arXiv:1307.2876v1 [math.CA] 10 Jul 2013

ASPECTS OF ELLIPTIC HYPERGEOMETRIC FUNCTIONS

V.P. SPIRIDONOV

Abstract. General elliptic hypergeometric functions are defined by elliptic hypergeometric integrals. They comprise the elliptic beta integral, elliptic analogues of the Euler-Gauss hypergeometric function and Selberg integral, as well as elliptic extensions of many other plain hypergeometric and q-hypergeometric constructions. In particular, the Bailey chain technique, used for proving Rogers-Ramanujan type identities, has been generalized to integrals. At the elliptic level it yields a solution of the Yang-Baxter equation as an integral operator with an elliptic hypergeometric kernel. We give a brief survey of the developments in this field.

Contents

1. Elliptic hypergeometric integrals 1 2. The elliptic beta integral 3 3. An elliptic analogue of the Euler-Gauss hypergeometric function 4 4. The elliptic Selberg integral 5 5. An elliptic Fourier transformation 5 6. The Yang-Baxter equation (YBE) 7 7. A solution of the YBE for dim V_j = ∞ 8 8. The elliptic modular double 10 9. The superconformal index 10 10. A 4d/2d correspondence 11 11. Conclusion 12 References 13

1. Elliptic hypergeometric integrals

Hypergeometric functions lie at the center of the world of special functions [3]. Ramanujan obtained many important results in the theory of hypergeometric functions and their q-analogues. It is therefore natural to give at his jubilee conference a survey of the top known special functions of hypergeometric type – the elliptic hypergeometric functions. General representatives of these functions are defined by elliptic hypergeometric integrals introduced by the author in 2000 [39] and a general setup of their theory was formulated in [41, 43]. An overview of the results obtained prior to 2008 is given in [47].

Talk given at the International Conference “The Legacy of Srinivasa Ramanujan”, 17–22 December 2012, Delhi, India. 1

In the univariate case the contour integrals I = ∫ C Δ(u)du are called elliptic hypergeometric integrals, if the (meromorphic) kernel function Δ(u) satisfies a first order finite difference equation Δ(u + ω_1) = h(u; ω_2, ω_3)Δ(u), where h(u; ω_2, ω_3) is an elliptic function, h(u + ω_2) = h(u + ω_3) = h(u), Im(ω_2/ω_3) ≠ 0, and ω_{1,2,3} are some (in general incommensurate) complex variables. Define two bases p = e^{2πiω3/ω2} , q = e^{2πiω1/ω2} and demand that Δ(u) := ρ(z) is a meromorphic function in the variable z = e^{2πiu/ω2} ∈ C^∗ . Then we can write I = ∫ ρ(z) dz z , ρ(qz) = h(z; p)ρ(z), h(pz; p) = h(z; p), where h(z; p) = m∏ k=1 θ(t_kz; p) θ(w_kz; p) , m∏ k=1 t_k = m∏ k=1 w_k, is an arbitrary elliptic function defined as a ratio of products of theta functions

θ(z; p) = (z; p)_∞(pz^{−1}; p)_∞, (z; p)_∞ = ∞∏ j=0 (1 − zp^j ), |p| < 1. The integer parameter m ≥ 2 is called the order of the elliptic function h(z; p) and t_k, w_k are arbitrary parameters fixing its divisor.

Now, due to the factorization of h(z; p), it is sufficient to solve the following linear first order q-difference equation f(qz) = θ(z; p)f(z). Its particular solution is given by the (standard) elliptic gamma function Γ(z; p, q) = ∞∏ j,k=0 1 − z^{−1}p^{j+1}q^{k+1} 1 − zp^j q^k , |p|, |q| < 1. (1) The multiple gamma functions were proposed by Barnes [6]. Known generalizations of Euler’s gamma function, including (1), can be built as combinations of Barnes’ gamma functions. Various properties of the elliptic gamma functions were investigated by Jackson [26], Baxter [7], Ruijsenaars (who coined its name) [36], Felder and Varchenko [22], the author [41], and Rains [31].

As a result, for |q|, |p| < 1 we find the general form of elliptic hypergeometric integrals as [41, 43] I = ∫ m∏ k=1 Γ(t_kz; p, q) Γ(w_kz; p, q) dz z , m∏ k=1 t_k = m∏ k=1 w_k. In the following we use the conventions

Γ(t_1, . . . , t_n; p, q) := Γ(t_1; p, q) · · · Γ(t_n; p, q), Γ(tz^{±k}; p, q) := Γ(tz^k; p, q)Γ(tz^{−k}; p, q), Γ(tx^{±1}z^{±1}; p, q) := Γ(txz^{±1}; p, q)Γ(tx^{−1}z^{±1}; p, q). 2. The elliptic beta integral

The key theorem for elliptic hypergeometric integrals was proved in [39]. Theorem 1. Let |p|, |q|, |t_j| < 1, ∏_6

j=1 t_j = pq. Then

(p; p)_∞(q; q)_∞ 4πi ∫ T ∏_6

j=1 Γ(t_jz^{±1}; p, q) Γ(z^{±2}; p, q) dz z = ∏ 1≤j<k≤6 Γ(t_jt_k; p, q), (2)

where T is the unit circle with positive orientation.

This was a fundamentally new exactly computable integral with the following properties.

