arXiv:1307.3340v1 [gr-qc] 12 Jul 2013

Non-modal linear stability of the Schwarzschild black hole

Gustavo Dotti^∗ Facultad de Matemática, Astronomía y Física, Universidad Nacional de Córdoba, Instituto de Física Enrique Gaviola, Conicet.

Ciudad Universitaria, (5000) Córdoba, Argentina^∗

A proof is given that the space L of solutions of the linearized vacuum Einstein equations around a Schwarzschild black hole is parameterized by the first order variations δQ± of the quadratic Weyl tensor invariants Q+ = C_{αβγδ} C^{αβγδ} and Q− = C^∗_{αβγδ} C^{αβγδ} . The perturbed metric δg_{αβ} in the Regge Wheler gauge can be reconstructed from the δQ±, the variation δQ− being related to the odd Regge Wheeler modes, and δQ+ to the even Zerilli modes. All the information on the perturbed geometry is therefore encoded in these two scalar fields. The linearized Einstein’s equation are shown to be equivalent to the scalar wave equations (∇^α∇α +^{8M}_{r3} )(r^5δQ±) = 0. This is used to prove that |δQ±| < C±/r^6 on the exterior region r ≥ 2M.

INTRODUCTION

The formation of black holes in gravitational collapse is a fascinating prediction of Einstein’s General Relativity (GR), which is backed by a growing astrophysical evidence of their existence and abundance in the Universe. The mathematical modeling of these objects, however, is a field where a number of crucial problems are still open, the most salient ones being ruling out the alternative of formation of a naked singularity in gravitational collapse, that is, establishing the validity of some form of Penrose’s cosmic censorship conjecture, and proving the stability, and thus, the physical relevance, of the known GR black hole solutions. Although the first such a solution was found by Karl Schwarzschild a few months after Einstein field equations were published, its stability under perturbations has not yet been fully established. Even the proof of the linear stability of the Schwarzschild black hole remains uncompleted, as only its modal linear stability, defined by the boundedness of the potentials that generate isolated harmonic modes, has been proved. In this letter we show that two spacetime curvature scalar fields encode all the information of the most general linear perturbation, and prove that the relative growth of these fields is bounded at every spacetime point by their data at an initial time. Besides given a definite answer to the problem of linear stability of the Schwarzschild black hole, the techniques we introduce are likely to apply to the rotating Kerr black hole [1].

The study of the linear stability of a Schwarzschild black hole M has a long history that dates back to the 1957 pioneering work of Regge and Wheeler [2], where the spherical symmetry of the background was used to split the metric perturbation into what were termed even (+) and odd (−) modes of harmonic numbers (ℓ, m). Since these modes do not mix at the linear level, pure modes are analyzed. A master variable ϕ^±_{(ℓ,m)} defined on the (t, r) space (the orbit space M/SO(3)), is extracted from the system of linearized Einstein’s equations (LEE)

∇^γ ∇_γ δg_{αβ} + ∇_α∇_β (g^{γδ}δg_{γδ}) − 2∇^γ ∇_{(α}δg_{β)γ} = 0, (1)

with the help of which these are disentangled and reduced to the two dimensional wave equations

0 = ∂^2ϕ^±_{(ℓ,m)} ∂t^2 − ∂^2ϕ^±_{(ℓ,m)} ∂x^2 + f U^±_ℓ (x)ϕ^±_{(ℓ,m)} ≡ ∂^2ϕ^±_{(ℓ,m)} ∂t^2 + H^±_ℓ ϕ^±_{(ℓ,m)}. (2)

For the odd modes equation (2), known as the Regge- Wheeler equation, was worked out in [2], whereas the more intricated system of even perturbations was simplified to the above form by Zerilli in 1970 [3]. In equation (2), f = 1 − 2M/r, x is a “tourtoise” radial coordinate, defined by dx/dr = 1/f, and the V^±_ℓ ≡ fU^±_ℓ are real, positive potentials that go to zero at both the x → −∞ (black hole horizon) and x → ∞ (spacelike infinity) limits, thus H^±_ℓ is formally equivalent to a positive definite quantum Hamiltonian acting on the space of square integrable functions of x. For the odd modes the potential is V^−_ℓ = fU^−_ℓ = ( 1 − 2M r ) ( ℓ(ℓ + 1) r^2 − 6M r^3 ) . (3)

