arXiv:1307.3376v1 [math.NA] 12 Jul 2013

Exact formulas for the approximation of connections and curvature

Snorre H. Christiansen^∗

Abstract

First we express the holonomy along a boundary curve as the integral on the domain, of an expression which is linear in the curvature. Then we provide a rigorous justification of the definition of curvature in Regge calculus.

Je t’apporte l’enfant d’une nuit d’Idumée! Don du poème, Mallarmé.

1 Introduction

We present two results on connections and curvature that aim to relate the continuous and the discrete. Whether nature is one or the other, remains open.

The first result was inspired by the desire to extend the Lattice Gauge Theory initiated by Wilson [11], to a higher order method. While we did not quite achieve this goal, a formula was obtained, that might be of independent interest. It expresses the holonomy around a closed curve as an exact integral which is linear in the curvature. This continues our earlier investigations on LGT [3][4][5][6], which were concerned with convergence analysis, mainly when the gauge field describes electromagnetism, and extending the method to simplicial meshes (rather than the cubical ones that are customary).

The second result is a justification of the definition of curvature in the calculus of Regge [9]. Those provided in [9] and [7] were not found to be completely rigorous. Earlier [1][2], we have related Regge calculus to finite elements and studied linearization. Here we present a result on the non-linear method.

2 Definitions

We present here some some notions on connections and curvature, to fix notations. A standard reference on the subject is [8]. We have mainly used [10] (Appendix C).

Let V be a finite dimensional Euclidean vector space. The space of endomorphisms of V (that is, linear maps V → V ) is denoted End(V ). Let G be a closed subgroup of the orthogonal endomorphims of V and g its associated Lie algebra.

∗Department of Mathematics, University of Oslo, PO box 1053 Blindern, NO-0316 Oslo, Norway. email: snorrec@math.uio.no

Given a function Q : S → G one transforms elements of Ω^k(S) ⊗ V as follows: Φ → QΦ. (2.1) One also transforms connection one-forms A ∈ Ω^1(S) ⊗ g as follows: A → G_Q(A) = QAQ^{−1} − (DQ)Q^{−1}. (2.2) This formula ensures that we have:

∇_{GQ (A)}QΦ = Q(∇_AΦ). (2.3) Parallel transport with respect to A, along a curve γ : [a, b] → S, from x to y, is denoted:

PT_A(γ). (2.4) It is defined as the linear map V → V , which to a vector u(x) ∈ V , associates u(y) ∈ V in such a way that there is a field u, defined on γ, that satisfies: ∇_Au(γ̇) = 0. (2.5) In the commutative case we have the formula:

PT_A(γ) = exp(− ∫ γ A). (2.6)

If the endpoint y of γ is also its origin x, one speaks of a holonomy, and we denote it by:

Hol_A(γ). (2.7) Parallel transport along a curve γ from x to y, behaves as follows under gauge transformations:

PT_{GQ(A)}(γ)Q(x) = Q(y)PT_A(γ). (2.8) In particular, around a closed curve from x to x, we get: Hol_{GQ(A)}(γ) = Q(x)Hol_A(γ)Q(x)^{−1}. (2.9) The curvature of A is denoted F(A):

F(A) = d A + 1/2[A, A]. (2.10) We have:

F(G_Q(A)) = QF(A)Q^{−1}. (2.11)

3 Holonomy from curvature

It is well known that the holonomy around a curve, minus the identity, is a good approximation of the integral of the curvature on the surface the curve bounds, in the sense that the difference between the two is smaller by one order of the length of the curve, see e.g. [10] (Appendix C, Proposition 5.1). That is, for small domains T : Hol_A(∂T ) − I = − ∫ T F(A)(x) d x + O((area(T ))^{3/2}). (3.1)

This fact is the basis for Lattice Gauge Theory, introduced in [11]. See for instance in [6], how Proposition 2 is used as an ingredient to prove consistency. It turns out that in discretizations, the left hand side has better invariance properties than the right hand side, under discrete gauge transformations. Discrete gauge invariance is a crucial property, linked to charge conservation by Noether’s theorem.

In the next proposition we transform this estimate into an exact identity, expressing the holonomy as an integral, which is linear in the curvature. The estimate (3.1) can easily be deduced from the proposed identity. The original motivation was construct a discretely gauge invariant discretization of Yang-Mills action, with higher orders of convergence than classical LGT. In this we have not yet succeeded.

