arXiv:1307.4194v1 [hep-ph] 16 Jul 2013

A Proof of Factorization Theorem of Drell-Yan Process at Operator Level

Gao-Liang Zhou

Key Laboratory of Frontiers in Theoretical Physics, The Institute of Theoretical Physics, Chinese Academy of Sciences, Beijing 100190, People’s Republic of China

zhougl@itp.ac.cn

Abstract

An alternative proof of factorization theorem for Drell-Yan process that works at operator level is given in the article. Final state interactions for such inclusive processes are proved to be cancel out at operator level according to the unitarity of time evolution operator. After this cancellation, one can always deform the integral path so that eikonal line approximation works while calculating the time evolution of electromagnetic currants. Decoupling of soft gluons from collinear jets is realized by defining new collinear fields that decouple from soft gluons. Cancelation of soft gluons is attribute to unitarity of time evolution operator and light-like Wilson lines of soft gluons.

Contents

1 Introduction 1

2 Cancellation of final state interactions. 3

3 Deformation of integral path. 3

4 Wilson lines of collinear and soft gluons 5

5 Factorization. 7

6 Conclusion 10

1 Introduction

Factorization theorem of Drell-Yan process used to be a challenging question for a long time in past decades [1–6]. Being different from the cases in deep inelastic scattering process and annihilation process of e^+e^−, Glauber gluons can cause great difficulty in the proof of factorization theorem of Drell-Yan process.[1, 4–6]. It was proved that leading pinch singular surfaces(LPSS) caused by Glauber gluons will cancel out after one sums all possible cuts according to unitarity [5, 6]. Unitarity were used at diagram level in [5, 6] and proofs of factorization theorem of Drell-Yan process in [5, 6] turn out to be complicated.

In this article, we notice that electromagnetic currants are color singlets and the summation over all possible final hadrons equals to summation over all possible final states in this process. Consequently, unitarity can be used at operator level. With this insight, we present a much simpler proof of factorization theorem of Drell-Yan process at operator level. This proof does not depend on explicit processes as it works at operator level and can be easily extend to other inclusive processes. It also highlights theoretical aspects and physical pictures of factorization theorem more clearly compare to conventional diagram level approach. We focus on the collinear factorization in this article.

The cross section of Drell-Yan process is proportional to the hadronic tensor H^{μν} . It is defined as: dσ dq^2dy = 4πα^2Q^2_q 3s ∫ d^2⃗q_⊥ (2π)^4 H^{μν} 1 q^2 ( q_μq_ν q^2

− g_{μν} ) (1)

H^{μν} = ∫ d^4xe^{−iq·x} ⟨ p_1p_2|J^μ(x)J^ν (0)|p_1p_2 ⟩ (2) where y =^1_2 ln q^+/q^− We will prove that short and long distance physics factor from each other in the cross section of Drell-Yan process.

The procedure in our proof is parallel to conventional approach in [5, 6]: (1)We prove the cancelation of final state interactions in the Hadronic tensor (2)according to unitarity. In [5], cutting rules were used to ensure the cancellation of final state interactions. In [6], unitarity was used at diagram level in time-ordered perturbation theory. We prove this cancelation using unitarity of the time evolution operator of QCD.

(2)We prove the cancelation of LPSS caused by Glauber gluons and one can always deform the integral path so that eikonal line approximation works. In [5], it was proved in the frame of time-ordered perturbation theory that this deformation is prevented only by contributions of of final state interactions, which have been cancelled out. In [6], it was proved that after final state interactions have been cancelled out, one can can always deform the integral path so that (k_A + q)^2 .= k^2_A + 2k^+_A q^− for k_A collinear-to-plus. We consider the time evolution U(x^0, −∞)O(x)U^†(x^0, −∞) of an arbitrary local operator O(x). There are only initial state interactions in this evolution. It was proved that integral path can always be deformed to region that eikonal line approximation works while calculating such evolution.

(3)Collinear fields that decouple from soft gluons are then defined, lightlike Wilson lines of soft gluons travelling fraom −∞ to x are used to define these fields. Similar Wilson lines for annihilation process of e^+e^− was given in [7], which travelling from x to ∞. Time evolution of soft gluons then factor from that of these new fields.

(4)While working in covariant gauge, which is appropriate for Drell-Yan process[4–6], there can be arbitrary number of scalar polarized collinear gluons join in the hard scattering process. This may destroy factorization at the first glance. Scalar-polarized gluons are absorbed into parton distributions according to gauge invariance in[5, 6]. We define new fields that decouple from these non-physical degrees of freedom, scattering amplitude of Drell-Yan process should be functionals of such fields according to gauge invariance.