In 1979, Sengupta and Gerlach [5] showed how to recast the Regge-Wheeler and Zerilli equations, as well as the perturbed metric reconstruction from the ϕ^±_{(ℓ,m)}, as covariant equations in the two dimensional orbit space (for a quick review, see Section II of [6]). This allows to switch from (t, r) coordinates to, e.g., penetrating coordinates, and study gravitational waves crossing the horizon [6]. The approach still uses the metric perturbation decomposition into (ℓ, m, ±) modes, and analyze isolated modes.

If we write the Schwarzschild metric as [5] g_{αβ} dz^αdz^β = g_{ab}dx^adx^b + r^2(x)ĝ_{ij} dy^idy^j , (4) where ĝ_{ij} dy^idy^j = dθ^2 + sin^2 θ dϕ^2 is the metric on the unit sphere and g_{ab}dx^adx^b the Lorentzian metric on the orbit space (given by −(1 − 2M/r)dt^2 + dr^2/(1 − 2M/r) in Schwarzschild coordinates), and let g^{ab}, D_b, ϵ_{ab} be the inverse metric, covariant derivative and volume form of the orbit space, and ĝ^{ij} , D̂_k, ϵ̂_{ij} those of the unit sphere, then the Regge-Wheeler and Zerilli equations are

g^{ab}D_aD_bϕ^±_{(ℓ,m)} − U^±_ℓ ϕ^±_{(ℓ,m)} = 0. (5)

Let S_{(ℓ,m)} be an orthonormal basis of real spherical harmonics [? ]

D̂^iD̂_iS_{(ℓ,m)} = −ℓ(ℓ + 1)S_{(ℓ,m)}. (6)

The metric perturbation is obtained by applying to (ϕ^±_{(ℓ,m)}, S_{(ℓ,m)}) a bilinear differential operator, δg^{(ℓ,m,±)} αβ = D^{(ℓ,m,±)} αβ (ϕ^±_{(ℓ,m)}, S_{(ℓ,m)}). For the odd modes the operator is rather simple in the Regge-Wheeler gauge: δg^{(ℓ,m,−)} ai = [ϵ_{ac}g^{cb}D_b(rϕ^−_{(ℓ,m)})][ϵ̂_{ki}ĝ^{kj}D̂_j S_{(ℓ,m)}], δg^{(ℓ,m,−)} ab = 0, (7) δg^{(ℓ,m,−)} ij = 0. The operator D^{(ℓ,m,+)}_{αβ} is more involved, we need not spell it out here (see [5, 6]).

The Zerilli and the Regge-Wheeler equations allow to analyze isolated modes and to establish a basic notion of linear stability based on the fact that they admit separable solutions of the form ϕ = e^{αt}χ(x) (we suppress indices for simplicity). From equation (2) it can easily be shown that α must be purely imaginary, α = iω, since α^2χ = −Hχ and H is positive definite. The perturbation of any geometric field is obtained by applying a linear differential operator to δg_{αβ}, therefore, it will also be oscillatory, and then bounded in time. Exponential growth for generic (non separable) solutions of (2) can be ruled out using the positive definite conserved energy of (2). An integral bound of the form ∫ |ϕ(t, x)|^2dx ≤ C_o, (8) where the constant C_o depends only on the initial data, was obtained in [4] using spectral methods. As pointed out in [4], integral bounds still allow blow ups in narrowing x intervals, a possibility that was also ruled out in [4] by proving that a pointwise bound can be placed on the ϕ^±_{(ℓ,m)} for the entire exterior region of the black hole: |ϕ^±_{(ℓ,m)}(t, x)| ≤ K^±_{(ℓ,m)}, (9) K^±_{(ℓ,m)} a constant obtained from the (ℓ, m, ±) piece of the initial data.

NON-MODAL STABILITY

Although the pointwise bound (9) is a significant improvement over previous notions of modal linear stability, we need to find a way of analyzing the growth of a generic perturbation δg_{αβ} = ∑ ℓm [ c^+_{(ℓ,m)}D^{(ℓ,m,+)} αβ (ϕ^+_{(ℓ,m)}, S_{(ℓ,m)}) +c^−_{(ℓ,m)}D^{(ℓ,m,−)} αβ (ϕ^−_{(ℓ,m)}, S_{(ℓ,m)}) ] (10)

by assessing its effects on the geometry. The ϕ^±_{(ℓ,m)} are an infinite set of potentials whose derivatives enter individual terms in the series (10), two extra derivatives must be taken to calculate the perturbed Riemann tensor and analyze the effect of the perturbation. In order to evaluate whether a perturbation “grows big” or not, we need to parametrize the space L of solutions of the LEE (1) with geometrically meaningful quantities. To show how this can be done, it is important to understand how the different modes in (10) behave under the action of the symmetry group of the Schwarzschild metric. The isometries of the background commute with the LEE, equation (1). When applied to a linearized solution g_{αβ} + δg_{αβ} , they keep g_{αβ} fixed while acting non trivially on δg_{αβ} as linear operators in L. The isometry group of the Schwarzschild metric is R_t × T × O(3) = R_t × T × SO(3) × P , where R_t is the subgroup of time translations, SO(3) are the proper rotations, and T and P are the Z_2 subgroups of time inversion, T := (t, r, θ, ϕ) → (−t, r, θ, ϕ), and parity transformation P : (θ, ϕ) → (π − θ, ϕ + π). The (ℓ, m) labels are attached to modes constructed from the S_{(ℓ,m)} spherical harmonics and their first and second derivatives. These derivatives are the components of eigentensors of the Laplacian on the sphere [7]. As an example, ϵ̂_{ki}ĝ^{kj}D̂_j S_{(ℓ,m)} in (7) satisfies

D̂^nD̂_n[ϵ̂_{ki}ĝ^{kj}D̂_j S_{(ℓ,m)}] = −(ℓ(ℓ + 1) − 1)ϵ̂_{ki}ĝ^{kj}D̂_j S_{(ℓ,m)} (11) Consider now the “square angular momentum” operator

J^2 = 3∑ k=1 (£_{Jk} )^2 (12)

where the J_k are infinitesimal rotations around orthogonal axis, that is, the Killing vector fields generating SO(3), normalized in the standard way (e.g., J_3 = ∂/∂ϕ). Note that the £_{Jk} , and therefore J^2, can be regarded as operators acting on the either sphere or on the Schwarzschild manifold. On the sphere, J^2 agrees with the Laplacian only when acting on scalar fields. As an example, consider the Laplacian eigentensor in (11). Since £_{Jk} commutes with D̂_i and annihilates ĝ_{ij} and ϵ̂_{ij} , we conclude that (compare with (11))

J^2[ϵ̂_{ki}ĝ^{kj}D̂_j S_{(ℓ,m)}] = −ℓ(ℓ + 1)[ϵ̂_{ki}ĝ^{kj}D̂_j S_{(ℓ,m)}], (13) and, from (7) (and similar arguments using the reconstruction formulas for the even modes), J^2δg^{(ℓ,m,±)} αβ = −ℓ(ℓ + 1)δg^{(ℓ,m,±)}_{αβ} . (14) The above equation gives a better characterization of the ℓ label in δg^{(ℓ,m,±)}_{αβ} . Had we used the standard spherical harmonics Y_{(ℓ,m)} in (7), δg^{(ℓ,m,±)}_{αβ} would also be a (complex) eigentensor of £_{J3} with eigenvalue im. The meaning of “even” and “odd” modes (introduced with quotes in the original work [2]) is more obscure. It may refer to the fact that, under parity, δg^{(ℓ,m,+)}_{ab} transforms as scalars fields with total angular momentum ℓ(ℓ + 1) do, whereas the δg^{(ℓ,m,−)}_{ab} pick up an extra minus sign, due to the fact that they depend on ϵ̂_{ij} . Thus, the tensor field pull-back under P gives P_∗δg^{(ℓ,m,±)} αβ = ±(−1)^ℓδg^{(ℓ,m,±)}_{αβ} . (15) A more significant meaning can be associated to the splitting of modes in odd and even types, as we now proceed to explain. As is well known, for vacuum spacetimes, every algebraic invariant of the Riemann tensor can be written as a polynomial in four basic invariants, usually presented as two complex scalar fields Q = (C_{αβγδ} + iC^∗_{αβγδ})C^{αβγδ} = Q_+ + iQ_− (16) C := (C_{αβ}^{γδ} + iC^∗_{αβ}^{γδ})C_{γδ}^{ϵμ}C_{ϵμ}^{αβ} = C_+ + iC_− Here C_{abcd} is the Weyl tensor, which equals the Riemann tensor in vacuum, and C^∗_{αβγδ} :=^1_2 ϵ_{αβ}^{ϵμ}C_{ϵμγδ} its dual. Note that ϵ_{αβγδ}, the volume form of spacetime, is the exterior product of the volume form of the orbit space times r^2 sin θ dθ ∧ dϕ, and so is odd under parity, P_∗ ϵ_{αβγδ} = −ϵ_{αβγδ}. Q_− and C_− are “pseudoscalars”, i.e., their construction requires the volume form besides the metric, they are orientation-dependent, and pick up an extra minus sign under P , their (ℓ, m) piece transforming as (−1)^{ℓ+1}. For the Schwarzschild spacetime, Q = 24M^2 r^6 , C = 96M^3 r^9

. (17)

The vanishing of the pseudoscalars is due to the facts that they must be odd under P , but they cannot depend on the angular variables (since they are annihilated by the £_{Jk} ). Under a perturbation, δQ and δC are linear functionals of δg_{αβ} that commute with all symmetries. In particular, for the scalar field Q_+, (−1)^ℓδQ_+[δg^{(ℓ,m,−)}_{αβ} ] = P δQ_+[δg^{(ℓ,m,−)}_{αβ} ] = δQ_+[P_∗δg^{(ℓ,m,−)}_{αβ} ] = −(−1)^ℓδQ_+[δg^{(ℓ,m,−)}_{αβ} ] (18) and thus δQ_+[δg^{(ℓ,m,−)}_{αβ} ] = 0, and similarly for the cubic scalar δC_+. In the same way we can anticipate that the variation of the pseudoscalars Q_− and C_− under δg^{(ℓ,m,+)}_{αβ} must be trivial. Thus, even perturbations can be better characterized as those exciting perturbations of the scalar invariants, whereas odd perturbations are those exciting the pseudoscalar invariants of the Weyl tensor. If we calculate δQ_−[δg^{(ℓ,m,−)}_{αβ} ] from (7), we get a rather complicated expression which simplifies if we make use of the LEE. The use of equations (2) and (6) together with their derivatives, allows us to replace higher derivatives of ϕ^−_{(ℓ,m)} and S^−_{(ℓ,m)} in δQ_− in terms of lower derivatives, and arrive a strikingly simple expression for δQ_−: δQ_−[δg^{(ℓ,m,−)} αβ ] = 24M r^6

