arXiv:1307.3922v1 [gr-qc] 15 Jul 2013

THE COSMOLOGY OF A FUNDAMENTAL SCALAR

JONATHAN HOLLAND AND GEORGE SPARLING

Recent experimental evidence strongly supports the case for the existence of a fundamental scalar field in nature. Although this scalar has been discovered in the context of high energy experiments [9], [15], [16], [5], [18], [19], it seems rather likely that the same field plays a crucial role in the early evolution of our universe, where again extremely high energies are encountered [53].

Here we observe that the standard homogeneous cosmologies, those of de Sitter, anti-de Sitter and Minkowski, which form the matrix for the Robertson–Walker scale factor [26], [10],[41], [25], [21], [38], [39], [40], [51], [3], are unstable under small perturbations and therefore unphysical.

When we pass to the stable family of perturbed metrics, we immediately encounter a scalar field, which drives the conformal expansion of the universe and which automatically obeys the non-linear sine-Gordon equation famously associated to the theory of solitons [4], [11], [24]. The Lagrangian for the sine-Gordon equation has a cosine potential and the standard Taylor–Maclaurin series for the cosine of x begins 1−^{x2}_2 +^{x4}_{24} agreeing to this order with the potential used in the approach to the generation of mass in gauge theories. Accordingly we identify our geometric scalar field (actually of the type of an abelian gauge field) with the recently discovered scalar. There is one dimensional constant in the theory, which defines a mass scale for the universe.

Our theory is phrased in the language of the twistor theory of Sir Roger Penrose and his co-workers [28], [33], [32]. In particular, our approach uses a simple generalization of the idea of conformal symmetry breaking using an infinity twistor, which has recently had spectacular success in the context of the description of quantum gravitational scattering amplitudes due to Andrew Hodges, Freddy Cachazo, Lionel Mason, David Skinner and their colleagues [54], [7],[6], [8],[20]. Taken together, these developments reveal a fundamental role for the ideas of twistor theory in physics._1

The big-bang geometries of Howard Robertson and Arthur Walker may be summarized by the following metric, g_{RW} , in natural units, for which the speed of light is unity:

g_{RW} = S^2_{RW} g_k.

Here g_k is a constant curvature metric, a standard homogeneous metric in four dimensions, with one time variable and three spatial variables, whose scalar curvature is the real number k. So g_k has for its symmetry group either the de Sitter group (k > 0), the anti-de Sitter group (k < 0), or the Poincaré group (k = 0), each a real Lie group of dimension ten. Each reference geometry, g_k, is conformally flat and the three possible symmetry groups are each subgroups of the conformal group of space-time, the fifteen-dimensional Lie group SO (2, 4). Given g_k, the precise metric, g_{RW} , is determined by the Robertson–Walker scale factor S_{RW} , which, via the equations of general relativity of Albert Einstein, depends on the details of the specific theory under consideration and is just a function of one real space-time variable, a cosmic time variable.

The reference geometries g_k are beautifully described by the twistor theory for conformally flat space-time [30], [31], [23], [22], [33]. In this context, the twistor space, T, is a four-dimensional vector space over the complex numbers, equipped with a pseudo-hermitian form, denoted Z.Z, for the twistor Z in T, of signature (2, 2). The relevant symmetry group can be taken to be SU(2, 2), the standard spin group (a double cover) of the conformal group SO (2, 4).

Given T, the associated complex conformally flat space-time, M_C , is the Grassmanian of all two-dimensional subspaces of T, so M_C is a complex four-manifold. Denote by K the five-dimensional projective space of Ω^2(T), the exterior product of T with itself. Then, for X a point of M_C , put X = Ω^2(X), the exterior product of X with itself. Then X is a point of K and as X varies, we trace out the Klein quadric in K , the four dimensional hypersurface in K , whose equation is X ∧ X = 0, with ∧ denoting the exterior product. Conversely, given a point X of the Klein quadric, we recover the space X as the set of all twistors Z, such that Z ∧ X = 0. Finally the causal geometry of the space-time M is then determined by the condition that points X and Y of the Klein quadric are connected by a null geodesic, if and only if X ∧ Y = 0, if and only if there is a non-zero twistor Z, such that Z ∧ X = 0 and Z ∧ Y = 0.

