arXiv:1307.4065v1 [hep-th] 15 Jul 2013

PUPT-2450 MCTP-13-20

Consistency conditions from generalized-unitarity

Yu-tin Huang^a, David A. McGady^b aMichigan Center for Theoretical Physics, Department of Physics, University of Michigan, Ann Arbor, MI 48109, USA b Department of Physics, Princeton University, Princeton, NJ 08544

In the modern on-shell approach, the perturbative S-matrix is constructed iteratively using onshell building blocks with manifest unitarity. As only gauge invariant quantities enter in the intermediate steps, the notion of gauge anomaly is absent. In this letter, we rephrase the anomaly cancellation conditions in a purely on-shell language. We demonstrate that while the unitarity-methods automatically lead to a unitary S-matrix, the rational terms that are required to enforce locality, invariably give rise to inconsistent factorization channels in chiral theories. In four-dimensions, the absence of such inconsistencies implies the vanishing of the cubic Casimir of the gauge group. In six-dimensions, if the symmetric trace of four generators does not vanish, the rational term develops a factorization channel revealing a new particle in the spectrum: the two-form of the Green-Schwarz mechanism. Thus in the purely on-shell construction, the notion of gauge-anomaly is replaced by the difficulty to consistently impose locality on the unitary S-matrix.

PACS numbers: 04.65.+e, 11.15.Bt, 11.30.Pb, 11.55.Bq

An intriguing difference between the traditional Lagrangian definition of perturbative quantum field theory (QFT) and the modern analytic S-matrix program, is the role of gauge symmetry. Where as gauge invariance is crucial in determining the Lagrangian and ensures unitarity of the perturbative S-matrix, such notions are completely absent in the modern on-shell approach. In the latter approach, given the free-spectrum of the theory, the lowest-multiplicity non-trivial S-matrix can be determined completely from the global symmetries of the theory. Using factorization [1] as well as unitarity constraints [2], the entire perturbative S-matrix can then be iteratively constructed from that of the lowest order. Such an approach has led to tremendous progress in the computation of high loop-order corrections in four-dimensional super Yang-Mills [3], supergravity [4], higher-dimensional super Yang-Mills [5], as well as the determination of all-loop planar integrand of maximal super Yang-Mills [6]. Since the building blocks that enter the iterative process are completely on-shell, gauge invariance becomes a notion that is devoid of substance.

The fact that the physical observables of a QFT can be constructed without the utterance of gauge symmetry, leads us to ask how consistency constraints traditionally imposed by the requirement of gauge anomaly cancellation, arises in such on-shell constructions. Establishment of such constraint without knowledge of the interaction Lagrangian, becomes crucial in light of the large class of supersymmetric Chern-Simons matter theories [7, 8] whose Lagrangian has been constructed only in the past five years, although their S-matrix elements can be determined independently [9, 10].

In this letter, we address the following question: starting with a theory of chiral fermions, as we construct loop-amplitudes through the on-shell program, how do we see that the theory is sick? Tree-level amplitudes of chiral fermions are perfectly well defined. Through general unitarity methods, one necessarily obtains a unitary S-matrix. Superficially, chiral gauge theories should have perfectly sensible loop amplitudes. However, while the S-matrix is manifestly unitary, it contains spurious non-local poles. To ensure that the final result is both unitary and local, one is forced to introduce non cutconstructible rational terms to cancel the spurious poles. We will demonstrate that for chiral fermion loops, cancellation of these spurious singularities induces new factorization channels. In four-dimensions, such factorization channels are inconsistent and thus must cancel. The constraint imposed by such cancellation is precisely the vanishing of the cubic Casimir of the gauge group. In sixdimensions, if the symmetric trace of the four generators does not vanish, the new induced factorization channel reveals the presence of a new particle in the theory: the two-form in the Green-Schwarz (GS) mechanism [11].

A PRELUDE IN FOUR-DIMENSIONS

Unitarity methods naturally cast one-loop amplitudes into a basis of scalar integrals whose coefficients depend on the theory at hand. Here, we consider the fermionloop contribution to the single trace one-loop four-gluon amplitude. For later convenience we give the scalarintegral coefficients originating from two distinct fermion helicities separately:

− t^4s^2 u^4 − s^4t^2 u^4

2

t^4s u^4 t^2s^3 u^4

t(su − 6st − 2ut) 6u^3 t(4s^2 + 2t^2 − 7su) 6u^3 . (1) In the above, we’ve indicated the helicities of the fermions crossing the unitarity cut, denoted by the (red) dashed lines, and s = (k_1 + k_2)^2, t = (k_2 + k_3)^2, u = (k_1 + k_3)^2. Note that the triangle- and box-integral coefficients are such that the IR-divergence cancels, which is necessary due to the absence of tree-level processes for a fermion in background gauge field.

