arXiv:astro-ph/0009131 v2 10 Nov 2000

Adiabatic and entropy perturbations from inflation

Christopher Gordon, David Wands, Bruce A. Bassett and Roy Maartens Relativity and Cosmology Group, School of Computer Science and Mathematics, University of Portsmouth, Portsmouth PO1 2EG, Britain

We study adiabatic (curvature) and entropy (isocurvature) perturbations produced during a period of cosmological inflation that is driven by multiple scalar fields with an arbitrary interaction potential. A local rotation in field space is performed to separate out the adiabatic and entropy modes. The resulting field equations show explicitly how on large scales entropy perturbations can source adiabatic perturbations if the background solution follows a curved trajectory in field space, and how adiabatic perturbations cannot source entropy perturbations in the long-wavelength limit. It is the effective mass of the entropy field that determines the amplitude of entropy perturbations during inflation. We present two applications of the equations. First, we show why one in general expects the adiabatic and entropy perturbations to be correlated at the end of inflation, and calculate the cross-correlation in the context of a double inflation model with two non-interacting fields. Second, we consider two-field preheating after inflation, examining conditions under which entropy perturbations can alter the large-scale curvature perturbation and showing how our new formalism has advantages in numerical stability when the background solution follows a non-trivial trajectory in field space.

PACS numbers: 98.80.Cq Accepted for publication in Phys. Rev. D. astro-ph/0009131

I. INTRODUCTION

A period of accelerated expansion – inflation – in the early universe has become the standard model for the origin of structure in the universe. Inhomogeneities in the present matter distribution can be traced back to quantum fluctuations in the fields driving inflation which are stretched beyond the Hubble scale during inflation. In the simplest models of inflation driven by a single scalar field, these fluctuations produce a primordial adiabatic spectrum whose amplitude can be characterized by the comoving curvature perturbation R, which remains constant on super-Hubble scales until the perturbation comes back within the Hubble scale long after inflation has ended.

As soon as one considers more than one scalar field, one must also consider the role of non-adiabatic fluctuations. This can have important consequences, both in affecting the evolution of the curvature perturbation (often referred to as the ‘adiabatic perturbation’), but also in the possibility of seeding isocurvature (or ‘entropy’) perturbations after inflation.

Previous studies have demonstrated that non-adiabatic pressure perturbations can alter the curvature perturbation on super-Hubble scales either during inflation [1,2] or after [3–5]. A general formalism to evaluate the curvature perturbation at the end of inflation in multiple field models was developed in Ref. [6]. In the presence of non-adiabatic fluctuations, one must follow the evolution of perturbed fields on super-Hubble scales, in particular tracking the perturbation in the integrated expansion [7,6,8–10,5], in order to evaluate the large-scale curvature perturbation at late times [11–13,1,6,8,9,14,15].

However no similar formalism has been developed so far to evaluate the isocurvature perturbation in the general case. Instead, isocurvature perturbations have been studied in a number of particular models of inflation [16,11,12]. These fluctuations typically arise as baryon modes (e.g. [17]) or cold dark matter modes [18], but neutrino isocurvature modes have also been considered [19]. Recently, it has been pointed out [20,21] that it is rather natural to expect the curvature and isocurvature perturbations to be correlated, which yields distinctive observational results [22], in contrast to the isocurvature perturbations usually tested against observations [23].

In this paper we will develop a general formalism to study the evolution of both curvature and isocurvature perturbations in a wide class of multi-field inflation models by decomposing field perturbations into perturbations along the background trajectory in field space (the adiabatic field perturbation), and orthogonal to the background trajectory (the entropy field). We allow an arbitrary interaction potential for the fields, and, although we concentrate upon the case of two scalar fields, the general approach can be easily extended to N fields, where there will be N − 1 entropy fields orthogonal to the background trajectory. This was done for a specific assisted inflation model in Ref. [24]. We will work in the metric based approach of Bardeen [25] in order to define gaugeinvariant cosmological perturbations, but our formalism can also be applied to the study of multiple scalar fields in other approaches [26–28].

We begin by reviewing the standard results obtained in single field models, emphasizing the suppression of non-adiabatic fluctuations on large-scales. We then extend our analysis to general two-field models, defining an adiabatic field and an entropy field, whose fluctuations, though uncorrelated on small scales, may develop correlations through the subsequent evolution. We present two specific models of two-field inflation, one with noninteracting fields, the other a model of interacting fields which undergo preheating after inflation.

II. PERTURBATION EQUATIONS FOR MULTIPLE SCALAR FIELDS

We consider N scalar fields with Lagrangian density: L = −V (φ_1, · · · , φ_N ) − 1 2 N∑ I=1 g^{μν} φ_{I,μ}φ_{I,ν} , (1) and minimal coupling to gravity. In order to study the evolution of linear perturbations in the scalar fields, we make the standard splitting φ_I (t, x) → φ_I (t) + δφ_I (t, x). The field equations, derived from Eq. (1) for the background homogeneous fields, are

φ̈_I + 3Hφ̇_I + V_{φI} = 0 , (2)

where V_x = ∂V /∂x, and the Hubble rate, H, in a spatially flat Friedmann-Robertson-Walker (FRW) universe, is determined by the Friedman equation:

H^2 = ( ȧ a )_2 = 8πG 3 [ V (φ_I ) + 1 2 ∑ I φ̇^2_I ] , (3)

with a(t) the FRW scale factor.

Consistent study of the linear field fluctuations δφ_I requires that we also consider linear scalar perturbations of the metric, corresponding to the line element^∗

ds^2 = −(1 + 2A)dt^2 + 2aB_{,i}dx^idt + a^2 [(1 − 2ψ)δ_{ij} + 2E_{,ij}] dx^idx^j , (4)

where we have not at this stage specified any particular choice of gauge [29,25,30].

Scalar field perturbations, with comoving wavenumber k = 2πa/λ for a mode with physical wavelength λ, then obey the perturbation equations

δ̈φ_I + 3Hδ̇φ_I + k^2 a^2 δφ_I + ∑ J V_{φI φJ} δφ_J = −2V_{φI} A + φ̇_I [ Ȧ + 3ψ̇ + k^2 a^2 (a^2Ė − aB) ] . (5)

∗ We follow the notation of Ref. [29], apart from our use of A rather than ϕ as the perturbation in the lapse function.

