arXiv:astro-ph/0209156 v2 9 Oct 2002

Second-Order Cosmological Perturbations from Inflation

Viviana Acquaviva^{(1)}, Nicola Bartolo^{(2,3)}, Sabino Matarrese^{(2,3)} and Antonio Riotto^{(3)} (1)Dipartimento di Fisica, Università di Pisa, via Buonarroti 2, I-56100, Pisa, Italy (2) Dipartimento di Fisica ‘Galileo Galilei’, Università di Padova, via Marzolo 8, I-35131, Padova, Italy (3)INFN, Sezione di Padova, via Marzolo 8, I-35131, Padova, Italy (October, 2002)

We present the first computation of the cosmological perturbations generated during inflation up to second order in deviations from the homogeneous background solution. Our results, which fully account for the inflaton self-interactions as well as for the second-order fluctuations of the background metric, provide the exact expression for the gauge-invariant curvature perturbation bispectrum produced during inflation in terms of the slow-roll parameters or, alternatively, in terms of the scalar spectral nS and and the tensor to adiabatic scalar amplitude ratio r. The bispectrum represents a specific non-Gaussian signature of fluctuations generated by quantum oscillations during slow-roll inflation. However, our findings indicate that the level of non-Gaussianity in the cosmic microwave background anisotropies emerging from the second-order calculation will be hardly detectable by the forthcoming satellite experiments.

PACS: 98.80.Cq DFPD-A/02/21

1. Introduction. Models of inflation based on the slowroll of a single scalar field, the inflaton, provide the simplest causal mechanism for the generation of cosmological perturbations [1]. These fluctuations will then grow by gravitational instability to seed structure formation in the Universe, and to produce Cosmic Microwave Background (CMB) anisotropies. The generation and evolution of fluctuations during inflation has always been studied within linear theory, an approximation which is largely justified by their small amplitude at early times. On the other hand, there exist physical observables, such as the three-point function of scalar perturbations, or its Fourier tranform, the bispectrum, for which a perturbative treatment up to second order is required, in order to obtain a self-consistent result.

The importance of the bispectrum comes from the fact that it represents the lowest order statistics able to distinguish non-Gaussian from Gaussian perturbations for which odd-order correlation functions necessarily vanish. An accurate calculation of the primordial bispectrum of cosmological perturbations has become an extremely important issue, as a number of present and future experiments, such as MAP and Planck, will allow to constrain or detect non-Gaussianity of CMB anisotropy data with high precision.

So far, the problem of calculating the bispectrum of perturbations produced during inflation has been addressed by either looking at the effect of inflaton selfinteractions (which necessarily generate non-linearities in its quantum fluctuations) in a fixed de Sitter background [2], or by using the so-called stochastic approach to inflation [3], where back-reaction effects of field fluctuations on the background metric are partially taken into account. An intriguing result of the stochastic approach is that the dominant source of non-Gaussianity actually comes from non-linear gravitational perturbations, rather than by inflaton self-interactions.

In this Letter we provide for the first time the computation of the scalar perturbations produced during singlefield slow-roll inflation up to second order in deviations from the homogeneous background. We achieve different goals. First, we provide a gauge-invariant definition of the comoving curvature R at second order of perturbation theory. Secondly, we show that the second-order comoving curvature perturbation is conserved on superhorizon scales, like its first-order counterpart. Third, we obtain the exact expression for the gauge-invariant gravitational potential bispectrum during inflation, in terms of slow-roll parameters or, equivalently, of the spectral indices of the scalar and tensor power-spectra. A detailed version of our findings will be presented in Ref. [4].

2. The second-order gauge-invariant comoving curvature perturbation. The primordial adiabatic density perturbation is associated with a perturbation of the spatial curvature. We consider the gauge-independent curvature perturbation R on slices orthogonal to comoving worldlines, which is related to the gauge-dependent curvature perturbation ψ on a generic slicing and to the inflaton perturbation δφ in that gauge. At the first-order, the comoving curvature perturbation is given by the gaugeinvariant formula (in conformal time τ ) [5].

