arXiv:1307.2969v1 [gr-qc] 11 Jul 2013

Prepared for submission to JHEP

Linear perturbations in Eddington-inspired Born-Infeld gravity

Ke Yang, Xiao-Long Du, Yu-Xiao Liu^1

Institute of Theoretical Physics, Lanzhou University, Lanzhou 730000, People’s Republic of China

E-mail: yangke09@lzu.edu.cn, duxl11@lzu.edu.cn, liuyx@lzu.edu.cn

Abstract: We study the full linear perturbations of a homogeneous and isotropic spacetime in the Eddington-inspired Born-Infeld gravity. The stability of the perturbations are analyzed in the Eddington regime. We find that the scalar and transverse vector modes are stable, and the transverse-traceless tensor mode is unstable for positive κ. However, these modes are unstable and hence cause the instabilities for negative κ.

Keywords: Eddington-inspired Born-Infeld gravity, Linear perturbations

1Corresponding author.

Contents

1 Introduction 1

2 The linearized field equations 2 2.1 Scalar modes 4 2.2 Vector modes 5 2.3 Tensor mode 5

3 The stability of the perturbations 5 3.1 κ > 0 6 3.2 κ < 0 6

4 Conclusions 7

1 Introduction

A purely affine theory of gravity was proposed by Eddington in 1924 [1, 2]. The theory is totally equivalent to the General Relativity with a cosmological constant. Since the matter is not included, it is not a complete theory. Recently, a new alternative theory called Eddington-inspired Born-Infeld (EiBI) gravity put forward by Banados and Ferreira [3] has drawn much attention. They extended the Eddington’s theory with matter included in a conventional way. This theory is totally equivalent to Generally Relativity in the vacuum, but deviates from it when matter is present. As the most attractive feature, the homogeneous and isotropic cosmology seem to be singularity free in this theory [3, 4]. Further research also shows that singularities may be prevented during gravitational collapse [5]. Ref. [6] argued that the EiBI theory may be a viable alternative to the inflationary paradigm to solve the fundamental problems of the standard cosmological model. On the other hand, some pathologies of EiBI theory were also pointed out in recent works. The studies in Refs. [6, 7] showed that the tensor perturbation is linearly unstable deep in the Eddington regime. And Ref. [8] showed that there exist curvature singularities at the surface of polytropic stars and unacceptable Newtonian limit in this theory. The authors in Ref. [9] found that the Big Rip singularity is unavoidable in the EiBI phantom model. More relevant studies could be seen in Refs. [9–23].

Researches show that a homogeneous and isotropic universe will reach a maximum density at early time. However, the stability of the evolution near this maximum density is an important problem that should be considered. The instability of linear tensor perturbations have been investigated in [6, 7]. In this paper, we investigate the stability problem of full linear perturbations, including the scalar, vector and tensor perturbations of a homogeneous and isotropic spacetime in EiBI theory. We find that the tensor mode

– 1 – diverges and causes an instability when approaching the maximum density for both κ > 0 and κ < 0. This work overlaps the result of tensor perturbation in Ref. [6, 7]. However, for the scalar and vector modes, they do not diverge and hence preserve stabilities for κ > 0, while they diverge and cause instabilities for κ < 0.

The paper is organized as follows: In Sec. 2, we derive the linearized equations of motion of the theory. In Sec. 3, the stability of scalar, vector and tensor modes are studied. Finally, conclusions are presented.

2 The linearized field equations

Working in Planck units c = 8πG = 1, the action for EiBI theory is given by [3] S = 2 κ ∫ d^4x [√ |g_{μν} + κR_{μν} (Γ)| − λ √ g ] + S_M , (2.1)

where R_{μν} (Γ) represents the symmetric part of the Ricci tensor and λ = 1 + κΛ is a nonvanishing constant. When g ≫ κR, the action reproduce the Einstein-Hilbert action with cosmological constant Λ. On the other hand, when κR ≫ g, the action approximates to the Eddington’s. Since the metric and the connection are treated as independent variables, the equations of motion are given by [3] √ qq^{μν} = λ √ gg^{μν} − κ √ gT^{μν} , (2.2) q_{μν} = g_{μν} + κR_{μν} , (2.3)

where q_{μν} is the auxiliary metric compatible to the connection, i.e., Γ^λ_{μν} =^1_2 q^{λσ}(q_{σμ,ν} + q_{σν,μ} − q_{μν,σ}), and q^{μν} is the inverse of q_{μν} .