Proposition 1. Suppose T is an oriented rectangle. Define, for any x ∈ T , two paths, γ^−(x) and γ^+(x), as follows. The face is equipped with two coordinates determined by the axes of T , compatible with its orientation. The origin of T has coordinates (0, 0) and the opposite vertex in T has coordinates (a, b). We put x = (x_0, x_1) and let the paths consists of straight lines joining the following points:

γ^−(x) : (0, 0) → (x_0, 0) → (x_0, x_1), (3.2) γ^+(x) : (x_0, x_1) → (x_0, b) → (0, b) → (0, 0). (3.3)

Then we have:

Hol_A(∂T ) − I = − ∫ T PT_A(γ^+(x))F(A)(x)PT_A(γ^−(x)) d x. (3.4)

Proof. (i) Remark first that if identify (3.4) holds for a gauge potential A then it holds for any gauge transformation G_Q(A) of A.

(ii) Given x ∈ T define a path α(x) consisting of straight lines as follows:

α : (x_0, x_1) → (0, x_1) → (0, 0). (3.5)

The path, followed in reverse is denoted α(x)^{−1}. Define Q : f → G as follows:

Q(x) = PT_A(α(x)). (3.6)

The gauge potential A^′ = G_Q(A) now satisfies, by (2.8):

PT_A′ (α(x)^{−1}) = id_V , (3.7)

therefore, for all x_0 ∈ [0, a], x_1 ∈ [0, b]:

A^′_0(x_0, x_1) = 0, (3.8) A^′_1(0, x_1) = 0. (3.9)

(iii) For A of the above form, the proposition is proved for fixed b, differentiating with respect to a. More precisely, for any point (x_0, x_1) ∈ T , let P (x_0, x_1) be the parallel transport, according to A along the segment from (x_0, 0) to (x_0, x_1). We have:

Hol_A(∂T ) = P (a, b). (3.10)

We have:

∂_1P (x) = −A_1(x)P (x). (3.11)

We deduce:

∂_1(P (x)^{−1}∂_0P (x)) = −P (x)^{−1}∂_0A_1(x)P (x). (3.12) Hence:

∂_0P (x_0, b) = − ∫_b 0 P (x_0, b)P (x_0, x_1)^{−1}∂_0A_1(x_0, x_1)P (x_0, x_1) d x_1. (3.13) So that: P (a, b) = I − ∫_a 0 ∫_b 0 P (x_0, b)P (x_0, x_1)^{−1}∂_0A_1(x_0, x_1)P (x_0, x_1) d x_0 d x_1. (3.14) This can be interpreted as the claimed identity.

Remark 1. In the abelian case one can give a much simpler proof of this identity. We consider the rectangle T = T (a, b) as a function of the upper right corner. Define: H(a, b) = Hol_A(∂T (a, b)), (3.15) = exp(− ∫ ∂T (a,b) A), (3.16) = exp(− ∫ T (a,b) d A). (3.17) From the last expression we deduce: ∂_xH(x, b) = −H(x, b) ∫_b 0 d A(x, y) d y. (3.18) So we can write: H(a, b) = I − ∫_a 0 ∫_b 0 H(x, b) d A(x, y) d x d y, (3.19) From the second to last expression on the other hand, we deduce that for y ∈ [0, b] : PT_A(γ^+(x, y))PT_A(γ^−(x, y)) = H(x, b). (3.20) so that we have obtained the desired identity.

4 A justification of Regge Calculus

Regge calculus [9] can be defined as follows.

Let T be a simplicial complex, that is, a finite set of of finite non-empty sets. The elements of T are called simplices and are thought of as sets of vertices. For each simplex T ∈ T , its geometric realization is the set: |T | = {f : T → R : ∑ x∈T f(x) = 1, ∀x ∈ T f(x) ≥ 0}. (4.1) A vertex x ∈ T can be identified with the characteristic function of {x} on T , which is an element of |T |. For T^′ ⊆ T there is a unique affine map Φ_{T T} ′ : |T^′| → |T | which is the identity on vertices of T^′.

