arXiv:astro-ph/0107503 26 Jul 2001

Cosmological Constant from Conformal Fluctuations of the Metric^1

Alex H. Blin

Centro de Física Teórica da Universidade, P-3004-516 Coimbra, Portugal

alex@teor.fis.uc.pt

Abstract - At the level of the Planck scale, the spacetime metric has to be considered a quantum variable. Conformal quantum fluctuations of the metric tensor are studied here. They lead to an extra term in the Einstein equations which can be identified with a cosmological constant. Quantum fluctuations may therefore contribute to an accelerated expansion of the universe, in accordance with newer observational data.

1 Introduction

The cosmological constant was originally introduced by Einstein to allow for a static solution of the gravitational equations describing the universe, a requirement which turned out later to be in contradiction with observation. Einstein’s equations with the cosmological constant Λ read R_{μν} − 1 2 g_{μν} R + Λg_{μν} = − 8πG c^4

T_{μν} . (1)

Nowadays Λ is getting revived interest again in the context of inflationary scenarios, string theory and particle physics, and of the actual expansion rate of the universe. It is the latter which is addressed in the present work. Recent observations of type Ia supernovae give ever stronger evidence of an expansion of the universe which is currently accelarating (e.g. [1, 2]), contrary to what would be expected when considering the gravitational attraction of matter existing in the universe. The acceleration may explain also the exsistent discrepancies between the age of the universe and age estimates of stars in globular clusters, although the latter are still under dispute [3, 4].

Combining considerations of General Relativity and Quantum Mechanics leads to the concept of a limiting scale, the Planck scale. This scale is set by the energy of a particle whose Schwarzschild radius is comparable to its Compton wavelength. The Planck energy is E_P = c^2 s_{h̄c} 2G . (2)

corresponding to the Planck length

l_P = √ 2Gh̄c/c^2 ∼= 10�^{35}m . (3)

1Partially supported by ESO, Praxis, Sapiens, CERN and FCT, grant numbers PESO /P/PRO/15127/1999 and CERN/P/FIS/40119 /2000

The fact that there exists a minimum length scale at which General Relativity and Quantum Mechanics are fundamentally interwoven indicates that the metric tensor g_{μν} itself has to be regarded a quantum variable.

2 Conformal fluctuations

The simplest quantum variations of the metric are conformal ones. They are certainly not the most general ones. Conformal changes of the metric have however the advantage to keep the light cone structure of spacetime intact, which is important for not violating causality at any instant of the fluctuation. (The fluctuations lead however to a Planck size fuzziness of the light cone after averaging over the fluctuations). This type of fluctuations is written as g_{μν} = Φ^2ḡ_{μν} = (1 + φ)^2ḡ_{μν} . (4)

where ḡ_{μν} denotes the ”classical” or ”background” metric about which the fluctuations occur. The Einstein equations can be derived from variation of the action (h̄ = c = 1)

S = S_g + S_m = 1 16πG Z_{d4x√−gR + Sm (5)} where S_g is the gravitational (Hilbert) action and S_m the matter part. Conformal fluctuations change the scalar curvature to R = R̄ (1 + φ)^2 + 6ḡ^{μν} ∂_μ∂_νφ (1 + φ)^3

. (6)

where the overbar indicates the classical value, i.e. the one obtained when no fluctuations are present. In the special case of flat background spacetime the gravitational action reduces to S_g = − 1 8π^2λ^2 Z_{d4x∂iφ∂iφ , (7)} with the quantity λ related to the Planck length via

λ^2 = l^2_P 3π . (8)

The ”wrong sign” of the action does not imply that the action is unbounded from below. The apparent unboundedness is an artifact of not taking the correct functional measure when passing to Euclidean space [5, 6]. It also means that φ is not a freely propagating field, but it does have a vacuum expectation value. The proper distance acquires a lower limit of size λ. The fluctuation average of the squared four-distance becomes

< x^2 >= x^2 + λ^2 . (9)

Thus spacetime is coarse grained at the level of the Planck scale. As a consequence, divergences related to Green’s functions (propagators) disappear, without the need for regularization or renormalization [7].

3 Variation of the action with fluctuations

The variation of the action includes the variation of the background metric and of the fluctuations: δS = δS δg^{ik} δg^{ik} = δS δḡ^{ik} δḡ^{ik} + δS δφ δφ . (10) For the matter part one has δS_m = − 1 2 Z_{d4x√−gδgmnT mn . (11)} Let me use Friedmann-Weyl cosmology to describe the most symmetric type of universe. The line element is ds^2 = dt^2 + g_{kl}dx^kdx^l (12) and the cosmological principle of homogeneity and isotropy leads to the Robertson-Walker metric ds^2 = dt^2 − Q^2(t)[ dr^2 1 − kr^2 + r^2(dθ^2 + sin^2 θdϕ)] . (13)

The quantity Q(t) describes the evolution of the size of the universe and the sign of k determines whether the universe is classically open or closed. The Einstein equations can be written as R̄_{ik} − 1 2 ḡ_{ik}R̄ + ḡ_{ik}Λ = −8πGT_{ik} (14)

where a cosmological constant arises of the form

Λ = − 1 4 (8πGḡ^{mn}T_{mn} − R̄) . (15) To complete the derivation of the Einstein equations, an assumption on the matter distribution in the universe is needed. The simplest and most symmetrical distribution considers homogeneous comoving matter (dust approximation):

T_{kl} = ρu_ku_l with {u_k} = (1, 0, 0, 0) . (16)

Energy conservation T^{kl}_{;l} = 0 leads to ρ(t) = ρ_0Q^3_0 Q^3

. (17)

The variation of the action yields finally the equation of motion Q̈Q^2 − Q̇^2Q − kQ + 4πGρ_0Q^3_0 = 0 (18)

with the solution t − t_0 = A Z_{Q/Q0} 1 dq s_q Bq^3 − Cq + D (19)

where A, B, C, D are known functions of ρ_0, H_0, k, Q_0.

4 Numerical results and discussion

Figure 1 shows the time evolution of the expansion parameter Q (full line) in units of the present epoch value Q_0, assuming a present time density of 0.3 in units of the critical density and a deceleration parameter

d_0 = −

Q̈_0Q_0 Q̇2_0 (20)

of value -0.07 (the negative sign meaning accelerating expansion). This results in a cosmological constant Λ = 4πGρ_0 − 3H^2_0 d_0 (21)

with the value 0.66 in units of the squared Hubbel constant, in agreement with recent observational data [8, 9]. The same figure shows also the classical Λ = 0 time evolution (dashed line), assuming the same present epoch density. The corresponding expansion is of course decelerating in that case (with the deceleration parameter +0.15). The time axis is drawn in units of the inverse Hubble constant and the present epoch time is taken to be zero. It should be noted that due to the dust approximation the results are not reliable for times in the remote past. The two curves show nevertheless that the quantum fluctuations result in an increased age of the universe. The future expansion rate is visibly influenced by the repulsive effect of the fluctuations.

Figure 1 - Q vs. t in relative units (see text), with (full line) and without (dashed) quantum fluctuations.

In summary, conformal fluctuations of the metric are shown to contribute to a cosmological constant. This may explain why an accelerated expansion of the universe is observed. It might seem surprising that fluctuations at the level of the Planck size have consequences on the expansion of the universe as a whole. One should keep in mind, however, that the fluctuations exist in any and every point of space, the contributions adding up to a macroscopic effect.

As mentoned before, degrees of freedom other than the conformal one may have to be considered to reflect more fully the effects of quantum gravity. Due to this and to the dust approximation employed in the present calculations, together with our incomplete knowledge of the present day parameters, the results are to be considered qualitative rather than quantitative. Nevertheless it seems clear that quantum fluctuations have to be taken seriously as they affect macroscopic observables.

References

[1] S. Perlmutter et al., Nature 391 (1998) 51 [2] A.G. Riess et al., Astron. J. 116 (1998) 1009 [3] B. Chaboyer in Post-Hipparcos Cosmic Candles, ed. A. Heck and F. Caputo, Kluwer (1999) [4] Y. Lebreton, Ann. Rev. Astron. Astrophys. 38 (2000) 35 [5] P.O. Mazur and E. Mottola, Nucl. Phys. B341 (1990) 187 [6] A. Dasgupta and R. Loll Nucl. Phys. B (2001) in press [7] A.H. Blin, hep-ph/0010093 [8] R. Stompor et al., preprint astro-ph/0105062 (2001) [9] P. de Bernardis et al., preprint astro-ph/0105296 (2001)