arXiv:astro-ph/0305113 v2 21 May 2003

A Horizon Ratio Bound for Inflationary Fluctuations

Scott Dodelson and Lam Hui NASA/Fermilab Astrophysics Center, Fermi National Accelerator Laboratory, Batavia, IL 60510 and Department of Astronomy & Astrophysics, University of Chicago, Chicago, IL 60637 (Dated: May 21, 2003)

We demonstrate that the gravity wave background amplitude implies a robust upper bound on the ratio: λ/H^{−1} ∼< e^{60}, where λ is the proper wavelength of fluctuations of interest and H^{−1} is the horizon at the end of inflation. The bound holds as long as the energy density of the universe does not drop faster than radiation subsequent to inflation. This limit implies that the amount of expansion between the time the scales of interest leave the horizon and the end of inflation, denoted by e^N , is also bounded from above, by about e^{60} times a factor that involves an integral over the first slow-roll parameter. In other words, the bound on N is model dependent – we show that for vast classes of slow-roll models, N ∼< 67. The quantities, λ/H^{−1} or N, play an important role in determining the nature of inflationary scalar and tensor fluctuations. We suggest ways to incorporate the above bounds when confronting inflation models with observations. As an example, this bound solidifies the tension between observations of cosmic microwave background (CMB) anisotropies and chaotic inflation with a ϕ^4 potential by closing the escape hatch of large N (< 62).

98.80.Bp; 98.80.Cq; 98.65.Dx

The purpose of this short note is two-fold. First, we briefly review how fluctuations predicted by inflation [1] are related to N , the number of e-folds between the time the scales of interest leave the horizon [2] and the end of inflation (§I). (Note that N is not the total number of e-folds of inflation, a generally bigger number.) Second, we derive an upper bound on N which should be used when constraining inflationary models. This is done in two steps:

• we derive a robust, model-independent limit on Ñ , defined to be the logarithm of the ratio of the proper wavelength of cosmological modes to the horizon at the end of inflation (§II).

• From this, we infer a model-dependent bound on N (§III).

It is not uncommon to find in the literature a wide variety of assumptions made about N , and we find it timely to point out the importance of this bound, especially in light of improving observations. It should be emphasized that while a fair fraction of our discussion is confined to single-field slow-roll inflation for the sake of simplicity, the constraint on Ñ in §II is quite general, applicable to a much wider variety of inflation models. This leads to a short discussion in §IV where we observe that Ñ might be a better independent variable to adopt instead of N , when solving the inflationary flow equations.

While revision of this paper was under way, a paper by Liddle and Leach [3] appeared which reached very similar conclusions.

I. A BRIEF REVIEW

For large classes of single-field, slow-roll inflationary models, the predictions for scalar and tensor fluctuations can be summarized as follows (to lowest order in slowroll) [4]:

n_s − 1 = σ , r = −n_T /2 = ϵ (1)

where n_s is the scalar spectral index, r is the tensor to scalar ratio, and n_T is the tensor spectral index. The equality r = −n_T /2 expresses the well-known consistency relation [7].

The slow-roll parameters ϵ and σ are related to derivatives of the Hubble parameter H as a function of inflaton field value ϕ: ϵ ≡ m^2_{pl.} 4π ( H^′ H )_2 , σ ≡ m^2_{pl.} 2π [ H^{′′} H − 2 ( H^′ H )_2] (2) where the prime denotes differentiation with respect to ϕ. For a wave-mode of interest, equation (1) is to be evaluated at horizon crossing during inflation. This is equivalent to evaluating equation (2) at the corresponding field value ϕ = ϕ_∗ (hereafter ∗ is used to denote the time of horizon exit), or, as is commonly done, at the corresponding N : N (ϕ_∗) ≡ ∫_{te} t_∗ dtH = √ 4π m_{pl.} | | | | | ∫_{ϕe} ϕ_∗ dϕ/ √ ϵ | | | | | (3) where t is the proper time. Here N is the number of efolds between the horizon exit of the scale of interest (i.e. t_∗ or ϕ_∗) and the end of inflation (t_e or ϕ_e). The end of inflation is defined to be the time when slow-roll ends.

