arXiv:astro-ph/0004351 26 Apr 2000

Photon frequency conversion induced by gravitational radiation

Gert Brodin,^{1,3} Mattias Marklund^{1,2,4,6} and Martin Servin^{1,5}

April 26, 2000

ABSTRACT

We consider propagation of gravitational radiation in a magnetized multicomponent plasma. It is shown that large density perturbations can be generated, even for small deviations from flat space, provided the cyclotron frequency is much larger than the plasma frequency. Furthermore, the induced density gradients can generate frequency conversion of electromagnetic radiation, which may give rise to indirect observational effect of the gravitational waves.

Subject headings: Gravitation — plasmas — pulsars: general — radiation mechanisms: non-thermal — relativity

1. Introduction

Recently there has been an increased interest in gravitational waves, mainly due to possibility of direct detection by LIGO^7 (Laser Interferometer Gravitational-Wave Observatory). Naturally the effects of gravitational waves on earth are very small – which is illustrated by the large dimensions required for detection. Closer to the source the influence of the gravitational waves may be larger, but generally it is nontrivial to predict the possible influence of the emitted radiation – in particular the coupling to the electromagnetic field complicates the description. For a discussion of the interaction between electromagnetic fields and gravitational radiation in an astrophysical context, see for example Bingham et al. (1998); Daniel & Tajima (1997); Ignat’ev (1997); Macdonald & Thorne (1982); Marklund, Brodin, & Dunsby (2000); Mendonça, Shukla, & Bingham (1998), and references therein.

1Department of Plasma Physics, Umeå University, SE–901 87 Umeå, Sweden

2National Defence Research Establishment FOA, SE–172 90 Stockholm, Sweden

3E-mail address: gert.brodin@physics.umu.se

4E-mail address: mattias.marklund@physics.umu.se

5E-mail address: martin.servin@physics.umu.se

6Present position: Department of Electromagnetics, Chalmers University of Technology, SE-412 96 Göteborg, Sweden

7See http://www.ligo.caltech.edu.

– 2 –

In the present paper we will study the propagation of gravitational perturbations in a magnetized plasma. It turns out that large density gradients driven by the gravitational perturbation can be generated, even for small deviations from flat space, provided the cyclotron frequency is much larger than the plasma frequency. Furthermore, as is well known from laboratory plasmas (see e.g. Wilks et al. (1989)), moving density gradients can increase (or decrease) the frequency of parallel propagating electromagnetic wave packets, so called photon acceleration. The density gradients in our case are propagating with exactly the speed of light, in contrast to the laboratory application (Wilks et al. 1989). In principle this means that a given photon may increase its energy by several orders of magnitude, independent of its initial energy. Applying our results to gravitational radiation generated by binary systems, it turns out that the regime of most interest is the infrared regime. In this case frequency conversion by an order of magnitude is possible, for a binary system close to merging.

2. Plasma response to a gravitational wave pulse

2.1. Basic equations

The metric of a linearized gravitational wave propagating in the z-direction can be written as (Landau & Lifshitz 1975)

ds^2 = −dt^2 + [1 + h(u)]dx^2 + [1 − h(u)]dy^2 + dz^2 , (1)

where we have assumed linear polarization, and u ≡ z − t. For an observer comoving with the time coordinate, the natural frame for measurements is given by

e_0 = ∂_t , e_1 = ( 1 −^1_2 h ) ∂_x , e_2 = ( 1 +^1_2 h ) ∂_y , e_3 = ∂_z . (2)

It can be shown (Marklund, Brodin, & Dunsby 2000) that in such a frame, Maxwell’s equations can be written ∇·E = ρ/ϵ_0 , (3a) ∇·B = 0 , (3b) ∂E ∂t − ∇×B = −jE − μ_0j , (3c) ∂B ∂t + ∇×E = −jB , (3d) where the effective gravitational current densities are defined as

j^1E = j^2B =^1_2 (E^1 − B^2) ∂h ∂z , j^2E = −j^1B = −^1_2 (E^2 + B^1) ∂h ∂z , (4)

and ∇ ≡ (e_1, e_2, e_3).