Now we consider a perturbed homogeneous and isotropic spacetime with these two metrics

ds^2 = g_{μν} dx^μdx^ν = (−1 + h_{00})dt^2 + a^2(δ_{ij} + h_{ij} )dx^idx^j + 2h_{0i}dtdx^i, (2.4) ds̃^2 = q_{μν} dx^μdx^ν = X^2(−1 + γ_{00})dt^2 + a^2Y^2(δ_{ij} + γ_{ij} )dx^idx^j + 2Y^2γ_{0i}dtdx^i, (2.5)

where a(t), X(t) and Y (t) are background quantities depending solely on the time, and h(x), γ(x) are the perturbations involving both the space and time.

The energy-momentum conservation equation ∇_μT^μ_ν = 0 for matter fields in EiBI theory is hold as in the General Relativity, where the covariant derivative refers to the metric g_{μν} . For the perfect fluid, the energy-momentum tensor is given by T^{μν} = P g^{μν} + (P + ρ)u^μu^ν with u^μ the four-velocity of the static observer u^μ = (1, 0, 0, 0). After perturbing the fluid, i.e., P̃ = P + δP , ρ̃ = P + δρ and ũ^μ = u^μ + δu^μ, the first order perturbed energy-momentum tensor is given by

δT^{00} = δρ + ρh_{00}, (2.6) δT^{i0} = −a^{−2}ρh_{0i} + a^{−2}(P + ρ)δu_i, (2.7) δT^{ij} = a^{−2}δP δ_{ij} − a^{−2}P h_{ij} . (2.8)

– 2 –

Substituting these metrics and energy-momentum tensor into the field equations (2.2) and (2.3), the zeroth order equation of (2.2) gives

Y^3/X = λ + κρ, (2.9a) XY = λ − κP, (2.9b) and the zeroth order equation of (2.3) gives

X^2 = 1 + 3κ [ ä a + Ÿ Y − ȧ a Ẋ X + 2 ȧ a Ẏ Y − Ẋ X Ẏ Y ] , (2.10a)

Y^2 = 1 + κ

Y^2 X^2 ( ä a + 2 ȧ^2 a^2 − ȧ a Ẋ X + 6 ȧ a Ẏ Y − Ẋ X Ẏ Y + Ÿ Y + 2 Ẏ 2 Y^2 ) . (2.10b)

Eqs. (2.10) will be used to simplify the first order perturbed equations.

After some algebra, the perturbed auxiliary metric is read from the first order equation of (2.2)

γ_{00} = h_{00} + κδρ 2(λ + κρ) + 3κδP 2(λ − κP ) , (2.11a)

γ_{0i} = h_{0i} −

(P + ρ) (λ + κρ) κδu_i, (2.11b)

γ_{ij} = h_{ij} + κδρδ_{ij} 2(λ + κρ) − κδP δ_{ij} 2(λ − κP ) . (2.11c)

Here we note that the transverse-traceless part of h_{ij} and γ_{ij} are interestingly identical to each other, as noticed in Refs. [7, 14].

With the perturbed auxiliary metric (2.11), the first order equation of (2.3) will give three dynamical equations for the perturbation modes h_{00}, h_{i0} and h_{ij} . On the other hand, after perturbing the energy-momentum conservation equation ∇_μT^μ_ν = 0, we will obtain another two dynamical equations. But they are not independent, and can be derived from the former three equations.

Further, in order to study the evolution of perturbations, it is convenient to decompose the perturbations into scalar, transverse vector and transverse-traceless tensor modes, which are not coupled to each other by the field equations or conservation equations [24]. Here the perturbations are decomposed as

h_{00} = −E, h_{i0} = ∂_iF + G_i, (2.12) h_{ij} = Aδ_{ij} + ∂_i∂_j B + ∂_j C_i + ∂_iC_j + D_{ij} , (2.13) δu_i = ∂_iδu + δU_i, (2.14)

where ∂_iC_i = ∂_iG_i = ∂_iδU_i = 0, ∂_iD_{ij} = 0, and D_{ii} = 0. Thus the perturbed equations involve seven scalar modes E, F, A, B, δρ, δP, δu, three transverse vector modes C_i, G_i, δU_i, and one transverse-traceless tensor mode D_{ij} .