The geometric realization of T is : ∐ T ∈T |T | / ∼ . (4.2)

where the equivalence relation is the smallest satisfying:

Φ_{T T} ′ (x) ∼ x, whenever x ∈ |T^′| and T^′ ⊆ T. (4.3)

In particular the maps Φ_{T T} ′ are identified with inclusions.

Suppose that |T | is an oriented n-dimensional manifold. In Regge calculus one assigns a real number to each edge. These numbers, interpreted at edge lengths squared, determine a constant metric ρ on each simplex.

Then, to each codimension 2 simplex h (called hinge) in T one associates a so-called deficit angle d_h as follows. Compute, for each n-simplex in T containing the hinge, the dihedral angle between the two faces arriving at the hinge. Add these dihedral angles, and substract this number from 2π, to get the deficit angle d_h. Let a_h be the area of the hinge. The action defined by Regge to mimick the Einstein-Hilbert action is: ρ → ∑ h d_ha_h. (4.4)

Critical point of this action are discrete analogues of Einstein metrics.

One goes even further and asserts that the scalar curvature is a measure on |T | concentrated to the hinges and given by: ψ → ∑ h d_h ∫ h ψ, (4.5)

where one sums over hinges h, the integrals of ψ on h equipped with the induced metric. The difficulty, in order to make sense of this assertion, is that scalar curvature is a non-linear expression of the metric involving second order derivatives. That it should be well defined for a discontinuous metric is miraculous.

Regge [9] proposed a justification involving an averaging argument and an appeal to the Gauss-Bonnet theorem. An alternative justification can be found in [7] (see in particular §3 and Theorem 3.1). A sequence of smooth metrics approximating the Regge metric is considered, and one wants to obtain the curvature of the limit (as defined by Regge) as the limit of curvatures (as usually defined for smooth metrics). However we don’t think the passage to the limit is valid for any approximating sequence, and [7] is vague about which approximating sequences can be used.

Ideally one might want to identify a topology on the space of metrics, with respect to which this amounts to continuity of the curvature map (into the space of measures). We have not identified such a topology. But in this paper we prove that the limiting procedure is valid for the canonical approximating sequence, obtained by smoothing by convolution.

Various results connecting integrals of curvature with holonomies can be found in Appendix C.5 of [10]. Based on such considerations we are able to evaluate the curvature of the smoothed Regge metrics. Our arguments can be see to reprove a variant of the Gauss-Bonnet theorem. We hope the reader will share our pleasure in doing so.

Here we concentrate on the two-dimensional case (n = 2).

Let S be a two dimensional Euclidean vector space, whose metric is denoted g and serves as a reference. Half-lines emanating from the origin split the space into I ∈ N sectors. The half-lines are indexed by a cyclic variable i ∈ Z/IZ. The sector between i and i + 1 is indexed by i + 1/2.

In this context we consider a Regge metric ρ. It is constant in each sector, with value in the sector i + 1/2 denoted ρ_{i+1/2}. Its pullback to the half-lines separating two sectors is well-defined, that is, the restriction is the same from both sides, when evaluated on vectors parallel to the half-line.

Let m_i denote the directing vector of half-line i which has unit length, with respect to ρ. Let θ_{i+1/2} be the angle between the vectors m_i and m_{i+1} with respect to the metric ρ_{i+1/2}. The deficit angle, at the origin, is defined to be: d = 2π − ∑ i θ_{i+1/2}. (4.6)

Choose ϕ, a smooth function on E with compact support in the unit ball and with integral 1, with respect to g . For ϵ > 0 define the scaling:

ϕ_ϵ(x) = ϵ^{−2}ϕ(ϵ^{−1}x), (4.7)

where the factor in front is chosen to preserve the integral. Define the smoothed Regge metrics σ_ϵ by the following convolution product, computed with respect to g: σ_ϵ = ϕ_ϵ ∗ ρ. (4.8)

We concentrate first on the metric σ = σ_1. We denote by ∇ the Levi-Civita connection, κ the scalar curvature and by μ the volume two-form of σ. Our goal is to prove that the function κ has compact support and: ∫ S κμ = d. (4.9)

We do this by evaluating the holonomy (with respect to ∇) along a curve encircling the origin, at sufficient distance, in two different ways.