R^{(1)} = ψ^{(1)} + H φ^′_0 δ^{(1)}φ , (1)

where φ_0 is the background value of the classical field, H = a^′/a is the Hubble rate and ψ^{(1)} and δ^{(1)}φ are the first-order curvature and inflaton perturbations, respectively.

Let us now consider the second-order perturbation. We expand the curvature perturbation ψ and the inflaton perturbation δφ as ψ = ψ^{(1)} +^1_2 ψ^{(2)} and δφ = δ^{(1)}φ + 1 2 δ^{(2)}φ. A second-order shift in the time-coordinate

τ → τ − ξ^0_{(1)} + 1 2 ( ξ^{0′}_{(1)}ξ^0_{(1)} − ξ^0_{(2)} ) (2) induces the following gauge transformations [6,7]

ψ̃^{(2)} = ψ^{(2)} + 2ξ^0_{(1)} ( ψ^{(1)′} + 2Hψ^{(1)} ) (3) − ( H^′ + 2H^2 ) ( ξ^0_{(1)}

)_2

− Hξ^0_{(1)}^′ξ^0_{(1)} − Hξ^0_{(2)} ,

δ^{(2)}φ̃ = δ^{(2)}φ + ξ^0_{(1)} ( φ^{′′}_0 ξ^0_{(1)} + φ^′_0ξ^0_{(1)}^′ + 2δ^{(1)}φ^′ ) (4) + φ^′_0ξ^0_{(2)} ,

up to terms involving spatial gradients of ξ^0_{(1)}, which are in any case negligible on super-horizon scales. We find that the second-order gauge-invariant comoving curvature perturbation R = R^{(1)} +^1_2 R^{(2)} is provided by^∗ (for further details see [4])

R = R^{(1)} + 1 2 [ H δ^{(2)}φ φ^′_0

+ ψ^{(2)} ]

+ 1 2 (ψ^{(1)′} + 2Hψ^{(1)} + Hδ^{(1)}φ^′/φ^′_0)^2 H^′ + 2H^2 − H φ^{′′}_0 /φ^′_0

. (5)

3. The computation. We can now choose to work with a generalized longitudinal gauge, where the space-time metric can be written as

g_{00} = −a^2(τ )(1 + 2ϕ^{(1)} + ϕ^{(2)}) , g_{0i} = 0 , g_{ij} = a^2(τ ) [ (1 − 2ψ^{(1)} − ψ^{(2)})δ_{ij} + 1 2 ( (∂_iχ^{(2)}_j + ∂_jχ^{(2)}_i + χ^{(2)}_{ij} )] , (6)

where χ^{(2)}_i (i = 1, 2, 3) is a transverse (i.e. divergencefree) vector and χ^{(2)}_{ij} is a transverse trace-free tensor with respect to the 3-dimensional space with metric δ_{ij} . When considering perturbations up to first-order only the vector parts are zero and the tensor modes are neglected as they can be easily shown to give a negligible contribution to the bispectrum. Instead, in the second-order theory the vector and the tensor contributions are generated by the scalar perturbations even if they are initially zero [7].

In the following, we briefly summarize the procedure to obtain the equation of motion for R^{(2)}. For further details, see Ref. [4]. We first calculate the perturbed Einstein equations δ^{(2)}G^μ_ν = κ^2δ^{(2)}T^μ_ν , where κ^2 = 8πG_N

∗Analogously, one can find a second-order gauge-invariant expression for the curvature perturbation on uniform-density hypersurfaces ζ [4].