– 3 –

To first order in h, the fluid equations become ∂n ∂t + ∇·(nv) = 0 , (5a) ( ∂ ∂t + v·∇ ) γv = q m (E + v×B) , (5b)

where γ ≡ (1 − v^2_‖)^{−1/2}, v_‖ ≡ v_3, and n = γñ, where ñ is the proper number density. These equations holds for each particle species. Note that in general terms proportional to v_1h and v_2h appear in the equations (Brodin, Marklund, & Dunsby 2000). Throughout this paper, we will assume that v_1, v_2 ≪ 1, and thus neglect terms of order v_1h, v_2h.

2.2. Electromagnetic fields driven by a gravitational perturbation

From now on we assume ∂/∂t ≪ ω_c, where ω_c ≡ qB/m is the cyclotron frequency, for all particle species (since the gravitational perturbation is assumed to be the driver of all perturbations this scaling thereby holds for ∂/∂t acting on all fields). Furthermore, we assume the presence of an external magnetic field: B_0 = B_0e_1 [where the total field is B = (B_0 + δB)e_1]. The electric field takes the form E = E_⊥e_2.

Looking for solutions driven by the gravitational perturbation, and thus using ∂/∂t = −∂/∂z, we first consider Faraday’s law for δB ≪ B_0, which gives

δB = −E_⊥ + hB_0 (6)

Next we note that if the excited fields E_⊥ and δB grows (invalidating δB ≪ B_0), the quantity E_⊥ + B that appears in the effective current still becomes E_⊥ + δB = hB_0, and thereby the above formula holds for arbitrary electromagnetic amplitude. Taking the time derivative of Ampere’s law, using Eq. (6), we obtain [ ∂^2 ∂t^2 − ∂^2 ∂z^2 ] E_⊥ + μ_0 ∑ i ∂j_{⊥(i)} ∂t = −2

∂^2h ∂t^2 B_0 , (7)

where the sum is over particle species, and j_⊥ ≡ j_2. For ∂/∂t = −∂/∂z, the term (explicitly) involving E_⊥ vanishes. The currents are determined by the equation of motion, noting that the condition ∂/∂t ≪ ω_c means that the current contribution from different particle species cancel to lowest order in an expansion in the operator ω^{−1}_c ∂/∂t. The equation of motion gives

v_‖ = − E_⊥ B_0 + δB (8) to lowest order. Note that, using Eq. (6), we can now approximate the denominator in Eq. (8) by B_0 − E_⊥. The error this approximation introduces will not have any noticeable effects. This is because v_‖ can only be altered significantly by the omitted term if δB ≈ B_0, but this regime

– 4 –

is inaccessible, since – from Eq. (8) – it correspond to superluminal speeds. From the parallel component of Eq. (5b) we can calculate the first order correction to the induced velocity, which subsequently determines the current. We obtain

v_⊥ = − m q 1 − v_‖ B_0 − E_⊥ ∂(γv_‖) ∂t (9) Furthermore, the continuity equation gives δn = n_0v_‖ 1 − v_‖ (10)

where we have divided the density into a perturbed and an unperturbed part, n = n_0 + δn.

From (7) and the relations above we can thus determine the induced velocity and density in terms of the metric perturbation h. The result (for all particle species) is

v_‖ =

1 − (1 − H)^2 1 + (1 − H)^2

, (11a) δn = n_0 2 [ 1 (1 − H)^2 − 1 ] , (11b)

where H ≡ 2h/ ∑ i(ω^2_{p(i)}/ω^2_{c(i)}), and ω_{p(i)} ≡ (q^2_{(i)}n_0/ϵ_0m_{(i)})^{1/2} is the plasma frequency for the unperturbed plasma species i. Thus it is clear that even a moderate or small value of the gravitational perturbation may cause significant density perturbation, provided the plasma is strongly magnetized in the sense that ∑ i(ω^2_{p(i)}/ω^2_{c(i)}) ≪ 1. This is because the fast magnetosonic (or compressional Alfvén) wave fulfills approximately the same dispersion relation as the gravitational wave, with the mismatch being proportional to ∑ i(ω^2_{p(i)}/ω^2_{c(i)}). The divergence that occur for H → 1 is clearly unphysical, and it’s removal will be discussed in the next subsection.

