arXiv:1307.2752v1 [math-ph] 10 Jul 2013

Type-I integrable quantum impurities in the Heisenberg model

Anastasia Doikou

Department of Engineering Sciences, University of Patras, GR-26500 Patras, Greece

E-mail: adoikou@upatras.gr

Abstract Type-I quantum impurities are investigated in the context of the integrable Heisenberg model. This type of defects is associated to the (q) harmonic oscillator algebra. The transmission matrices associated to this particular type of defects are computed via the Bethe ansatz methodology for the XXX model, as well as for the critical and non-critical XXZ spin chain. In the attractive regime of the critical XXZ spin chain the transmission amplitudes for the breathers are also identified.

Contents

1 Introduction 1

2 The XXX spin chain 2

3 The XXZ spin chain 6 3.1 The critical case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 3.2 The non-critical case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

4 Discussion 15

1 Introduction

It has been well established by now that integrable impurities are objects that carry significant physical and algebraic meaning, hence a considerable amount of work has been devoted to their extensive study both at quantum [1]–[12] and classical level [13]–[23]. The present investigation is a natural continuation of previous studies on the subject [11, 12]. More precisely in [11] the derivation of exact transmission amplitudes via the Bethe ansatz formulation in the context of the XXX and XXZ spin chains was established for the first time, whereas in [12] transmission matrices associated to the gl_n, U_q(gl_n) (n > 2) algebras were derived. Recall that the transmission matrices physically describe the interaction between the excitations of the system and the impurity, therefore they encapsulate significant physical content. In both [11, 12] the so-called type-II defects were examined; these are associated to generic representations of the gl_n, U_q(gl_n) algebras.

Here we complete the analysis on quantum defects within the Heisenberg spin chain framework by implementing the so-called type-I defects [2]. These defects as will be clear subsequently are related to the (q) harmonic oscillator algebra. It is worth noting however that the transmission matrices derived in the XXZ critical regime –which may be mapped to the sine-Gordon model– are distinct to the ones derived for the sine-Gordon in [2, 4]. Nevertheless, in both situations the matrices are associated to variations of the q harmonic oscillator algebras, thus the overall physical factors in front of the transmission matrices turn out to be similar as will be evident in the analysis that follows.

The formulation of an one dimensional lattice integrable theory in the presence of a defect is well formulated within the context of the quantum inverse scattering method

(QISM). In general, let us consider an one dimensional (N + 1)-site theory with a point like defect on the n^{th} site. In this case the modified monodromy matrix of the theory reads as [24] T (λ) = R_{0N+1}(λ) R_{0N} (λ) . . . L_{0n}(λ − Θ) . . . R_{01}(λ) , (1.1) where R corresponds to the “bulk” theory, L corresponds to the defect, and Θ is an arbitrary constant corresponding to the “rapidity” of the defect. The Lax operator satisfies the quadratic algebra R_{12}(λ_1 − λ_2) L_1(λ_1) L_2(λ_2) = L_2(λ_2) L_1(λ_1) R_{12}(λ_1 − λ_2) , (1.2) where the R-matrix is a solution of the Yang-Baxter equation (see e.g. [25] and references therein). The monodromy matrix of the theory T (λ), naturally satisfies (1.2), guaranteeing the integrability of the model. The Hamiltonian of any generic system with a point-like defect is given e.g. in [11] and may be derived as is well known via the trace of the monodromy matrix over the auxiliary space 0.

The outline of the present work is as follows: in the next section we introduce and study the isotropic Heisenberg (XXX) spin chain in the presence of one point-like type-I defect. The relevant transmission matrices are then derived via the Bethe ansatz formulation. Similarly, in section 3 the XXZ model in the critical and non-critical regime in the presence of type-I defect is considered. In the critical regime in addition to the soliton transmission matrix the breather transmission amplitudes are also identified. A discussion on the present results as well as on possible future directions is presented in the last section.

2 The XXX spin chain

We start our analysis on type-I defects with the isotropic Heisenberg XXX model. The R-matrix, which characterizes the bulk behavior of the monodromy matrix, is given by the Yangian [26]:

R(λ) = λI+ iP (2.1) P|a⟩ ⊗ |b⟩ = |b⟩ ⊗ |a⟩ is the permutation operator. We choose to consider as the defect L-matrix the discrete non-linear Shcrödinger Lax operator, L(λ) = ( λ + iN + i ia ia^† i ) , N = a a^†. (2.2)

The underlying algebra in this case is essentially the harmonic oscillator algebra, which naturally arises from the quadratic relation (1.2), and is expressed as [ a, a^† ] = 1, [ N, a ] = −a, [ N, a^† ] = a^†. (2.3)

For our purposes here we shall also need to introduce the L-matrix via the crossing property L̂_{12}(λ) = V_1 L^t1_{12}(−λ − i) V_1, V_1 = antidiag(i, −i). (2.4) The derivation of the L̂ matrix is necessary in order to formulate the “unitarity” and “crossing-unitarity” relations as will be transparent below.

