ⃗p ) q̂^− ( ξ_2, ⃗p_4 = 1 2 ( ⃗P − ⃗ε ) − ⃗p ) . (53)

Analogously,

M̂^{(⃗r)}_{0,3} = −i ∫ d ⃗P d⃗εd⃗p ( ∂δ (⃗ε) ∂ε_3 ) ( ⃗p^2 m ) q̄^+ ( ξ_1, ⃗p_1 = 1 2 ⃗P − ⃗p ) q̂^+ ( ξ_2, ⃗p_2 = 1 2 ⃗P + ⃗p ) × ^̄q^− ( ξ_2, ⃗p_3 = 1 2 ( ⃗P − ⃗ε ) + ⃗p ) q̂^− ( ξ_2, ⃗p_4 = 1 2 ( ⃗P − ⃗ε ) − ⃗p ) . M̂^{(V )}_{0,3} = −i

(2π)^{3/2} ∫ d ⃗P d⃗εd⃗pd⃗k ∂δ (⃗ε) ∂ε_3 V ( ⃗k ) ^̄q^+ ( ξ_1, ⃗p_1 = 1 2 ⃗P − ⃗p ) × × q̂^+ ( ξ_2, ⃗p_2 = 1 2 ⃗P + ⃗p ) ^̄q^− ( ξ_2, ⃗p_3 = 1 2 ( ⃗P − ⃗ε ) + ⃗p + ⃗k ) × × q̂^− ( ξ_2, ⃗p_4 = 1 2 ( ⃗P − ⃗ε ) − ⃗p − ⃗k ) .

(54)

Now we have the expressions for generator M̂_{0,3} and for internal Hamiltonian and now we are able to calculate their commutator. Due to the fact that each of the operators is composed of a few components, we will consider the commutators between this components. To simplify the calculating of commutators by Wicks theorem we will lead the products of operators in different order to the normal form.

Previously, we have used the fact that all operators are considered on Fock subspace state which contains one quark and one antiquark. Therefore operators, which in normal form containing two or more quark operators (birth or destroyed) or antiquarks operators will have on Fock subspace, which we consider matrix elements zero level for all basic elements of this subspace. Therefore, such operators we fold. Given that each of the operators, which we consider contain one quark and one antiquarks operator of product will contain two quark operator and two antiquarks operators. So this product will contain ”extra” operators. Applying this Vik theorem product, we find that nonzero matrix element in space that will consider only those summands in which ”extra” operators are paired together.

Let’s consider the product Ĥ^{(⃗r)}M̂(^{⃗R})_{0,3} . After reduction to normal form and fold of terms with zero matrix elements, this product can be written in the form

Ĥ^{(⃗r)}M̂(^{⃗R})_{0,3} = −i ∫ d ⃗P d⃗pd ⃗P^′d⃗p^′d⃗ε ( ⃗p^2 m ) ( ⃗P ′ − ⃗ε )_2 4m ( ∂δ (⃗ε) ∂ε_3 ) ×

× δ (( 1 2 ⃗P + ⃗p ) − ( 1 2 ⃗P^′ + ⃗p^′ )) δ (( 1 2 ⃗P − ⃗p ) − ( 1 2 ⃗P^′ − ⃗p^′ )) × × ^̄q^+ ( ξ_1, ⃗p_1 = 1 2 ⃗P − ⃗p ) q̂^+ ( ξ_2, ⃗p_2 = 1 2 ⃗P + ⃗p ) × × ^̄q^− ( ξ_2, ⃗p_3 = 1 2 ( ⃗P^′ − ⃗ε ) + ⃗p^′ ) q̂^− ( ξ_1, ⃗p_4 = 1 2 ( ⃗P^′ − ⃗ε ) − ⃗p^′ ) .