– 3 –

2.1 Scalar modes The 00-component of the perturbed equation (2.3) gives 1 2 X^2 Y^2 a^{−2}∇^2E + 3( ä a + Ÿ Y − ȧ a Ẋ X + 2 ȧ a Ẏ Y − Ẋ X Ẏ Y )E + 3 2 ( ȧ a + Ẏ Y )Ė − 1 2 (3Ä + ∇^2B̈) −( ȧ a − 1 2 Ẋ X + Ẏ Y )(3Ȧ + ∇^2Ḃ) + a^{−2}∇^2Ḟ + a^{−2}(2 Ẏ Y − Ẋ X )∇^2F − κ 4 a^{−2} X^2 Y^2 ∇^2δρ λ + κρ − 3κ 4 a^{−2} X^2 Y^2 ∇^2δP λ − κP − 3κ 4 ∂_0∂_0 δρ λ + κρ − 3κ 4 (3 ȧ a + 3 Ẏ Y − Ẋ X )∂_0 δρ λ + κρ + 3κ 4 ∂_0∂_0 δP λ − κP − 3κ 4 ( ȧ a + Ẏ Y + Ẋ X )∂_0 δP λ − κP − 1 2 [1 + 3κ( ä a + Ÿ Y − ȧ a Ẋ X + 2 ȧ a Ẏ Y − Ẋ X Ẏ Y )]( δρ λ + κρ + 3δP λ − κP ) −κa^{−2}∂_0( P + ρ λ + κρ ∇^2δu) − κa^{−2}(2 Ẏ Y − Ẋ X ) P + ρ λ + κρ ∇^2δu = 0. (2.15)

The part with the form ∂_iS (where S is any scalar) of i0-component of the perturbed equation (2.3) gives ( ȧ a + Ẏ Y )E − Ȧ − κ 2 ∂_0 δρ λ + κρ + κ 2 ∂_0 δP λ − κP − κ 2 ( ȧ a + Ẏ Y )( δρ λ + κρ + 3δP λ − κP ) + P + ρ λ + κρ δu = 0. (2.16)

The part of ij-component of the perturbed equation (2.3) proportional to δ_{ij} gives − 1 2 a^2Y^2 X^2 ( ȧ a + Ẏ Y )Ė − a^2Y^2 X^2 ( ä a + Ÿ Y + 2 ȧ^2 a^2 − ȧ a Ẋ X + 6 ȧ a Ẏ Y + 2 Ẏ 2 Y^2 − Ẋ X Ẏ Y )E + 1 2 a^2Y^2 X^2 Ä − 1 2 ∇^2A − Y^2 X^2 ( ȧ a + Ẏ Y )∇^2F + 1 2 a^2Y^2 X^2 (3 ȧ a + 3 Ẏ Y − Ẋ X )Ȧ + 1 2 a^2Y^2 X^2 ( ȧ a + Ẏ Y )(3Ȧ + ∇^2Ḃ) + κ 4 a^2Y^2 X^2

∂_0∂_0 δρ λ + κρ − κ 4 a^2Y^2 X^2

∂_0∂_0 δP λ − κP − κ 4 ( ∇^2δρ λ + κρ − ∇^2δP λ − κP ) − 1 2 a^2( δρ λ + κρ − δP λ − κP ) + κ 2 a^2Y^2 X^2 ( ä a + Ÿ Y + 2 ȧ^2 a^2 − ȧ a Ẋ X + 6 ȧ a Ẏ Y + 2 Ẏ 2 Y^2 − Ẋ X Ẏ Y )( δρ λ + κρ + 3δP λ − κP ) + κ 4 a^2Y^2 X^2 (7 ȧ a + 7 Ẏ Y − Ẋ X )∂_0 δρ λ + κρ − κ 4 a^2Y^2 X^2 (3 ȧ a + 3 Ẏ Y − Ẋ X )∂_0 δP λ − κP +κ Y^2 X^2 ( ȧ a + Ẏ Y ) P + ρ λ + κρ ∇^2δu = 0. (2.17)