A hierarchy of flow equations tells us how the slow-roll parameters depend on N [8]: dϵ dN = ϵ(σ + 2ϵ) , dσ dN = −5ϵσ − 12ϵ^2 + 2(^2λ) , (4) d(^ℓλ) dN = [(ℓ − 1)σ/2 + (ℓ − 2)ϵ](^ℓλ) +^{ℓ+1}λ where ℓ ranges from 2 to in principle infinity, and^ℓλ’s are the higher order slow-roll parameters. In understanding the dynamics of inflation, it is also useful to remember the equation of motion for ϕ: ϕ̇ = −m^2_{pl.} H^′/(4π), and the Friedmann equation: 3H^2 = (8π/m^2_{pl.})[V + ϕ̇^2/2], where ϕ̇ is the derivative of ϕ with respect to proper time, and V is the inflaton potential [9].

As expressed above, it is clear that N plays an important role in determining the properties of observable fluctuations. One can imagine a bound on N provides useful information about the fluctuations, although the precise manner depends on the particular model under consideration. To take a simple example, for chaotic inflation with a ϕ^p potential: N (ϕ_∗) + p/4 = 4πϕ^2_∗/(pm^2_{pl.}) (where we have used the fact that ϵ = 1 at the end of inflation), and ϵ = p/(p + 4N ), σ = −(2 + p)/(2N + p/2), leading to (at the lowest order):

n_s − 1 = −(2 + p)/(2N + p/2) , r = p/(p + 4N ) (5)

The predictions of chaotic inflation then are quite sensitive to the precise value of N , and this dependence holds for many inflationary models [10]. This leads to an important question: what are the constraints on N ? The WMAP team [11] fixed N to be 50 and then proceeded to show that their data excluded the ϕ^4 model. Reference [13] pointed out though that N need not be fixed at 50, and loosening this constraint correspondingly loosens the constraints on the ϕ^4 chaotic inflation model. It is not uncommon in the literature to allow N to range up to 70 (e.g. [5]).

II. A MODEL-INDEPENDENT BOUND ON Ñ

First, we derive a bound on a slightly different quantity, which turns out to be more robust. Let us [6] define e^Ñ ≡ a_eH_e/k, where k is the comoving wavenumber of interest, a_e is the scale factor and H_e is the Hubble parameter, both at the end of inflation. Hereafter the subscript e refers to the end of inflation. In other words, e^Ñ is the ratio of the physical wavelength (a_e/k) to the Hubble radius (H^{−1}_e ) at the end of inflation. It can be calculated backwards from today: there is a symmetry in the evolution of aH/k. During inflation this ratio increases from unity at horizon crossing to e^Ñ , and then after inflation it falls back to unity once the scale re-enters the horizon. The bound can be derived by extrapolating backwards from today to get a_e as a function of H_e, so that Ñ is solely a function of H_e and then arguing that H_e is less than or equal to H_∗.

Let us now develop the argument in more detail to make sure we arrive at a conservative bound. Naively, one expects H_e = H_0Ω^{1/2}_{r,0} a^{−2}_e , where Ω_{r,0} = 4.2 × 10^{−5}h^{−2} is the radiation density today in units of the critical density, with h ≡ H_0/ (100 km/s/Mpc) parametrizing the Hubble constant today. Taking into account changes in the number of relativistic species, as well as the possibility of decoupled degrees of freedom (e.g. neutrinos today), one should use instead H_e = H_0Ω^{1/2}_{r,0} a^{−2}_e [ (g_e/g_0)(g^S_0 /g^S_e )^{4/3} ]_{1/2} . Here, g is the effective degrees of freedom that relates the energy density ρ to temperature T : ρ ∝ gT^4, while g^S relates the entropy density s to T : s ∝ g^S T^3. If g and g^S were identical, then the factor in square brackets would be (g_0/g_e)^{1/6}, smaller than (3.36/100)^{1/6} = 0.57 since the standard model alone contains more than 100 relativistic degrees of freedom at very high temperatures. The difference between the g’s [14] mitigates this to some extent and is somewhat model dependent; a conservative bound follows from setting the coefficient to unity, so a_e < (H_0/H_e)^{1/2}Ω^{1/4}_{r,0} . Thus,

e^Ñ = a_eH_e k < 0.08 ( H_e H_0

)_{1/2} ( H_0 k ) h^{−1/2}. (6)