The the parity-even part of the fermion-loop amplitude simply corresponds to the sum of the two distinct helicity configurations:

A^{even}(1^+2^−3^+4^−)

A^{tree} = − st(s^2 + t^2) 2u^4 ( log ( t s )_2

+ π^2 )

+ [( s − t 3u − st(s − t) u^3 )] log (s t ) − (−s)^{−ϵ} + (−t)^{−ϵ} 3ϵ +R^{even}(1, 2, 3, 4) , (2)

where we’ve included a term R^{even} representing possible rational terms that are undetectable from unitarity cuts, and A^{tree} is the tree-level amplitude. The rational term can be determined from imposing locality. To see this, note that poles in the u-channel are ubiquitous throughout Eq.(2), which cannot have a local interpretation due to the color-ordering. As u → 0, Eq.(2) behaves as: ( A^{even} A^{tree}

− R^{even} ) (1, 2, 3, 4) | | | u→0 = − s^2 u^2 − s u + O(u^0) . (3) Locality requires these spurious poles to be canceled by those that arise from R^{even}. Dimension-counting and cyclic invariance uniquely fixes R^{even} to be,

R^{even}(1, 2, 3, 4) = − st u^2

. (4)

Substituting Eq.(4) into Eq.(2) reproduces known results in QCD [12]. Note that since the amplitude has an A^{tree} pre factor, the presence of a rational term can potentially introduce new residues on the physical poles of the tree-amplitude. However, due to the st factor in the numerator of Eq.(4), the residue vanishes.

We now turn to the parity-odd part of the fermionloop, which is only present for chiral fermions. It is simply given by the difference of the two helicity configurations:

A^{odd}(1^+2^−3^+4^−) A^{tree} = st(s^2 − t^2) 2u^4 ( log ( t s )_2

+ π^2 )

− ( 2st u^2 ) log ( −s −t ) + R^{odd}(1, 2, 3, 4) . (5)

First, note that the amplitude is cyclic invariant up to a sign. The extra sign is due to the use of helicity basis. The required cyclic symmetry can be exposed by restoring the expression in terms of formal polarization vectors. For example, the coefficient for the scalar-box integral in the parity-odd combination is given as:

2(F_1 ∧ F_3) ( ϵ_4 · k_2 u − ϵ_4 · k_3 s ) ( ϵ_2 · k_4 u − ϵ_2 · k_1 s )

+ 2(F_2 ∧ F_4) ( ϵ_1 · k_3 u − ϵ_1 · k_4 t ) ( ϵ_3 · k_1 u − ϵ_3 · k_2 t )

+ · · · , (6)

where · · · represent the remaining four distinct permutations. Re-expressing the polarization vectors using spinor-helicity formalism, the above cyclic result straightforwardly reduces to^{s2 t2 (s2−t2 )}_{u4} ×A^{tree}, matching onto Eq.(5).

As with the parity-even combination, there are spurious u-channel poles in Eq.(5): ( A^{odd} A^{tree}

− R^{odd} ) (1, 2, 3, 4)|_{u→0} = − s u + O(u^0) . (7)

Locality again requires such spurious poles to cancel against that from R^{odd}. Taking into account the fact that the amplitude attains a minus sign under cyclic shift, the requisite parity-odd rational term is:

A^{tree}R^{odd}(1, 2, 3, 4) = A^{tree} s − t 2u = ⟨24⟩^2[13]^2 s − t 2stu . (8) However, as is plain from Eq.(8), this new parity-odd rational term has non-trivial contributions to the s- and tchannel residues. This contrasts sharply with the R^{even}. Herein lay the seeds of inconsistencies in parity-violating gauge theories: the rational terms that are required for locality in the parity-odd amplitude, introduce new corrections to residues on the s- and t- poles. This is inconsistent. To see why, note that as the residue of the pole has mass-dimension two, it can only factorize into threepoint functions, each with mass-dimension one. However, there are exactly two unique mass-dimension one threepoint amplitudes involving two gauge fields. They are the Yang-Mills three-point amplitudes, and are entirely fixed by Poincare invariance. They do not have one-loop corrections. Thus the absence of acceptable residues implies that such factorization channel is inconsistent.