For future considerations it will also be useful to have the relation between the relative magnetic field perturbation and the relative density perturbation. When |δB| ≫ |hB_0|, which is the case of most interest, the last term of Eq. (6) can be neglected and the desired relation can be derived by combining the resulting formula with Eqs. (8) and (10). The simple result is δn n_0 = δB B_0

(12)

2.3. Removal of the divergence

The purpose in this subsection is to explain the reason for the occurrence of divergence when H approaches unity, and to discuss various modifications of the assumptions that lead to a more physical behavior. From Eq. (9) we note that for infinitesimal velocity perturbations, v_⊥ (and thereby j_⊥) depends linearly on v_‖, but for large parallel velocities, in particular when v_‖ → 1, v_⊥ remains finite due to the factor 1 − v_‖. From Eq. (7) it is thus clear that we cannot have a

– 5 –

stationary solution where E_⊥ depend only on z − t for large enough h, and from Eq. (11a) we see that this limit for the gravitational perturbation is reached when H becomes unity. Basically, the physical reason is the following: In vacuum the electromagnetic and gravitational modes obey the same dispersion relation, and therefore – due to the mode coupling provided by the unperturbed magnetic field – the system evolves in a non-stationary way. In particular gravitational wave energy may be continuously converted into electromagnetic wave energy, as will be examined in more detail below. In the presence of a plasma, however, the induced currents change the dispersion relation of the electromagnetic wave, and the resulting detuning of the modes saturate the conversion of energy between them, making a steady state solution (in a frame moving with the velocity of light) possible in principle. For a strongly magnetized plasma, on the other hand, the induced plasma currents cannot grow continuously with h, as we have seen above. For sufficiently high gravitational amplitude this means that the plasma currents are of little significance, practically the plasma appears as vacuum for H ≥ 1, and in particular solutions depending only on z − t are impossible.

On the other hand, it is clear that our omission of the back reaction of the electromagnetic wave on the gravitational pulse in principle could change this picture, since obviously certain components of the energy momentum tensor also diverges when H → 1, implying that the gravitational wave amplitude could indeed be diminished due to the influence of the generated EM-wave. For this mechanism to be significant, however, the energy density of the em-wave must reach levels that does not seem very realistic^8, and thus we expect other saturation mechanisms to be operative in practice.

Since it is clear that for H ≥ 1 the generated currents cannot stop the growth of the EM-wave, we simplify the picture from now on by putting the density to zero and thus totally ignoring the plasma effects. The general solution to Eq. (7) for the electric field can then be written

δB = E_⊥ =^1_2 (C_z z + C_tt)B_0h^′ + E_+(z − t) + E_−(z − t) , (13)

where C_z + C_t = 1, the prime denote differentiation with respect to the argument and E_+ and E_− are arbitrary functions. For an initial value problem where the plasma is unperturbed in the absence of the pulse C_z = 0, C_t = 1 and E_+ = E_− = 0, i.e. the electromagnetic amplitude grows linearly with time. For a boundary value problem, on the other hand, where the external magnetic field B_0 occupies a region z ≥ 0 and there is a gravitational wave but no EM-waves propagating into the magnetized region, clearly C_z = 1, C_t = 0 and E_+ = E_− = 0, i.e. we have a linear spatial growth instead. For the applications to be discussed later on we will be interested in a situation where B_0 is not necessarily static. We thus note that qualitatively the solution given by Eq. (13) still applies for a quasi-static situation, i.e. where the dependence of B_0 on time is slow enough such that the electric fields E associated with the time variations fulfills E/B_0 ≪ 1.

8If we consider a binary system close to merging, the energy of the generated em-wave must be comparable to that obtained by totally annihilating the binary system in order to give a significant back-reaction on the gravitational wave.

– 6 –

In principle we can achieve very large EM-wave amplitudes also when we abandon the specific solutions depending on z − t. However, since the growth is only linear in t and/or z, apparently we need large times/distances of coherent interaction. For a boundary value problem we can roughly define the effective distance of interaction as z_{eff}

δB_{max} ≃ z_{eff} B_{0,char}h^′_{char} (14)

where the index char denotes the characteristic values of the various quantities in the region of interest.