The L̂ matrix has the explicit form:

L̂(λ) = ( i −ia −ia^† −λ + iN ) . (2.5)

It is easy to check that the L and L̂-matrices satisfy the “unitarity property” L_{12}(λ) L̂_{12}(−λ) = i(λ + i) (2.6) as well as the “crossing-unitarity property” L^{t1}_{12}(−λ − i) L̂^{t1}_{12}(λ − i) = −i(λ − i). (2.7)

To extract the respective Bethe ansatz equations we assume the existence of “highest weight” states locally, such that: a^† |ω⟩_n = 0 N |ω⟩_n = 0, σ^+ = |ω⟩_j = 0 σ^z |ω⟩_j = |ω⟩_j, j ≠ n. (2.8) The global reference state for the model is evidently expressed as |Ω⟩ = ⊗^{N+1}_{j=1} |ω⟩_j. (2.9) Then the Bethe ansatz equations (BAE) associated to the L, L̂-matrices as defect matrices become:

e^±(λ_i − Θ) e^N_1 (λ_i) = − N∏ j=1 e_2(λ_i − λ_j), (2.10)

where the plus corresponds to the L-matrix and the minus to the L̂-matrix. Θ is the rapidity associated to the defect, and we also define:

e_k(λ) = λ +^{ik}_2 λ −^{ik}_2 , e^+(λ) = λ + i 2 , e^−(λ) = 1 λ −^i_2

. (2.11)

The process of identifying the transmission amplitudes has been described in detail in [11, 12], and the whole methodology is based on [24, 27]. We shall basically focus here on the derivation of the related transmission matrices. To obtain the transmission amplitude associated to the harmonic oscillator defect it suffices to consider the state with one hole with rapidity λ̃ (low lying excitation above the ground state) [28]. The corresponding density that describes the state in the thermodynamic limit is gives as

σ^±(λ) = σ_0(λ) + 1 N ( r^±_t (λ − Θ) + r(λ − λ̃) ) . (2.12)

where the Fourier transforms of the quantities involved are

σ̂_0(ω) = 1 2 cosh(^ω_2 ) , r̂^+_t (ω) = 1 2 cosh(^ω_2 ) ω < 0, r̂^+(ω) = 0, ω > 0

r̂^−_t (ω) = 1 2 cosh(^ω_2 ) ω > 0, r̂^−(ω) = 0, ω < 0. (2.13)

The last term in (2.12) corresponds to the existence of the hole in the filled Dirac sea, and provides the hole-hole scattering amplitude (see also e.g. [11] and references therein). To obtain the quantities r^±_t we have also used the following Fourier transforms: â_n(ω) = e^{− n|ω|2} , â^+(ω) = e^ω2 ω < 0, â^+(ω) = 0 ω > 0 â^−(ω) = e^{− ω}2 ω > 0, â^−(ω) = 0 ω < 0, (2.14)

where we define:

a_n(λ) = i 2π d dλ ln ( e_n(λ) ) , a^±(λ) = i 2π d dλ ln ( e^±(λ) ) . (2.15)

The transmission amplitudes, which physically describe the interaction between the low lying excitations –holes in the filled Dirac sea– and the defect are given by (see e.g. [11] for more details on the derivation)

T^±(λ) = exp [ − ∫_∞ −∞ dω ω e^{−iωλ̂} r̂^±_t (ω) ] (2.16)

λ̂ = λ̃ − Θ, also T + corresponds to the L defect matrix, whereas T − corresponds to the L̂ defect matrix.

The transmission factors may be identified through expression (2.16), and the useful identity ∫_∞ 0 dω ω e^{− μω}2 2 cosh(^ω_2 )

= ln

[Γ( μ+1_4 ) Γ(^{μ+3}_4 ) ] . (2.17) and are found to be

T^+(λ̂) =

Γ(−^{iλ̂}_2 +^1_4 ) Γ(−^{iλ̂}_2 +^3_4 )

, T^−(λ̂) =

Γ(^{iλ̂}_2 +^3_4 ) Γ(^{iλ̂}_2 +^1_4 )

(2.18)

It is also essential to recall the S-matrix of the XXX model [24, 29], which satisfies the Yang-Baxter equation, and is expressed as

S(λ) = S_s(λ) iλ + 1 iλ + 1 iλ 1 1 iλ iλ + 1 , (2.19)

where S_s(λ) =

Γ(−^{iλ}_2 +^1_2 ) Γ(^{iλ}_2 + 1) Γ(−^{iλ}_2 + 1) Γ(^{iλ}_2 +^1_2 )

. (2.20)

The transmission matrices T, T̄, satisfy the quadratic algebra [1]:

S_{12}(λ_1 − λ_2) T_1 (λ_1) T_2(λ_2) = T_2 (λ_2) T_1 (λ_1) S_{12}(λ_1 − λ_2), (2.21)

with S-matrix define above (2.19). Given that, one may check that the transmission matrices may be cast as

T(λ̂) =

T^−(λ̂) iλ +^1_2 ( iλ̂ + 1 + N̄ a a^† 1 ) , N̄ = a a^† − 1 2 (2.22)

whereas the conjugate transmission matrix is given as:

T̄(λ̂) = T^+(λ̂) ( 1 −a −a^† −iλ̂ + N̄ ) . (2.23)

Note that the operator N̄ is shifted by a factor^1_2 , compared to the operator N of the “bare” defect matrix L (L̂) as is also verified by the computations of the quantum numbers via the Bethe ansatz equations, and the asymptotic behavior of the transfer matrix.

It is worth noting here that both T and T̄ matrices satisfy the quadratic algebra (2.21), therefore are somehow equivalent algebraic entities. The overall factors in front of each expression are compatible with the BAE, as well as the unitarity and the crossing property requirements, i.e.