• It represents the top known hypergeometric generalization of Newton’s binomial theorem and its q-analogue [3], i.e. it can be called the elliptic binomial theorem.

• It desribes the top known generalization of Euler’s beta integral [3], including at the intermediate steps the Askey-Wilson [5] and Rahman [29] q-beta integrals.

• Formula (2) obeys the W (E_6) group of symmetries – the Weyl group of the exceptional root system E_6 (see [49] for a detailed discussion of this property).

• This integral defines the orthogonality measure for two-index elliptic biorthogonal functions [41]. The latter functions represent an elliptic extension of the famous Askey-Wilson orthogonal polynomials [5] and Rahman biorthogonal rational functions [29]. They constitute also the continuous measure extension of the discrete elliptic biorthogonal rational functions of Zhedanov and the author [53] (elliptic analogues of Wilson’s functions [55]).

• In a special limit this exact integral evaluation formula can be degenerated to the Frenkel-Turaev summation formula (an elliptic functions identity of hypergeometric form) [23]. The latter sum can be degenerated to the terminating Jackson 8φ_7-sum and further on to the Dougall_7F_6-sum, which was discovered also by Ramanujan. In general, elliptic hypergeometric series emerge as residue sums for particular sequences of poles of elliptic hypergeometric integral kernels. Such series play an important role [47], but we do not describe them for brevity.

• At the univariate level only one formula of such type has been found so far, but there are many multidimensional extensions to computable integrals on root systems [13, 17, 18, 32, 33, 41, 44, 50, 51, 52].

The first proof of this theorem used an elliptic extension of Askey’s method described in the proceedings of a Ramanujan centennial meeting [4]. Its shortest known proof is described in [44].

3. An elliptic analogue of the Euler-Gauss hypergeometric function

The following elliptic extension of the Euler-Gauss hypergeometric function_2F_1(a, b; c; x) [3] was introduced in [41]

V (t_1, . . . , t_8; p, q) =

(p; p)_∞(q; q)_∞ 4πi ∫ T ∏_8

j=1 Γ(t_j x^{±1}; p, q) Γ(x^{±2}; p, q) dx x , 8∏ j=1 t_j = (pq)^2. (3)

Here it is assumed that |t_j| < 1, but by an appropriate change of the integration contour this function can be analytically continued to t_j ∈ C^∗ .

In contrast to the elliptic beta integral (2), this V -function obeys the W (E_7)-group of symmetries with the key non-trivial transformation law discovered in [41] V (t; p, q) = ∏ 1≤j<k≤4 Γ(t_jt_k, t_{j+4}t_{k+4}; p, q) V (s; p, q), (4)

where |t_j|, |s_j| < 1 and { s_j = εt_j, j = 1, 2, 3, 4 s_j = ε^{−1}t_j, j = 5, 6, 7, 8 ; ε = √ pq t_1t_2t_3t_4 = √ t_5t_6t_7t_8 pq . An elliptic analogue of the hypergeometric equation [3] has the form [43, 45] U(t; q, p) + A(t_1, t_2, . . . , t_8, q; p) ( U(qt_1, q^{−1}t_2; p, q) − U(t; p, q) )

+A(t_2, t_1, . . . , t_8, q; p) ( U(q^{−1}t_1, qt_2, ; p, q) − U(t; p, q) ) = 0, (5)

where we indicate particular scaled parameters q^{±1}t_j in the set t = (t_1, . . . , t_8) and

A(t_1, . . . , t_8, q; p) := θ(t_1/qt_3, t_3t_1, t_3/t_1; p) θ(t_1/t_2, t_2/qt_1, t_1t_2/q; p) 8∏ k=4 θ(t_2t_k/q; p) θ(t_3t_k; p) ,

U(t; p, q) := V (t; p, q) ∏_2

k=1 Γ(t_kt^{±1}_3 ; p, q) . A detailed consideration of the limiting functions obtained from the V -function by various degenerations is given in [14].

4. The elliptic Selberg integral

The following exact integration formula was suggested by van Diejen and the author in [17] (for n = 1 it reduces to (2)):

(p; p)^n_∞(q; q)^n_∞ 2^nn!(2πi)^n ∫ T^n ∏ 1≤j<k≤n Γ(tz^{±1}_j z^{±1}_k ; p, q) Γ(z^{±1}_j z^{±1}_k ; p, q) n∏ j=1 ∏_6 m=1 Γ(t_mz^{±1}_j ; p, q) Γ(z^{±2}_j ; p, q) dz_1 z_1 · · · dz_n z_n = n∏ j=1 ( Γ(t^j; p, q) Γ(t; p, q) ∏ 1≤m<s≤6 Γ(t^{j−1}t_mt_s; p, q) ) , (6)

where |p|, |q|, |t|, |t_m| < 1 and t^{2n−2} ∏_6 m=1 t_m = pq. A conditional proof of this relation was given in [18]. It depended on an evaluation of another elliptic hypergeometric integral which was proven in [32, 44]. In a special p → 0 limit formula (6) reduces to a Gustafson multiple q-beta integral [25] which, in turn, can be degenerated to the Selberg integral (see, e.g., [3]). Integral (6) serves as the measure for a very general class of biorthogonal functions found by Rains [30, 32] who defined a multivariable extension of the author’s two-index biorthogonal functions [41] and elliptic analogues of the Koornwinder-Macdonald orthogonal polynomials and their interpolation versions due to Okounkov.