(5)Factorization theorem of Drell-Yan process is then proved based on these results. Cancellation of soft gluons is the direct result of unitarity of the time evolution operator and light-like Wilson lines of soft gluons.

We start from the hadronic tensor (2) and prove the cancelation of final state interactions in this tensor.

2 Cancellation of final state interactions.

The hadronic tensor of Drell-Yan process is given by:

H^{μν} (q) = ∫ d^4xe^{−iq·x} ⟨ p_1p_2|J^μ(x)J^ν (0)|p_1p_2 ⟩

= ∫ d^4xe^{−iq·x}_{in} ⟨ p_1p_2|U^†(x^0, −∞)J^μ(x)

U^†(∞, x^0)U(∞, 0)J^ν (0)U(0, −∞)|p_1p_2 ⟩ in (3) where |p_1p_2 ⟩ in = |p_1 ⟩ in|p_2 ⟩ in is the ‘in’ state, U(x^0_1, x^0_2) is the time evolution operator of QCD. The hadronic tensor can be written in such a compact form for electromagnetic currants are color singlets and the summation over all possible final hadrons equals to summation over all possible final states in the tensor. According to unitarity of the time evolution operator, we have:

H^{μν} (q) = ∫ d^4xe^{−iq·x}_{in} ⟨ p_1p_2|U^†(x^0, −∞)J^μ(x)U(x^0, −∞)U^†(∞, −∞) U(∞, −∞)U^†(0, −∞)J^ν (0)U(0, −∞)|p_1p_2 ⟩ in = ∫ d^4xe^{−iq·x}_{in} ⟨ p_1p_2|U^†(x^0, −∞)J^μ(x)U(x^0, −∞)

U^†(0, −∞)J^ν (0)U(0, −∞)|p_1p_2 ⟩ in (4) We immediately see that final state interactions cancel out in such inclusive process according to unitarity of time evolution operator of QCD.

Based on this fact, we give an alternative proof of factorization theorem of Brell-Yan process that works at operator level.

3 Deformation of integral path.

There are no longer pinch singularities in Glauber region [5, 6] as final state interactions have been cancelled out in the hadronic tensor (4). In fact, one may consider the evolution U(x^0, −∞)ψ_+(x)U^†(x_0, −∞) of a quark field collinear-to-plus. At tree level we have: [ ∫_x0 −∞ dtH_I , ψ_+(x)] = ig ∫_x0 −∞ dx^0_1 ∫ d^3⃗x_1G_F (x, x_1) A̸_Gψ_+(x_1) + . . . = −g ∫ + d^4p (2π)^4 ∫ G d^4q (2π)^4 e^{−i((p+q)−+iϵ)x+/2}e^{−ip+x−/2}e^{i(⃗p⊥+⃗q⊥)·⃗x⊥} (p + q)^− −^{(⃗p⊥+⃗q⊥)2}_{p+} + iϵ A^−_G (q)ψ_+(p) + O( p_⊥ p^+

) + . . . (5)

where H_I is the interaction Hamiltonian of QCD, G_F denotes propagators for fermions, G denotes ‘Glauber’, + denotes plus direction in light-cone coordinates, the ellipsis denotes terms that do not contain Glauber gluons. Sign of the iϵ in the exponents is the same as that in the denominator. The other end of Glauber gluons connects to collinear particles moving in different direction at leading order, which do not depend on q^− on LPSS. Propagators of Glauber gluons do not depend on q^− either. We see that the above integral about q^− do not contain leading pinch singular points and we can deform the integral path so that eikonal line approximation can be used.

Similar proof can be taken for the case that there are more Glauber gluons and loops. In such cases, one need to consider the quantities: [ ∫_x0 −∞ dx^0_1H_I , . . . [

∫_x0_{n−1} −∞ dx^0_nH_I , ψ_+(x)] . . .] (6)

The key point is that for any intermediate coordinate x_i, we have −∞ < x^0_i < x^0 and the sign of iϵ terms in exponents are all the same after we have integrated out the time x^0_i of intermediate vertexes. Thus diagrams that contain more Glauber gluons do not contain singular point locate in up half plane in Glauber region. This is also the case for the coupling between Glauber gluons and collinear gluons. Consequently, while calculating the evolution U(x^0, −∞)O(x)U^†(x_0, −∞) with O(x) a local operator, one can always deform the integral path so that coupling between Glauber gluons and collinear particles can be given by eikonal line approximation.