The twistor space also connects directly with analysis and field equations: specifically let α be a holomorphic one-form defined on a suitable domain in the projective twistor space, the space of one-dimensional subspaces of T (for example the domain could be the projective image of the collection of twistors Z, such that Z.Z > 0). Restrict α to X (which gives a Riemann sphere in the projective twistor space) and integrate it around a suitable contour on the sphere of X. This gives a number ϕ(X). As X varies, we recover a solution of the Paneitz equation on space-time [29], a conformally invariant field equation of the type organized in the work [17]. In a conformally flat patch, the equation reduces to the vanishing of the square of the ordinary wave operator when acting on the Paneitz field ϕ. Mathematically, we have a natural map from the first sheaf cohomology group with values in oneforms of a suitable domain in twistor space to solutions of the Paneitz equation.

Similarly, twistor theory describes ordinary mass-less scalar particles, whose field equation in a conformally flat patch is just given by the vanishing of the wave operator, through the first sheaf cohomology group of twistor space with values in the sheaf of germs of holomorphic functions of degree minus two on twistor space. Again the solution ϕ(X) is obtained in practice by a suitable contour integral performed on the Riemann sphere of X.

The reduction to the group SU(2, 2) is determined by an element ϵ of Ω^4(T), which may be normalized by the requirement that ϵ.ϵ = 24. Then the reference metrics g_k have a uniform description in twistor theory: (X ∧ Y ) ⊗ (X ∧ Y )g_Y = ϵ ⊗ (dX ∧ dX). Here X lies on the Klein quadric, so X ∧X = 0 and Y is a non-zero and constant element of the six-dimensional space Ω^2(T). In the complex, there are only two cases, according to whether or not Y ∧ Y vanishes. The restriction to real metrics is given by restricting X so that X equals the dual with respect to ϵ of its conjugate X and similarly Y equals the dual with respect to ϵ of its conjugate Y . Then g_Y is real and reduces exactly to the required reference metric g_k, where now we have kϵ = Y ∧ Y and all three possibilities for the scalar curvature, k, occur. In turn the symmetry group of g_k is precisely the subgroup of the conformal group preserving Y . So Y is the vehicle of conformal symmetry breaking [42], [43]. It is called the infinity twistor: the points X for which X ∧ Y = 0 constitute conformal infinity, which is null, spacelike or timelike, according as k = 0, k > 0, or k < 0, respectively.

In this formalism, presented in detail in the beautiful works of Sir Roger Penrose and Wolfgang Rindler [33], [34], the real structure emerges somewhat as an afterthought. Also there is no use for infinity twistors Y , such that Y is not real with respect to the conjugate duality operation.

We now present a slightly different way of describing essentially the same data, where reality is built in a priori. We say that a twistor Z is null if and only if Z.Z vanishes. Then M , a conformal compactification of real Minkowksi space-time and a real four-manifold, is the set of totally null elements X of M_C : so if Z ∈ X ∈ M ⊂ M_C , then Z is null. This condition is equivalent to the condition that X(A) be a null twistor for any twistor A.

In this approach, the conformal structure of M is given by the (manifestly real) conformal metric g = dX.dX. Under the replacement X → λX, where λ is non-zero and complex and may depend on X, the metric g scales as g → |λ|^2g, as the terms involving the derivative of λ vanish identically. Consequently, the general metric, g_f , representing the conformal structure can be given by the formula: f(X)g_f = dX.dX. where f(X) is a positive function, which has the homogeneity property f(λX) = |λ|^2f(X), for non-zero complex λ.