The metric terms on the right-hand-side, induced by the scalar field perturbations, obey the energy and momentum constraints 3H ( ψ̇ + HA ) + k^2 a^2 [ ψ + H(a^2Ė − aB) ] = −4πGδρ , (6) ψ̇ + HA = −4πGδq . (7) The total energy and momentum perturbations are given in terms of the scalar field perturbations by δρ = ∑ I [ φ̇_I ( δ̇φ_I − φ̇_I A ) + V_{φI} δφ_I ] (8) δq_{,i} = − ∑ I φ̇_I δφ_{I,i} . (9) These two equations can be combined to construct a gauge-invariant quantity, the comoving density perturbation [25] ϵ_m ≡ δρ − 3Hδq = ∑ I [ φ̇_I ( δ̇φ_I − φ̇_I A ) − φ̈_I δφ_I ] , (10)

which is sometimes used to represent the total matter perturbation.

Because the anisotropic stress vanishes to linear order for scalar fields minimally coupled to gravity, we have a further constraint on the metric perturbations: ( a^2Ė − aB )· + H ( a^2Ė − aB ) + ψ − A = 0 . (11)

The coupled perturbation equations (5)–(9) and (11) are probably most often solved in the zero-shear (or longitudinal or conformal Newtonian) gauge, in which a^2Ė_ℓ − aB_ℓ = 0 [29]. The two remaining metric perturbation variables which appear in the scalar field perturbation equation, A_ℓ = Φ and ψ_ℓ = Ψ, are then equal in the absence of any anisotropic stress by Eq. (11).

Another useful choice is the spatially flat gauge, in which ψ_Q = 0 [30,26]. The scalar field perturbations in this gauge are sometimes referred to as the Sasaki or Mukhanov variables [31], which have the gauge-invariant definition Q_I ≡ δφ_I + φ̇_I H ψ . (12)

The shear perturbation in the spatially flat gauge is simply related to the curvature perturbation, Ψ, in the zeroshear gauge:

a^2Ė_Q − aB_Q = a^2Ė − aB + 1 H ψ = 1 H Ψ . (13)

The energy and momentum constraints, Eqs. (6) and (7), in the spatially flat gauge thus yield k^2 a^2

Ψ = −4πGϵ_m , (14) HA_Q = −4πGδq_Q , (15) where ϵ_m is given in Eq. (10), and from Eq. (9) we have δq_Q = − ∑ I φ̇_I Q_I .

The equations of motion, Eq. (5), rewritten in terms of the Sasaki-Mukhanov variables, and using Eqs. (14) and (15) to eliminate the metric perturbation terms in the spatially flat gauge, become [32]:

Q̈_I + 3HQ̇_I + k^2 a^2 Q_I + ∑ J [ V_{φI φJ} − 8πG a^3 ( a^3 H φ̇_Iφ̇_J )·] Q_J = 0 . (16)

A. Curvature and entropy perturbations

The comoving curvature perturbation [33,34] is given by R ≡ ψ − H ρ + p δq = ∑ I ( φ̇_I ∑ J φ̇^2_J ) Q_I . (17)

This can also be given in terms of the metric perturbations in the longitudinal gauge as [29]

R = Ψ − H Ḣ ( Ψ̇ + HΦ ) . (18)

For comparison we give the curvature perturbation on uniform-density hypersurfaces, − ζ ≡ ψ + H δρ ρ̇ , (19)

first introduced by Bardeen, Steinhardt and Turner [35] as a conserved quantity for adiabatic perturbations on large scales [36,5]. It is related to the comoving curvature perturbation in Eq. (17) by a gauge transformation − ζ = R + 2ρ 3(ρ + p) ( k aH )_2

Ψ , (20)

where we have used to the constraint equation (14) to eliminate the comoving density perturbation, ϵ_m. Note that R and −ζ thus coincide in the limit k → 0.

Both R and −ζ are commonly used to characterise the amplitude of adiabatic perturbations as both remain constant for purely adiabatic perturbations on sufficiently large scales as a direct consequence of local energymomentum conservation [5], allowing one to relate the perturbation spectrum on large scales to quantities at the Hubble scale crossing during inflation in the simplest inflation models [35,37].

A dimensionless definition of the total entropy perturbation (which is automatically gauge-invariant) is given by S = H ( δp ṗ − δρ ρ̇ ) , (21)

which can be extended to define a generalised entropy perturbation between any two matter quantities x and y: S_{xy} = H ( δx ẋ − δy ẏ ) . (22)

The total entropy perturbation in Eq. (21) for N scalar fields is given by S = 2 ( V̇ + 3H ∑_J φ̇2_J ) δV + 2V̇ ∑ I φ̇_I (δ̇φ_I − φ̇_I A) 3 ( 2V̇ + 3H ∑ J φ̇^2_J ) ∑ I φ̇^2_I , (23)

where the perturbation in the total potential energy is given by δV = ∑ I V_{φI} δφ_I . The change in R on large scales (i.e., neglecting spatial gradient terms) can be directly related to the nonadiabatic part of the pressure perturbation [1,5,38] Ṙ ≈ −3H ṗ ρ̇ S . (24)

We will thus now consider the evolution of the adiabatic and entropy perturbations in both one- and two-field models of inflation.

B. Single field

Perturbations in a single self-interacting scalar field obey the gauge-dependent equation of motion δ̈φ + 3Hδ̇φ + ( k^2 a^2 + V_{φφ} ) δφ = −2V_φA + φ̇ [ Ȧ + 3ψ̇ + k^2 a^2 (a^2Ė − aB) ] , (25)

subject to the energy and momentum constraint equations given in Eqs. (6–9).

The scalar field perturbation in the spatially flat gauge has the gauge-invariant definition, Eq. (12), Q_φ ≡ δφ + φ̇ H ψ . (26)

For a single field this is directly related to the curvature perturbation in the comoving gauge, where the momentum, δq = −φ̇δφ, vanishes

R = ψ + H φ̇ δφ = H φ̇ Q_φ . (27)

It is not obvious that the intrinsic entropy perturbation for a single scalar field, obtained from Eq. (23), S = 2V_φ 3φ̇^2(3Hφ̇ + 2V_φ) [ φ̇ ( δ̇φ − φ̇A ) − φ̈δφ ] , (28)

should vanish on large scales. Because the scalar field obeys a second-order equation of motion, its general solution contains two arbitrary constants of integration, which can describe both adiabatic and entropy perturbations. However S for a single scalar field is proportional to the comoving density perturbation given in Eq. (10), and this in turn is related to the metric perturbation, Ψ, via Eq. (14), so that [39] S = − V_φ 6πGφ̇^2[3Hφ̇ + 2V_φ] ( k^2 a^2 Ψ ) . (29)

In the absence of anisotropic stresses, Ψ must be of order A_Q, by Eq. (11), and hence the non-adiabatic pressure becomes small on large scales [6,39,10]. The amplitude of the asymptotic solution for the scalar field at late times (and hence large scales) during inflation thus determines the amplitude of an adiabatic perturbation.