Using now the weak assumption that H_∗, the Hubble parameter in the early part of inflation when the fluctuation leaves the horizon, is larger than H_e, we arrive at

e^Ñ < e^{60.9} ( H_∗ 10^{15}GeV

)_{1/2} ( 0.002 Mpc^{−1} k ) . (7)

Note that Ñ is a function of scale k. The scale k = 0.002 Mpc^{−1} is well-measured by the CMB, so it is a convenient pivot spot [11].

There is one possible loophole in Eq. (6). The end of slow-roll (a_e) is generally earlier than the time when the universe finally completes reheating to become radiation dominated. Equation (6) assumes that this transition is instantaneous, but relaxing this assumption only strengthens the inequality. To see this, for a given H_e, define a quantity a^{eff.}_e , which is the scale factor if one were to extrapolate backward from the end of reheating to a time when the Hubble parameter is H_e, as if the universe remains radiation dominated between these two times. With the weak assumption that the true Hubble parameter should fall slower than a^{−2} between these two times, one can see that a_e < a^{eff.}_e . Combining this with the relation a^{eff.}_e < (H_0/H_e)^{1/2}Ω^{1/4}_{r,0} gives us back the inequality in Eq. (6).

The gravity wave amplitude is proportional to H_∗. A conservative bound (3σ) from observations of the CMB anisotropies is H_∗ < 3.3 × 10^{14} GeV [15]. Hence, Eq. (7) constrains [12]

Ñ < 60 + ln ( 0.002 Mpc^{−1} k ) . (8)

The largest observable scale today corresponds to k = H_0, implying the largest possible observationally relevant Ñ is 62 + ln(0.7/h).

We refer to this limit on Ñ as the horizon ratio bound, as it derives from comparing the horizon today with that at the end of inflation. An important assumption is that the Hubble parameter does not fall faster than a^{−2} after the end of inflation i.e. the energy density does not redshift faster than radiation. If, for instance, there is an extended period of domination by a kinetic-energy-dominated scalar field (H ∝ a^{−3}), the above bound would be violated. On the other hand, periods of late entropy production or secondary inflation would only serve to strengthen our bound. This caveat aside, our bound is quite general – it is independent of the exact model of inflation.

III. UPPER BOUND(S) ON N

The amount of expansion between horizon exit and the end of inflation is given by e^N = a_eH_∗/k = e^Ñ H_∗/H_e. Following equation (6), we see that

e^N < 0.08 ( H_0 k ) h^{−1/2} [ ( H_∗ H_e )_{1/2} ( H_∗ H_0

)_{1/2} ] (9) The second term inside the square brackets can be bounded using the gravity wave amplitude as before. The first is the square root of the ratio of the Hubble parameter at exit and at the end of inflation. This ratio can be rewritten using equations (2) and (3): H_∗/H_e as a function of N is given by exp [ ∫_N 0 ϵ(N^′)dN^′] [20]. Hence, we obtain

N < 60 + 1 2 ∫_N 0 ϵ(N^′)dN^′ + ln ( 0.002 Mpc^{−1} k ) (10)

The integral over ϵ introduces a dependence on the inflation model to the bound on N . The weakest statement one could make is that ϵ < 1 during inflation, and so the integral has to be less than N , implying a bound on N that is weaker than the one on Ñ by a factor of 2. Imposing the requirement that inflation has to end before nucleosynthesis (temperature ∼ 1 MeV) strengthens this bound somewhat to N < 105+ ln (0.002 Mpc^{−1}/k). This is our most general model-independent bound on N .