The back-ground metrics g_Y of Robertson–Walker and Penrose–Rindler are now given succinctly by our key formula:

g_Y = dX.dX |X.Y |^2 .

So here f(X) = |X.Y |^2, the simplest function with the required homogeneity property. We then have exact agreement with Penrose–Rindler, provided X and the infinity twistor Y obey the usual reality condition, as described above. In the present formalism, however, there is an irresistible generalization: we allow the infinity twistor Y to be an arbitrary element of Ω^2(T), not constrained by any reality condition.

To understand the nature of this generalization, introduce the quantity E_Y , a pseudo-hermitian endomorphism of twistor space, the (1, 1)- tensor obtained by taking a single contraction of the (2, 2)-tensor product of Y with its conjugate, Y ⊗Y . Then, H_Y , the trace-free part of the operator E_Y generates a one-parameter subgroup of SU(2, 2), so a oneparameter group of conformal symmetries of (compactified) Minkowski space-time and also a one parameter group of conformal symmetries of the metric g_Y .

As an endomorphism of a finite dimensional vector space, the operator E_Y has a minimal polynomial, c(u), say, in this case a real polynomial of degree two in an auxiliary variable u. Direct calculation shows that generically c(u) has two unequal roots. The equal root case is the case that the operator H_Y is nilpotent.

A preferred one-parameter group of conformal symmetries does not exist for the Penrose–Rindler metrics, for the simple reason that g_Y is of the Penrose–Rindler type, if and only if Y obeys the reality condition of Penrose and Rindler, if and only if E_Y is a multiple of the identity, if and only if H_Y vanishes identically, giving the trivial one-parameter subgroup. In the other special case, where F_Y is non-zero, but with square zero, F_Y gives a (Killing) symmetry for g_Y , not just a conformal symmetry: in the cosmological context, as will be discussed below, this is ruled out experimentally and is also unstable under minuscule changes in the tensor Y , just like the Penrose–Rindler metrics.

We now write out the metric g_Y in suitable coordinates as:

g_Y = dx.dx |(x − iy).(x − iy) + z|^2 = dx.dx P^2 + Q^2 , P = ℜ(z) + x.x − y.y, Q = ℑ(z) − 2x.y, P + iQ = (x − iy).(x − iy) + z. Here x is a real Minkowskian four-vector, and . is the usual Minkowskian dot product of signature (1, 3), so dx.dx is the Minkowskian metric. Also y is real four-vector, i is the square root of minus one and z is a complex number, whose real and imaginary parts are denoted ℜ(z) and ℑ(z), respectively. Then it is straight-forward to work out the Einstein tensor, G_Y , for this metric, with the result (using the conventions of the mathematical computing system Maple): G_Y = (Λ + 20H)g_Y − 8h ⊗ h, Λ = ℜ(z) − 2y.y. Here h is a co-vector field and H = g^{−1}_Y (h, h) is the squared ”length” of the co-vector h. In the Penrose–Rindler special case, we have h = 0, from which it follows that H = 0 also, giving G_Y = Λg_Y , the standard case of constant curvature, for which the constant scalar curvature, k, is given by the relation Λ + 4k = 0. The other special case described above has h ≠ 0, but H = 0, for which h is a non-zero null covariantly constant co-vector. Then the vector field g^{−1}_Y (h) is a null Killing vector and we have space-times of the form of the Rindler wedge and zero acceleration, apparently not in agreement with present observations in cosmology, so ruled out experimentally.

Returning to the general case, it is easy to compute the curl of the one-form h, the result being zero. So h is locally a gradient and is hypersurface orthogonal, so naturally foliates the four-space by threemanifolds. To agree with cosmology, we would probably require that H > 0, so that the foliation is by space-like hyper-surfaces, analogous to the foliation of Robertson–Walker. The conformal Killing field discussed determined by E_Y as above is now just the vector field g^{−1}_Y (h). The one-form h, the carrier of the information of the breaking of conformal invariance, has curl zero, so we can seek to write it as h = dU, for some scalar U (defined up to a constant). Direct calculation gives: h = dU, U = 1 2 arctan ( Q P ) , e^{4iU} = P + iQ P − iQ . So U has the character of an abelian gauge-field with group the multiplicative group of complex numbers of modulus one! Now we have that h is a twist-free conformal Killing vector, so we have the relation: d ⊗ dU = d ⊗ h = Sg_Y . Here d is the Levi-Civita connection and S is a scalar field. Taking a trace, we derive the relation 4S = □U and it becomes of interest to determine the quantity S. Rather stunningly, we calculate S as: S = ℑ ( ze^{−4iU} ) . After absorbing a suitable real constant into the potential U, we may write the equation for U as: □U = −m sin(4U), m = 4|z|. So the potential U obeys the sine-Gordon equation [4]! We identify U, the driver of the conformal expansion of the universe and the carrier of the information of the breaking of conformal invariance, with the scalar field recently discovered in the Large Hadron Collider [9]!

Given this background metric, we can introduce the Robertson– Walker scale factor as a function of the potential variable U, exactly as in the standard Robertson–Walker theory. So one possible scenario is that at the origin of the universe, at the highest possible temperatures we have a completely conformally invariant theory along the lines of work of Tod [46] and Friedrich [12]. The physics here would be quite different from conventional physics [54], [44], [45]. As the universe cools, there would be a phase transition to the sector under discussion in this work, dominated by the scalar field and accounting for the acceleration of the universe as discovered in [35], [37], [53]. Further cooling would allow a second phase transition allowing the development of the Robertson–Walker scale factor leading to the universe as we know it.

The scalar dominated phase also allows for a bridge of super-symmetric type connecting the conformal level of the presumably primordial Paneitz equation, with the conformal level of the more standard massless particles [36], [27], [13], [14], [47], [48], [49], [50]. The super-symmetric operator in question is the following: Q = Y (Z, dZ), Q^2 = 0. This operator naturally embeds, by multiplication, the sheaf cohomology describing mass-less particles (these are sheaf cohomology groups with values in the sheaf of germs of holomorphic functions on twistor space), into the sheaf cohomology of one-forms on twistor space. The basic example maps the cohomology with values in the sheaf of germs of holomorphic functions homogeneous of degree minus two, which represents traditional scalar massless particles, by multiplication by the operator Q to the sheaf cohomology of one-forms on projective twistor space, which encodes the Paneitz equation. Conversely given the sheaf cohomology of one-forms, we restrict to the sheaf cohomology for functions by imposing the super-symmetry Q = 0. So, in contrast to the prevailing view on the nature of super-symmetry, here the supersymmetry reduces symmetry, indeed is responsible for the breaking of conformal invariance and setting a mass scale, allowing physics as we know it to exist.

Finally note that we have two such super-symmetric operators, the operator Q and its adjoint Q = Y (∂_Z , δ_Z ), where ∂_Z is the dual-twistor-valued differential operator with respect to Z and δ_Z is the dual-twistor-valued derivation of forms, of degree minus one, dual to multiplication by dZ. The full supersymmetry or algebra is then:

Q^2 = 0, Q^2 = 0, QQ + QQ = P_Y , [P_Y , Q] = 0, [P_Y , Q] = 0, P_Y = E_Y (∂_Z , Z) − E_Y (dZ, δ_Z). The operator P_Y is the supersymmetric generalization of the operator E_Y . So the theory is naturally supersymmetric!

From the view-point of mathematical physics, the present work has opened up the possibility of a purely gauge theoretic and geometric explanation for the origin of mass in conformally invariant gauge theories [1], [2], [52].

References

[1] Atiyah, M., Hitchin, N., Drinfeld, V., Manin, Y., Construction of Instantons, Phys. Lett. A, 65, (1978), 185–187.

[2] Atiyah, M., Geometry of Yang–Mills fields, Scuola Normale Superiore Pisa, Pisa, 1979.