The change in the comoving curvature perturbation is given by Ṙ = H Ḣ k^2 a^2

Ψ , (30)

and hence the rate of change of the curvature perturbation, given by d ln R/d ln a ∼ (k/aH)^2, becomes negligible on large scales during single-field inflation.

C. Two fields

In this section we will consider two interacting scalar fields, ϕ ≡ φ_1 and χ ≡ φ_2. The analysis developed here should be straightforward to extend to include additional scalar fields, but we do not expect to see any qualitatively new features in this case, so for clarity we restrict our discussion here to two fields.

In order to clarify the role of adiabatic and entropy perturbations, their evolution and their inter-relation, we define new adiabatic and entropy fields by a rotation in field space. The “adiabatic field”, σ, represents the path length along the classical trajectory, such that

σ̇ = (cos θ)ϕ̇ + (sin θ)χ̇ , (31)

where

cos θ = ϕ̇ √ ϕ̇2 + χ̇2

, sin θ = χ̇ √ ϕ̇2 + χ̇2

. (32)

This definition, plus the original equations of motion for ϕ and χ, give

σ̈ + 3Hσ̇ + V_σ = 0 , (33) where

V_σ = (cos θ)V_ϕ + (sin θ)V_χ . (34)

As illustrated in Fig. 1, δσ is the component of the two-field perturbation vector along the direction of the background fields’ evolution. Conversely, fluctuations or-

δσ

Background trajectory

Perturbation δχ δs

δϕ θ χ

ϕ FIG. 1. An illustration of the decomposition of an arbitrary perturbation into an adiabatic (δσ) and entropy (δs) component. The angle of the tangent to the background trajectory is denoted by θ. The usual perturbation decomposition, along the ϕ and χ axes, is also shown.

thogonal to the background classical trajectory represent non-adiabatic perturbations, and we define the “entropy field”, s, such that

δs = (cos θ)δχ − (sin θ)δϕ . (35)

From this definition, it follows that s =constant along the classical trajectory, and hence entropy perturbations are automatically gauge-invariant [40]. Perturbations in δσ, with δs = 0, describe adiabatic field perturbations, and this is why we refer to σ as the “adiabatic field”.

The total momentum of the two-field system, given by Eq. (9), is then δq_{,i} = −ϕ̇δϕ_{,i} − χ̇δχ_{,i} = −σ̇δσ_{,i} , (36) and the comoving curvature perturbation in Eq. (17) is given by R = ψ + H ( ϕ̇δϕ + χ̇δχ ϕ̇2 + χ̇2 ) , = ψ + H σ̇ δσ . (37)

This expression, written in terms of the adiabatic field, σ, is identical to that given in Eq. (27) for a single field.

We can also write Eq. (37) as

R = (cos^2 θ)R_ϕ + (sin^2 θ)R_χ , (38)

where we define the comoving curvature perturbation for each of the original fields as R_I ≡ ψ + H φ̇_I δφ_I = H φ̇_I Q_I . (39)

However, even fields with no explicit interaction will in general have non-zero intrinsic entropy perturbations on large scales in a multi-field system due to their gravitational interaction, so that R_I for each field is not conserved. Although the intrinsic entropy perturbation for each field is still of the form given by Eq. (28), it is no longer constrained by Eq. (14) to vanish as k → 0. This is in contrast to the case of non-interacting perfect fluids, where it is possible to define a constant curvature perturbation for each fluid on large scales [5].

The comoving matter perturbation in Eq. (10) can be written as

ϵ_m = σ̇ ( δ̇σ − σ̇A ) − σ̈δσ + 2V_sδs , (40) which acquires an additional term, compared with the single-field case, due to the dependence of the potential upon s, where

V_s = (cos θ)V_χ − (sin θ)V_ϕ . (41)

The perturbed kinetic energy of s has no contribution to first-order as in the background solution ṡ = 0, by definition.

The total entropy perturbation, Eq. (23), for the two fields can be written as S = 2 3σ̇^2(3Hσ̇ + 2V_σ) × × { V_σ [ σ̇ ( δ̇σ − σ̇A ) − σ̈δσ ] + 3Hσ̇^2θ̇δs } . (42)

Combining Eqs. (14), (40) and (42), we can write S = − V_σ 6πGσ̇^2[3Hσ̇ + 2V_σ] ( k^2 a^2 Ψ ) − 2V_s 3σ̇^2 δs . (43) Comparing this with the single-field result given in Eq. (29), we see that the entropy perturbation on large scales is due solely to the relative entropy perturbation between the two fields, described by the entropy field δs.

The change in the comoving curvature perturbation given by [1,38] Ṙ = H Ḣ k^2 a^2 Ψ + 1 2 H ( δϕ ϕ̇ − δχ χ̇ ) d dt ( ϕ̇2 − χ̇2 ϕ̇2 + χ̇2 ) , (44) which can be expressed neatly in terms of the new variables: Ṙ = H Ḣ k^2 a^2 Ψ + 2H σ̇ θ̇δs , (45) where θ̇ = − V^s σ̇ . (46)

The new source term on the right-hand-side of this equation, compared with the single-field case, Eq. (30), is proportional to the relative entropy perturbation between the two fields, δs. Clearly, there can be significant changes to R on large scales if the entropy perturbation is not suppressed and if the background solution follows a curved trajectory, i.e., θ̇ ≠ 0, in field space [10]. This can then produce a change in the comoving curvature on arbitrarily large scales (i.e., even in the limit k → 0) [1,39].

Equations of motion for the adiabatic and entropy field perturbations can be derived from the perturbed scalar field equations (5), to give δσ̈ + 3Hδσ̇ + ( k^2 a^2

+ V_{σσ} − θ̇^2 ) δσ = −2V_σ A + σ̇ [ Ȧ + 3ψ̇ + k^2 a^2 (a^2Ė − aB) ]

+ 2(θ̇δs)· − 2 V_σ σ̇ θ̇δs , (47) and δ̈s + 3Hδ̇s + ( k^2 a^2

+ V_{ss} − θ̇^2 ) δs = −2 θ̇ σ̇ [ σ̇(δ̇σ − σ̇A) − σ̈δσ ] , (48)

where

V_{σσ} = (sin^2 θ)V_{χχ} + (sin 2θ)V_{ϕχ} + (cos^2 θ)V_{ϕϕ} , (49) V_{ss} = (sin^2 θ)V_{ϕϕ} − (sin 2θ)V_{ϕχ} + (cos^2 θ)V_{χχ} . (50)

When θ̇ = 0, the adiabatic and entropy perturbations decouple^†. The equation of motion for δσ then reduces to that for a single scalar field in a perturbed FRW spacetime, as given in Eq. (25), while the equation for δs is that

†If we employ the slow-roll approximation for the background fields, ϕ̇ ≃ −VŒ/3H and χ̇ ≃ −VØ/3H, we obtain θ̇ ≃ 0. This reflects the fact that the rate of change of θ is slow – instantaneously it moves in an approximately straight line in field space. But the integrated change in θ cannot in general be neglected. Even working within the slow-roll approximation, fields do not in general follow a straight line trajectory in field space.

for a scalar field perturbation in an unperturbed FRW spacetime.