Requiring these inconsistent factorization channels to be absent from the amplitude constrains the theory. To see how, note that there are 6 single-trace color structures at four-points and one-loop. Two of these, A(1, 2, 3, 4) and A(1, 4, 3, 2), share this u-channel rational term. Their rational terms sum to,

A^{tree} s − t 2u ( tr[T^1T^2T^3T^4] − tr[T^1T^4T^3T^2] ) (9)

Crucially, the problematic residues on the s- and t- channels from the rational terms exactly cancel if the grouptheory factor vanishes:

tr[T^1T^2T^3T^4] − tr[T^1T^4T^3T^2] = = d^{1a4}f^{23}_a + d^{13a}f^{24}_a + d^{1a2}f^{34}_a = 0 . (10)

Since the symmetry property of each term is distinct, the constraint is satisfied only if each term is individually zero. Thus imposing unitarity and locality, one arrives at the following constraint on the group-theory factor:

d^{abc}f^{de}_a = 0 . (11)

This is nothing but the anomaly cancellation of the non-abelian box anomaly. The usual triangle anomalycancellation condition emerges if one considers this uchannel residue as a product of three-point tree amplitude, dressed by f^{abc}, multiplied by the illegal one-loop three-point rational function, which will be dressed with d^{abc}. The illegal one-loop three-point function then drops out if d^{abc} = 0.

In summary, in using unitarity methods to construct one-loop scattering amplitudes, one encounters obstacles in implementing locality if there are chiral fermion loops. Such obstruction ceases to exist if the theory has vanishing d_{abc}.

THE 6D RATIONAL TERM AND THE GS TWO-FORM

We now consider the one-loop four-point amplitude in 6D chiral gauge-theory. The little-group in sixdimensions is SO(4)=SU(2)×SU(2), and for the parityodd contribution, we again take the difference between (^1_2 , 0) and (0,^1_2 ) little-group configuration in the loop. To obtain the scalar integral coefficients, we utilize sixdimensional spinor-helicity formalism [13] as well as generalized unitarity-methods [14]. Explicit computation gives the following coefficients for the scalar box, triangle and bubble integrals respectively:

C_4(s, t) = (s − t) 6u^2

F^4, C_3(s) = − (s − t) 6tu^2 F^4,

C_3(t) = − (s − t) 6su^2 F^4, C_2(s) =

F^4 stu , C_2(t) = −

F^4 stu , The function F^4 is explicitly given as:^1

F^4 ≡ ⟨4_d|p_2p_3|4_ḋ]F^3_{(123)} + (σ_i)cyclic ,

1 The on-shell form of the wedge product of three field strengths is simply

F_1 ∧ F_2 ∧ F_3 = (_{⟨1a|2˙} b]⟨2_b|3_ċ]⟨3_c|1_ȧ] + ⟨2_b|1_ȧ]⟨1_a|3_ċ]⟨3_c|2_ḃ] )_.

where +cyclic indicates the sum over remaining three cyclic permutations, σ_i is the signature of each permutation, and F^3_{ijk} ≡ F_i ∧ F_j ∧ F_k . Explicitly evaluating the scalar integrals yield the parity-odd portion of the chiral fermion contribution to the four-gluon amplitude:

A^{odd}(1, 2, 3, 4)

F^4 = (t − s) ( π^2 + log[s/t]^2 ) 12u^3 + log[t/s] 3u^2 + s − t 18stu + R(1, 2, 3, 4) , (12)

where again R is a possible non cut-constructible rational term. Firstly, note that the ultraviolet (UV) divergences explicitly canceled, just as the infrared divergence cancelled in four-dimensions. The absence of UVdivergences in the parity-odd amplitude must hold, as there are no local operators available as viable counterterms. Secondly, rational terms are already present in the cut constructible part. This is a subtle difference from the previous D = 4 analysis, and only appears in higherdimensions. The origin of this is due to the fact that while only scalar bubbles are UV-divergent in D = 4, for higher dimensions all n ≤ D/2-gon scalar integrals are UV-divergent. The cancellation of UV-divergence then invariably leaves behind a rational term. For example in D = 6 the bubble- and triangle-integrals, in dimensional regularization, are given as,

I_3[K^2] = 1 2ϵ + 1 2 ( 3 − γ_E − log[K^2] ) , I_2[K^2] = −

K^2 6ϵ + K^2 18 ( −8 + 3γ_E + 3 log[K^2] ) ,(13)

where K^2 is the unique kinematic invariant of the integral. As one can see, the cancellation of UV-divergences inevitably lead to a nontrivial rational term. Note that while the amplitude is finite, the scalar integral representation contains individual divergences and require regularizations. Thus the explicit coefficient of the rational term is dependent on regularization scheme.