3. Photon frequency shift

We now consider the effect of the gravitational wave perturbations on high frequency photons in a plasma. For simplicity we assume that the photons propagate parallel to the gravitational waves and let them be represented by the vector potential A = Ã exp(i θ) + c.c. Making the approach of geometrical optics (Landau & Lifshitz 1975), the wave number k ≡ ∂_z θ and frequency ω ≡ −∂_tθ satisfies some local dispersion relation ω = W (z, t, k). The amplitude of the vector potential is assumed small and by high frequency photons we mean ω ≫ ω_{p(i)}, ω_{c(i)}.

Due to the gravitational waves the plasma has a background of possibly large fields δn, v_‖, δB, and E_⊥ all being functions of z − t and varying on a time and length scale much longer than that of A.

Since ω ≫ ω_{c(i)} the high frequency pulse approximately behaves as if the plasma is unmagnetized. The equation of motion linearized in the high frequency (hf) variables reads [ ∂ ∂t + v_‖ ∂ ∂z ] v^{hf}_{(i)} = −q_{(i)} γm_{(i)} ( ∂A ∂t + v_‖ ∂A ∂z ) , (15)

and thus v^{hf}_{(i)} = −q_{(i)}A/γm_{(i)}, where the large scale variations have been neglected. The induced high frequency current is therefore j^{hf} = −ω^2_pA/μ_0, where the plasma frequency is ω_p ≡ ( ∑ i q^2_{(i)}n/ϵ_0m_{(i)}γ)^{1/2}. Taking the time derivative of Ampere’s law gives the following wave equation for the photons [ ∂^2 ∂t^2 − ∂^2 ∂z^2 + ω^2_p ] A = 0 . (16)

We recognize the dispersion relation as ω = [k^2 + ω^2_p(z − t)]^{1/2}, where we assume that the variations in the plasma frequency are determined from Eqs. (11) together with γ = (1 − v^2_‖)^{−1/2}.

The change in the wave number and frequency as the wave propagates through the nonuniform and time varying media with velocity v_g = ∂ω/∂k is given by the ray equations dk dt = − ∂W ∂z , dω dt = ∂W ∂t . (17)

– 7 –

Note that W is a function of z − t and introduce coordinates, ξ = z − v_gt, τ = t locally moving with the photons, i.e. it should be understood that v_g = v_g(τ = τ_0) for some τ_0. Then, in a small neighborhood of τ_0 it holds that dω/dτ = −∂W/∂ξ. Using ∂_ξ = (1 −v_g )^{−1}∂_τ , this can be integrated from time 1 to 2 (which need not be a small interval), noting that 1 − v_g ≈ ω^2_p/2ω^2. The result is

ω_1 ω_2 = ω^2_{p1} ω^2_{p2}

, (18)

where the indices 1 and 2 denote the values at τ_1 and τ_2, respectively. An interesting aspect of Eq. (18) is that the frequency conversion factor N = ω_1/ω_2 is independent of the frequency regime of the EM-wave. Thus, in principle, x-rays can be turned into gamma rays, just as well as infra-red waves can be converted into the visible regime. This is in contrast to laser excited wake fields (Wilks et al. 1989), where efficient frequency shifts can only take place provided the frequency of the converted pulse roughly lies in the same frequency regime as the exciting laser pulse. The reason for the difference is that the density gradients propagates with exactly the speed of light in our case, whereas, naturally, the corresponding velocity is slightly less than c in the laboratory experiments. The necessary distance of acceleration for a given conversion factor N is proportional to ω^2, however, and this puts certain limits for the applicability to the highest frequency regimes.

4. Example

We have found that large density perturbations traveling with the velocity of light can be induced by small gravitational wave perturbations, provided the cyclotron frequency is much larger than the plasma frequency, as described by Eqs. (11). Furthermore, photons propagating in a moving density gradient can undergo frequency up-conversion (or down-conversion), as described by Eq. (18). In principle the effects can be large, even for a moderate deviation from flat spacetime. It is not yet clear that the predicted frequency conversion can be observed during reasonable conditions, however, and our aim in this section is to provide estimates to shed light on this question. In this section we reinstate the speed of light in all expressions.