T_{12} (λ) T̄_{12} (−λ) = I, T̄^t1_{12} (λ + i) T^t1_{12} (−λ + i) = I. (2.24)

The latter relations have been explicitly checked and verified for the transmission matrices derived above. Thus the validity of the transmission amplitudes derived thought the BAE is further confirmed via (2.24), this of course provides an extra validity check.

3 The XXZ spin chain

We now proceed with the analysis of the type-I defects within the XXZ spin chain. Let us first introduce the R-matrix associated to the XXZ model, which has the familiar form [30] R(λ) = ( e^{μλ}q^12^{+ σz}2 − e^{−μλ}q^{− 1}2^{− σz}2 (q − q^{−1}) σ^−

(q − q^{−1}) σ^+ e^{μλ}q^12^{− σz}2 − e^{−μλ}q^{− 1}2^{+ σz}2 ) , (3.1)

q = e^{iμ}. In the critical regime (no mass gap) μ is real, whereas in the non critical case (mass gap) μ = iη, q = e^{−η}, η is real.

The defect L-matrix we choose to consider here is associated to the q-deformed oscillator algebra: L(λ) = ( e^{μλ}q^12 V − e^{−μλ}q^{− 1}2 V^{−1} a^† a −e^{−μλ}q^{− 1}2 V ) . (3.2)

The latter matrix corresponds to the so-called Discrete-Self-Trapping (DST) model [31], and may be thought of as a q-deformation of the discrete non-linear Schrodinger model. It is convenient to parameterize the q-oscillator algebra via the Weyl-Heisenberg elements: X Y = q Y X. (3.3) More precisely, V = X, a^† = (X^{−1} − qX)Y^{−1} , a = Y X. (3.4) The algebra associated to the L-matrix above as already mentioned is the q-harmonic algebra, and is expressed as

a^† a = 1 − qV^2, a a^† = 1 − q^{−1}V^2. (3.5)

The conjugate L̂ matrix, obtained via the crossing property L̂_{12}(λ) = V_1 L^t1_{12}(−λ − i) V_1, V_1 = antidiag(i, −i). (3.6)

is then given as

L̂(λ) = ( −e^{μλ}q^12 V −a^† −a e^{−μλ}q^{− 1}2 V − e^{μλ}q^12 V^{−1} ) . (3.7)

The L, L̂ matrices satisfy the unitarity and crossing unitarity properties as: L_{12}(λ) L̂_{12}(−λ) = −e^{−μλ}(e^{μλ} − e^{−μλ})

L^{t1}_{12}(−λ − i) L̂^{t1}_{12}(λ − i) = e^{μλ}(e^{μλ} − e^{−μλ}). (3.8)

As in the previous section in order to derive the Bethe ansatz equations we consider highest (lowest) weight states. It is convenient here, due to the parametrization of the q-harmonic algebra to consider “lowest weight” states as local reference states: a^† |ω⟩_n = 0 V |ω⟩_n = q^{12} |ω⟩_n σ^− |ω⟩_j = 0 σ^z |ω⟩_j = −|ω⟩_j, j ≠ n. (3.9) The global reference state then is:

|Ω⟩ = ⊗^{N+1}_{j=1} |ω⟩_j. (3.10)

The Bethe ansatz equations associated to the L and L̂ matrices are given by expressions (2.10), where we define in the critical XXZ case:

e_n(λ) = sinh(μ(λ +^{in}_2 )) sinh((μ(λ −^{in}_2 )) e^+(λ) = e^{−μλ} sinh(μ(λ +^i_2 )) e^−(λ) = e^{−μλ} sinh(μ(λ − i 2 )), (3.11)

and in the non-critical regime:

e_n(λ) = sin(η(λ +^{in}_2 )) sin(η(λ −^{in}_2 )) e^+(λ) = e^{−iηλ} sin(η(λ +^i_2 )) e^−(λ) = e^{−iηλ} sin(η(λ − i 2 )). (3.12)

3.1 The critical case

We shall distinguish two regimes in the critical case that is the repulsive and the attractive one depending on the values of the anisotropy parameter. This regime may be suitably mapped to the sine-Gordon model. Therefore, it is useful to provide the relation between the sine-Gordon coupling constant β^2, and the anisotropy parameter μ of the XXZ model (see also e.g. [32] for a more detailed discussion):

β^2 = 8(π − μ) , 4π < β^2 < 8π repulsive regime, β^2 = 8μ , 0 < β^2 < 4π attractive regime. (3.13)

Note that in the attractive regime the formulation of bounds states between solitons and anti-solitons of zero spin (topological charge), the so called “breathers” is allowed.