The part with the form ∂_i∂_jS of ij-component of the perturbed equation (2.3) gives − 1 2 E − 1 2 A + 1 2 a^2Y^2 X^2

B̈ + 1 2 a^2Y^2 X^2 (3 ȧ a + 3 Ẏ Y − Ẋ X )Ḃ − Y^2 X^2

Ḟ − Y^2 X^2 ( ȧ a − Ẋ X + 3 Ẏ Y )F +κ δP λ − κP + κ Y^2 X^2

∂_0( P + ρ λ + κρ δu) + κ Y^2 X^2 ( ȧ a − Ẋ X + 3 Ẏ Y ) P + ρ λ + κρ δu = 0. (2.18)

The 0-component of the perturbed conservation equation gives

δρ̇ + 3 ȧ a (δρ + δP ) + 1 2 (P + ρ)(3Ȧ + ∇^2Ḃ) − a^{−2}(P + ρ)∇^2(F − δu) = 0. (2.19)

– 4 –

The part with the form ∂_iS of i-component of the perturbed conservation equation gives δP + 1 2 (P + ρ)E + ∂_0[(P + ρ)δu] + 3 ȧ a (P + ρ)δu = 0. (2.20)

2.2 Vector modes

The part with the form V_i (where V_i is any vector satisfying ∂_iV_i = 0) of i0-component of the perturbed equation (2.3) gives 1 2 ∇^2Ċ_i − 1 2 a^{−2}∇^2G_i + κ 2 a^{−2} P + ρ λ + κρ ∇^2δU_i + P + ρ λ + κρ δU_i = 0. (2.21)

The part with the form ∂_j V_i of ij-component of the perturbed equation (2.3) gives

a^2C̈_i + a^2(3 ȧ a + 3 Ẏ Y − Ẋ X )Ċ_i − Ġ_i − ( ȧ a − Ẋ X + 3 Ẏ Y )G_i + κ∂_0( P + ρ λ + κρ δU_i) +κ( ȧ a − Ẋ X + 3 Ẏ Y ) P + ρ λ + κρ δU_i = 0. (2.22)

The part of i-component of the perturbed conservation equation of the form V_i gives

∂_0[(P + ρ)δU_i] + 3 ȧ a (P + ρ)δU_i = 0. (2.23)

2.3 Tensor mode

The part with the form of a transverse-traceless tensor of ij-component of the perturbed equation (2.3) is D̈_{ij} + (3ȧ a + 3 Ẏ Y − Ẋ X )Ḋ_{ij} − X^2 a^2Y^2

∇^2D_{ij} = 0. (2.24)

Here we note that there are seven scalar modes but only four of six equations are independent, and three transverse vector modes but only two of three equations are independent. However, since the field equations (2.2) and (2.3) are invariant under a coordinate transformation x^μ → x^{′μ}, these perturbed modes are not all physical [24]. After eliminating the gauge degrees of freedom, one can remove two scalar modes and one vector mode. The transverse-traceless tensor mode is gauge invariant. So with the state equation P̃ = ωρ̃, then δP = ωδρ, all the remaining perturbed modes are solvable.

3 The stability of the perturbations

In this section we study the approximative evolution of the perturbed modes in the Eddington regime, in which the dominant constituent of the universe is the highly relativistic ideal gas and the cosmological constant can be neglected. Thus the state parameter ω = 1/3 and λ = 1. For scalar modes we work in the Newtonian gauge, i.e., we set B = F = 0 in the linear perturbed equations, and for vector mode, we fix the gauge freedom to eliminate the mode C_i.

– 5 –

3.1 κ > 0

For the case κ > 0, the approximate background solution near the maximum density (t → −∞) is given by [4, 7]

a = a_B (1 + e^{b(t−t0 )}), (3.1a) X = 2e^{34 b(t−t0 )}, (3.1b) Y = 2e^{14 b(t−t0 )}, (3.1c)

where b = (8/3κ)^12 . In order to get the evolution of the scalar modes, we use the four simpler Eqs. (2.16), (2.18), (2.19) and (2.20). For transverse vector modes, we use Eqs. (2.22) and (2.23). Eq. (2.24) is used to solve the transverse-traceless tensor mode. In calculation, we replace the Laplace operator with k^2, where k is wave vector, and further, work in the infinite wavelength limit (k = 0) [6]. With this solution (3.1) and zeroth order field equation (2.9), the corresponding equations can be approximately simplified and solved in the limit t → −∞. Finally, we arrive at the solutions:

A ≃ 2c_1(x_i)e^{74 b(t−t0 )}, (3.2a) E ≃ −2c_1(x_i)e^{114 b(t−t0 )}, (3.2b) δρ ≃ − 12 κ c_1(x_i)e^{74 b(t−t0 )}, (3.2c) δu ≃ 4 7b c_1(x_i)e^{74 b(t−t0 )} + c_2(x_i). (3.2d)

G_j ≃ c_3(x_i), δU_i ≃ c_4(x_i). (3.3) D_{ij} ≃ c_5(x_i)t + c_6(x_i). (3.4)

Where c_i(x_i) are functions of space coordinates. Since the scalar and vector modes do not diverge when the universe approaches the maximum density, we conclude that the scalar and vector perturbations are also stable in the Eddington regime in this case. However, the tensor mode blows up as t → −∞, it causes an instability in the Eddington regime [7].

3.2 κ < 0

For κ < 0, the approximate background solution near the maximum density (t → 0) is given by [4, 7]

a = a_B[1 − 2 3κ |t|^2], (3.5a)

X = U^{12} = 2 √ 3 4 √ − κ 2 |t|^{− 12} , (3.5b)

Y = V^{12} = 2 √ 3 4 √ − 2 κ |t|^{12} . (3.5c)

– 6 –

With similar calculation, the perturbed modes near the maximum density are approximately given by: A ≃ κ 2 C_1(x_i)|t|^{32} , (3.6a) E ≃ κ^2 16 C_1(x_i)|t|^{− 12} , (3.6b)

δρ ≃ C_1(x_i)|t|^{32} , (3.6c) δu ≃ − κ^2 16 C_1(x_i)|t|^{12} . (3.6d)

δU ≃ C_2(x_i), G_i ≃ C_3(x_i)|t|^{−2} + 2 3 C_2(x_i). (3.7)

D_{ij} ≃ C_4(x_i)|t|^{−1} + C_5(x_i). (3.8)

Where C_i(x_i) are functions of space coordinates. Since the scalar E, vector G_i and tensor D_{ij} diverge near the maximum density (t → 0), we conclude that the scalar, vector and tensor modes will all cause instabilities in the Eddington regime in this case.

4 Conclusions

In this paper, we study the full linear perturbations in the radiation era of a homogeneous and isotropic spacetime in EiBI theory. The former researches showed that even the spacetime is singularity free at early time, the transverse-traceless tensor perturbation could cause an instability in this era [7]. We linearize the field equations, and solve the full linear perturbed modes with the approximate background solutions near the maximum density. Interestingly, we find that, for κ > 0, the scalar and transverse vector modes are still stable, while the tensor mode is unstable in Eddington regime. However, for κ < 0, all the scalar, vector and tensor modes cause instabilities in Eddington regime.

In Einstein theory, the solution of the scale factor in the radiation era is a(t) = a_0 √ t, and the Friedmann equation is (^ȧ )^2 =^ρ_3 . By solving the corresponding linear perturbed equations [24], the perturbed modes are given as E = −A ≃ d_1t^{− 3}2 + d_2, δu ≃ d_1t^{− 1}2 −^{d2}_2 t, δρ ≃^3_2 d_1t^{− 7}2 −^3_4 d_2t^{−2}, G_i ≃ d_3t^{− 1}2 , δU_i ≃ d_4t^12 , D_{ij} ≃ d_5t^{− 1}2 + d_6, where the d_i(x_i) are functions of space coordinates. It shows that the scalar, vector and tensor modes are all unstable in early universe (t → 0). Thus the EiBI cosmology with κ > 0 presents as an interesting theory with stable scalar and vector modes. This was also demonstrated in the researches [5, 6, 12], where the EiBI theory with positive κ shows more well properties than negative one.