There are many exact integration formulas or symmetry transformation relations for elliptic hypergeometric integrals on roots systems analogous to (6) or (4). A large list of them can be found in [50, 51] where about a half of the presented relations are formulated as conjectures.

5. An elliptic Fourier transformation

The Bailey chain technique discovered by Andrews [1] and Paule [28] is a tool for generating infinite sequences of identities for q-hypergeometric series (see, e.g. [3]). It emerged from universalization of the proofs of famous Rogers-Ramanujan identities, one of which has the following form ∞∑ n=0 q^{n2} (q; q)_n = 1 (q; q^5)_∞(q^4; q^5)_∞ . The well-poised Bailey lemma [2] provides the top known q-series tool of such type. It served as an initial step for author’s elliptic generalization of this technique. First it was done for elliptic hypergeometric series (see, e.g., [40, 54]). Subsequently it was generalized to elliptic hypergeometric integrals [42], which appeared to be the very first extension of the Bailey chain technique to integrals.

Consider this construction, conditionally called an elliptic Fourier transformation, in more detail. Take two functions α(z, t) and β(w, t) depending on a complex variable z and a parameter t ∈ C . They are said to form an elliptic integral Bailey pair with respect to t if they are related by the following integral transformation β(w, t) = M(t)_{wz}α(z, t) := (p; p)_∞(q; q)_∞ 4πi ∫ T Γ(tw^{±1}z^{±1}; p, q) Γ(t^2, z^{±2}; p, q) α(z, t) dz z , (7)

where |tw^{±1}| < 1. For wider region of parameters this operator is defined by analytical continuation — it is necessary to replace the contour of integration T by a contour C which separates the sequences of poles converging to zero z = tw^{±1}p^jq^k, j, k ∈ Z_{≥0}, from their reciprocals z = t^{−1}w^{±1}p^{−j}q^{−k}, j, k ∈ Z_{≥0}, diverging to infinity. Existence of such a contour is the only restriction for the definition of analytically continued operator.

An integral analogue of the Bailey lemma has the following form [42]. Theorem 2. Let α(z, t) and β(w, t) form an elliptic integral Bailey pair with respect to t. Then the functions α^′(w, st) = D(s; u, w)α(w, t), where

D(s; u, w) := Γ( √ pqs^{−1}u^{±1}w^{±1}; p, q), D(s; u, w)D(s^{−1}; u, w) = 1, with s, u ∈ C being arbitrary new parameters, and β^′(w, st) = D(t^{−1}; u, w)M(s)_{wx}D(st; u, x)β(x, t) form an elliptic integral Bailey pair with respect to the parameter st.

After substitution of explicit expressions for α^′ and β^′ into the required equality β^′(w, st) = M(st)_{wz}α^′(z, st), the proof boils down to the relation M(s)_{wx}D(st; u, x)M(t)_{xz} = D(t; u, w)M(st)_{wz}D(s; u, z) (8) which is equivalent to the elliptic beta integral evaluation formula (2). Relation (8) is known as the operator form of the star-triangle relation [15] formally depicted in the figure (the black circle denotes integration over x in the left-hand side of (8)).

The main motivation for calling transformation (7) an elliptic analogue of the Fourier transformation comes from its inversion property established in [52]. Namely, up to some contour deformations the inversion relation is equivalent to the reflection t → t^{−1}: M(t)_{wz}M(t^{−1})_{zx}f(x) = f(w), or “inversion = a sign change” (like in the Fourier transformation). One can use theorem 2 for proving various identities for elliptic hypergeometric integrals (e.g., of relation (4) or of the identity derived in [12]).

6. The Yang-Baxter equation (YBE)

The Yang-Baxter equation (YBE) has the form [9, 21]

R_{12} (u − v) R_{13} (u) R_{23} (v) = R_{23} (v) R_{13} (u) R_{12} (u − v), (9)

where the operator R_{jk} (u) acts nontrivially only in V_j ⊗ V_k ⊂ V_1 ⊗ V_2 ⊗ V_3 with V_j being some (in general different) spaces. The variable u ∈ C is called the spectral parameter.

While investigating the eight-vertex model Baxter found a YBE solution for V_j = C^2 (i.e., dim V_j = 2) [7]:

R_{12} (u) = 3∑ a=0 w_a(u) σ_a ⊗ σ_a, w_a(u) = θ_{a+1}(u + η|τ) θ_{a+1}(η|τ) , (10)

where σ_0 = 1l and σ_{1,2,3} are the Pauli matrices, θ_a(u|τ) ≡ θ_a(u) are the Jacobi theta functions.

Sklyanin [38] solved YBE for dim V_1 = dim V_2 = 2, dim V_3 = ∞, when YBE takes the form R_{12} (u − v) L_{13}(u) L_{23}(v) = L_{23}(v) L_{13}(u) R_{12} (u − v)

with R_{12} (u) being the Baxter R-matrix (10). In this case

L_{13}(u) := L(u) := 3∑ a=0 w_a(u) σ_a ⊗ S^a = ( w_0(u) S^0 + w_3(u) S^3 w_1(u) S^1 − iw_2(u) S^2 w_1(u) S^1 + iw_2(u) S^2 w_0(u) S^0 − w_3(u) S^3 ) , and the operators S^a generate the Sklyanin algebra:

S^α S^β − S^β S^α = i ( S^0 S^γ + S^γ S^0 ) , S^0 S^α − S^α S^0 = iJ_{βγ} ( S^β S^γ + S^γ S^β ) , (11)

with (α, β, γ) a cycle of (1, 2, 3) and the structure constants J_{12} = θ^2_1 (η)θ^2_4(η)/θ^2(η)θ^2_3(η), etc. Relations (11) define an elliptic deformation of the sl(2)-algebra of rank 1.

The generators S^a can be realized explicitly as finite-difference operators [38]

[S^a Φ] (z) = i^{δa,2} θ_{a+1}(η) θ_1(2z) [ θ_{a+1} (2z − 2ηℓ) · Φ(z + η) − θ_{a+1} (−2z − 2ηℓ) · Φ(z − η) ] , (12)

where the variable ℓ ∈ C is called the spin.

The relation between the Sklyanin algebra and elliptic hypergeometric functions was first discussed by Rains and Rosengren [30, 35]. In [46] it was shown that the elliptic analogue of the Euler-Gauss hypergeometric function can be derived as a scalar product of solutions of generalized eigenvalue problems for linear combinations of the Sklyanin algebra generators.

7. A solution of the YBE for dim V_j = ∞ The logical scheme of building an infinite-dimensional YBE solution of rank 1 by Derkachov and the author in [16] consists of two steps:

• Take a defining RLL-relation for dim V_1 = dim V_2 = ∞, dim V_3 = 2 in the form R^?_{12} (u − v) σ_3L_1(u) σ_3 L_2(v) = σ_3 L_2(v) σ_3L_1(u) R^?_{12} (u − v), (13) where R^?_{12} (u) is an operator (the question mark means that it is unknown) acting in the space of functions of two complex variables Φ(z_1, z_2), L_1(u) = L(u) with z and ℓ replaced by z_1 and ℓ_1, L_2(v) = L(v) with z and ℓ replaced by z_2 and ℓ_2. Solve it using some auxiliary operators S_j , j = 1, 2, 3, generating the permutation group S_4, whose Coxeter relations are guaranteed by the elliptic beta integral.

• Prove that the resulting R^?_{12} (u)-operator obeys the general YBE for dim V_j = ∞. Extract from the R-matrix the permutation operator R^?_{12} (u) := P_{12} R_{12}(u). Then relation (13) takes the form

R_{12}(u − v) L_1(u_1, u_2) σ_3 L_2(v_1, v_2) = L_1(v_1, v_2) σ_3 L_2(u_1, u_2) R_{12}(u − v), (14) where

u_1 = u 2 + η (ℓ_1 + 1 2 ), u_2 = u 2 − η (ℓ_1 + 1 2 ), v_1 = v 2 + η (ℓ_2 + 1 2 ), v_2 = v 2 − η (ℓ_2 + 1 2 ). Notice that in (14) the operator R_{12}(u − v) ≡ R_{12}(u_1, u_2|v_1, v_2) just permutes parameters in the product of L-operators. Denote u ≡ (u_1, u_2, v_1, v_2), su = (v_1, v_2, u_1, u_2), s = s_2s_1s_3s_2, where s_i are elementary permutations

s_1u = (u_2, u_1, v_1, v_2), s_2u = (u_1, v_1, u_1, v_2), s_3u = (u_1, u_2, v_2, v_1). Define S_j -operators by the relations

S_1(u) L_1(u_1, u_2) = L_1(u_2, u_1) S_1(u), S_3(u) L_2(v_1, v_2) = L_2(v_2, v_1) S_3(u), S_2(u) L_1(u_1, u_2) σ_3 L_2(v_1, v_2) = L_1(u_1, v_1) σ_3 L_2(u_2, v_2) S_2(u).

These operators generate the permutation group S_4 if they satisfy the Coxeter relations: S^2_i = 1l, S_iS_j = S_jS_i, |i − j| > 1, S_j S_{j+1}S_j = S_{j+1}S_jS_{j+1}, (15) where we assume the following multiplication rule S_j S_k := S_j (s_ku)S_k(u). Theorem 3. The operator R_{12}(u) = S_2(s_1s_3s_2u) S_1(s_3s_2u) S_3(s_2u) S_2(u) solves the initial RLL = LLR relation (14).

The proof is straightforward and follows from the intertwining properties of S_j -operators. Theorem 4. The operator R_{12} (u) = P_{12} R_{12}(u) solves the YBE (9).

The following permutation of parameters in the product of three L-operators L_1(u_1, u_2) σ_3 L_2(v_1, v_2) σ_3 L_3(w_1, w_2) → L_1(w_1, w_2) σ_3 L_2(v_1, v_2) σ_3 L_3(u_1, u_2) can be realized in two different ways indicating that R_{12}(v_1, v_2|w_1, w_2) R_{23}(u_1, u_2|w_1, w_2) R_{12}(u_1, u_2|v_1, v_2) = R_{23}(u_1, u_2|v_1, v_2) R_{12}(u_1, u_2|w_1, w_2) R_{23}(v_1, v_2|w_1, w_2). (16) This relation is proved directly with the help of cubic Coxeter relations for S_j -operators alone, i.e. it is just a word identity in the group algebra of the braid group B_4 (i.e., S^2_j = 1l relations are not used). Multiplying relation (16) by the appropriate permutation operators P_{ij} one comes to the original YBE (9).

As to the explicit construction of needed operators S_j , a miracle takes place — after demanding that S_{1,2} are integral operators one comes to the elliptic Fourier transformation described above!

Denote p = e^{2πiτ} and q = e^{4πiη}. Then, for |p|, |q| < 1 and a special choice of periodic factors emerging from solutions of finite difference equations one obtains [S_2Φ](z_1, z_2) = D(e^{2πi(v1 −u2)}; e^{2πiz1} , e^{2πiz2} )Φ(z_1, z_2), [S_1Φ](z_1, z_2) = e^{−πiz21 /η}M(e^{2πi(u2−u1)})_e2πiz_{1 ,e}2πiz e^{πiz2/η}Φ(z, z_2), where D(t; x, y) and M(t)_{xy} are the elliptic integral Bailey lemma entries. Notice the reduced form of the parameter dependence S_2(u) = S_2(u_2 − v_1) and S_1(u) = S_1(u_1 − u_2). The operator S_3(u) has the same form as S_1(u) with z_1 replaced by z_2 and u_1 − u_2 by v_1 − v_2. In this picture the Coxeter relations coincide with the identities for D and Moperators. In particular, the cubic Coxeter relation S_1S_2S_1 = S_2S_1S_2 is guaranteed by the elliptic beta integral since it has the explicit form S_1(a) S_2(a + b) S_1(b) = S_2(b) S_1(a + b) S_2(a), coinciding with equality (8). The relation S^2_1 = 1l explicitly looks as S_1(−a)S_1(a) = 1l, which is the inversion relation for the elliptic Fourier transformation. Thus, elliptic beta integral = star-triangle relation = cubic Coxeter relation.

After the similarity transformation removing the exponentials e^{πiz2/η} , which is equivalent to passing to the Sklyanin algebra generators S^a → e^{πiz2/η}S^ae^{−πiz2/η}, one obtains the general R-operator as a double integral operator with an elliptic hypergeometric kernel of the form

[R_{12} (u)f](x_1, x_2) =

(p; p)^2_∞(q; q)^2_∞

(4πi)^2 Γ( √ pqx^{±1}_1 x^{±1}_2 e^{2πi(v2 −u1)}; p, q) × ∫ T^2

Γ(e^{2πi(v1 −u1)}x^{±1}_2 x^{±1}, e^{2πi(v2−u2)}x^{±1}_1 y^{±1}; p, q) Γ(e^{4πi(v1−u1)}, e^{4πi(v2−u2)}, x^{±2}, y^{±2}; p, q) × Γ( √ pqe^{2πi(v1−u2)}x^{±1}y^{±1}; p, q)f(x, y) dx x dy y , (17) where one should impose some mild constraints on the parameter values in order to satisfy the intertwining relations with the taken integration contour T [16].

8. The elliptic modular double

The derived R-operator (17) is symmetric in p and q. Hence there exists a second RLL-relation obtained from the first one (13) by permutation of p and q:

R_{12} (u − v) σ_3L^′_1(u) σ_3 L^′_2(v) = σ_3 L^′_2(v) σ_3L^′_1(u) R_{12} (u − v),

where L^′(u) = L(fixed u, fixed g = η(2ℓ + 1), 2η ↔ τ). This means that there is a second copy of the Sklyanin algebra generated by the operators

S̃^a = e^{2πi}τ^{z2} i^{δa,2} θ^{a+1}(^{τ2} )|2η) θ_1(2z|2η) [ θ_{a+1} ( 2z − g + τ 2 |2η ) e^{12 τ ∂z} − θ_{a+1} ( −2z − g + τ 2 |2η ) e^{− 12 τ ∂z} ] e^{− 2πiτ z2} , e^{α∂z} f(z) = f(z + α). The direct product of two such Sklyanin algebras was introduced by the author in [46] under the name “elliptic modular double”. It represents an elliptic generalization of the Faddeev modular double for the sl_q(2) quantum algebra [20]. Vice versa, demanding existence of the elliptic modular double together with the meromorphy of functions in the variable e^{2πiz} removes periodic factors in solutions of difference equations and determines the operators S_j uniquely.

9. The superconformal index

The first physical interpretation of elliptic hypergeometric integrals has been found by the author in the context of Calogero-Sutherland type models [45]. The most remarkable application of such integrals in physics has been discovered by Dolan and Osborn [19].