The main focus here will be in the attractive regime; basically due to the existence of bound states. Thus the scattering between the breathers and the defect may be also investigated in this context. Analogous results may be extracted in the repulsive regime (see e.g. [11]). As was shown in earlier studies, the ground state in the attractive regime consists of the so-called negative parity strings (see also e.g. [32] and references therein)

λ^{(−)} = λ + iπ 2μ . (3.14)

The BAE are modified then as follows, compared to (2.10),

g^±(λ_i − Θ) g^N_1 (λ) = − M∏ j=1 e_2(λ_i − λ_j) , (3.15)

where we define

g_n(λ) = cosh(μ(λ +^{in}_2 )) cosh(μ(λ −^{in}_2 )) g^+(λ) = e^{−μλ} cosh(μ(λ +^i_2 ))

, g^−(λ) = e^{−μλ} cosh(μ(λ − i 2 )). (3.16)

A generic state with one particle excitation of rapidity λ̃ (one hole in the filled Fermi sea of negative parity strings) is considered and the density associated to this state may be derived based on the standard formulation [24, 27]. It turns out that the derived state density is given by the following expression

− σ^±(λ) = b_1(λ) + 1 N b^±(λ − Θ) − ∫_∞ −∞ dλ^′ a_2(λ − λ^′) σ(λ^′) + 1 N a_2(λ − λ̃) . (3.17)

where b_n(λ) = i 2π d dλ ln ( g_n(λ) ) , b^±(λ) = i 2π d dλ ln ( g^±(λ) ) . (3.18) The Fourier transformations of the quantities appearing in (3.17) are found to be

â_n(ω) = sinh((ν − n)^ω_2 ) sinh(^{νω}_2 ) , 0 < n < 2ν , b̂_n(ω) = −sinh(^{nω2} ) sinh(^{νω}_2 ) , 0 < n < ν , b̂_n(ω) = −sinh((n − 2ν)^{ω2} ) sinh(^{νω}_2 ) , ν < n < 2ν , b̂^±(ω) = ± e^± ω 2 2 sinh(^{νω}_2 )

. (3.19)

Similarly to the previous section, the density is compactly expressed as

σ^±(λ) = σ_0(λ) + 1 N ( r(λ − λ̃) + r^±_t (λ − Θ) ) , (3.20)

whereas the Fourier transforms of the latter quantities are given by

σ̂_0(ω) = 1 2 cosh((ν − 1)^ω_2 ) , r̂^±_t (ω) = ∓ e^{± ω}2 4 sinh(^ω_2 ) cosh((ν − 1)^ω_2 )

. (3.21)

The quantity r provides the soliton-soliton scattering amplitude (see e.g. [11] and references therein for more details).

The S-matrix in this regime, solution of the Yang-Baxter equation as well, is given as [33]

S(λ) = S_s(λ, γ) a(λ, γ) a(λ, γ) b(λ, γ) c(γ) c(γ) b(λ, γ) a(λ, γ) , (3.22)

where we define γ = ν − 1 S_s(λ, γ) = ∞∏ k=0 Γ(iλ + 2(k + 1)γ) Γ(iλ + 2kγ + 1) Γ(iλ + (2k + 1)γ) Γ(iλ + (2k + 1)γ + 1) × Γ(−iλ + (2k + 1)γ) Γ(−iλ + (2k + 1)γ + 1) Γ(−iλ + 2(k + 1)γ) Γ(−iλ + 2kγ + 1)

, (3.23) and a(λ, γ) = sin(π(iλ + γ)) , β(λ, γ) = sin(iπλ) , c(γ) = sin(πγ) . (3.24)

The T^± amplitudes are derived from BAE and recalling (2.16) as well as the following identity 1 4 ∫_∞ −∞ dx x e^{−mx} sinh(x) sinh(βx)

= ln ∞∏ k=0 Γ( m 2 + β 2 + kβ + 1 2 ). (3.25)

we conclude that:

T^+(λ̂, γ) = ∞∏ k=0 Γ(iλ̂ +^γ_2 + 2kγ) Γ(−iλ̂ +^γ_2 + 2kγ + 1) Γ(iλ̂ +^γ_2 + (2k + 1)γ) Γ(−iλ̂ +^γ_2 + (2k + 1)γ + 1)

T^−(λ̂, γ) = ∞∏ k=0 Γ(iλ̂ +^γ_2 + (2k + 1)γ + 1) Γ(−iλ̂ +^γ_2 + (2k + 1)γ) Γ(iλ̂ +^γ_2 + 2kγ + 1) Γ(−iλ̂ +^γ_2 + 2kγ)

. (3.26)

The transmission matrices T, T̄ satisfy the quadratic algebra (2.21) together with the S-matrix presented above (3.23), thus we conclude that the transmission matrices are given by T(λ̂, γ) = e^{− μ̃u}2 T^−(λ̂, γ) e^{−μ̃u}q̃^12 − e^{μ̃u}q̃^{− 1}2 ( e^{−μ̃u}q̃V − e^{μ̃u}q̃^{−1}V^{−1} a^† a −e^{μ̃u}q̃^{−1}V ) , (3.27) and T̄(λ̂, γ) = −e^{μ̃u}2 q̃^12 T^+(λ̂, γ) ( −e^{−μ̃u}V −a^† −a e^{μ̃u}V − e^{−μ̃u}V^{−1} ) , (3.28)

where u = λ̂ γ , μ̃ = πγ, q̃ = e^{iμ̃}. (3.29) Crossing and unitarity properties (2.24) are satisfied by the matrices T, T̄ as has been explicitly verified.

We may compare the transmission amplitudes with earlier results on type-I defects [2, 4], although it is worth mentioning that the transmission matrices, as well as the underlying algebras are quite different. Nevertheless, both algebras are essentially variations of the q-deformed oscillator, and therefore the derived transmission amplitudes turn out to be similar. Indeed, consider for instance the expression for T^+ (3.26), by setting z ≡ iλ̂ −^γ_2 −^1_2 one recovers the transmission amplitude derived in [2, 4].