As a source of gravitational radiation we consider a binary system. At least one of the objects should have a moderate to strong magnetic field (in order to make the parameter ∑ i(ω^2_{p(i)}/ω^2_{c(i)}) small), and the objects should be compact (as to make the gravitational wave frequency and amplitude before merging large). Thus, for definiteness (and calculational simplicity due to symmetries) we assume that the system consists of two neutron stars of equal mass M_⊙, separated by a distance of 40 R_S , where R_S = 2GM_⊙/c^2 ≈ 3 km. Furthermore, the surface magnetic field of each neutron star is assumed to be 10^6 T. For the unperturbed plasma density profile, see Fig. 1.

The area surrounding the binary system can loosely be divided into three regions (Fig. 1). The interval 20 R_S − 30 R_S from the center of mass (CM) roughly constitutes region I, which is the region where most of the gravitational energy is gained by the EM-wave. Using a Newtonian approximation, with d = αR_S and r = βR_S , it is straightforward to show that |h| ∼ (2αβ)^{−1}, where

– 8 –

d is the separation distance between the binary objects and r is the observation distance from the center of mass of the system. In order to obtain an estimate of the amplitude of the generated EM-wave, we combine the above expression for the gravitational wave amplitude with Eq. (14) and the data given above. The result is δB B_0

∼ 7 × 10^{−5} (19)

at the of end region I. In region II (approximate interval 30 R_S − 3500 R_S from the CM) δB/B_0 is still small, and – as seen by Eq. (12) – the relative density perturbation is thereby small as well, which limits the frequency conversion effect in this region. However, the gravitationally induced EM-wave suffers spherical attenuation, whereas the unperturbed magnetic field in that of a dipole, and consequently the relative density perturbation grows quadratically with distance. The end of region II is defined as the necessary distance to make δB/B_0 of the order unity due to this increase. (For pulsars with period longer than 35 ms, region I and II lies in the near zone, and thus the unperturbed magnetic field indeed decays cubically in the region of interest, although the unperturbed field becomes a radiation field outside the light cylinder of the pulsar.) In region III (approximate interval 3500 R_S − 10^6 R_S)^9, the relative density perturbation is appreciable, and thus the main frequency conversion occurs here.

At the beginning of region III the relative density perturbation is δn/n_0 ∼ 1, in agreement with Eq. (12). An EM-wave with initial frequency ω ≡ ω_{min} = 10^{12} rad/s can move from a density minimum to a density maximum during a “laboratory system distance” L_{freq} = cT_{freq} = cL_{grad}/(c − v_g) ∼ ω^2_{max}L_{grad}/ω^2_p, where L_{grad} is a typical density gradient scale length. For definiteness we assume that the pulsars have periods of the order of 350 ms, in which case δB/B_0 may increase to δB/B_0 ∼ 10 for the most of region III. In our example the maximum frequency magnification N thus is N = ω_{max} ω_{min} = ω^2_{p,max} ω^2_{p,min}

∼ 10 . (20)

Inserting ω_{max} = 10^{13} rad/s, and letting ω^2_{p,max} = 10^{11} rad/s (corresponding to n_0 ≃ 10^{12} cm^{−3}) we obtain L_{freq} ≃ 10^6R_S, i.e. the acceleration can take place within region III. Strictly applying our one-dimensional calculations of Sec. 3 means that frequency up-converted EM-waves will be downconverted and vice versa, if the gravitational source and the induced density perturbation are indeed periodic. In our example, on the other hand, the successive frequency conversion effects will decrease with the distance from the source, and thus for an earth based observer all the radiation generated in the infra-red-visible spectrum in region III, should show periodic up- and down-conversions. The frequency conversion ratio of Eq. (20) is of course a maximum value of our example, that occurs for radiation generated at a density extremum, but all radiation generated in region III

9For the assumed electron number density n0 = 10^{12}/cm^3, the mean free path due to Thomson scattering is roughly 5 � 10^6 RS. Thus, the outer boundary imposed by Thomson scattering is larger than the size of region III.