For processes without the strong interactions between initial states, such as annihilation process of e^+e^−, the related evolution U(∞, x^0)O(x)U^†(∞, x^0) can also be given by the same approximation according to the similar proof. The key point is that initial and final state interactions do not show up simultaneously.

Time evolution of operators are independent of explicit processes. Consequently, cancellation of LPSS caused by Glauber gluons is a general property of quantity that is independent of initial or final state interactions in high energy processes.

4 Wilson lines of collinear and soft gluons

In the eikonal line approximation, only the minus momenta of soft gluons(including Glauber gluons) are important while coupling to particles with momenta collinear to plus direction. For particles collinear to n^μ(n^2 = 0), if we define that:

ψ^{(0)}_n (x) = Y^†_n (x)ψ_n(x) A^{(0)μ}_n (x) = Y^†_n (x)A^μ_n(x)Y_n(x) (7)

then soft gluons decouple from ψ^{(0)}n and A^{(0)μ}n , where

Y_n(x) = P exp(ig

∫_0 −∞ dsn · A_s(x + sn)) (8)

The Wilson line travels from −∞ to x as there are only initial state interactions in the Hadronic tensor. Particles with momenta collinear-to-plus propagate in the plus direction, thus, −∞ < x^0_1 < x^0 is equivalent to that −∞ < x^+_1 < x^+ for these particles. Time evolution of collinear fields can then be written as: U(x^0, −∞)ψ_n(x)U^†(x^0, −∞) = U_s(x^0, −∞)Y_n(x)U^†_s (x^0, −∞) U_c(x^0, −∞)ψ^{(0)}_n (x)U^†_c (x^0, −∞) (9)

U(x^0, −∞)A^μ_n(x)U^†(x^0, −∞) = U_s(x^0, −∞)Y_n(x)U^†_s (x^0, −∞) U_c(x^0, −∞)A^{(0)μ}_n (x)U^†_c (x^0, −∞) U_s(x^0, −∞)Y^†_n (x)U^†_s (x^0, −∞) (10)

where U_s is functional of A_s, U_c is independent of A_s.

Scalar polarized gluons should decouple from physical processes according to gauge invariance. While coupling with hard modes and collinear particles moving in different directions, only large components of momenta of such gluons are important. We can thus substitute A^{(0)μ}n with ~A^μ_n while they connect to these modes. Where ~A^μ_n(n̄ · x, n · x, ⃗x_⊥) = A^{(0)μ}_n (0, n · x, 0) If we define that:

^ψ_n(x) = W^†_n(x)ψ^{(0)}_n (x) ^A^μ_n(x) = W^†_n(x)A^{(0)⊥μ}_n (x)W_n(x) (11)

then n̄ · ~A_n decouple from ^ψ_n and ^A^⊥_n , where

W_n(x) = P exp(ig

∫_0 −∞ dsn̄ · ~A_n(x + sn̄)) (12)

The Wilson line travels from −∞ to x for there are only initial state interactions in the Hadronic tensor. For scalar polarized collinear gluons to decouple from physical particles, the scattering matrix elements of Drell-Yan process should be functionals of ^ψ_n, ^A^⊥_n and A_s on leading pinch singular surface. These Wilson lines have been given by literatures [5–7, 9], we have got them by working at operator level.

The action of soft gluons gives: I_{As} = i 2g^2 ∫ d^4xtr { ([∂^μ − A^μ_s , ∂^ν − A^ν_s ])^2 } (13)

The action of ^ψ_n and ^A^⊥_n is:

I_c = i ∫ d^4x ∑ n ¯^ψ_n(x)(∂̸ + ig ^A̸) ^ψ_n(x)

+ i 2g^2 ∫ d^4x ∑ n tr { ([∂^μ − ig ^A^μ, ∂^ν − ig ^A^ν])^2 } (14)

Free part of I_c, which will be used later, is:

I^0_c = i ∫ d^4x ∑ n ¯^ψ_n(x) ∂̸ ^ψ_n(x)

− 1 2 ∫ d^4x ∑ n tr { (∂^μ ^A^ν − ∂^ν ^A^μ)^2 } (15)

These actions are Hermitian and the time evolution operators corresponding to these actions are unitary.

Hamiltonian corresponding to these actions are also Hermitian, thus, eigenstates of these Hamiltonian form a completed bases of states with collinear or soft momenta. The initial hadronic states can then be expanded according to these eigenstates.