The only source term on the right-hand-side in Eq. (48) for the entropy perturbation comes from the intrinsic entropy perturbation in the σ-field. From Eqs. (14) and (40) we have σ̇(δ̇σ − σ̇A) − σ̈δσ = 2σ̇θ̇δs − k^2 4πGa^2 Ψ , (51)

and hence we can rewrite the evolution equation for the entropy perturbation as δ̈s + 3Hδ̇s + ( k^2 a^2

+ V_{ss} + 3θ̇^2 ) δs = θ̇ σ̇ k^2 2πGa^2 Ψ . (52)

Note that this evolution equation is automatically gaugeinvariant and holds in any gauge. On large scales the inhomogeneous source term becomes negligible, and we have a homogeneous second-order equation of motion for the entropy perturbation, decoupled from the adiabatic field and metric perturbations. If the initial entropy perturbation is zero on large scales, it will remain so.

By contrast, we cannot neglect the metric backreaction for the adiabatic field fluctuations, or the source terms due to the entropy perturbations. Working in the spatially flat gauge, defining

Q_σ = δσ_Q = δσ + σ̇ H ψ , (53)

and using A_Q = 4πG σ̇ H Q_σ , (54)

we can rewrite the equation of motion for the adiabatic field perturbation as

Q̈_σ + 3HQ̇_σ + [ k^2 a^2

+ V_{σσ} − θ̇^2 − 8πG a^3 ( a^3σ̇^2 H )·] Q_σ

= 2(θ̇δs)· − 2 ( V_σ σ̇ + Ḣ H ) θ̇δs . (55)

When θ̇ = 0, this reduces to the single-field equation of motion, but for a curved trajectory in field space, the entropy perturbation acts as an additional source term in the equation of motion for the adiabatic field perturbation, even on large scales.

In order for small-scale quantum fluctuations to produce large-scale (super-Hubble) perturbations during inflation, a field must be “light” (i.e., overdamped). The effective mass for the entropy field in Eq. (52) is μ^2_s = V_{ss} + 3θ̇^2. For μ^2_s >^3_2 H^2, the fluctuations remain in the vacuum state and fluctuations on large scales are strongly suppressed. The existence of large-scale entropy perturbations therefore requires

μ^2_s ≡ V_{ss} + 3θ̇^2 < 3 2 H^2 . (56)

III. APPLICATION TO ENTROPY/ADIABATIC CORRELATIONS FROM INFLATION

Equations (52) and (55) are the key equations which govern the evolution of the adiabatic and entropy perturbations in a two field system. Together with constraint equations (51) and (54) for the metric perturbations, they form a closed set of equations. They allow one to follow the effect on the adiabatic curvature perturbation due to the presence of entropy perturbations, absent in the single field model. This in turn will allow us to study the resulting correlations between the spectra of adiabatic and entropy perturbations produced on large-scales due to quantum fluctuations of the fields on small-scales during inflation.

A useful approximation commonly made when studying field perturbations during inflation, is to split the evolution of a given mode into a sub-Hubble regime (k > aH), in which the Hubble expansion is neglected, and a super-Hubble regime (k < aH), in which gradient terms are dropped.

If we assume that both fields ϕ and χ are light (i.e., overdamped) during inflation, then we can take the field fluctuations to be in their Minkowski vacuum state on sub-Hubble scales. This gives their amplitudes at Hubble crossing (k = aH) as Q_I | k=aH = H_k √ 2k^3 e_I (k) , (57)

where I = ϕ, χ, H_k is the Hubble parameter when the mode crosses the Hubble radius (i.e., H_k = k/a), and e_ϕ and e_χ are independent Gaussian random variables satisfying

⟨e_I (k)⟩ = 0 , ⟨e_I (k)e^∗_J (k^′)⟩ = δ_{IJ} δ(k − k^′) , (58)

with the angled brackets denoting ensemble averages. It follows from our definitions of the entropy and adiabatic perturbations in Eqs. (31) and (35) that their distributions at Hubble crossing have the same form: Q_σ | k=aH = H_k √ 2k^3 e_σ(k) , δs | k=aH = H_k √ 2k^3 e_s(k) , (59)

where e_σ and e_s are Gaussian random variables obeying the same relations given in Eq. (58), with I, J = σ, s.

Super-Hubble modes are assumed to obey the equations of motion given in Eqs. (55) and (52), which we will write schematically as

Ô^σ (Q_σ) = Ŝ^σ (δs) , (60) Ô^s(δs) = 0 , (61)

where Ô^σ(Q_σ ) and Ô^s(δs) are obtained by setting k = 0 on the left-hand side of Eqs. (55) and (52) respectively, and Ŝ^σ (δs) is given by the right-hand side of Eq. (55). As remarked before, there is no source term for δs appearing on the right-hand side of Eq. (52) once we neglect gradient terms. The general super-Hubble solution can thus be written as

Q_σ = A_+ f_+(t) + A_−f_−(t) + P (t) , (62) δs = B_+ g_+(t) + B_−g_−(t) , (63)

where the real functions f_± and g_± are the growing/decaying modes of the homogeneous equations, Ô^σ(f_±) = 0 and Ô^s(g_±) = 0, and P (t) is a particular integral of the full inhomogeneous equation (60). Note that the growing-mode solution f_+ ∝ σ̇/H.

Henceforth we shall consider only slow-roll inflation where the evolution can be approximated by first-order equations [dropping δ̈s and Q̈_σ in Eqs. (52) and (55)], so that we have^‡

Q_σ ≃ Af(t) + P (t) , (64) δs ≃ Bg(t) . (65) We can, without loss of generality, take f = 1 = g and P = 0 when k = aH, so that the amplitudes of the growing modes at Hubble-crossing are given by Eqs. (59) as A(k) = H_k √ 2k^3 e_σ (k) , B(k) = H_k √ 2k^3 e_s(k) . (66)

From Eq. (60), we see that the amplitude of the particular integral P (t) at later times will be correlated with the amplitude of the entropy perturbation, B, and we can write P (t) = BP̃ (t), where P̃ (t) is a real function independent of the random variables e_σ , e_s.