(ℓ + 2)! (ℓ − 2)! ϕ^−_{(ℓ,m)}S_{(ℓ,m)}. (19) This result implies that all the information carried by the most general odd perturbation ∑ ℓm δg^{(ℓ,m,−)} αβ is entirely encoded in the resulting variation of Q_−, δQ_− [ ∑ ℓm δg^{(ℓ,m,−)} αβ ] =^{24M}_{r6} ∑ ℓm (ℓ+2)! (ℓ−2)! ϕ − (ℓ,m)S(ℓ,m) (20) as the ϕ^−_{(ℓ,m)} can be recovered from the harmonic expan-

sion of^{r6}_{24M} δQ_−. Moreover, if we define

Φ_− ≡ r^5 24M δQ_− = ∑ ℓm (ℓ+2)! (ℓ−2)! ϕ^−_{(ℓ,m)} r S_{(ℓ,m)} (21)

we see from (2), (3) and (6) that the entire content of the LEE, when restricted to odd perturbations, reduces to a simple (four dimensional!) wave equation on the Schwarzschild spacetime [ ∇_α∇^α + 8M r^3 ] Φ = 0 (22)

with Φ = Φ_−. For even perturbations, after using repeatedly (2), (6) together with their derivatives, we find that, for a pure harmonic mode, the perturbed quadratic scalar is δQ_+[δg^{(ℓ,m,+)} αβ ] =^{264M 2}_{r6} [ (D_ar)(D^aϕ^+_{(ℓ,m)}) − [_{(ℓ+2)!}

12M(ℓ−2)! + 6M (r−2 M) r^2((ℓ+2)(ℓ−1)r+6 M) ] ϕ^+_{(ℓ,m)} ] S_{(ℓ,m)} (23)

This involved expression for δQ_+ (including the annoying denominator (ℓ+2)(ℓ−1)r +6 M) seems to indicate that we cannot reduce the problem of even perturbations to a simple 4D scalar equation like (22). We should recall, however, that the ϕ^+_{(ℓ,m)} are just convenient 2D scalars introduced to disentangle the LEE for isolated even modes, and have no special significance attached to them. A key observation that helps us interpret the result in (23) comes from the fact, first noticed by Chandrasekhar [8], that, if we recast the potentials V^±_ℓ in Ricatti form, we find that

V^±_ℓ = ± dW_ℓ dx + W_ℓ^2 − E_ℓ^2, E_ℓ =^{(ℓ+2)!}_{12M(ℓ−2)!} (24)

W_ℓ = E_ℓ +^{6M(r−2M)}

r^2[(ℓ+2)(ℓ−1)r+6M] . (25)

This implies that H^±_ℓ in (2) can be written as H^±_ℓ = A^±_ℓ A^∓_ℓ − E_ℓ^2, where A^±_ℓ = ±^∂_{∂x} + W_ℓ, i.e., H^±_ℓ + E_ℓ^2 are supersymmetric partners with superpotential W [9]. Thus, A_−ϕ^+_{(ℓ,m)} is a solution of the (-) equation (2) if ϕ^+_{(ℓ,m)} is a solution of the (+) equation (and similarly exchanging plus and minus). Since δQ_+ =^{264M 2}_{r6} A_−ϕ^+_{(ℓ,m)}, we conclude that the most general even perturbation will also satisfy equation (22) with Φ replaced with Φ_+ ≡^{r5}_{264M 2} δQ_+.

Theorem: Non-modal linear stability of the Schwarzschild black hole The space L of solutions of the linearized Einstein equations around a Schwarzschild black hole is parametrized by the scalar fields δQ_±. For any perturbation with compact support on Cauchy surfaces of the Kruskal extension, | | | δQ_± Q | | | < K^± (26)

on the exterior wedge r ≥ 2M.

Proof: there only remains to prove the bound (26). This follows from the fact that, when recasting the wave equation (22) as 0 = (∂^2_t − ∂^2_x + V_1 − D̂^kD̂_kV_2)(rΦ), as done in [10] to study the Klein Gordon equation on the Schwarzschild background, we find from (3) that V_1 = −(1 − 2M/r)6M/r^3 and V_2 = (1 − 2M/r)/r^2. Since V_1 and V_2 are bounded for r ≥ 2M, the proof in Appendix A of [10] applies to equation (22), as well as the symmetry argument in the main text. From the results in [10] then follows that r^5|δQ_±| < K_±/r, which, together with (17), implies (26).