(55)

Here we have included subsum on the internal indexes ξ with the Kronecker δ-symbols that appear in paired operators. In the integral we wil come back to the old variables

⃗p_1 = 1 2 ⃗P − ⃗p, ⃗p_2 = 1 2 ⃗P + ⃗p, ⃗p_3 = 1 2 ⃗P^′ + ⃗p^′, ⃗p_4 = 1 2 ⃗P^′ − ⃗p^′. (56)

After that, due to the presence of δ-functions performed easily by integrating components momenta ⃗p_3 and ⃗p_4. As a result, we obtain

Ĥ^{(⃗r)}M̂(^{⃗R})_{0,3} = −i ∫ d⃗p_1d⃗p_2d⃗ε ( ∂δ (⃗ε) ∂ε_3 ) ( (⃗p_2 − ⃗p_1)^2 4m ) ( (⃗p_1 + ⃗p_2 − ⃗ε)^2 4m ) × × ^̄q^+ (ξ_1, ⃗p_1) q̂^+ (ξ_2, ⃗p_2) ^̄q^− ( ξ_2, ⃗p_2 − 1 2 ⃗ε ) q̂^− ( ξ_1, ⃗p_1 − 1 2 ⃗ε ) . (57)

In the case of multiplication of the same operators in reverse order after the analogous transformations we have

M̂(^{⃗R})_{0,3} Ĥ^{(⃗r)} = −i ∫ d⃗p_1d⃗p_2d⃗p_3d⃗p_4d⃗ε ( (⃗p_3 − ⃗p_4)^2 4m ) ( (⃗p_1 + ⃗p_2 − ⃗ε)^2 4m ) ( ∂δ (⃗ε) ∂ε_3 ) × × δ (( ⃗p_2 − 1 2 ⃗ε ) − ⃗p_3 ) δ (( ⃗p_1 − 1 2 ⃗ε ) − ⃗p_4 ) q̄^+ (ξ_1, ⃗p_1) q̂^+ (ξ_2, ⃗p_2) ^̄q^− (ξ_2, ⃗p_3) q̂^− (ξ_1, ⃗p_4) .

(58)

If we execute this expression and integrating the components ⃗p_3 and ⃗p_4, we will get the result that equal to (57). Hence we conclude that the operators M̂

(^⃗R)_{0,3}

and Ĥ^{(⃗r)} commute with each other.

Now we consider the commutator [ M̂(^{⃗R})_{0,3} , Ĥ (V ) ] . After reduction to normal form and return to the ”old” variables we have

M̂(^{⃗R})_{0,3} Ĥ^{(V )} = −i 1 (2π)^{3/2} ∫ d⃗p_1d⃗p_2d⃗kd⃗ε ( ∂δ (⃗ε) ∂ε_3 ) ( (⃗p_2 + ⃗p_1 − ⃗ε)^2 4m ) V ( ⃗k ) × × q̄^+ (ξ_1, ⃗p_1) q̂^+ (ξ_2, ⃗p_2) ^̄q^− ( ξ_2, ⃗p_3 = ( ⃗p_2 − 1 2 ⃗ε ) + ⃗k ) q̂^− ( ξ_1, ⃗p_4 = ( ⃗p_1 − 1 2 ⃗ε ) − ⃗k ) . (59)

Calculation of product Ĥ^{(V )}M̂(^{⃗R})_{0,3} after similar transformations leads to the expression which coincides with the right-hand side of equality (59). Therefore operator M̂

(^⃗R)_{0,3}

commutes with each one to the two summands of internal Hamiltonian and thus commutes with the Hamiltonian of the bound quarks system.

Let us now calculate the commutators of the operator M̂^{(⃗r)}_{0,3} with the summands of internal Hamiltonian. With the transformation help a product Ĥ^{(⃗r)}M̂^{(⃗r)}_{0,3} is reduced to the form:

Ĥ^{(⃗r)}M̂^{(⃗r)}_{0,3} = −i ∫ d⃗p_1d⃗p_2d⃗p_3d⃗p_4d⃗ε ( ∂δ (⃗ε) ∂ε_3 ) ( (⃗p_2 − ⃗p_1)^2 4m ) ( (⃗p_2 − ⃗p_1)^2 4m ) × × ^̄q^+ (ξ_1, ⃗p_1) q̂^+ (ξ_2, ⃗p_2) ^̄q^− ( ξ_2, ⃗p_3 = ⃗p_2 − 1 2 ⃗ε ) q̂^− ( ξ_1, ⃗p_4 = ⃗p_1 − 1 2 ⃗ε ) . (60)

The same result is obtained by passing to normal form of the product same operators in inverse order. Thus M̂^{(⃗r)}_{0,3} and Ĥ^{(⃗r)} commute with each other.