Breathers

Having identified the soliton transmission matrix we may now proceed with the derivation of the breather type-I transmission amplitude. The breathers are in general identified within the Bethe ansatz frame by suitable “string configurations” via the so-called string hypothesis [24]. A state with two light breathers with rapidities λ̄_1, λ̄_2 will be considered. We shall basically deal with the lightest breathers for simplicity; a generalization of the results concerning higher breathers is then straightforward [32], and is given at the end of the subsection. The lightest breather is described by one positive parity (real) string with rapidity λ̄_j, then the BAE for the state with two light breathers are expressed as :

g^±(λ_i − Θ) g^N_1 (λ_i) = − M∏ j=1 e_2(λ_i − λ_j) 2∏ j=1 g_2(λ_i − λ̄_j). (3.30)

To describe and understand the scattering process for the breathers it is necessary to take into consideration two sets of Bethe ansatz equations; the first set describes the negative parity one-strings, while the second one describes the breather itself. The second set of BAE is necessary in order to derive the energy and momentum of the breather, and also compare with the quantization condition with respect to the breather (for more details see e.g [32] and references therein). The second set of BAE describing the breather with rapidity λ̄_1 is derived as

e^±(λ̄_1 − Θ) e^N_1 (λ̄_1) = − M∏ j=1 g_2(λ̄_1 − λ_j ) e_2(λ̄_1 − λ̄_2). (3.31)

We shall also need in what follows the Fourier transform of a^± (2.15) derived as:

â^+(ω) = e^{−(ν−1) ω}2 2 sinh(^{νω}_2 )

, â^−(ω) = − e^{(ν−1) ω}2 2 sinh(^{νω}_2 )

. (3.32)

From the first set of BAE (3.30) the following density regarding the negative parity strings arises,

σ^±(λ) = σ_0(λ) + 1 N ( B^±(λ − Θ) + 2∑ j=1 R(λ − λ̃_j ) ) , (3.33)

where we define the Fourier transforms of B^± as

B̂^±(ω) = ∓ e^± ω 2 4 sinh(^ω_2 ) cosh((ν − 1)^ω_2 )

(3.34)

R is associated to the breather scattering amplitude (see e.g. [11, 32] for more details).

The second set (3.31) leads to the density describing the breather

σ̄^±(λ) = σ̄_0(λ) + ( t^±_b (λ − Θ) + 2∑ j=1 r_b(λ − λ̄_j) ) , (3.35)

where the corresponding Fourier transforms read as

^̄σ_0(ω) = cosh((ν − 2)^ω_2 ) cosh((ν − 1)^ω_2 )

, t̂^±_b (ω) = − e^{∓(ν−2) ω}2 2 cosh((ν − 1)^ω_2 )

. (3.36)

r_b gives rise to the breather scattering amplitude [11].

The expressions for the breather transmission amplitude are given as (see also [11]):

T^{±(1)}_b (λ̂, γ) = exp [ − ∫_∞ −∞ dω ω e^{−iωλ̂}t̂^±_b (ω) ] (3.37)

λ̂ = λ̄_1 − Θ.

Through (3.37) and (2.17) the breather transmission amplitudes may be identified as

T^{+(1)}_b (θ̂, γ) = − sinh(^{θ̂}_2 +^{iπ}_{4γ} ) sinh(^{θ̂}_2 +^{iπ}_{4γ} −^{iπ}_2 )

T^{−(1)}_b (θ̂, γ) = − sinh(^{θ̂}_2 −^{iπ}_{4γ} −^{iπ}_2 ) sinh(^{θ̂}_2 −^{iπ}_{4γ} )

(3.38)

θ̂ =^{πλ̂}_γ , and it is clear that our expression (3.38) for the breather transmission amplitude coincides with the one identified in [4] up to a shift in the spectral parameter. Notice that crossing is also verified between the two latter amplitudes that is: T^{−(1)}_b (θ̂, γ) = T^{+(1)}_b (−θ̂ + iπ, γ).

The results on the scattering and transmission amplitudes may be generalized for higher n-breathers, which are represented by n-positive parity strings with real centers λ̄_j (see also [11]). More precisely, it is straightforward to see (see e.g. [32]) the transmission amplitude of an n-breather is

T^{(n)}_b (λ̂, γ) = n∏ l=1 T^{(1)}_b ( λ̂ + i 2 (n + 1 − 2l), γ ) . (3.39)

This concludes our analysis in the critical regime of the XXZ model.

3.2 The non-critical case

We shall investigate in this section both type-I and II transmission matrices in the noncritical regime of the XXZ model. Before we proceed with our analysis let us first introduce some useful technical points. In this regime we basically deal with discrete Fourier transforms, and the relevant conventions are set as follows (see e.g. [34] and references therein): f(λ) = η π ∞∑ k=−∞ e^{−2iηkλ}f̂(k), f̂(k) = ∫ π_{2η} −^π_{2η} dλ e^{2iηkλ}f(λ). (3.40) Using the latter conventions we derive the following useful Fourier transforms: â_n(k) = e^{−nη|k|} â^+(k) = −e^{ηk} k < 0, â^+(k) = 0 k > 0 â^−(k) = −e^{−ηk} k > 0, â^−(k) = 0 k < 0. (3.41)