– 9 –

will be up- or down converted with a factor in the interval 1 − N, and consequently the effect should be observable provided the object is close enough for radiation generated in region III, in the approximate frequency interval 10^{11} rad/s ≤ ω ≤ 10^{14} rad/s, to be detected.

5. Summary and discussion

We have considered the generation of traveling density perturbations in a magnetized plasma induced by gravitational radiation. Provided ∑ i(ω^2_{p(i)}/ω^2_{c(i)}) ≪ 1, significant density perturbations, i.e. δn/n_0 ∼ 1, can be induced even by a small gravitational wave with h ≪ 1, provided H ∼ 1. Basically the large effect is possible because of the approximate agreement of the dispersion relations between the fast magnetosonic and gravitational modes in the regime ∑ i(ω^2_{p(i)}/ω^2_{c(i)}) ≪ 1, which in turn allows for a long distance of coherent interaction.

In order to find a mechanism where the induced density perturbations may give rise to earthbased observational effects, we have studied frequency up-conversion of electromagnetic wave packets traveling in the moving density gradients. The formula (18), relating the frequency of the wave packet for two different positions in the moving density profile, is in conceptual agreement with the corresponding results of Wilks et al. (1989), which considered an analogous situation but where the density perturbation was due to plasma oscillations traveling with a phase velocity slightly less than the speed of light c. In our case the gradients move with exactly c, however, and thereby the maximum frequency conversion factor N does not increase with the initial frequency, in principle allowing for up-conversion even of γ-rays.

The idealizations made in Secs. 3 and 4 is a somewhat too strong for our results to be directly applicable to a situation of astrophysical relevance. In particular, we cannot consider the unperturbed plasma as homogeneous and the geometry as one-dimensional when making estimates. In our example with a binary system as a source of gravitational radiation, we have thus been forced to divide the neighborhood of the system into three regions: Region I where most of the gravitational wave energy is transferred into electromagnetic wave energy, region II where the relative density perturbation grows, and region III where the frequency conversion takes place. In order to describe the physics in region I adequately we must abandon solutions that depend on z − ct only, and the basis for this has been discussed in Sec. 2.3. By making estimates based on our analytical calculations, we conclude that the gravitational waves emitted by a system of binary pulsars close to merging may result in periodic frequency up- and down-conversions of electromagnetic radiation in the infrared part of the spectrum. The frequency of the up- and down-conversions coincides with the gravitational wave frequency, i.e. it is twice the orbital frequency.

REFERENCES

Bingham, R., et al. 1998, Phys. Scr T75 61

– 10 –

Brodin, G., Marklund, M., and Dunsby, P. K. S. 2000, “Non-linear gravitational wave interactions with plasmas.” Preprint Daniel, J., and Tajima, T. 1997, Phys. Rev. D 55 5193 Ignat’ev, Yu. G. 1997, Phys. Lett. A 230 171 Landau, L. D., and Lifshitz, E. M. 1975, The Classical Theory of Fields (Pergamon, Oxford). Macdonald, D., and Thorne, K. S. 1982, MNRAS 198 345 Marklund, M., Brodin, G., and Dunsby, P. K. S. 2000, “Radio wave emission due to gravitational radiation.” To appear in ApJ Mendonça, J. T., Shukla, P. K., and Bingham, R. 1998, Phys. Lett. A 250 144 Wilks, S. C., et al. 1989, Phys. Rev. Lett. 62, 2600

This preprint was prepared with the AAS L^ATEX macros v5.0.

– 11 –

Fig. 1.— The neighborhood of the binary system is divided into three regions: Region I (20R_S − 30R_S), region II (30R_S − 3500R_S), and region III (3500R_S − 10^6R_S ). In regions I and II we are situated in the near zone of the magnetic field of the pulsar. Thus the plasma density is low, and we assume that the plasma particles do not interfere with the approximations made in the example. For this to be true, H ≫ 1 must hold in region I, which is satisfied even for very high densities. Furthermore ∑ i(ω^2_{p(i)}/ω^2_{c(i)}) ≥ 1 should apply in region II, which is fulfilled for n_0 ≤ 10^6 cm^{−3}. In region III, which is mainly outside the light cylinder of the pulsar, we assume the plasma density n_0 to be of the order of 10^{12} cm^{−3}.