Acknowledgement

The authors would like to thank Prof. R.G. Cai for helpful discussions. This work was supported in part by the National Natural Science Foundation of China (Grant No. 11075065), the Huo Ying-Dong Education Foundation of Chinese Ministry of Education (Grant No.

– 7 –

121106) and the Fundamental Research Funds for the Central Universities (No. lzujbky- 2013-18). Ke Yang was supported by the Scholarship Award for Excellent Doctoral Student granted by Ministry of Education.

References

[1] A. S. Eddington, The mathematical Theory of Relativity. Cambridge Univ. Press, 1924. [2] E. Schrödinger, Space-time Structure. Cambridge Univ. Press, 1950. [3] M. Bañados and P. G. Ferreira, Phys. Rev. Lett. 105 (2010) 011101, [arXiv:1006.1769]. [4] J. H. Scargill, M. Banados, and P. G. Ferreira, Phys. Rev. D 86 (2012) 103533, [arXiv:1210.1521].

[5] P. Pani, V. Cardoso, and T. Delsate, Phys. Rev. Lett. 107 (2011) 031101, [arXiv:1106.3569]. [6] P. Avelino and R. Ferreira, Phys. Rev. D 86 (2012) 041501, [arXiv:1205.6676]. [7] C. Escamilla-Rivera, M. Banados, and P. G. Ferreira, Phys. Rev. D 85 (2012) 087302, [arXiv:1204.1691].

[8] P. Pani and T. P. Sotiriou, Phys. Rev. Lett. 109 (2012) 251102, [arXiv:1209.2972]. [9] M. Bouhmadi-Lopez, C.-Y. Chen, and P. Chen, Is eddington-born-infeld theory really free of cosmological singularities?, [arXiv:1302.5013].

[10] J. Casanellas, P. Pani, I. Lopes, and V. Cardoso, Astrophys. J. 745 (2012) 15, [arXiv:1109.0249].

[11] P. P. Avelino, Phys. Rev. D 85 (2012) 104053, [arXiv:1201.2544]. [12] P. Pani, T. Delsate, and V. Cardoso, Phys. Rev. D 85 (2012) 084020, [arXiv:1201.2814]. [13] T. Delsate and J. Steinhoff, Phys. Rev. Lett. 109 (2012) 021101, [arXiv:1201.4989]. [14] Y.-X. Liu, K. Yang, H. Guo, and Y. Zhong, Phys. Rev. D 85 (2012) 124053, [arXiv:1203.2349].

[15] P. Avelino, JCAP 11 (2012) 022, [arXiv:1207.4730].

[16] Y.-H. Sham, L.-M. Lin, and P. Leung, Phys. Rev. D 86 (2012) 064015, [arXiv:1208.1314]. [17] I. Cho, H.-C. Kim, and T. Moon, Phys. Rev. D 86 (2012) 084018, [arXiv:1208.2146]. [18] S. Jana and S. Kar, Three dimensional eddington–inspired born–infeld gravity: solutions, [arXiv:1302.2697].

[19] I. Cho and H.-C. Kim, A new synthesis of matter and gravity: A nongravitating scalar field, [arXiv:1302.3341].

[20] Y. H. Sham, P. T. Leung, and L. M. Lin, Phys. Rev. D 87 (2013) 061503, [arXiv:1304.0550]. [21] T. Harko, F. S. N. Lobo, M. Mak, and S. V. Sushkov, Dark matter density profile and galactic metric in eddington-inspired born-infeld gravity, [arXiv:1305.0820].

[22] I. Cho, H.-C. Kim, and T. Moon, Precursor of inflation, [arXiv:1305.2020]. [23] T. Harko, F. S. N. Lobo, M. Mak, and S. V. Sushkov, Structure of neutron, quark and exotic stars in eddington-inspired born-infeld gravity, [arXiv:1305.6770].

[24] S. Weinberg, Cosmology. Oxford University Press, Oxford, UK, 2008.

– 8 –