In order to quantify the correlation, we define ⟨x(k)y^∗(k^′)⟩ ≡ 2π^2 k^3

C_{xy} δ(k − k^′) . (67)

The adiabatic and entropy power spectra are given by P_{Qσ} ≡ C_{QσQσ} ≃ ( H_k 2π )_2 [ |f^2| + |P̃^2| ] , (68) P_{δs} ≡ C_{δsδs} ≃ ( H_k 2π )_2

|g^2| , (69)

while the dimensionless cross-correlation is given by C_{Qσ δs} √ P_{Qσ} √ P_{δs} ≃ gP̃ √ g^2 √ |f^2| + |P̃^2|

. (70)

‡We note that in non-slow-roll scenarios the decaying modes may not be negligible on super-Hubble scales, which could affect the correlations between adiabatic and entropy perturbations.

Note that the adiabatic power spectrum at late times is always enhanced if it is coupled to entropy perturbations [i.e., P (t) ≠ 0, in Eq. (64)], as the entropy field fluctuations at Hubble-crossing provide an uncorrelated extra source.

As an illustration, we consider the correlations in the adiabatic and entropy perturbations at the start of the radiation era, produced after double inflation, as studied in Ref. [20]. The double-inflation potential for two noninteracting but massive scalar fields is: V = 1 2 m^2_ϕϕ^2 + 1 2 m^2_χχ^2 . (71)

Following [11], it is possible to parametrise the background scalar field trajectory in polar coordinates when both fields are slow-rolling: χ ≃ √ N 2πG sin α , ϕ ≃ √ N 2πG cos α , (72)

where N = − ln(a/a_{end}) is the number of e-folds until the end of inflation. The background trajectory can then be expressed as: N ≃ N_0 (sin α)^{2/(R2−1)} (cos α)^{2R2/(R2−1)}

, (73)

where R = m_χ/m_ϕ. The scalar field position angle, α, can be related to the scalar field velocity angle, θ, which we used to define the adiabatic and entropy perturbations: tan θ ≃ − m^2_χ 3Hσ̇ √ N 2πG tan α . (74)

The scalar field χ is assumed to decay into cold dark matter while the scalar field ϕ decays into radiation. The entropy/isocurvature at the start of the radiationdominated era is described by

S_{rad} ≡ δρ_c ρ_c − 3 4 δρ_γ ρ_γ . (75)

In Ref. [20], it is shown how the super-Hubble perturbations in the radiation era can be determined in terms of the perturbations during the inflationary era. The fluctuations in both ϕ and χ fields can contribute to both the adiabatic and entropy perturbations. The adiabatic component comes directly from the comoving curvature perturbation, R, at the end of inflation, and is given by

R_{rad} ≃ − √ 4πG √ N_k k^3

H_k [(sin α_k)e_χ(k) + (cos α_k)e_ϕ(k)] .

(76)

The isocurvature perturbation at the start of the radiation-dominated era is related to the entropy perturbation between the two fields at the end of inflation [12]

S_{rad} ≃ − 2 3 m^2_χ 1 H ( δχ χ̇ − δϕ ϕ̇ ) , (77) which yields

S_{rad} ≃ − √ 4πG √ N_k k^3 H_k [ R^4sec α_k + cosec α_k ] e_s(k) , (78) and R_{rad} ≃ √ 4πG √ N_k k^3 H_k R^2 tan α_k sin α_k √ R^2 tan^2 α_k + 1 × × {[ 1 R^2 tan^2 α_k + 1 ] e_σ(k) + [ 1 − R^2 R^2 tan α_k ] e_s(k) } . (79)

The entropy perturbation during the radiation era only depends on the entropy perturbation at Hubble-crossing during the inflationary era, while the adiabatic perturbation during the radiation era depends on both the adiabatic and entropy perturbations at Hubble-crossing. This is consistent with equations (52) and (47), showing that the entropy perturbation sources the adiabatic perturbation on super-Hubble scales, but not vice versa.

As both equations (78) and (79) depend on the random variable e_s, the adiabatic and entropy perturbations will be correlated, and we find

C_{RradSrad} √ P_{Rrad} √ P_{Srad} ≃ (R^2 − 1) sin 2α_k 2 √ R^4 sin^2 α_k + cos^2 α_k)

. (80)

This correlation is investigated fully in [20] in terms of the usual scalar field perturbation variables. An interesting point that can easily be seen from Eq. (79) is that R_{rad} will depend only on e_σ if R ≡ m_χ/m_ϕ = 1. Thus, there will be no correlation if R = 1. As can be seen from Eq. (73), α will be constant for R = 1 and thus so will θ; a straight-line background trajectory will be obtained for R = 1. This is consistent with Eq. (47), where it can be seen that the entropy component only sources the adiabatic component on large scales if θ̇ ≠ 0.

IV. APPLICATION TO PREHEATING AFTER INFLATION

In this section we use the entropy/adiabatic decomposition of the perturbation equations to investigate the dynamics of super-Hubble perturbations during a period of preheating at the end of inflation. We consider three models, encompassed by the general effective potential V = 1 2 m^2ϕ^2 + λ 4 ϕ^4 + 1 2 g^2ϕ^2χ^2 + g̃^2ϕ^3χ . (81)

The essence of preheating lies in the parametric amplification of field perturbations due to the time-dependence of their effective mass, e.g., m^2_χ ≡ V_{χχ} = g^2ϕ^2. In the simplest cases, the inflaton ϕ simply oscillates at the end of inflation.

Preheating typically amplifies long-wavelength modes preferentially. As discussed in [41,42,39], amplification of super-Hubble modes does not lead to a violation of causality, due to the super-Hubble coherence of the inflaton oscillations set up by the prior inflationary phase. If R is amplified on super-Hubble scales, this will alter the resulting imprint on the anisotropies of the cosmic microwave background (CMB), and break the simple link between CMB observations and inflationary models.

We consider first the case where the inflaton is massive (m ≠ 0) and neglect its self-interaction (λ = 0). The traditional resonance parameter for the strength of preheating at the end of inflation is q = g^2ϕ^2_0 4m^2

. (82)

In the massive case, where modes move through the resonance bands of the Mathieu chart, and for inflation at high energies where the expansion of the universe is very vigorous, q needs to be much larger than one if the parametric resonance is to be efficient [43]. It is possible to have large q even for small coupling, g^2 ≪ 1, as m ≪ ϕ_0 ∼ M_{Pl} . We can write the effective mass of the χ during inflation as

m^2_χ H^2 ≈ 3q π M^2_{Pl} ϕ^2_0

, (83)

where ϕ_0 is the initial value of ϕ at the beginning of preheating. It then follows from Eq. (83) that χ must be heavy during inflation for this simple potential if efficient preheating is to be obtained.

Any change in the curvature perturbation R on very large scales must be due to the presence of non-adiabatic perturbations. In [44,45], it was shown how, if m^2_χ ≫ m^2_ϕ during inflation with λ = 0 = g̃, then the χ field and hence any non-adiabatic perturbations on large scales are exponentially suppressed during inflation, and no change to R occurs before backreaction ends the resonance.

However, when g̃ ≠ 0, the χ field will have a nonzero vacuum expectation value (vev) during inflation even along the valley of the potential. In the slow-roll limit for ϕ, this vev is determined by V_χ = 0, which gives χ ≈ − g̃^2 g^2 ϕ . (84)

The g̃ coupling has the effect of rotating the valley of the potential – which the attractor trajectory approximately follows – from χ = 0, through an angle θ ≈ − g̃^2 g^2

, (85)

where, to ensure that the chaotic inflation scenario is not drastically altered, we assume [46] g̃ g ≪ 1 . (86)

The effect of g̃ is to change the attractor for both χ and δχ during inflation, since the χ and δχ equations of motion gain inhomogeneous driving terms proportional to g̃^2ϕ^3. This does not necessarily imply that R will be amplified by preheating at the end of inflation as purely adiabatic perturbations along the slow-roll attractor now have a component along χ as well as ϕ. In order to determine whether or not the evolution of the comoving curvature perturbation, R, on super-Hubble scales is affected, we need to follow the evolution of the entropy field perturbation^§, defined by Eq. (35), which gives δs ≈ δχ + g̃^2 g^2 δϕ . (87) In the limit g̃/g → 0 we recover δs → δχ. Crucially, the evolution equation (52) for the entropy perturbation has no inhomogeneous terms in the long-wavelength (k → 0) limit, even for g̃ ≠ 0, and entropy perturbations will only be non-negligible on super-Hubble scales if the entropy field is light during inflation.

In the slow-roll limit and on large scales, the evolution equation (52) for the entropy perturbation has the approximate solution [47] δs ∝ a^{−3/2} ( k aH )_{−ν} , (88)

where

ν^2 = 9 4 − μ^2_s H^2

, (89)

and the effective mass of the entropy field, μ_s is defined in Eq. (56). The power spectrum of entropy perturbations is P_{δs} ∝ H^3 ( k aH )_{3−2Re(ν)} . (90)

The real part of ν vanishes for μ^2_s/H^2 > 9/4, leaving a steep k^3 blue spectrum, which is exponentially suppressed with time.

Using Eqs. (50), (81), (85), and (86), one finds that

μ^2_s H^2 ≈ [ 1 − 4q ( g̃ g )_4 ( ϕ ϕ_0 )_2]−1 3qM^2_{Pl} πϕ^2_0

, (91)

μ^2_s/H^2 has a local minimum for g̃ = 0. Thus the additional g̃ term in Eq. (81) serves to increase the entropy

§ From Eq. (45) we see that θ̇δs must be non-zero to change R on large scales. Because θ̇ ≈ 0, from Eq. (85), the entropy remains decoupled from the adiabatic perturbation during slow-roll inflation in this model. But at the end of inflation, during preheating, θ̇ ≠ 0.

mass relative to the Hubble parameter, and so does not avoid the suppression of the entropy perturbation. The g̃ term therefore does not significantly alter the spectral index of the spectrum of entropy perturbations, which remains steep if q ≫ 1. The strongly blue spectrum implies that non-linear backreaction is dominated by smallscale modes, which go nonlinear long before the cosmological modes, implying that resonance ends before R changes [43,44].

We have also integrated the field equations numerically to avoid relying on any slow-roll-type approximations. To numerically evaluate the entropy perturbation, one could simulate the original perturbation variables δϕ and δχ, using Eq. (5), and then work out δs algebraically via Eq. (35). However, this approach is prone to numerical instability when the entropy perturbation is suppressed. To illustrate this, we take g̃ = 8×10^{−3}g and q = 3.8×10^5 After about 60 e-folds of inflation, one can see analytically that δs ∼ 10^{−40}. Numerically, δχ cos θ ∼ δϕ sin θ ∼ 10^{−8} during inflation. So in order to obtain a high enough accuracy to model the suppression of δs, we require that δχ cos θ and δϕ sin θ have to be simulated to a relative accuracy of ∼ 10^{−8}/10^{−40} = 10^{−32}. This means approximately 32 significant figures are needed, which is beyond the capability of standard numerical ordinary differential equation integration routines.

If instead we use the new adiabatic and entropy field perturbations and integrate Eqs. (52) and (55), then this numerical instability does not occur, since one no longer needs to find the difference between two nearly equal quantities. Simulation results using these equations are compared with the results using the old field perturbation equations (5) in Fig. 2. The simulations show that the growth in R is driven by δs, in concordance with Eq. (45). As can be seen, the numerical result using the field perturbation equations fails to track the exponential decay of the entropy during inflation and thus underestimates the delay in the growth of R.

In practice, we find a similar instability if we try to construct the gauge-invariant metric perturbation, Ψ, required in Eq. (52) in terms of the constraint Eq. (51). This includes the intrinsic entropy perturbation in the σ field, which does become small at late times/large scales, but results from the diminishing difference between finite terms. It is more stable numerically to follow the value of Ψ at late times using the evolution equation

Ψ̇ + ( H − Ḣ H ) Ψ = 4πGσ̇Q_σ , (92)

which can be obtained from the definition of Ψ given in Eq. (14) and the metric constraint equations (7) and (11).

Note that the adiabatic/entropy decomposition becomes ill-defined if σ̇ = 0, i.e. both fields stop rolling, and this can cause numerical instability during preheating if the trajectory is confined to a narrow valley. This

R R

FIG. 2. Numerical simulations of the entropy and comoving curvature perturbations during inflation and preheating, with λ = 0, g = 2 × 10^{−3}, g̃ = 8 × 10^{−3}g and m = 10^{−6}Mpl. The ‘new’ prefix indicates that the field perturbations were evaluated by numerically integrating Eqs. (52), and (55), while the ‘old’ prefix indicates that the perturbations were evaluated by integrating the original field equations (5). We have not included any higher-order corrections such as backreaction from small-scale perturbations which would shut down the resonant amplification of δs at some point.

can occur, for instance, when g̃ = 0 and only the ϕ field oscillates. The original field perturbations δϕ and δχ remain well-defined, although the comoving curvature perturbation R, defined in Eq. (37) becomes singular when σ̇ = 0 [3]. This does not happen for the simulation results shown in Fig. 2 with g̃ ≠ 0 where the fields oscillate in a two-dimensional potential well.

The massive inflaton potential (m ≠ 0) safeguards the conservation of R by a bootstrap effect: if preheating is strong, q ≫ 1, then the entropy perturbation is heavy during inflation; on the other hand, if the entropy is light during inflation, then q ≤ 1 and preheating is very weak. This is not altered by a rotation of the trajectory in field space (g̃ ≠ 0) as can be most quickly seen by noting, from Eqs. (49) and (50), that

V_{σσ} + V_{ss} = V_{ϕϕ} + V_{χχ} . (93)

Thus if the χ field is very massive (V_{χχ} ≫ H^2), we must have V_{σσ} + V_{ss} ≫ H^2. For slow-roll inflation we require V_{σσ} ≪ H^2 and hence V_{ss} ≫ H^2.

This situation does not hold if the entropy mass during inflation is not linked to the entropy mass during preheating [46], or in massless (m = 0) self-interacting (λ ≠ 0) inflation models [48,38,49]. This latter class of models are almost conformally invariant, allowing analytical results from Floquet theory to be applied. The Floquet index, μ_k, which determines the rate of exponential growth, can reach its maximum as k/aH → 0, when g^2/λ = 2n^2 for integer n, thereby implying maximum growth for the longest-wavelength perturbations. Assuming slow-roll inflation driven by V ≈ λϕ^4/4, we see from Eq. (93) that V_{σσ} +V_{ss} > V_{χχ} = g^2ϕ^2 and thus that the entropy field is massive (V_{ss} > 9H^2/4) whenever

g^2 λ > 8π ϕ^2 M^2_{Pl}

. (94)

However, we can have resonance at large scales for n = 1 and g^2/λ = 2, when the entropy field need not be heavy during inflation and no exponential suppression takes place, so that the subsequent growth of R is explosive [48]. The growth of R occurs before backreaction can shut off the resonant growth of the entropy perturbations δs [48,38,50,49]. Although the region of parameter space around g^2/λ = 2 is thus ruled out, the same does not hold for g^2/λ ≫ 1, since the entropy field is then heavy during inflation and δs is again suppressed.

V. CONCLUSIONS

We have introduced a new formalism in which to follow the evolution of adiabatic and entropy perturbations during inflation with multiple scalar fields. We decompose arbitrary field perturbations into a component parallel to the background solution in field space, termed the adiabatic perturbation, and a component orthogonal to the trajectory, termed the entropy perturbation. We have rederived the field equations in terms of these rotated fields in Eqs. (52) and (55). These show that the adiabatic perturbation on large scales can be driven by the entropy perturbation, while the entropy perturbation itself obeys a homogeneous second-order equation on super-Hubble scales. There can only be significant change in the large-scale comoving curvature perturbation if there is a non-negligible entropy perturbation, and if the background trajectory in field space is curved.

Our formalism can be applied to evaluate the correlation between the adiabatic and entropy perturbations at the end of inflation. As an example we considered the example of two non-interacting fields in double inflation, calculating the cross-correlation between the adiabatic and entropy perturbations.

The effect of preheating on the large-scale curvature perturbation can also be addressed within our formalism. The mass of the entropy field during inflation is a crucial quantity. If the entropy field is heavy, then any fluctuations on large scales are suppressed to negligible values at the beginning of preheating. This squeezing of the entropy perturbation is most accurately modelled numerically using our evolution equation for the entropy perturbation. If it is estimated from the usual field equations, it may contain large numerical errors when there is a non-trivial background trajectory in field space.

ACKNOWLEDGEMENTS

We thank Jai-chan Hwang, David Langlois, Andrew Liddle, David Lyth, Karim Malik and Shinji Tsujikawa for useful comments and discussions. DW is supported by the Royal Society.

Note added: After completing this work we became aware of related work by Hwang and Noh [51] who also study entropy perturbations in multiple field inflation. They find that the adiabatic and entropy modes decouple on super-horizon scales when the effect of curvature of the trajectory in field space is neglected, but we have shown that this cannot in general be assumed, even in models of slow-roll inflation.

[1] J. García-Bellido and D. Wands, Phys. Rev. D52, 6739 (1995) [gr-qc/9506050]; J. García-Bellido and D. Wands, Phys. Rev. D53, 5437 (1996) [astro-ph/9511029].

[2] S. Tsujikawa and H. Yajima, hep-ph/0007351. [3] H. Kodama and T. Hamazaki, Prog. Theor. Phys. 96, 949 (1996) [gr-qc/9608022]; T. Hamazaki and H. Kodama, Prog. Theor. Phys. 96, 1123 (1996) [gr-qc/9609036].

[4] W. Hu, Phys. Rev. D59, 021301 (1999) [astroph/9809142].

[5] D. Wands, K. A. Malik, D. H. Lyth and A. R. Liddle, Phys. Rev. D 62, 043527 (2000) [astro-ph/0003278].

[6] M. Sasaki and E. D. Stewart, Prog. Theor. Phys. 95, 71 (1996) [astro-ph/9507001].

[7] A. A. Starobinsky, Pis’ma Zh. Éksp. Teor. Fiz. 42, 45 (1985) [JETP Lett. 42, 51 (1985)].

[8] D. S. Salopek, Phys. Rev. D52, 5563 (1995) [astroph/9506146]; T. T. Nakamura and E. D. Stewart, Phys. Lett. B381, 413 (1996) [astro-ph/9604103].

[9] M. Sasaki and T. Tanaka, Prog. Theor. Phys. 99, 763 (1998) [gr-qc/9801017].

[10] D.H. Lyth and A. Riotto, Phys. Rep. 314, 1 (1999). [11] D. Polarski and A. A. Starobinsky, Nucl. Phys. B385, 623 (1992).

[12] D. Polarski and A. A. Starobinsky, Phys. Rev. D 50, 6123 (1994) [astro-ph/9404061].

[13] A. A. Starobinsky and J. Yokoyama, gr-qc/9502002. [14] V. F. Mukhanov and P. J. Steinhardt, Phys. Lett. B422, 52 (1998) [astro-ph/9710038].