Let x → (e_1(x), e_2(x)) denote a choice of orthonormal oriented basis (at x ∈ S). Given this frame, denote by A the connection one-form of the Levi-Civita connection of σ. Thus:

A ∈ Ω^1(S) ⊗ so(2). (4.10)

The Lie algebra so(2) is one-dimensional and spanned by the matrix: J = [ 0 −1 1 0 ] . (4.11)

Proposition 2. Let T be a domain in S with a piecewise smooth boundary curve ∂T . We have: Hol_A(∂T ) = exp(( ∫ T κμ)J). (4.12)

Proof. We denote by F the curvature tensor, also in the frame (e_1, e_2). We have:

F = d A + 1 2 [A, A] = d A ∈ Ω^2(S) ⊗ so(2). (4.13)

By Stokes theorem: Hol_A(∂T ) = exp(− ∫ ∂T A) = exp(− ∫ T F ). (4.14)

But we also have (equation (5.13) in [10]): F = −κJμ. (4.15) This concludes the proof.

Next we compute the holonomy by parallel transporting along the curve. This is made easy by the following fact:

Lemma 3. In the union of the sectors i − 1/2 and 1 + 1/2, consider the subset U_i of points whose distance to the boundary is strictly larger than 1.

On U_i we have ∇m_i = 0.

Proof. For simplicity of notation, we write m = m_i. Recall that for any constant vector fields X, Y on U_i, we have: 2σ(∇_X m, Y ) = Xσ(m, Y ) + mσ(X, Y ) − Y σ(m, X). (4.16) Here, the vectorfields act on scalar fields as derivations.

Denote by n a vector which is orthogonal to m for the reference metric g. We use that σ is invariant in the m direction and that σ(m, m) is constant, and compute: 2σ(∇_mm, m) = mσ(m, m) + mσ(m, m) − mσ(m, m) = 0, (4.17) 2σ(∇_mm, n) = mσ(m, n) + mσ(m, n) − nσ(m, m) = 0, (4.18) 2σ(∇_nm, m) = nσ(m, m) + mσ(n, m) − mσ(m, n) = 0, (4.19) 2σ(∇_nm, n) = nσ(m, n) + mσ(n, n) − nσ(m, n) = 0. (4.20) This concludes the proof.

Let α_{i+1/2} be the angle at the origin of the sector i + 1/2, computed with respect to the reference metric g. Elementary trigonometry shows that the union of the domains U_i contains the exterior of the ball with radius: r = max_i 1/ cos(π/2 − α_{i+1/2}/2). (4.21) From the preceding Lemma one gets:

Corollary 4. The scalar curvature κ is supported in the ball B_g(0, r). Proposition 5. Let T be a domain containing the ball B_g (0, r). We have: Hol_A(∂T ) = exp(−( ∑ i θ_{i+1/2})J). (4.22)

Proof. For each i, define vectors n^+_i and n^−_i such that (m_i, n^±_i ) is an orthonormal oriented basis with respect to the metric ρ_{i±1/2}.

Also, in each sector i + 1/2, choose a point p_{i+1/2} on the boundary curve, such that:

p_{i+1/2} ∈ U_i ∩ U_{i+1}. (4.23)

Let γ_i be the portion of the boundary curve from p_{i−1/2} to p_{i+1/2}, inside U_i.

From Lemma 3 it follows that:

PT_∇(γ_i) : m_i → m_i, (4.24)

and then, since parallell transport along γ_i, is an isometry from the metric σ at p_{i−1/2} (which is equal to ρ_{i−1/2}) to the metric σ at p_{i+1/2} (which is equal to ρ_{i+1/2}), it follows that:

PT_∇(γ_i) : n^−_i → n^+_i . (4.25) The matrix of the identity from the basis (m_i, n^+_i ) to the basis (m_{i+1}, n^−_{i+1}) (both of which are orthonormal oriented for ρ_{i+1/2}) is: [ cos −θ_{i+1/2} − sin −θ_{i+1/2} sin −θ_{i+1/2} cos −θ_{i+1/2} ] . (4.26)

We write:

PT_∇(∂T ) = PT_∇(γ_{I−1}) ∘ . . . ∘ PT_∇(γ_0). (4.27) Expressed in the basis (m_0, n^−_0 ), attached to the point p_{−1/2}, the right hand side evaluates to: [ cos −θ_{I−1/2} − sin −θ_{I−1/2} sin −θ_{I−1/2} cos −θ_{I−1/2} ] . . . [ cos −θ_{1/2} − sin −θ_{1/2} sin −θ_{1/2} cos −θ_{1/2} ] = exp(−( ∑ i θ_{i+1/2})J). (4.28) Since the expression for the holonomy is the same in the basis (e_1(p_{−1/2}), e_2(p_{−1/2})), the claimed identity follows.