[3] Bondi, H., Cosmology. Cambridge University Press (1960). [4] Bour, E., Théorie de la déformation des surfaces, J. École Impériale Polytech., 19 (1862), 1–48.

[5] Englert, E. and Brout, R., Broken symmetry and the mass of gauge vector mesons, Phys. Rev. Lett. 13 (1964), 321.

[6] Arkani-Hamed, N., Bourjaily, J., Cachazo, F., Goncharov, A., Postnikov, A., and Trnka, J., Scattering Amplitudes and the Positive Grassmannian, 2012, arXiv:1212.5605.

[7] Cachazo, F., Resultants and gravity amplitudes, 2013, arXiv:1301.3970. [8] Cachazo, F., Mason, L., and Skinner, D., Gravity in twistor space and its Grassmannian formulation, 2012, arXiv:1207.4712.

[9] Cho, A., Higgs Boson makes its debut after decades-long search, Science 337 (2012) 141–143.

[10] Einstein, A., Kosmologische Betrachtungen zur allgemeinen Relativiätstheorie, Könich Preussische Akademie der Wissenschaften (1917).

[11] Fermi, E., Pasta, J., Ulam, S. and Tsingou, M., Studies of nonlinear problems.

I. Report LA-1940, Los Alamos: Los Alamos Scientific Laboratory. 20 pages (1955).

[12] Friedrich, H., Cauchy Problems for the Conformal Vacuum Field Equations in General Relativity, Comm. Math. Phys. 91 (1983), 445–472.

[13] Gervais, J. -L. and Sakita, B. Field theory interpretation of supergauges in dual models, Nuclear Physics B 34 (2), (1971), 632.

[14] Golfand, Y., and Likhtman, E., On the Extensions of the Algebra of the Generators of the Poincaré Group by the Bispinor Generators, in I. E. Tamm Memorial Volume Problems of Theoretical Physics, Eds. V. L. Ginzburg et al., (Nauka, Moscow 1972), page 37.

[15] Goldstone, J., Field Theories with Superconductor Solutions, Nuovo Cimento, 19, (1961), 154–164.

[16] Goldstone, J., Salam, A., Weinberg, S., Broken Symmetries, Physical Review 127 (3) (1962), 965–970.

[17] Graham, C., Jenne, R., Mason, L., Sparling, G., Conformally invariant powers of the Laplacian. I. Existence., J. London Math. Soc. (2) 46 (1992), no. 3, 557– 565.

[18] Guralnik, G., The history of the Guralnik, Hagen and Kibble development of the theory of spontaneous symmetry breaking and gauge particles, IJMPA 24 (2009) 2601.

[19] Higgs, P., Broken Symmetries, Massless Particles and Gauge Fields, Physics Letters 12 (2), (1964) 132.

[20] Hodges, A., A simple formula for gravitational MHV amplitudes, 2012, arXiv:1204.1930.

[21] Hopf, H., Zum Clifford–Kleinschen Raumproblem, Math. Ann. 95 (1925), 313– 339.

[22] Huggett, S. and Tod, K., An Introduction to Twistor Theory, Cambridge University Press, (1994), 178 pages.

[23] Hughston, L., Twistors and particles, Springer-Verlag, (1979), 150 pages. [24] Kruskal, M., Zabusky, N., Stroboscopic-perturbation procedure for treating a class of nonlinear wave equations, J. Mathematical Phys. 5 (1964) 231–244.

[25] Levi-Civita, T., Realtà fisica di alcuni spazî normali del Bianchi, Rendiconti, Reale Accademia Dei Lincei 26 (1917), 519–31.

[26] Minkowski, H., Raum und Zeit, Physikalische Zeitschrift 10 (1908): 75–88. [27] Neveu, A. and Schwarz, J., Factorizable dual model of pions, Nuc. Phys. B 31, (1971), 86–112.