Again the ubiquitous presence of u-channel poles requires us to ensure that the residue of this pole, which is spurious for this ordering, must vanish to ensure locality. As u → 0 one finds: ( A^{odd} F^4 − R ) (1, 2, 3, 4) | | |_{u→0} = − 1 18tu + O(u^0) . (14)

Note that although the u-channel is spurious in two of the six orderings, it is also present in the remaining four, due to the presence of rational terms arising from the cutconstructible part. This is the non-trivial consequence that was previously alluded to. It is straightforward to check that the leading u → 0 behavior of all orderings are identical to Eq.(14), and thus for the full color-dressed amplitude, with R = 0, the leading u → 0 behavior is given as: A|_{u→0} = − 1 18ut sT r(1234) + O(u^0) (15) where sT r(1234) is the symmetric trace of the four generators. Thus the constraint derived from locality is simply:

sT r(1234) = 0 . (16)

This reproduces the standard anomaly cancellation condition in six-dimensions. If Eq.(16) is not satisfied, then one needs to introduce a non-vanishing R to cancel this spurious singularity. The cyclic invariant rational term needed to cancel it is,

R(1, 2, 3, 4) = s − t 36stu . (17)

Just as in D = 4, while the inclusion of this rational term cancels the residue of the spurious pole, it introduces non-trivial t- and s-channel factorization poles. However, un-like D=4, the mass dimension of this residue is 4, implying that it can factorize into three-point functions that have mass-dimension 2. Analysis of possible mass-dimension two three-point parity-odd amplitudes restricts it to be two gluons coupled to a two-form. In other words, in the event that Eq.(16) is not satisfied, imposing locality introduces a new particle in the spectrum: the two-form for the GS mechanism [11].

Remarkably, R(1, 2, 3, 4)F^4 is precisely the combination of the anomalous rational term of the chiral fermionloop and the contribution from the GS mechanism, as we now show. Direct computation of the chiral-fermion loop using Feynman diagrams, one obtains the following rational term from the parity-odd part of the color-ordered amplitude:^2

R^{D=6}_{anom} = R^{6D}_{234} + cyclic(1, 2, 3, 4) , (18)

where +cyclic(1, 2, 3, 4) indicates a sum over distinct cyclic permutations and:

R^{6D}_{234} = − 1 18 ( (ϵ_1 · k_2) s + (ϵ_1 · k_3) u + (ϵ_1 · k_4) t ) F^3_{(234)} .

We did not present the expression for distinct orderings since Eq.(18) is manifestly permutation invariant, as expected. One can easily check that under a gauge transformation ϵ_i → ϵ_i + k_i, Eq.(18) is anomalous. As is well known, in order for the GS mechanism to cancel the anomaly, one must work with representation where the symmetric trace factorizes into double traces, i.e. the fundamental representation. Working in the fundamental representation, by combining the GS mechanism contribution with Eq.(18), one finds the following rational term for the color factor tr(t_1t_3)tr(t_2t_4):

R^{odd 6D}

4 = R̃^{6D}_{234} + cyclic(1, 2, 3, 4) where (19)

R̃^{6D}_{234} =

F^3_{(234)} 36 ( (ϵ_1 · k_2) s + (ϵ_1 · k_4) t − 2 (ϵ_1 · k_3) u )

2 We use normalization such that the overall factor 1/(4π)^3 is 1.

Converting Eq.(19) to on-shell form one finds exactly that of Eq.(17)! The reason that it is the double trace factor tr(t_1t_3)tr(t_2t_4) whose rational term appears in the color ordering of Eq.(17) is because this factor is invariant under the cyclic symmetry of (1234).

In conclusion, in applying unitarity methods to construct one-loop amplitudes, enforcing locality on chiral fermion loops gives rise to new factorization channels. In D = 4, such factorization channels lead to inconsistent residues, whose cancellation reproduces the anomaly cancellation conditions. In D = 6, the absence of spurious singularities requires either constraints which are precisely the well known anomaly cancellation conditions, or the introduction of rational terms to cancel such singularity which in turn introduces new factorization residues that reflect the presence of a new particle in the spectrum: the GS two-form. Furthermore, this unique rational term is precisely the gauge invariant rational term that arrises form the combination of the parity-odd oneloop anomalous rational term and the contribution from the GS-mechanism, computed from Feynman rules. Thus starting with a chiral-gauge theory, imposing locality on the one-loop amplitude directly gives us the complete GS-contribution. In a sense there are no “gauge anomalies” per se. There are only rational terms in amplitudes, needed to enforce locality in amplitudes built from unitarity methods. When present, these rational terms make it impossible to have massless vectors for in D = 4, whereas they force the existence of new degrees of freedom in higher-dimensions.^3 From this point of view, as rational terms only appear in even-dimensions at oneloop, and can appear in parity odd-amplitudes beginning at n = D/2−1-points, these are the places where such inconsistencies can arise in general, in agreement with the usual gauge-anomaly analysis. Finally, just as the lowestmultiplicity S-matrix can be uniquely determined, so can the parity-odd rational term as we have demonstrated. It will be interesting to see what kind of recursion one can set up to obtain all higher-multiplicity counterparts.