Calculation of the product Ĥ^{(V )}M̂^{(⃗r)}_{0,3} leads to the result

Ĥ^{(V )}M̂^{(⃗r)}_{0,3} = −i (2π)^{3/2} ∫ d⃗p_1d⃗p_2d⃗εd⃗k ( ∂δ (⃗ε) ∂ε_3 ) V ( ⃗k ) ( ⃗p_2 − ⃗p_1 + 2⃗k

)_2 4m ×

× ^̄q^+ (ξ_1, ⃗p_1) q̂^+ (ξ_2, ⃗p_2) ^̄q^− ( ξ_2, ⃗p_3 = ⃗p_2 + ⃗k − 1 2 ⃗ε ) q̂^− ( ξ_1, ⃗p_4 = ⃗p_1 − ⃗k − 1 2 ⃗ε ) . (61)

Calculating the product of these same operators in inverse order M̂^{(⃗r)}_{0,3} Ĥ^{(V )} gives the result that does not coincide with (61), therefore operators M̂^{(⃗r)}_{0,3} and Ĥ^{(V )} do not commute with each other:

M̂^{(⃗r)}_{0,3} Ĥ^{(V )} = −i (2π)^{3/2} ∫ d⃗p_1d⃗p_2d⃗εd⃗kV ( ⃗k ) (∂δ (⃗ε) ∂ε_3 ) ( (⃗p_2 − ⃗p_1)^2 4m ) × q̄^+ (ξ_1, ⃗p_1) q̂^+ (ξ_2, ⃗p_2) ^̄q^− ( ξ_2, ⃗p_3 = ⃗p_2 + ⃗k − 1 2 ⃗ε ) q̂^− ( ξ_2, ⃗p_4 = ⃗p_1 − ⃗k − 1 2 ⃗ε ) . (62)

But M̂^{(V )}_{0,3} Ĥ^{(⃗r)} = −i (2π)^{3/2} ∫ d⃗p_1d⃗p_2d⃗p_3d⃗p_4d⃗εd⃗k ∂δ (⃗ε) ∂ε_3 V ( ⃗k ) ( ⃗p_2 − ⃗p_1 + 2⃗k

)_2 4m ×

× ^̄q^+ (ξ_1, ⃗p_1) q̂^+ (ξ_2, ⃗p_2) ^̄q^− ( ξ_2, ⃗p_3 = ⃗p_2 + ⃗k − 1 2 ⃗ε ) q̂^− ( ξ_1, ⃗p_4 = ⃗p_1 − ⃗k − 1 2 ⃗ε ) . (63)

and Ĥ^{(⃗r)}M̂^{(V )}_{0,3} = −i (2π)^{3/2} ∫ d⃗p_1d⃗p_2d⃗p_3d⃗p_4d⃗εd⃗k ∂δ (⃗ε) ∂ε_3 V ( ⃗k ) ( (⃗p_2 − ⃗p_1)^2 m ) × × ^̄q^+ (ξ_1, ⃗p_1) q̂^+ (ξ_2, ⃗p_2) ^̄q^− ( ξ_2, ⃗p_3 = ⃗p_2 + ⃗k − 1 2 ⃗ε ) q̂^− ( ξ_1, ⃗p_4 = ⃗p_1 − ⃗k − 1 2 ⃗ε ) . (64)

Given that the expressions Ĥ^{(V )}M̂^{(⃗r)}_{0,3} (61) and M̂^{(V )}_{0,3} Ĥ^{(⃗r)} (63) are included in the general expression for the commutator [ Ĥ (⃗r,V ), M̂_{0,3} ] and same thing can be said about (62) and (64), we conclude: [ Ĥ^{(⃗r)}, M̂^{(V )}_{0,3} ] + [ Ĥ^{(V )}, M̂^{(⃗r)}_{0,3} ] = 0. (65)

Finally, calculations of products M̂^{(V )}_{0,3} Ĥ^{(V )} and Ĥ^{(V )}M̂^{(V )}_{0,3} give us the same result:

M̂^{(V )}_{0,3} Ĥ^{(V )} = Ĥ^{(V )}M̂^{(V )}_{0,3} = −i (2π)^3 ∫ d⃗p_1d⃗p_2d⃗εd⃗p^′d⃗k^′ ∂δ (⃗ε) ∂ε_3 V ( ⃗k ) V ( ⃗k^′ ) × × ^̄q^+ (ξ_1, ⃗p_1) q̂^+ (ξ_2, ⃗p_2) ^̄q^− ( ξ_2, ⃗p_3 = ⃗p_2 + ⃗k^′ + ⃗k − 1 2 ⃗ε ) q̂^− ( ξ_1, ⃗p_4 = ⃗p_1 − ⃗k^′ − ⃗k − 1 2 ⃗ε ) . (66)

Therefore, if we share the commutator [ Ĥ (⃗r,V ), M̂_{0,3} ] on the terms, that corresponds to the summands of internal Hamiltonian and generator, then the sum of all these summands is equal to zero, so [ M̂_{0,3}, Ĥ^{(⃗r,V )} ] = 0. (67)

So, like we have seen before, as the result, that the state (21) is the eigenstate for the internal Hamiltonian, that is corresponded to non-degenerate eigenstate, the consequence of (67) is, that this state must be the eigenstate for the generator of boost:

M̂_{0,3} |μ⟩ = m_{0,3} |μ⟩ , (68)

where m_{0,3} is corresponded to the state |μ⟩ eigenvalue of generator M̂_{0,3}.

If we want to determine the eigenvalue m_{0,3}, we need to use the proprietes of the symmetry of the eigenstate |μ⟩. Moreover, this state should be transmitted into itself with the arbitrary inverse of axes coordinates. Besides, if we suppose that the potential of the quarks and antiquarks interaction is spherically symmetric, then the main state of this system should also be spherically symmetric, that is, the state that transmits into itself with an arbitrary rotation. If we note that the unitary operator, that represants an inversion or a rotation on the Fock sub-space, which is noted like Û^{(I,R)}, then we have Û^{(I,R)} |μ⟩ = |μ⟩ . (69) Hence, (68) could be writen as

M̂_{0,3}Û^{(I,R)} |μ⟩ = m_{0,3}Û^{(I,R)} |μ⟩ , (70)

or ( Û^{(I,R)} )_{−1} M̂_{0,3}Û^{(I,R)} |μ⟩ = m_{0,3} |μ⟩ . (71)

Operator ( Û (I,R) )_{−1} M̂_{0,3}Û (I,R) connected with M̂_{0,3} the tensor’s transformation rule. It means,

that if one’s chooses an inverse or a rotation, that is changing OZ axe on the opposite one, then we have ( Û^{(I,R)} )_{−1} M̂_{0,3}Û^{(I,R)} = −M̂_{0,3}. (72)

But then, putting (72) in (71) with accounting (68) we have got

m_{0,3} = 0. (73)

So, if we note that |μ^′⟩ is the state of two bounded particles system comparatively to the reference frame, that is obtained from the cms of these particles with boost along OZ axe with rapidity Y , then we have |μ^′⟩ = exp ( iM̂_{0,3}Y ) |μ⟩ . (74) Taking into account (68) and (73), we see that from the whole series, that represent operater’s exponent exp ( iM̂_{0,3}Y ) after the operation on the state |μ⟩, that is not equal to zero result gives only the term that has the identity operator. So, we have |μ^′⟩ = |μ⟩ . (75) This result metches with the received one in the representated by the differential operators result (17). Hence, we can make the conclusion, that the internal state of non-relativistic frame of bound particles does not change, in the case of transmithion with boost to the reference frame relative to which this bound frame has relativistic energy-momentum.

4 Treatment of the problem of the state transformation with the common group-theoretical consideration

In the previous sections we considered two different representation of the boost generator M̂_{0,3} and got the equal results. So, it appears the question, how far these results could be generalize. This generalization could be reached while consideration this problem with the common grouptheoretical consideration. Let us consider the generators of Poincare group. We have four generators of space-time shifting P̂_a, a = 0, 1, 2, 3 and six Lorentzian generators M̂_{a,b} = −M̂_{b,a}. Commutation relations between these generators depend only on the group multiplication law and those singularities of the states transformation of quantum systems of interacting particles about which we mentioned above have no effect on these commutation relations. Also, these commutation relations do not depend on the generators representation, so we can consider them without the explicit form of these generators. It is known in [4] that the operator g^{a,b}P̂_aP̂_b commutes with all generators of the Poincare group and particularly with the generator M̂_{0,3} that we are interested in. Taking into account that in accordance with the field quantization postulate [3] the generator P̂_0 should agree with the total Hamiltonian of the system and the operators P̂_b, b = 1, 2, 3 should agree with the operators of the momentum components we see that then the operator g^{a,b}P̂_aP̂_b agrees with the square of the internal Hamiltonian of the system because all eigenvalues of this operator are equal to the squared eigenvalues of the internal energy of the considered particles system.

So the boost generator commutes with the square of the internal Hamiltonian irrespective of the representation of these operators and irrespective of the opportunity to apply the nonrelativistic approximation in the center of mass frame of the examined particles. If this approximation is possible as in the case of interest then the eigenstate that corresponds to the smallest eigenvalue of the square of the internal Hamiltonian is such that corresponds to the non-degenerate eigenvalue. So, due to the commutativity of the operators g^{a,b}P̂_aP̂_b and M̂_{0,3}, we find out this eigenstate for M̂_{0,3} too, this implies as we have seen that the state does not change with the boost. Thus as we see the most significant factor is the non-degeneracy of the ground state of the bound system.

Therefore we can say that from the commutation relations between the Poincare group generators it implies that if the internal state of the interacting particles system (i.e. the eigenstate of the squared internal Hamiltonian) is non-degenerate, then he will not change with the boost.

5 Discussion of Results and Conclusions

It is known that the ground state of the system with the central interaction is spherically symmetric. From the obtained result it will not change in the transition to the new frame. So it remains spherically symmetric and resists the Lorentz contraction.

Thus the Lorentz contraction in the bound quantum systems does not exist. Physical reason of it follows from the previous discussion. Indeed, when we consider the problem of the rod contraction in the rod rest frame it doesn’t matter the coordinates of its ends are mesured simultaneously or not. It is sufficient only to ensure the simultaneity of the measurement of the rod ends coordinates in the reference frame relative to which it is moving. Therefore, the problem of the rod contraction can be considered in terms of the connection between the coordinates and time of the same events but measured in the various reference frames. In the case we discussed the situation is different. While measuring the coordinates of interacting particles in an arbitrary reference frame we have to ensure the measurement simultaneity relative to that reference frame relative to which the measurement is taken and unlike the rod problem there is no such reference frame where the measurements can be taken not at the same time. This leads to that we should talk about different measurements events by various observers. Then the coordinates and time of those events are not connected with Lorentz transformation formulas because these transformations connect the coordinates and time of the same event in the different reference frames. Taking into account that the Lorentz contraction is the exactly result of the Lorentz transformation formulas, which in our case are not occured, ther is no wonder that we have obtained the result that such contraction does not exist.

References

[1] I. V. Sharf, A. V. Tykhonov, G. O. Sokhrannyi, K. V. Yatkin, M. A. Deliyergiyev, N. A. Podolyan and V. D. Rusov, Description of hadron inelastic scattering by the Laplace method and new mechanisms of cross-section growth, Ukr. J. Phys. 56, 1151 (2011).

[2] I. Sharph, A. Tykhonov, G. Sokhrannyi, M. Deliyergiyev, N. Podolyan and V. Rusov, On the Role of Longitudinal Momenta in High Energy Hadron-Hadron Scattering, Central Eur. J. Phys. 10, 858 (2012) [arXiv:1110.4945 [hep-ph]].

[3] N. N. Bogolyubov and D. V. Shirkov, Introduction To The Theory Of Quantized Fields, Intersci. Monogr. Phys. Astron. 3, 1 (1959).

[4] L. H. Ryder, Quantum Field Theory, Cambridge, Uk: Univ. Pr. ( 1985) 443p