In this regime the main modification compared to the critical case is that the hyperbolic functions turn to trigonometric ones. As in the cases examined in the previous sections in order to derive the transmission amplitudes it suffices to consider a state with one hole of rapidity λ̃ in the Dirac sea. Then the density of the state is given by (3.20), and the Fourier transform of the quantities appearing in (3.20) are defined as follows

σ̂_0(ω) = 1 2 cosh(ηk) , r̂^+_t (ω) = − 1 2 cosh(ηk) k < 0, r̂^+_t (ω) = 0 k > 0

r̂^−_t (ω) = − 1 2 cosh(ηk) k > 0, r̂^−_t (ω) = 0 k < 0. (3.42)

It is also a good opportunity at this point to present the bulk S-matrix derivation in the non critical regime of the XXZ model. As explained in detail in previous works [24], to obtain the bulk S-matrix one needs to deal with a state consisting of two holes with rapidities λ̃_1, λ̃_2 in the filled Dirac sea. Then the hole-hole scattering amplitude of the non critical XXZ model is given by:

S(λ) = exp [ − ∞∑ k=−∞ 1 k e^{−2iηkλ} r̂(k) ]

r̂(k) = e^{−2η|k|} 1 + e^{−2η|k|} . (3.43)

λ = λ̃_1 − λ̃_2. Recall also the useful identity (see [34] and references therein) ∞∑ k=1 1 k e^{−2ηkx} 1 + e^{−2ηk} = ln

[ Γ_{q4} ( x_2 ) Γ_q4 (^x_2 +^1_2 ) ] − 1 2 ln(1 − q^4). (3.44)

The Γ_q-function is the q analogue of the familiar Euler Γ function, and is defined as:

Γ_q(x) = (1 − q)^{1−x} ∞∏ j=0 1 − q^{1+j} 1 − q^{x+j} (3.45)

recall q = e^{−η}. We may then express the scattering amplitude above in terms of Γ_qfunctions as S_s(λ) =

Γ_q4 (−^{iλ}_2 +^1_2 ) Γ_q4 (−^{iλ}_2 + 1)

Γ_q4 (^{iλ}_2 + 1) Γ_q4 (^{iλ}_2 +^1_2 )

. (3.46)

It is clear that in the isotropic limit q → 1 one recovers the XXX hole-hole scattering amplitude presented in section 2.

The bulk S-matrix, solution of the Yang-Baxter equation, for the non-critical XXZ chain is then expressed as:

S(λ, η) = S_s(λ, η) a(λ, η) a(λ, η) b(λ, η) c(η) c(η) b(λ, η) a(λ, η) , (3.47) where we now define

a(λ, η) = sin(η(−λ + i)) , β(λ, η) = − sin(ηλ) , c(η) = sin(iη) . (3.48)

The transmission amplitudes associated to type-I defects are also given via

T^±(λ̂, η) = exp [ − ∞∑ k=−∞ 1 k e^{−2iηkλ} r̂^±_t (k) ] . (3.49)

λ̂ = λ̃_1 −Θ. Recalling expressions (3.49) and the useful identity (3.44) we can also extract the transmission amplitudes in terms of Γ_q-functions as

T^+(λ̂, η) =

Γ_q4 (−^{iλ̂}_2 +^3_4 ) Γ_q4 (−^{iλ̂}_2 +^1_4 ) T^−(λ̂, η) =

Γ_q4 (^{iλ̂}_2 +^1_4 ) Γ_q4 (^{iλ̂}_2 +^3_4 )

. (3.50)

Alongside the S-matrix (3.47), the transmission matrices T, T̄ satisfy the quadratic algebra (2.21). Thus the corresponding transmission matrices are of the familiar form: T(λ̂, η) = e^{− iηλ}2 T^+(λ̂, η) e^{−iηλ̂}q^12 − e^{iηλ}q^{− 1}2 ( e^{−iηλ̂}qV − e^{iηλ̂}q^{−1}V^{−1} a^† a −e^{iηλ̂}q^{−1}V ) , (3.51) and T̄(λ̂, η) = −e^{iηλ̂}2 q^{− 1}2 T^−(λ̂, η) ( −e^{−iηλ̂}V −a^† −a e^{iηλ̂}qV − e^{−iηλ̂}V^{−1} ) . (3.52)

Crossing and unitarity properties (2.24) are also explicitly checked and verified for the transmission matrices above.

Let us also briefly derive the transmission matrices of type-II associated to the spin S-representation of U_q(sl_2) in the non-critical regime of the XXZ model. The BAE in this case are given by (see e.g. [11]):

e_y(λ_i − Θ) e^N_1 (λ_i) = − N∏ j=1 e_2(λ_i − λ_j ), y = 2S. (3.53)

Deriving the density of the state with one hole in the filled Dirac sea on may extract the transmission amplitude as

T (λ̂, η) = exp [ − ∞∑ k=−∞ 1 k e^{−2ikηλ} r̂_t(k) ] r̂_t(k) = e^{−ηy|k|} 1 + e^{−2η|k|} (3.54)

and it is easy show via (3.49) and (3.44) that T (λ̂, η) = Γ_q4 (−^{iλ̂}_2 +^{S̃}_2 +^1_4 ) Γ_q4 (^{iλ̂}_2 +^{S̃}_2 +^3_4 ) Γ_q4 (−^{iλ̂}_2 +^{S̃}_2 +^3_4 ) Γ_q4 (^{iλ̂}_2 +^{S̃}_2 +^1_4 )

, (3.55)

S̃ = S −^1_2 is the shifted spin as also computed explicitly via BAE (see also [11] for a detailed discussion). The type-II transmission matrix in the non-critical regime satisfying (2.21) is

T(λ̂, η) = T (λ̂, η) sin ( η(−λ̂ + iS̃ +^i_2 ) ) sin ( η(−λ̂ + iS^z +^i_2 ) ) sin(iη) S^− sin(iη) S^+ sin ( η(−λ̂ − iS^z +^i_2 ) ) . (3.56) It is easy to check that in the isotropic limit q → 1 one recovers the results obtained in [11] for the XXX model. This concludes our derivation of transmission matrices in the non-critical regime of the XXZ spin chain.