We are extremely grateful to Nima Arkani-Hamed for the suggestion and discussion of this problem, Lance Dixon for the useful discussions on the role of rational terms, H. Johansson and Z. Bern for many fruitful discussions. This research was supported by the US DoE grant de-sc0007859, and DE–FG03–91ER40662.

3 Note that rational terms also play a role in global anomalies, which has been recently discussed in the context of supergravity amplitudes [15].

[1] R. Britto, F. Cachazo and B. Feng, “Generalized unitarity and one-loop amplitudes in N=4 super-Yang-Mills,” Nucl. Phys. B 725, 275 (2005) [hep-th/0412103]. R. Britto, F. Cachazo, B. Feng and E. Witten, “Direct proof of tree-level recursion relation in Yang- Mills theory,” Phys. Rev. Lett. 94, 181602 (2005) [hep-th/0501052].

[2] Z. Bern, L. J. Dixon, D. C. Dunbar and D. A. Kosower, “One loop n point gauge theory amplitudes, unitarity and collinear limits,” Nucl. Phys. B 425, 217 (1994) [hep-ph/9403226];

Z. Bern, L. J. Dixon, D. C. Dunbar and D. A. Kosower, “Fusing gauge theory tree amplitudes into loop amplitudes,” Nucl. Phys. B 435, 59 (1995) [hep-ph/9409265].

[3] Z. Bern, J. J. M. Carrasco, H. Johansson and R. Roiban, Phys. Rev. Lett. 109, 241602 (2012) [arXiv:1207.6666 [hep-th]].

[4] Z. Bern, J. J. Carrasco, L. J. Dixon, H. Johansson and R. Roiban, Phys. Rev. Lett. 103, 081301 (2009) [arXiv:0905.2326 [hep-th]].

[5] Z. Bern, J. J. Carrasco, L. J. Dixon, M. R. Douglas, M. von Hippel and H. Johansson, Phys. Rev. D 87, 025018 (2013) [arXiv:1210.7709 [hep-th]].

[6] N. Arkani-Hamed, J. L. Bourjaily, F. Cachazo, S. Caron- Huot and J. Trnka, “The All-Loop Integrand For Scattering Amplitudes in Planar N=4 SYM,” JHEP 1101, 041 (2011) [arXiv:1008.2958 [hep-th]].

[7] A. Gustavsson, Nucl. Phys. B 811, 66 (2009) [arXiv:0709.1260 [hep-th]]; J. Bagger and N. Lambert, Phys. Rev. D 77, 065008 (2008) [arXiv:0711.0955 [hepth]].

[8] O. Aharony, O. Bergman, D. L. Jafferis and J. Maldacena, JHEP 0810, 091 (2008) [arXiv:0806.1218 [hep-th]].

[9] T. Bargheer, F. Loebbert and C. Meneghelli, Phys. Rev.

D 82, 045016 (2010) [arXiv:1003.6120 [hep-th]]. [10] Y. -t. Huang and A. E. Lipstein, JHEP 1010, 007 (2010) [arXiv:1004.4735 [hep-th]].

[11] M. B. Green and J. H. Schwarz, Phys. Lett. B 149, 117 (1984) [12] Z. Bern, L. J. Dixon and D. A. Kosower, Nucl. Phys. B 437, 259 (1995) [hep-ph/9409393].

[13] C. Cheung and D. O’Connell, JHEP 0907, 075 (2009) [arXiv:0902.0981 [hep-th]].

[14] Z. Bern, J. J. Carrasco, T. Dennen, Y. -t. Huang and H. Ita, Phys. Rev. D 83, 085022 (2011) [arXiv:1010.0494 [hep-th]].

[15] J. J. M. Carrasco, R. Kallosh, R. Roiban and A. A. Tseytlin, arXiv:1303.6219 [hep-th].