However, generic single-field slow-roll models (including hybrid models as effective single-field models) likely obey a significantly stronger bound on N . We perform an integration of the flow equations (equation 4) up to the 5th order in slow-roll (i.e. ℓ = 5), for a million randomly generated models in the slow-roll parameter space, following the prescription of [5]. The trajectories of ϵ can be used to evaluate the integral in equation (10). We solve for the resulting bound on N for each model, whose probability distribution is shown in Fig. 1. It appears there is an upper limit on N :

N < 67 + ln (0.002 Mpc^{−1}/k) (11)

We do find, however, some evidence for a weak increase in this upper bound as one truncates the slow-roll flow equations at higher orders. We therefore recommend using equation (10) to evaluate the appropriate bound on a case by case basis.

FIG. 1: The probability distribution of N-bound (eq. 10) among a host of Monte Carlo realizations of inflation models. The spike around 60 is largely due to fixed points, models where inflation does not terminate at ϵ = 1, but rather ϵ ∼ 0. The inset shows two examples of how ϵ flows with N (i.e. not fixed points).

An instructive example to see why the modeldependent correction to the N -bound is small is chaotic inflation with a ϕ^4 potential. From §I, we know ϵ = 1/(1 + N ), and so ∫_N 0 ϵ(N^′)dN^′ = ln (1 + N ). Plugging this into equation (10) implies a bound of N < 62 + ln (0.002 Mpc^{−1} /k). Such a modest N for the ϕ^4 model runs the danger of producing too much spectral tilt and/or too high a tensor to scalar ratio (equation 5). Recently, [21] showed that the combination of WMAP with seven other CMB experiments rules out the ϕ^4 model at 3σ unless N is larger than 66. This, together with our bound, appears to rule out ϕ^4 chaotic inflation. However, we caution that [21] combined different experiments assuming independence.

IV. DISCUSSION

In summary, we have derived a model-independent upper limit of about e^Ñ < e^{60} on the ratio of wavelength to horizon size at the end of inflation (equation 8). A corresponding model-dependent upper limit on e^N , which is the amount of expansion between horizon exit and the end of inflation, is given in equation (10). For vast classes of slow-roll models, we find that this gives a bound of N < 67.

The discussion so far points to two different ways of implementing the horizon-ratio bound. One is to use equation (10) and evaluate the model-dependent correction on a case by case basis. The other is to bypass the use of N altogether. It can be shown from equations (2) and (3) that

(1 + ϵ) d dÑ = d dN (12)

This can be used to rewrite the flow equations (4) using Ñ instead of N as the independent variable. The predictions for inflationary fluctuations can therefore be expressed in terms of Ñ in place of N . Our robust bound on Ñ can be implemented directly. We will explore this further in a subsequent paper. This constraint is a useful addition to the host of other constraints emerging from cosmological observations [22].

We thank Josh Frieman, Will Kinney, Rocky Kolb, and Andrew Liddle for useful conversations. We are indebted to Christian Armendariz-Picon for pointing out an important loophole in an earlier version of our paper. This work is supported by the DOE and its OJI program, by NASA grant NAG5-10842, and by NSF Grant PHY-0079251.

[1] A. H. Guth, Phys. Rev. D 23, 347 (1981), A. D. Linde, Phys. Lett. B108, 389 (1982), A. Albrecht & P. J. Steinhardt, Phys. Rev. Lett. 48, 1220 (1982).

[2] Following common practice, we loosely use the term horizon interchangeably with the more proper term, the Hubble radius or apparent horizon.

[3] A. R. Liddle, S. M. Leach, astro-ph 0305263 [4] L. P. Grishchuk, Zh. Eksp. Teor. Phys. 67, 825 (1974), W. Press, Phys. Scr. 21, 702 (1980), V. Lukash, Pisma, Zh. Eksp. Teor. Fiz 31, 631 (1980), V. Mukhanov & G. Chibisov, JETP Lett. 33, 532 (1981), V. A. Rubakov, M. V. Sazhin & A. V. Veryastin 115, 189 (1982), A. Starobinsky, Phys. Lett. 117B, 175 (1982), S. W. Hawking, Phys. Lett. 115B, 295 (1982), A. H. Guth & S. Y. Pi, Phys. Rev. Lett. 49, 1110 (1982), J. M. Bardeen, P. J. Steinhardt & M. S. Turner, Phys. Rev. D 28, 679 (1983), L. F. Abbott & M. B. Wise, Nucl. Phys. B244, 541 (1984); see V. F. