arXiv:1307.2511v1 [hep-th] 9 Jul 2013

A note on the two point function on the boundary of AdS spacetime

L. Ortíz^∗ July 10, 2013

Department of Physics University of Guanajuato Leon Guanajuato 37150, Mexico

Abstract

We calculate by a new way the two point function on the boundary of AdS spacetime in 1+2 dimensions for the conformal real scalar field. The result agrees, module a multiplicative constant,^1_π , with the answer provided by the Boundary-limit Holography and Witten recipe. This is done in Poincaré coordinates. The basic ingredients of this new method are conformal techniques, quantum fields defined on a half of Minkowski spacetime and a limit inspired by the Boundary-limit Holography.

PACS numbers: 04.62.+v, 03.70.+k

∗leonardo.ortiz@uniofyorkspace.net

In the seminal work of Witten [1], in the context of the AdS/CFT correspondence, it was proposed a way to calculate the two point function of a CFT living in the conformal boundary of AdS spacetime from field theory of the real scalar field living in AdS spacetime. This method involves the partition function in the bulk and in the boundary. Inspired in part by this work, Bertola et al. [2] proposed a method for obtaining n-point functions of a CFT theory living in the conformal boundary of AdS spacetime from n-point functions of the real scalar field living in AdS spacetime. Both methods seem to be different but give the same answer, at least for the real scalar field living in AdS spacetime. The reason for this coincidence has not been clarified so far although there has been studies in this direction [3]. Witten and Bertola et al. use Poincaré coordinates in their works. In these coordinates, in 1+2 dimensions, the line element is

ds^2 = ℓ^2 z^2 ( −dT^2 + dk^2 + dz^2 ) , (1)

where z ∈ (0, ∞), k ∈ (−∞, ∞), T ∈ (−∞, ∞) and ℓ is related with the cosmological constant as Λ = −^1_{ℓ2} . By looking at this line element is evident that the Poincaré chart is conformal to a half of the Minkowski chart. Inspired by this and by works [4], [5] where there appears quantum fields defined on a half of the Minkowski spacetime, one naturally asks if it is not possible to apply conformal techniques and fields defined just on a half of the Minkowski spacetime to obtain a two point function on the conformal boundary of AdS spacetime in 1+2 dimensions, from the two point function associated with the conformal vacuum of the real scalar field obtained from the vacuum defined on a half of spacetime which is conformal to the Poincaré chart. The answer turns out to be positive and coincides, modulo a multiplicative constant,^1_π , with

F_b(ΔT, Δk) = 1 4ℓπ lim_{ϵ+→0} 1 ((Δk)^2 − (ΔT + iϵ)^2)^32

, (2)

which is the result from Boundary-limit Holography and Witten recipe, where ΔT = T − T^′ and Δk = k − k^′. The purpose of this note is to report this result. The equation (2) is the two point function obtained [6] by using Boundarylimit Holography [2] and for the massless conformal scalar field. This result is interesting and relevant for the AdS/CFT literature since the two point function in the AdS/CFT duality is obviously a very important object in the theory, and in getting it we are just using techniques from quantum field theory in curved spacetime and a limit inspired by Boundary-limit Holography. Also we mention that in principle the same method could be applied to obtain any npoint function.

Now, by a new method, we get (2) by starting with a set of normalized solutions of the Klein-Gordon operator with metric

ds^2 = −dT^2 + dk^2 + dz^2, (3)

where the coordinates have the same range as Poincaré coordinates. One set of such solutions is F^′_{ωna}(T, k, z) = 1 (2πω)^{1/2} e^{−iωT} e^{ink} sin(az), (4)

where ω = (n^2 + a^2)^{1/2}, −∞ < n < ∞ and a > 0. By choosing the coupling constant ξ =^1_8 , then a set of solutions of the Klein-Gordon operator on AdS spacetime in Poincaré coordinates is F_{ωna}(T, k, z) = z^{1/2} ℓ^{1/2} 1 (2πω)^{1/2} e^{−iωT} e^{ink} sin(az). (5) Then a real linear scalar field on AdS spacetime can be expanded as ϕ̂(T, k, z) = ∫_∞ −∞ ∫_∞ 0 ( F_{na}â_{na} + F^∗_{na}â^†_{na} ) dnda, (6) where the conformal vacuum is defined by â_{na}|0⟩ = 0 ∀ n, a. (7)

From (6) and (7) it follows that the two point function is given by ⟨0|ϕ̂(T, k, z)ϕ̂(T^′, k^′, z^′)|0⟩ = (zz^′)^{1/2} 8ℓ × × lim_{ϵ+→0} ( 1 ((Δk)^2 − (ΔT + iϵ)^2 + (z − z^′)^2)^{1/2} −

− 1 ((Δk)^2 − (ΔT + iϵ)^2 + (z + z^′)^2)^{1/2} ) , (8)

where ΔT = T − T^′ and Δk = k − k^′ and we have used that 2 sin(az) sin(az^′) = cos(a(z − z^′)) − cos(a(z + z^′)) and the integrals 3.961 2 and 6.671 6 in [7]. Now, if we expand the last expression for small z and z^′ and take the limit when they go to zero and at the same time multiply all the expression for (zz^′)^{− 3}2 we finally get ⟨0|ϕ̂(T, k)ϕ̂(T^′, k^′)|0⟩ = 1 4ℓ lim_{ϵ+→0} 1 ((Δk)^2 − (ΔT + iϵ)^2)^32

. (9)

By comparing this equation and (2) we see that both equations are basically the same, so Boundary-limit Holography [2], Witten recipe [1] and our method give the same answer. It is important to note that the power of the factor zz^′ by which we multiply the two point function is the same in both cases, so in the method presented in this note somehow we are using the same limit as the Boundary-limit Holography.

Since the Boundary-limit Holography and our method use as a basic element the geometry of AdS spacetime we can say that it fixes the form of the two point function for the real scalar field. We point out that, in principle, this method can be extended to obtain any n-point function and can be applied to the AdS/CFT correspondence in the semiclassical limit. Also the result presented here shows that quantum theory in curved spacetime is relevant for semiclassical issues of the AdS/CFT correspondence. It would be interesting to extend this work to other dimensions and to other fields such as the Dirac or the electromagnetic field.

Acknowledgments: We thank A. Higuchi and B. S. Kay for their comments on this work and for their help in passing from (8) to (9). We also thank Prof. Octavio Obregón for his support.

This work was sponsored by CONACYT-Mexico through a postdoctoral fellowship.

References

[1] Witten E 1998 Anti de Sitter space and Holography Adv. Theor. Math.

Phys. 2 253

[2] Bertola M, Bros J, Moschella U and Schaeffer R 2000 A general contruction of conformal field theories from scalar anti-de Sitter quantum field theories Nucl. Phys. B 587 619

[3] Duetsch M and Rehren K H 2002 A comment on the dual field in the AdS- CFT correspondence Lett. Math. Phys. 62 171

[4] DeWitt B 1975 Quantum field theory in curved spacetime Phys. Rep. 19 295 [5] Birrell N D and Davies P C W 1994 Quantum fields in curved space (Cambridge: Cambridge, Reprint)

[6] Ortíz L 2013 Hawking temperature in the eternal BTZ black hole: an example of holography in AdS spacetime Gen. Relativ. Gravit. 45 427

[7] Gradshteyn I S and Ruzhik I M 1980 Table of integrals, series and products (New York: Academic Press)