Note that, while Q_− = 0, δQ_− is not. The above proof, however, gives |δQ_−| < K_−/r^6 on the entire r ≥ 2M Schwarzschild wedge, with C_− controlled by the initial perturbation data. Note also that, since all the information is encoded in the quadratic invariant Q, there has to be a relation between δQ and the cubic invariant in (16). A direct calculation shows that, for solutions of the LEE, (Q + δQ)^3 − 12(C + δC)^2 = 0 to first order, which implies that the perturbed metric is algebraic special. Any solution of (22) can be used as a 4D potential to generate an odd perturbation in the Regge-Wheeler gauge: the combination of (7) with (10) can be written in a covariant way as

δg^−_{αβ} =^{r2}_{3M}^∗C_α^{γδ}_β ∇_γ ∇_δ(r^3Φ), (27)

with Φ = ∑ ℓm ϕ^−_{(ℓ,m)} r S_{(ℓ,m)} When calculating Φ_− =

r^5

24M δQ_−[δg^−_{αβ}], with δg^−_{αβ} as in (27) from these perturbation we get a different solution of equation (22), due to the extra factors (ℓ + 2)!/(ℓ − 2)! in the terms of (20)). A covariant expression for the linear map Φ → Φ_− can be obtained from an explicit calculation of δQ_− for δg_{αβ} in (27), the result is

Φ_− = r^5 48M ∗C^{αβγδ}∇_α∇_δ [_{r2} 3M ∗C_β^{κτ}_γ ∇_κ∇_τ (r^3Φ) ] (28)

The above map reveals a symmetry of equation (22), which can be realized as a symmetry within the space of odd solutions of the LEE, obtained by replacing Φ with Φ_− in (27). More interesting symmetries are the linear maps between odd and even solutions constructed from ϕ^±(ℓ, m) → A^∓_ℓ ϕ^±(ℓ, m). An example is the map that flips the invariants: Φ_+ ↔ Φ_−, another possibility is to use^{r5}_{264M 2} δQ_+[δg^+_{αβ} ] as a potential Φ in (27) to generate an odd perturbation, this gives

δg^+_{αβ} → δg^−_{αβ} =^{r2}_{3M}^∗C_α^{γδ}_β ∇_γ ∇_δ (_{r8} 264M^2 δQ+[δg + μν ] ) . (29) The operator relations leading to (27) and the above symmetries certainly can be explained by transposing operator relations [11], this is currently under study. Applications of the techniques developed here to linear perturbations around more general type D spacetimes, particularly the Kerr black hole, is work in progress [1]. I would like to thank Sergio Dain and Reinaldo Gleiser for useful comments that led to an improved manuscript. This work was partially funded from grants PICT-2010- 1387 from Foncyt (Argentina), PIP 11220080102479 from Conicet Secyt-UNC 05/B498 from UNC.

∗ gdotti@famaf.unc.edu.ar [1] B. Araneda and G. Dotti, work in progress. [2] T. Regge and J. A. Wheeler, Phys. Rev. 108, 1063 (1957).

[3] F. J. Zerilli, Phys. Rev. Lett. 24, 737 (1970). [4] Robert M. Wald, J. Math. Phys. 20, 1056 (1979) (erratum: J. Math. Phys. 21, 218 (1980)).

[5] U. H. Gerlach and U. K. Sengupta, Phys. Rev. D 19, 2268 (1979).

[6] O. Sarbach and M. Tiglio, Phys. Rev. D 64, 084016 (2001) [gr-qc/0104061].

[7] A. Ishibashi and H. Kodama, Prog. Theor. Phys. Suppl.

189, 165 (2011) [arXiv:1103.6148 [hep-th]].

[8] S. Chandrasekhar, The mathematical theory of black holes, OXFORD, UK: CLARENDON (1983), p 160.

[9] F. Cooper, A. Khare and U. Sukhatme, Phys. Rept. 251, 267 (1995) [hep-th/9405029].

[10] B. S. Kay and R. M. Wald, Class. Quant. Grav. 4, 893 (1987).

[11] R. M. Wald, Phys. Rev. Lett. 41, 203 (1978).