4 Discussion

Type-I integrable quantum defects have been considered in the context of the (an)isotropic Heisenberg model. The type-I defects are associated to the quantum harmonic oscillator algebra, and are distinctly different to type-II defects, which are associated to the sl_2 (U_q(sl_2)) algebra [11]. Here via the Bethe ansatz formulation the exact transmission matrices are explicitly derived. It is worth pointing out that the matrices extracted in the XXZ spin chain via the BAE are different to the ones identified in [2, 4] in the frame of the sine-Gordon model, although it is clear that they all satisfy variations of the quantum harmonic oscillator algebra. In this spirit the results presented here are indeed novel. In particular, the findings in the critical XXZ case, may be suitably mapped in a straightforward manner to the sine-Gordon model.

In the present investigation we have restricted our attention to the XXX and XXZ spin chains. It would be of great interest to extend our analysis in the case of higher rank (deformed) algebras. More precisely, the implementation and study of generic representations of the generalizations of the quantum harmonic algebras in both isotropic and anisotropic case in order to derive the corresponding transmission amplitudes would a very interesting direction to pursue. Also, depending on the values of the coupling constant it is possible to consider the formation of bound states between the particle-like excitations and the defect. This analysis may be achieved through the investigation of the poles appearing in the overall physical factor of the transmission matrix. All the above are significant issues, which hopefully will be addressed in the near future.

References

[1] G. Delfino, G. Mussardo and P. Simonetti, “Statistical models with a line of defect,” Phys. Lett. B328 (1994) 123, hep-th/9403049;

G. Delfino, G. Mussardo and P. Simonetti, “Scattering theory and correlation functions in statistical models with a line of defect,” Nucl. Phys. B432 (1994) 518,

hep-th/9409076.

[2] R. Konik and A. LeClair, “Purely Transmitting Defect Field Theories,” Nucl. Phys B538 (1999) 587, hep-th/9703085.

[3] P. Bowcock, E. Corrigan and C. Zambon, “Some aspects of jump-defects in the quantum sine-Gordon model,” JHEP 08 (2005) 023, hep-th/0506169.

[4] E. Corrigan and C. Zambon, “A transmission matrix for a fused pair of integrable defects in the sine-Gordon model,” J. Phys. A43 (2010) 345201, arXiv:1006.0939

[hep-th].

[5] A. Tsvelik and P.B. Wiegmann, “The Exact Results for Magnetic Alloys,” Adv. Phys.

32, 331 (1983) 17;

N. Andrei and H. Johannesson, “Heisenberg chain with impurities (an integrable model),” Phys. Lett. A 100 (1984) 108-112.

[6] H. Frahm and A.A. Zvyagin, “The open spin chain with impurity: an exact solution,” J. Phys. Cond. Matt, 9 (1997) 9939;

A. Kluemper and A.A. Zvyagin, “Disordered magnetic impurities in uniaxial critical quantum spin chains,” J. Phys. Cond. Matt. 12 (2000) 8705;

A.A. Zvyagin, “Finite Size effects in Correlated Electron Models: Exact Results,” Imperial College Press (& World Scientific) (2005).

[7] Z. Bajnok, A. George, “From Defects to Boundaries,” Int. J. Mod. Phys. A21 (2006) 1063, hep-th/0404199;

Z. Bajnok, “Equivalences between spin models induced by defects,” J. Stat. Mech. 0606 (2006) P06010, hep-th/0601107;

Z. Bajnok, Zs. Simon, “Solving topological defects via fusion,” Nucl. Phys. B802 (2007) 307, arXiv:0712.4292 [hep-th].

[8] R. Weston, “An Algebraic Setting for Defects in the XXZ and Sine-Gordon Models,”

arXiv:1006.1555 [math-ph].

[9] M. Mintchev, E. Ragoucy and P. Sorba, “Scattering in the Presence of a Reflecting and Transmitting Impurity,” Phys. Lett. B547 (2002) 313, hep-th/0209052; M. Mintchev, E. Ragoucy and P. Sorba, “Reflection-Transmission Algebras,” J. Phys. A36 (2003) 10407, hep-th/0303187.

[10] V. Caudrelier, M. Mintchev and E. Ragoucy, “The quantum non-linear Schrodinger model with point-like defect,” J. Phys. A37 (2004) L367, hep-th/0404144.

[11] A. Doikou and N. Karaiskos, “Transmission amplitudes from Bethe ansatz equations,” JHEP 02 (2013) 142, arXiv:1212.0195 [hep-th].

[12] A. Doikou, “Transmission matrices in gl(N) & U_q(gl(N)) quantum spin chains,”

arXiv:1304.5901 [hep-th].