The superconformal index [27, 34] is a topological index of four-dimensional (4d) supersymmetric gauge field theories with local gauge invariance group G and global flavor symmetry group F and some set of fields described by irreducible representations of these groups R_{G,j} and R_{F,j}. A heuristic derivation of this object resulted in the following matrix integral I(y; p, q) = ∫ G dμ(z) exp (_∞∑ n=1 1 n ind ( p^n, q^n, z^n, y^n ) ) (18)

with Haar measure dμ(z) and ind(p, q, z, y) = 2pq − p − q (1 − p)(1 − q) χ_{adjG} (z) + ∑ j (pq)^{Rj /2}χ_{rF ,j}(y)χ_{rG,j} (z) − (pq)^{1−Rj /2}χ_{r̄F ,j}(y)χ_{r̄G,j}(z) (1 − p)(1 − q)

. (19)

Here χ_{RF ,j} (y) and χ_{RG,j}(z) are characters of the respective representations, and R_j are some fractional numbers (R-charges of the fields). For instance, for the unitary group SU(N), z = (z_1, . . . , z_N ), ∏_N a=1 z_a = 1, one has ∫ SU(N) dμ(z) = 1 N! ∫ T^{N−1} Δ(z)Δ(z^{−1}) N−1∏ a=1 dz_a 2πiz_a , where Δ(z) = ∏ 1≤a<b≤N (za − zb) is the Vandermonde determinant.

Where is the elliptic beta integral here? Let us take G = SU(2), F = SU(6), and the representations (“adj”=adjoint, “f”=fundamental)

1) “vector superfield”: (adj, 1), χ_{SU(2),adj} (z) = z^2 + z^{−2} + 1, 2) “chiral superfield”: (f, f), χ_{SU(2),f} (z) = z + z^{−1}, R_f = 1/3, χ_{SU(6),f} (y) = 6∑ k=1 y_k, χ_{SU(6),}¯_f (y) = 6∑ k=1 y^{−1}_k , 6∏ k=1 y_k = 1,

Then after denoting t_k = (pq)^{1/6}y_k, k = 1, . . . , 6, the superconformal index formula reproduces identically the left-hand side of the elliptic beta integral (2) [19].

In order to generate the right-hand side expression in (2) one should take G = 1, F = SU(6) with the single “chiral superfield” described by antisymmetric tensor of the second rank T_A : Φ_{ij} = −Φ_{ji}, χ_{SU(6),TA} (y) = ∑ 1≤i<j≤6 y_iy_j, R_{TA} = 2/3. So, the elliptic beta integral evaluation formula shows that two functions on characters (18) for different sets of representations of two different G × F -groups coincide. This equality of superconformal indices describes the confinement phenomenon in the simplest supersymmetric quantum chromodynamics model or the Seiberg duality [37]. An almost complete list of such dualities for simple gauge groups and corresponding elliptic hypergeometric integral identities (about half of which are conjectures) emerging as equalities of dual indices is given in [50, 51]. In general, elliptic hypergeometric integrals define new matrix models and describe the most complicated known class of computable nonperturbative path integrals in four-dimensional quantum field theories.

10. A 4d/2d correspondence

Solutions of the YBE are related to integrable spin chain models and 2d Ising type spin systems [21]. Let us replace in the Coxeter/Bailey relation (8) u, x, z → e^{iu}, e^{ix}, e^{iz} with real u, x, z and act by it on a localized “continuous spin” state function (δ(z − y) + δ(z + y))/2, where δ(z) is the Dirac delta function. This yields the elliptic beta integral rewritten in the form ∫_{2π} 0 ρ(u)D_{ξ−α}(x, u)D_{α+γ} (y, u)D_{ξ−γ}(w, u)du = χD_α(y, w)D_{ξ−α−γ}(x, w)D_γ (x, y), where D_α(x, y) = D(e^{−α}; e^{ix}, e^{iy}), ρ(u) = (p; p)_∞(q; q)_∞ 4π θ(e^{2iu}; p)θ(e^{−2iu}; q), χ = Γ(e^{−2α}, e^{−2γ} , e^{2α+2γ−2ξ}; p, q), e^{−ξ} = √ pq, which coincides with the functional star-triangle relation considered by Bazhanov and Sergeev [10].

Now one can interpret the figure given earlier as a transformation of the elementary cell partition function: circles carry spins u, w, . . . with the self-energy ρ(u), edges carry Boltzmann weights D_α, the black circle contains the integration (summation) over u-spin values. Using such a relation one can map the honeycomb, triangular, and square lattice spin models onto each other and their partition functions become equal to some (multiple) elliptic hypergeometric integrals.

The same figure can be interpreted in the context of quiver gauge theories: black circles denote the gauge group G (in superconformal indices this corresponds to the contribution of vector superfields in the adjoint representation and integration over the gauge group), white circles denote some external flavor groups, the edges denote the bifundamental fields (their contributions to superconformal indices yield the Boltzmann weights D_α), etc. The presence of more than one black circle would indicate that the gauge group is not simple. Evidently one can construct in this way lattice-type 4d quiver field theories so that their superconformal indices coincide with partition functions of various statistical mechanics models with the continuous spin values [48] since both are described by the same elliptic hypergeometric integrals.

As shown in [48], one can go further and interpret the symmetry transformations for elliptic hypergeometric integrals on root systems as the star-star relations [8]. Conjecturally, to each such non-trivial relation one can associate an elliptic integrable system. As a consequence, the Seiberg duality of 4d field theories becomes related to the Kramers- Wannier type duality transformations for partition functions of 2d spin systems.

11. Conclusion

We can conclude that the elliptic hypergeometric functions are universal objects with wide applications. This brief survey does not cover all their known instances and, in particular, the list of given references is incomplete (for its extensions, see [47, 50, 51]). We finish by indicating various fields where elliptic hypergeometric functions have found their applications and more is expected to lie ahead.