5 Factorization.

We first define that H_{As} and H^0_c as the Hamiltonian of I_{As} and I^0_c respectively. The eigenstates of H^0_c and H_{As} are denoted as |K ⟩ and |Ω ⟩ respectively. That is:

H^0_c |K ⟩ = E_K |K ⟩ H_{As} |Ω ⟩ = E_Ω|Ω ⟩ (16)

We notice that [H^0_c , H_{As} ] = 0, thus eigenstates of H^0_c + H_{As} can be written as direct products of |K ⟩ and |Ω ⟩ . Momenta of collinear particles and soft gluons belong to different type, since, both |K ⟩ and |Ω ⟩ should be color singlets once |KΩ ⟩ is color singlet. We also notice that H^0_c is chosen as free Hamiltonian, thus |K ⟩ can be written as direct products of one-particle-states. We have: |K ⟩ = |k ⟩ |q ⟩ (17) with |k ⟩ and |q ⟩ denote active particles and spectators respectively.

For H^{μν} , we have

H^{μν} (q) = ∫ d^4xe^{−iq·x} ∑ ∑ in ⟨ p_1|K^′_1Ω^′_1 ⟩_{in}⟨ p_2|K^′_2Ω^′_2 ⟩ ⟨ K^′_1K^′_2Ω^′_1Ω^′_2|U^†(x^0, −∞)J^μ(x)U(x^0, −∞) U^†(0, −∞)J^ν (0)U(0, −∞)|K_1K_2Ω_1Ω_2 ⟩ ⟨ K_1Ω_1|p_1 ⟩ in ⟨ K_2Ω_2|p_2 ⟩ in (18)

One may notice that soft gluons and scalar decouple from the redefined collinear fields ψ^{(0)}n and A^{(0)μ}n in the time evolution operator. The entanglements between collinear particles and soft gluons in above hadronic tensor only appear in the electromagnetic currants.

There are not disconnected hard vertex on LPSS as shown in [10]. On LPSS, the hadronic tensor H^{μν} is multi-linear with physical collinear fields [11]. We first notice that soft gluons do not connect to hard subdiagram on LPSS [11], thus the hadronic tensor H^{μν} depends on soft gluons through the operators ψ_n = Y_nψ^{(0)}n , ψ̄_n = ψ̄^{(0)}n Y^†_n and A^μ_m = Y_mA^{(0)μ}m Y^†_m. We also notice that scalar polarized gluons decouple from physical particles, thus matrix elements of U^†(x^0, −∞)J^μ(x)U(x^0, −∞)U^†(0, −∞)J^ν (0)U(0, −∞) between on-shell states depend on ψ^{(0)}n , ψ̄^{(0)}n and A^{(0)μ}m through the operators ^ψ_n = W^†_nψ^{(0)}n , ¯^ψ_n = ψ̄^{(0)}n W_n and ^A^μ_m = W^†_n, A^{(0)⊥μ}m W_n. According to the multilinearity of H^{μν} with ψ_n and ψ̄_n, such matrix elements must be multi-linear with ^ψ_n, ¯^ψ_n, ^A^μ_m, Y_n, Y_m, Y^†_n and Y^†_m.

We then have: ⟨ K^′_1K^′_2Ω^′_1Ω^′_2|U^†(x^0, −∞)J^μ(x) U(x^0, −∞)U^†(0, −∞)J^ν (0)U(0, −∞)|K_1K_2Ω_1Ω_2 ⟩ = 1 N^2_c ∑ X M(k^′_1k^′_2 → X)^{∗μ}M(k_1k_2 → X)^ν ⟨ q^′_1q^′_2|q_1q_2 ⟩

(2π)^4δ^{(4)}(k_1 + k_2 − k^′_1 − k^′_2)e^{−i(k1+k2−kX )·x} tr_{c in} ⟨ Ω^′_1Ω_2′|U^†_s (x^0, −∞)Y^†_+(x)Y_−(x)U_s(x^0, −∞) U^†_s (0, −∞)Y^†_−(0)Y_+(0)U_s(0, −∞)|Ω_1Ω_2 ⟩ in (19)

Where M^μ(a → b) is the matrix element of J^μ between states a and b, with soft and scalar polarized gluons decouple from such matrix element. Loop momenta in the graphs for M^{∗μ}M^ν are restricted not to be collinear-to-plus or collinear-to-minus in above formula. tr_c denotes trace in color-space, large component of momentum of active quark has been chosen as collinear-to-plus, that of active antiquark has been chosen as collinear-to-minus. Y_n(x) is defined in (8). U_s denotes time evolution operator of I_{As} in (13). Then according to unitarity of Y_n(x) and U_s, we have: ∫ d^2q_⊥ (2π)^2 H^{μν} = 1 N_c ∑ ∑ in ⟨ p_1 | |k_1q_1Ω_1⟩⟨k_1q_1Ω_1|p_1⟩_{in} in ⟨ p_2 | k_2q_2Ω_2 ⟩⟨ k_2q_2Ω_2|p_2 ⟩ in ∑ X M(k_1k_2 → X)^{∗μ}M(k_1k_2 → X)^ν