and T^μ_ν is the energy-momentum tensor of the inflaton field. We use the (0 − 0)-component of Einstein equations, the divergence of the (0 − i)-component and the trace of the (i − j)-component, both performed with the background metric δ_{ij} . The divergence and the trace operations make the vector and the tensor modes disappear from the equations. Thus, we are left with three equations in the three unknown functions, ϕ^{(2)}, ψ^{(2)}, and δ^{(2)}φ. From the divergence of the (0 − i)-component of Einstein equations it is possible to recover an expression for δ^{(2)}φ [4] 1 2 δ^{(2)}φ = ( ψ^{(2)′} + H ϕ^{(2)} + △^{−1}α ) κ^2 φ^′_0 − △^{−1}β φ^′_0

, (7)

where

α = 2ψ^{(1)′}∂_i ∂^iψ^{(1)} + 10 ∂_iψ^{(1)′}∂^iψ^{(1)} + 8ψ^{(1)} ∂_i ∂^iψ^{(1)′} , (8) β = ∂_i ∂^iδ^{(1)}φ δ^{(1)}φ^′ + ∂^iδ^{(1)}φ ∂_iδ^{(1)}φ^′ + 2 ψ^{(1)} ∂_i ∂^iδ^{(1)}φ φ^′_0 + 2 ∂_iψ^{(1)} ∂^iδ^{(1)}φ φ^′_0 , (9)

and △^{−1} is the inverse of the Laplacian operator for the three spatial-coordinates. The expression (7) can be used in the trace of the (i − j) equation to obtain [4]

ψ^{(2)} = ϕ^{(2)} − △^{−1}γ, (10)

where

γ = 24 a^{′′} a ψ^{(1)2} − 12 ( a^′ a )_2

ψ^{(1)2} + 24 a^′ a ψ^{(1)}ψ^{(1)′}

+ 7 ∂_iψ^{(1)} ∂^iψ^{(1)} + 8 ∂_i ∂^iψ^{(1)} ψ^{(1)} + 3ψ^{(1)′2}

+ 3 △^{−1}α^′ + 6 a^′ a △^{−1}α − 3 κ^2 a^′ a △^{−1}β^′ − 6 a^′ a κ^2 △^{−1}β + 3κ^2 [ 1 2 (δ^{(1)}φ^′)^2 − 1 6 ∂_iδ^{(1)}φ∂^iδ^{(1)}φ

+ 2ψ^{(1)2} φ^{′2}_0 − 1 2 (δ^{(1)}φ)^2

∂^2V ∂φ^2 a^2 − 2ψ^{(1)}δ^{(1)}φ^′φ^′_0 ] . (11)

Here V (φ) is the inflaton potential. From Eq. (7) we finally obtain 1 2 δ^{(2)}φ = ( ϕ^{(2)′} + H ϕ^{(2)} + △^{−1}α ) κ^2 φ^′_0 − △^{−1}β φ^′_0 − △^{−1}γ^′ κ^2 φ^′_0

. (12)

Plugging Eq. (10) into the (0 − 0) Einstein equation, an equation of motion for ϕ^{(2)} is derived

ϕ^{(2)′′} −∂_i∂^iϕ^{(2)}+2 ( H − φ^{′′}_0 φ^′_0 ) ϕ^{(2)′} +2 ( H^′ − φ^{′′}_0 φ^′_0 H ) ϕ^{(2)}

= 12H^2 ( ψ^{(1)}

)_2 +3 ( ψ^{(1)′}

)_2

+8ψ^{(1)}∂_i∂^iψ^{(1)}+3∂_iψ^{(1)}∂^iψ^{(1)}

−△^{−1}α^′+2 φ^{′′}_0 φ^′_0 △^{−1}α−2 φ^{′′}_0 φ^′_0

△^{−1}γ^′+△^{−1}γ^{′′}−2κ^2 φ^{′′}_0 φ^′_0 △^{−1}β

+κ^2△^{−1}β^′ + 2H△^{−1}α + H△^{−1}γ^′ − 2κ^2H△^{−1}β

−γ + κ^2 [ − 1 2 (δ^{(1)}φ^′)^2 − 1 2 ∂_iδ^{(1)}φ∂^iδ^{(1)}φ − 2ψ^{(1)2} φ^{′2}_0