In mathematics: theory of analytic finite-difference equations (e.g., the elliptic hypergeometric equation), harmonic analysis on root systems, representation theory, theory of SL(3, Z) automorphic forms, approximation theory, continued fractions, combinatorics, topology, etc.

In theoretical and mathematical physics: 4d supersymmetric dualities, integrable N-particle quantum mechanical systems, 2d topological field theories [24], 2d solvable models of statistical mechanics and noncomact spin chains, random matrices and determinantal point processes [11], etc.

This paper is authentic with author’s talk given at the conference dedicated to 125th anniversary of S. Ramanujan in Delhi. The author is deeply indebted to organizers for the invitation to this meeting and kind hospitality during it. This work is supported in part by RFBR grant no. 12-01-00242.

References

[1] G. E. Andrews, Multiple series Rogers-Ramanujan type identities, Pacific J. Math. 114 (2) (1984), 267–283.

[2] G. E. Andrews, Bailey’s transform, lemma, chains and tree, Proc. NATO ASI Special functions- 2000, Kluwer, Dordrecht, 2001, pp. 1–22.

[3] G. E. Andrews, R. Askey, and R. Roy, Special Functions, Encyclopedia of Math. Appl. 71, Cambridge Univ. Press, Cambridge, 1999.

[4] R. Askey, Beta integrals in Ramanujan’s papers, his unpublished work and further examples, Ramanujan Revisited, Academic Press, Boston, 1988, pp. 561–590.

[5] R. Askey and J. Wilson, Some basic hypergeometric orthogonal polynomials that generalize Jacobi polynomials, Mem. Amer. Math. Soc. 54 (1985), no. 319.

[6] E. W. Barnes, On the theory of the multiple gamma function, Trans. Cambridge Phil. Soc. 19 (1904), 374–425.

[7] R. J. Baxter, Partition function of the eight-vertex lattice model, Ann. Phys. (NY) 70 (1972), 193–228.

[8] R. J. Baxter, Free-fermion, checkerboard and Z-invariant lattice models in statistical mechanics, Proc. R. Soc. Lond. A 404 (1986), 1–33.

[9] R. J. Baxter, Exactly Solved Models in Statistical Mechanics, Academic Press, London, 1982. [10] V. V. Bazhanov and S. M. Sergeev, A master solution of the quantum Yang-Baxter equation and classical discrete integrable equations, ATMP 16 (2012), 65–95.

[11] A. Borodin, V. Gorin, and E. M. Rains, q-Distributions on boxed plane partitions, Selecta Math.

16 (4) (2010), 731–789.

[12] F. J. van de Bult, An elliptic hypergeometric integral with W (F_4) symmetry, Ramanujan J. 25 (1) (2011), 1–20.

[13] F. J. van de Bult, An elliptic hypergeometric beta integral transformation, arXiv:0912.3812. [14] F. J. van de Bult, E. M. Rains, and J. V. Stokman, Properties of generalized univariate hypergeometric functions, Commun. Math. Phys. 275 (2007), 37–95.

[15] S. Derkachov and A. Manashov, General solution of the Yang-Baxter equation with the symmetry group SL(n, C ), Algebra i Analiz 21 (4) (2009), 1–94 (St. Petersburg Math. J. 21 (2010), 513– 577).

[16] S. E. Derkachov and V. P. Spiridonov, Yang-Baxter equation, parameter permutations, and the elliptic beta integral, to appear in Russ. Math. Surveys, arXiv:1205.3520.

[17] J. F. van Diejen and V. P. Spiridonov, An elliptic Macdonald-Morris conjecture and multiple modular hypergeometric sums, Math. Res. Letters 7 (2000), 729–746.

[18] J. F. van Diejen and V. P. Spiridonov, Elliptic Selberg integrals, Internat. Math. Res. Notices, no. 20 (2001), 1083–1110.

[19] F. A. Dolan and H. Osborn, Applications of the superconformal index for protected operators and q-hypergeometric identities to N = 1 dual theories, Nucl. Phys. B818 (2009), 137–178.

[20] L. D. Faddeev, Modular double of a quantum group, Conf. Moshé Flato 1999, vol. I, Math. Phys.

Stud. 21, Kluwer, Dordrecht, 2000, pp. 149–156.

[21] L. D. Faddeev and L. A. Takhtadzhan, The quantum method of inverse problem and the Heisenberg XYZ model, Uspekhi Mat. Nauk 34 (5), 13–63 (Russian Math. Surveys 34 (5) (1979), 11–68).

[22] G. Felder and A. Varchenko, The elliptic gamma function and SL(3, Z) ⋉ Z^3, Adv. in Math.

156 (2000), 44–76.

[23] I. B. Frenkel and V. G. Turaev, Elliptic solutions of the Yang-Baxter equation and modular hypergeometric functions. The Arnold-Gelfand mathematical seminars, Birkhäuser Boston, Boston, MA, 1997, pp. 171–204.

[24] A. Gadde, E. Pomoni, L. Rastelli, and S. S. Razamat, S-duality and 2d topological QFT, J. High Energy Phys. 03 (2010), 032.

[25] R. A. Gustafson, Some q-beta integrals on SU(n) and Sp(n) that generalize the Askey-Wilson and Nassrallah-Rahman integrals, SIAM J. Math. Anal. 25 (1994), 441–449.

[26] F. H. Jackson, The basic gamma-function and the elliptic functions, Proc. Roy. Soc. London A 76 (1905), 127–144.

[27] J. Kinney, J. M. Maldacena, S. Minwalla and S. Raju, An index for 4 dimensional super conformal theories, Commun. Math. Phys. 275 (2007), 209–254.

[28] P. Paule, On identities of the Rogers-Ramanujan type, J. Math. Anal. Appl. 107 (1) (1985), 255–284.

[29] M. Rahman, An integral representation of a_{10}ϕ_9 and continuous bi-orthogonal_{10}ϕ_9 rational functions, Can. J. Math. 38 (1986), 605–618.

[30] E. M. Rains, BC_n-symmetric abelian functions, Duke Math. J. 135 (1) (2006), 99–180. [31] E. M. Rains, Limits of elliptic hypergeometric integrals, Ramanujan J. 18 (3) (2009), 257–306. [32] E. M. Rains, Transformations of elliptic hypergeometric integrals, Ann. of Math. 171 (2010), 169–243.

[33] E. M. Rains, Elliptic Littlewood identities, J. Comb. Theory A 119 (7) (2012), 1558–1609. [34] C. Römelsberger, Calculating the superconformal index and Seiberg duality, arXiv:0707.3702. [35] H. Rosengren, Sklyanin invariant integration, Internat. Math. Res. Notices, no. 60 (2004), 3207– 3232.

[36] S. N. M. Ruijsenaars, First order analytic difference equations and integrable quantum systems, J. Math. Phys. 38 (1997), 1069–1146.

[37] N. Seiberg, Electric–magnetic duality in supersymmetric non-Abelian gauge theories, Nucl. Phys.

B435 (1995), 129–146.

[38] E. K. Sklyanin, Some algebraic structures connected with the Yang-Baxter equation. Representation of a quantum algebra, Funkt. Anal. i ego Pril. 17 (4) (1983), 34–48 (Funct. Anal. Appl. 17 (4) (1983), 273–284).

[39] V. P. Spiridonov, On the elliptic beta function, Uspekhi Mat. Nauk 56 (1) (2001), 181–182 (Russ. Math. Surveys 56 (1) (2001), 185–186).

[40] V. P. Spiridonov, An elliptic incarnation of the Bailey chain, Internat. Math. Res. Notices, no.

37 (2002), 1945–1977.

[41] V. P. Spiridonov, Theta hypergeometric integrals, Algebra i Analiz 15 (6) (2003), 161–215 (St.

Petersburg Math. J. 15 (6) (2004), 929–967).

[42] V. P. Spiridonov, A Bailey tree for integrals, Teor. Mat. Fiz. 139 (2004), 104–111 (Theor. Math.

Phys. 139 (2004), 536–541).

[43] V. P. Spiridonov, Elliptic hypergeometric functions, Habilitation thesis, Joint Institute for Nuclear Research, Dubna, September 2004, 218 pp.

[44] V. P. Spiridonov, Short proofs of the elliptic beta integrals, Ramanujan J. 13 (1-3) (2007), 265–283.

[45] V. P. Spiridonov, Elliptic hypergeometric functions and Calogero-Sutherland type models, Teor.

Mat. Fiz. 150 (2) (2007), 311–324 (Theor. Math. Phys. 150 (2) (2007), 266–278). [46] V. P. Spiridonov, Continuous biorthogonality of an elliptic hypergeometric function, Algebra i Analiz 20 (5) (2008), 155–185 (St. Petersburg Math. J. 20 (5) (2009) 791–812).

[47] V. P. Spiridonov, Essays on the theory of elliptic hypergeometric functions, Uspekhi Mat. Nauk 63 (3) (2008), 3–72 (Russian Math. Surveys 63 (3) (2008), 405–472).

[48] V. P. Spiridonov, Elliptic beta integrals and solvable models of statistical mechanics, Contemp.

Math. 563 (2012), 181–211; arXiv:1011.3798.

[49] V. P. Spiridonov and G. S. Vartanov, Superconformal indices for N = 1 theories with multiple duals, Nucl. Phys. B824 (2010), 192–216.

[50] V. P. Spiridonov and G. S. Vartanov, Elliptic hypergeometry of supersymmetric dualities, Commun. Math. Phys. 304 (2011), 797–874.

[51] V. P. Spiridonov and G. S. Vartanov, Elliptic hypergeometry of supersymmetric dualities II.

Orthogonal groups, knots, and vortices, to appear in Commun. Math. Phys., arXiv:1107.5788. [52] V. P. Spiridonov and S. O. Warnaar, Inversions of integral operators and elliptic beta integrals on root systems, Adv. in Math. 207 (2006), 91–132.

[53] V. P. Spiridonov and A. S. Zhedanov, Spectral transformation chains and some new biorthogonal rational functions, Commun. Math. Phys. 210 (2000), 49–83.

[54] S. O. Warnaar, Extensions of the well-poised and elliptic well-poised Bailey lemma, Indag. Math.

(N.S.) 14 (2003), 571–588.

[55] J. A. Wilson, Orthogonal functions from Gram determinants, SIAM J. Math. Anal. 22 (1991), 1147–1155.

JINR, Dubna, Moscow region, Russia