(2π)^4δ^{(4)}(k_1 + k_2 − k_X ) = (2π)^2 N_c ∫_p+_1 0 dk^+_1 k^+_1

∫_p−_2 0 dk^−_2 k^−_2 in ⟨ p_1 | a^†(k_1)a(k_1)|p_1 ⟩ in in ⟨ p_2 | a^†(k_2)a(k_2)|p_2 ⟩ in ∑ X M(k_1k_2 → X)^{∗μ}M(k_1k_2 → X)^ν

(2π)^2δ(k^+_1 − k^+_X − q^+)δ(k^−_2 − k^−_X − q^−) (20)

Only large components of k_i and k^′_i appear in above formula. a^† denotes the creation operator. We notice that: ⟨ p_i | |a^†(k_i)a(k_i)|p_i⟩ = 1 4π ∫ dx^−e^{−ik+i x−} ⟨ p_i | |¯^ψ_+(0, x^−, 0)γ^+ ^ψ_+(0)|p_i⟩ = 1 4π ∫ dx^−e^{−ik+i x−} ⟨ p_i | |ψ̄_+(0, x^−, 0)γ^+ P exp(ig ∫_x− 0 dy^−A^+_+ (0, y^−, 0))ψ_+(0)|p_i ⟩ (21) for active quarks collinear to plus direction and ⟨ p_i | |a^†(k_i)a(k_i)|p_i⟩ = 1 4π ∫ dx^+e^{−ik−i x+} trγ^− ⟨ p_i | |ψ_−(x^+, 0, 0) P exp(−ig ∫_x+ 0 dy^+A^−_− (y^+, 0, 0))ψ̄_−(0)|p_i ⟩ (22)

for active antiquarks collinear to minus direction. These are just the quark and antiquark distribution functions as defined in [8]. Equation (20) is our final conclusion. If we combine it with (21) and (22), we see that it gives the same result as in [5, 6].

6 Conclusion

We have finished the proof of factorization theorem for Drell-Yan process at operator level. Be different from conventional diagram-level approach [5, 6], we use unitarity of time evolution operator direct to cancel final state interactions in the hadronic tensor. Time evolution of electro-magnetic currant is free of LPSS caused by Glauber gluons after cancelation of final state interactions has been made. Decoupling of soft gluons from collinear jets is realized by defining new collinear fields that decouple from soft gluons. Cancelation of soft gluons is attribute to unitarity of time evolution operator and light-like Wilson lines of soft gluons.

One can easily say that such a operator level approach does not depend on explicit process, although we are considering a practical process in this article. It relies on the unitarity of time evolution operator and couplings between collinear particles and soft gluons. This approach can be easily extends to other inclusive processes and hight lights theoretical aspects and physical pictures of factorization theorem more clearly.

We have paid our attention to collinear factorization. While dealing with the transverse-momentum-dependent(TMD) factorization, contributions of soft gluons do not cancel out and the transverse momenta in the patorn distribution functions can not be integrated out. This will appear in further papers.

Acknowledgements

We would like to acknowledge G. T. Bodwin, Y. Q. Chen and J. Qiu for helpful discussions and important suggestions about the article. This work was supported by the National Nature Science Foundation of China under grants No.11275242.

References

[1] G. T. Bodwin, S. J. Brodsky and G. P. Lepage, Phys. Rev.

Lett.47(1981)1799.

[2] A. H. Mueller, Phys. Lett. 108B(1982)355 [3] W. W. Lindsay, D. A. Ross and C. T. Sachrajda, Nucl. Phys.

B214(1982)388.

[4] J. C. Collins, D. E. Soper and G. Sterman. Phys. Lett. 134B(1984)263. [5] G. T. Bodwin, Phys. Rev. D31(1985)2616; Erratum-ibid. D34(1986)3932. [6] J. C. Collins, D. E. Soper and G. Sterman, Nucl. Phys. B261(1985)104, and B308 (1988) 833;

[7] J. C. Collins and D. E. Soper, Nucl. Phys. B183(1981)381. [8] J. C. Collins and D. E. Soper, Nucl. Phys. B194(1982)445. [9] J. Qiu and G. Sterman, Nucl. Phys. B353(1991)105. [10] J. M. F. Labastida and G. Sterman, Nucl. Phys. B254(1985)425 [11] G. Sterman, Phys. Rev. D17(1978)2773, ibid. 2789.