[13] E. Corrigan and C. Zambon, “Jump-defects in the nonlinear Schrodinger model and other non-relativistic field theories,” Nonlinearity 19 (2006) 1447, nlin/0512038.

[14] P. Bowcock, E. Corrigan and C. Zambon, “Affine Toda field theories with defects,” JHEP 01 (2004) 056, hep-th/0401020;

E. Corrigan and C. Zambon, “Comments on defects in the a_r Toda field theories,” J. Phys. A 42 (2009) 304008, arXiv:0902.1307 [hep-th].

[15] E. Corrigan and C. Zambon, “On purely transmitting defects in affine Toda field theory,” JHEP 07 (2007) 001, arXiv:0705.1066 [hep-th];

E. Corrigan and C. Zambon, “A new class of integrable defects,” J. Phys. A 42 (2009) 475203;arXiv:0908.3126 [hep-th].

[16] V. Caudrelier, “On a systematic approach to defects in classical integrable field theories,” IJGMMP 5 No. 7 (2008) 1085, arXiv:0704.2326 [math-ph].

[17] I. Habibullin and A. Kundu, “Quantum and classical integrable sine-Gordon model with defect,” Nucl. Phys. B795 (2008) 549, arXiv:0709.4611 [hep-th].

[18] F. Nemes, “Semiclassical analysis of defect sine-Gordon theory,” Int. J. Mod. Phys.

A 25 (2010) 4493; arXiv:0909.3268 [hep-th].

[19] A. Doikou, “Defects in the discrete non-linear Schrodinger model,” Nucl. Phys. B854 (2012) 153, arXiv:1106.1602, [hep-th].

[20] J. Avan and A. Doikou, “Liouville integrable defects: the non-linear Schrodinger paradigm,” JHEP 01 (2012) 040, arXiv:1110.4728 [hep-th].

[21] J. Avan and A. Doikou, “The sine-Gordon model with integrable defects revisited,”

arXiv:1205.1661 [hep-th].

[22] A.R. Aguirre, T.R. Araujo, J.F. Gomes and A.H. Zimerman, “Type-II Bäcklund Transformations via Gauge Transformations,” JHEP 12 (2011) 056, arXiv:1110.1589

[hep-th];

A.R. Aguirre, “Inverse scattering approach for massive Thirring models with integrable type-II defects,” J. Phys. A: Math. Theor. 45 (2012) 205205, arXiv:1111.5249

[math-ph].

[23] A. Doikou and N. Karaiskos, “Sigma models in the presence of dynamical point-like defects,” Nucl. Phys. B867 [FS] (2013) 872, arXiv:1207.5503 [hep-th].

[24] L.D. Faddeev and L.A. Takhtajan, “Spectrum and scattering of excitations in the one-dimensional isotropic Heisenberg model,” J. Sov. Math. 24 (1984) 241 [Zap. Nauchn. Semin. 109 (1981) 134];

L.D. Faddeev, Int. J. Mod. Phys. A10 (1995) 1845, hep-th/9404013.

[25] P.P. Kulish and E.K. Sklyanin, Lecture Notes in Physics, Vol. 151, (Springer, 1982),pp. 61;

L.A. Takhtajan, Quamtum Groups, Introduction to Quantum Groups and Intergable Massive models of Quantum Field Theory, eds, M.-L. Ge and B.-H. Zhao, Nankai Lectures on Mathematical Physics, World Scientific, 1990, p.p. 69; V.E. Korepin, N.M. Bogoliubov, and A.G. Izergin, Quantum Inverse Scattering Method, Correlation Functions and Algebraic Bethe Ansatz (Cambridge University Press, 1993).

[26] C.N. Yang, “Some Exact Results for the Many-Body Problem in One Dimension with Repulsive Delta-Function Interaction,” Phys. Rev. Lett. 19 (1967) 1312.

[27] N. Andrei and C. Destri, “Dynamical Symmetry Breaking And Fractionization In A New Integrable Model,” Nucl. Phys. B231 (1984) 445.

[28] A. Doikou, L. Mezincescu and R. Nepomechie, “Simplified calculation of boundary S matrices,” J. Phys. A30 (1997) L507, hep-th/9705187.

[29] P. P. Kulish and N. Yu. Reshetikhin, “Generalized Heisenberg ferromagnet and Gross–Neveu model,” Zh. Eksp. Teor. Fiz., 80, No. I, 214-228 (1981)

[30] P.P. Kulish, N.Yu. Reshetikhin,“Quantum linear problem for the sine-Gordon equation and higher representation,” J. Sov. Math. 23 (1983) 2435, Zap. Nauchn. Semin. 101 (1981) 101.

[31] A.E. Kovalsky and G.P. Pronko, nlin.SI/0307040; nlin.SI/ 0204066.

[32] A. Doikou and R. Nepomechie, “Direct calculation of breather S matrices,” J. Phys.

A32 (1999) 3663, hep-th/9903066.

[33] A.B. Zamolodchikov and Al.B. Zamolodchikov, “Factorized S Matrices in Two- Dimensions as the Exact Solutions of Certain Relativistic Quantum Field Models,” Ann. Phys. 120 (1979) 253.

[34] A. Doikou, L. Mezincescu and R. Nepomechie, “Boudary S-matrix for the XXZ spin chain,” J. Phys. A31 (1998) 53, hep-th/9708145.