[28] Newman, E., Heaven and its properties. The riddle of gravitation–on the occasion of the 60th birthday of Peter G. Bergmann (Proc. Conf., Syracuse Univ., Syracuse, N. Y., 1975), General Relativity and Gravitation 7 (1976), no. 1, 107–111.

[29] Paneitz, S., A quartic conformally covariant differential operator for arbitrary pseudo-Riemannian manifolds (summary), SIGMA. Symmetry, Integrability and Geometry. Methods and Applications 4 (2008): Paper 036, 3.

[30] Penrose, R., Twistor algebra, J. Math. Phys. 8 (1967), 345–366. [31] Penrose, R., Solutions of zero-rest-mass equations, J. Math. Phys. 10 (1969), 38–39.

[32] Penrose, R., The nonlinear graviton. General Relativity and Gravitation 7 (1976), no. 2, 171–176.

[33] Penrose, R. and Rindler, W., Spinors and spacetime, Vol. 1–2, Cambridge University Press, 1987–1988.

[34] Penrose, R., Cycles of time, Vintage books (2012).

[35] Perlmutter, S. et al. (The Supernova Cosmology Project), Measurements of Omega and Lambda from 42 high redshift supernovae, Astrophysical Journal 517 (1999) 2: 565–86.

[36] Ramond, P., Dual Theory for Free Fermions, Phys. Rev. D 3 (10), (1971), 2415.

[37] Riess, G. et al. (Supernova Search Team), Observational evidence from supernovae for an accelerating universe and a cosmological constant, Astronomical J. 116 (1998) 3: 1009–38.

[38] Robertson, H., Kinematics and world structure, Astrophysical Journal 82 (1935): 284–301.

[39] Robertson, H., Kinematics and world structure II, Astrophysical Journal 83 (1936): 187–201.

[40] Robertson, H., Kinematics and world structure III, Astrophysical Journal 83 (1936): 257–271.

[41] de Sitter, W., On the curvature of space, Proc. Kon. Ned. Acad. Wet. 20 (1917):

229–243.

[42] Sparling, G., Towards the geometrization of physics, Nature 321 (1986), no.

6068, 417–419.

[43] Sparling, G. Theory of massive particles. I. Algebraic structure, Philos. Trans.

Roy. Soc. London Ser. A 301 (1981), no. 1458, 27–74.

[44] Sparling, G. and Tillman, P., A primordial theory, arXiv:cond-mat/0401015, 55 pages (2004).

[45] Sparling, G., Germ of a synthesis: space-time is spinorial extra dimensions are timelike, Proc. R. Soc. A. 463 2083 (2007) 1665–1679.

[46] Tod, K. P., Isotropic cosmological singularities: other matter models, Class.

Quant. Grav. 20 (2003) 521–534.

[47] Volkov, D., Akulov, V., O vozmozhnom universal’nom vzaimodeistvii neitrino, Pisma Zh. Eksp. Teor. Fiz. 16 (1972) 621-624.

[48] Volkov, D., Akulov, V., Is the neutrino a Goldstone particle, Phys.Lett. B, 46, (1973), 109-110;

[49] Volkov, D., Akulov, V., Gouldstounovskie polya so spinom polovina, Teor.Mat.Fiz., 18, (1974), 39-50.

[50] Wess, J., Zumino, B., Supergauge transformations in four dimensions, Nuc.

Phys. B, 70 (1974), 39-50.

[51] Walker, A. On Milne’s theory of world-structure, Proceedings of the London Mathematical Society 2 (1937) 42 (1): 90–127, doi:10.1112/plms/s2-42.1.90.

[52] Ward, R., On Self-dual gauge fields, Phys. Lett. A, 61, (1977), 81–82. [53] Weinberg, S., Effective Field Theory for Inflation, Phys. Rev. D, 77, (2008), 123541–123554.

[54] Witten, E., Perturbative gauge theory as a string theory in twistor space, Comm. Math. Phys. 252, (2004), 189–258.