[15] J. Lesgourgues, Nucl. Phys. B. to appear, [hepph/9911447].

[16] A.D. Linde, Phys. Lett. B158, 375 (1985); D. Seckel and M. S. Turner, Phys. Rev. D 32, 3178 (1985); L.A. Kofman, Phys. Lett. B173, 400 (1986); A.D. Linde and

L.A. Kofman, Nucl. Phys. B282, 555 (1987); D.S. Salopek, Phys. Rev. D 45, 1139 (1992); A.D. Linde and V. F. Mukhanov, Phys. Rev. D 56, 535 (1997) [astroph/9610219]; M. Bucher and Y. Zhu, Phys. Rev. D 55, 7415 (1997) [astro-ph/9610223]; P.J.E. Peebles, Astrophys. J. 510, 523 and 531 (1999) [astro-ph/9805194 and 9805212]; A. R. Liddle and A. Mazumdar, Phys. Rev. D61, 123507 (2000) [astro-ph/9912349].

[17] H. Kodama and M. Sasaki, Int. J. Mod. Phys. A 1, 265 (1986); P.J.E. Peebles, Astrophys. J. 315, L73 (1987); T. Chiba, N. Sugiyama, and Y. Suto, Astrophys. J. 429, 427 (1994) [astro-ph/9311012].

[18] H. Kodama and M. Sasaki, Int. J. Mod. Phys. A 2, 491 (1987); J.R. Bond and G. Efstathiou, Mon. Not. R. Astron. Soc. 218, 103 (1986).

[19] M.A. Bucher, K. Moodley, and N.G. Turok, Phys. Rev.

D, to appear (2000) [astro-ph/9904231].

[20] D. Langlois, Phys. Rev. D59, 123512 (1999) [astroph/9906080].

[21] M.A. Bucher, K. Moodley, and N.G. Turok, astroph/0007360.

[22] D. Langlois and A. Riazuelo, Phys. Rev. D62, 043504 (2000) [astro-ph/9912497].

[23] J.R. Bond and G. Efstathiou, Mon. Not. R. Astron. Soc.

222, 33 (1987); W. Hu, E. Bunn, and N. Sugiyama, Astrophys. J. 447, L59 (1995) [astro-ph/9501034]; R. Stompor, A.J. Banday, and K.M. Gorski, Astrophys. J. 463, 8 (1996) [astro-ph/9511087]; T. Kanazawa, M. Kawasaki, N. Sugiyama, and T. Yanagida, Prog. Theor. Phys. 102, 71 (1999) [astro-ph/9805102]; K. Enqvist and H. Kurki-Suonio, Phys. Rev. D 61, 043002 (2000) [astroph/9907221]; E. Pierpaoli, J. Garcia-Bellido, and S. Borgani, JHEP 10, 015 (1999) [hep-ph/9909420]; K. Enqvist, H. Kurki-Suonio, and J. Valiviita, astro-ph/0006429.

[24] K. A. Malik and D. Wands, Phys. Rev. D59, 123501 (1999) [astro-ph/9812204].

[25] J. M. Bardeen, Phys. Rev. D 22, 1882 (1980). [26] J. Hwang, Astrophys. J. 427, 542 (1994). [27] M. Bruni, G.F.R. Ellis and P. K. S. Dunsby, Class. Quantum Grav. 9, 921 (1992).

[28] R. Durrer, Fundamentals of Cosmic Physics 15, 209 (1994) [astro-ph/9311041].

[29] V. F. Mukhanov, H. A. Feldman and R. H. Brandenberger, Phys. Rep. 215, 203 (1992).

[30] H. Kodama and M. Sasaki, Prog. Theor. Phys. Suppl.

78, 1 (1984).

[31] M. Sasaki, Prog. Theor. Phys. 76, 1036 (1986); V. F.

Mukhanov, Zh. Éksp. Teor. Fiz. 94, 1 (1988) [Sov. Phys. JETP 68, 1297 (1988)].

[32] A. Taruya and Y. Nambu, Phys. Lett. B428, 37 (1998). [33] V. Lukash, Zh. Eksp. Teor. Fiz. 79, 1601 (1980) [Sov.

Phys. JETP 52, 807 (1980)].

[34] D. H. Lyth, Phys. Rev. D 31, 1792 (1985). [35] J. M. Bardeen, P. J. Steinhardt and M. S. Turner, Phys.

Rev. D28, 679 (1983).

[36] J. Martin and D. J. Schwarz, Phys. Rev. D57, 3302 (1998) [gr-qc/9704049].

[37] A. R. Liddle and D. H. Lyth, Phys. Rept. 231, 1 (1993) [astro-ph/9303019].

[38] F. Finelli and R. Brandenberger, hep-ph/0003172. [39] B. A. Bassett, F. Tamburini, D. I. Kaiser, and

R. Maartens, Nucl. Phys. B561, 188 (1999) [hepph/9901319].

[40] J.M. Stewart and M. Walker, Proc. R. Soc. Lond. A 341, 49 (1974).

[41] B. Bassett, D. Kaiser, and R. Maartens, Phys. Lett.

B455, 84 (1999) [hep-ph/9808404].

[42] F. Finelli and R. Brandenberger, Phys. Rev. Lett. 82, 1362 (1999) [hep-ph/9809490].

[43] L. Kofman, A. Linde, and A. A. Starobinsky, Phys. Rev.

D 56, 3258 (1997) [hep-ph/9704452].

[44] K. Jedamzik and G. Sigl, Phys. Rev. D 61, 023519 (2000) [hep-ph/9906287]; P. Ivanov, Phys. Rev. D 61, 023505 (2000) [astro-ph/9906415].

[45] A. R. Liddle, D. H. Lyth, K. A. Malik and D. Wands, Phys. Rev. D 61, 103509 (2000) [hep-ph/9912473].

[46] B. A. Bassett, C. Gordon, R. Maartens, and D. I. Kaiser, Phys. Rev. D 61, 061302 (2000) [hep-ph/9909482].

[47] N. D. Birrell and P. C. W. Davies, Quantum fields in curved space, Cambridge University Press (1982).

[48] B. A. Bassett and F. Viniegra, Phys. Rev. D 62, 043507 (2000).

[49] Z. P. Zibin, R. H. Brandenberger, and D. Scott, hepph/0007219.

[50] S. Tsujikawa, B. A. Bassett, and F. Viniegra, JHEP 08, 019 (2000) [hep-ph/0006354].

[51] J. Hwang and H. Noh, astro-ph/0009268.