We are now ready to conclude:

Proposition 6. We have: ∫ S κμ = d. (4.29)

Proof. From Propositions 2 and 5 we deduce: ∫ S κμ + ∑ i θ_{i+1/2} ∈ 2πZ. (4.30)

Next we consider the following one-parameter family of Regge metrics:

[0, 1] ∋ s → ρ(s) = sρ + (1 − s)g. (4.31)

The left hand side in (4.30), evaluated with ρ replaced by ρ(s), varies continuously as a function of s, and takes discrete values, so must be constant. Moreover at s = 0 one obtains 2π. Therefore the value at s = 1 is also 2π.

We now return to the family of smoothed metrics σ_ϵ defined by (4.8). We let κ_ϵ and μ_ϵ denote their respective scalar curvatures and volume forms.

Proposition 7. We have:

κ_ϵμ_ϵ → dδ, (4.32) in the sense that for any continuous function ψ:

lim_{ϵ→0} ∫ ψκ_ϵμ_ϵ = dψ(0). (4.33)

Proof. Let Φ_ϵ : S → S be the scaling map:

Φ_ϵ(x) = ϵ^{−1}x. (4.34)

Since:

ρ = ϵ^2Φ^⋆_ϵ ρ, (4.35)

we get:

σ_ϵ = ϵ^2Φ^⋆_ϵ σ. (4.36)

It follows that:

κ_ϵ = ϵ^{−2}Φ^⋆_ϵ κ, (4.37) μ_ϵ = ϵ^2Φ^⋆_ϵ μ. (4.38)

So that:

κ_ϵμ_ϵ = Φ^⋆_ϵ (κμ). (4.39)

Based on this identity, the convergence follows.

Acknowledgements

Stimulating discussions with Tore G. Halvorsen, concerning Lattice Gauge Theory, are gratefully acknowledged.

References

[1] S. H. Christiansen. A characterization of second-order differential operators on finite element spaces. Math. Models Methods Appl. Sci., 14(12):1881–1892, 2004.

[2] S. H. Christiansen. On the linearization of Regge calculus. Numerische Mathematik, 119:613–640, 2011. 10.1007/s00211-011-0394-z.

[3] S. H. Christiansen and T. G. Halvorsen. Convergence of lattice gauge theory for Maxwell’s equations. BIT, 49(4):645–667, 2009.

[4] S. H. Christiansen and T. G. Halvorsen. Discretizing the Maxwell-Klein-Gordon equation by the lattice gauge theory formalism. IMA J. Numer. Anal., 31(1):1– 24, 2011.

[5] S. H. Christiansen and T. G. Halvorsen. A gauge invariant discretization on simplicial grids of the Schrödinger eigenvalue problem in an electromagnetic field. SIAM Journal on Numerical Analysis, 49(1):331–345, 2011.

[6] S. H. Christiansen and T. G. Halvorsen. A simplicial gauge theory. J. Math.

Phys., 53(3):033501, 17, 2012.

[7] R. Friedberg and T. D. Lee. Derivation of Regge’s action from Einstein’s theory of general relativity. Nuclear Phys. B, 242(1):145–166, 1984.

[8] S. Kobayashi and K. Nomizu. Foundations of differential geometry. Vol I.

Interscience Publishers, a division of John Wiley & Sons, New York-Lond on, 1963.

[9] T. Regge. General relativity without coordinates. Nuovo Cimento (10), 19:558– 571, 1961.

[10] M. E. Taylor. Partial differential equations. II, volume 116 of Applied Mathematical Sciences. Springer-Verlag, New York, 1996. Qualitative studies of linear equations.

[11] K. G. Wilson. Confinement of quarks. Phys. Rev. D, 10(8):2445–2459, 1974.