− 1 2 (δ^{(1)}φ)^2

∂^2V ∂φ^2 a^2 + 2ψ^{(1)}δ^{(1)}φ^′φ^′_0 ] . (13)

Notice that this result is exact at any order in the expansion in terms of the slow-roll parameters. Solving this equation in the long-wavelength limit and expanding it to first-order in the slow-roll parameters^†, we find the following expression for R^{(2)} [4] 1 2 R^{(2)} = K [( R^{(1)}

)_2]

, (14)

with K a functional of ( R^{(1)}

)_2

defined as K [( R^{(1)}

)_2] = 1 2 (12ϵ − 3η) ( R^{(1)}

)_2 , (15)

where ϵ = 1 − H^′/H^2, η = 1 + ϵ − (φ^{′′}_0 /Hφ^′_0) are the usual slow-roll parameters [1]. From Eq. (14) we conclude that at the second-order perturbation level, as for the first-order contribution R^{(1)}, the comoving curvature is conserved on super-horizon scales.

The overall comoving curvature perturbation R = R^{(1)} +R^{(2)}/2 represents the initial condition for the postinflationary evolution of the cosmological perturbations.

4. Non-Gaussianity of the curvature perturbation. The comoving curvature perturbation receives at the second order of perturbations a contribution which is quadratic in R^{(1)}. If the quadratic term is not negligible, the total curvature perturbation will have a non-Gaussian (χ^2) component. We can readily recast Eq. (14) in a form which clearly reveals the level of non-Gaussianity implied by our second-order inflationary calculation. Reminding that the gauge-invariant potential Φ (which is related to Bardeen’s variable [8] by Φ = −Φ_H ) and the curvature perturbation R are related by Φ =^3_5 R, the following simple relation in configuration space holds

Φ = Φ_{Gauss} + f_{NL} ( Φ^2_{Gauss} − ⟨Φ^2_{Gauss}⟩ ) , (16)

which is valid on superhorizon scales. Here Φ_{Gauss} = 3 5 R^{(1)} is a Gaussian random field. According to Eq. (14),

†Notice that the contribution of the inflaton self-interaction is next-to-leading in the slow-roll parameters and therefore can be safely neglected.

the non-Gaussianity (or non-linearity) parameter f_{NL} is given by

f_{NL} = 5 6 (12ϵ − 3η) . (17)

Comparison with previous calculations shows that the expression in terms of the slow-roll parameters ϵ and η differs from the one in Refs. [3,9]. This is because in the stochastic inflation approach of Ref. [3] second-order perturbations of the metric were oversimplified as a local modification of the Hubble expansion rate during inflation. In the final expressions (15) and (17) we have not written possible terms of the order of O(ϵ^2, η^2)ΔN (where ΔN is the number of e-folding from the time at which a given scale crosses the horizon and the end of inflation), which might be sizeable for certain classes of inflationary models.

It is interesting to express the above result in terms of the spectral indices n_S , for the scalar perturbations, and n_T , for the gravitational waves. These are given by the two relations n_S − 1 = −6ϵ + 2η and n_T = −2ϵ, which apply to single-field slow-roll inflationary models. We then get

f_{NL} = − 5 4 [(n_S − 1) + n_T ] = − 5 4 [(n_S − 1) − 2r] . (18)

In the last passage we have made use of the consistency relation r = −n_T /2 relating the tensor spectral index n_T and the tensor to adiabatic scalar amplitude ratio r. The latter is defined as r = A^2_T /A^2_R, where A^2_R = (4/25)P_R and A^2_T = (1/100)P_T are the amplitudes of the scalar and tensor perturbation spectra, respectively [1].

The primordial gauge-invariant potential bispectrum leads to a nonzero CMB bispectrum via the Sachs-Wolfe effect (ΔT /T )_{SW} = (1/3)Φ. The reduced bispectrum [10] can be expressed in terms of angular power-spectra C_ℓ as^‡

b_{ℓ1ℓ2ℓ3} = 6f_{NL} (C_{ℓ1} C_{ℓ2} + C_{ℓ1} C_{ℓ3} + C_{ℓ2} C_{ℓ3} ) . (19)

5. Discussion and Conclusions. Eqs. (14) – (15) and (18) represent the main result of our Letter. For the typical values of n_S and n_T predicted by many slow-roll inflationary models, f_{NL} can reach values of order unity. For example, in chaotic inflationary models with monomial and exponential potentials [1,11], r ≃^1_2 (1 − n_S ) and f_{NL} ∼ −2.5 (n_S − 1), which is a factor of 6 larger than that of Refs. [3,9]. Deviations from a scale-invariant spectrum can make the primordial non-Gaussianity nonnegligible. To give a flavour of the magnitude of f_{NL}, a

‡Notice that, owing to our definition of Φ, our fNL has the opposite sign of Ref. [10].

∼ 10% tilt of the scalar primordial spectrum – well allowed by present CMB data [12,13] – implies |f_{NL}| ∼ 0.3. The possible presence of non-Gaussianity in primordial cosmological perturbations is only mildly constrained by existing observations [14,15]. Recent analyses of the angular bispectrum from 4-year COBE data [16] yield a weak upper limit, |f_{NL}| < 1.5 × 10^3. The analysis of the diagonal angular bispectrum of the Maxima dataset [17] also provides a very weak constraint: |f_{NL}| < 2330. According to Ref. [10], however, the minimum value of |f_{NL}| that will become detectable from the analysis of MAP and Planck data, after properly subtracting detector noise and foreground contamination, is about 20 and 5, respectively. These results imply that the level of non- Gaussianity emerging from our second-order calculation will be hardly detectable by the forthcoming satellite experiments.

Acknowledgements. We wish to thank M. Bruni for useful discussions on gauge transformations.

[1] D. H. Lyth and A. Riotto, Phys. Rept. 314, 1 (1999). [2] T. Falk, R. Rangarajan and M. Srednicki, ApJ 403, L1 (1993).

[3] A. Gangui, F. Lucchin, S. Matarrese and S. Mollerach, ApJ 430, 447 (1994).

[4] V. Acquaviva, N. Bartolo, S. Matarrese and A. Riotto, to appear.

[5] V. F. Mukhanov, H. A. Feldman and R. H. Brandenberger, Phys. Rept. 215, 203 (1992).

[6] M. Bruni, S. Matarrese, S. Mollerach and S. Sonego, Class. Quant. Grav. 14, 2585 (1997).

[7] S. Matarrese, S. Mollerach and M. Bruni, Phys. Rev.

D58, 043504 (1998).

[8] J. M. Bardeen, Phys. Rev. D 22 (1980) 1882. [9] L. Wang and M. Kamionkowski, Phis. Rev. D61, 063504 (2000); A. Gangui and J. Martin, MNRAS 313, 323 (2000).

[10] E. Komatsu and N. Spergel, Phys. Rev. D63, 063002 (2001).

[11] F. Lucchin, S. Matarrese and S. Mollerach, Astrophys. J.

401, L49 (1992).

[12] W. H. Kinney, A. Melchiorri and A. Riotto, Phys. Rev.

D 63, 023505 (2001).

[13] C. Baccigalupi, A. Balbi, S. Matarrese, F. Perrotta and N. Vittorio, Phys. Rev. D 65, 063520 (2002).

[14] L. Verde, L. Wang, A. Heavens and M. Kamionkowski, MNRAS 313, L141 (2000).

[15] L. Verde, R. Jimenez, M. Kamionkowski and S. Matarrese, MNRAS 325, 412 (2001).

[16] E. Komatsu, B. D. Wandelt, D. N. Spergel, A. J. Banday and K. M. Gorski, Astrophys. J. 566, 19 (2002).

[17] M. G. Santos et al., Phys. Rev. Lett. 88, 241302 (2002).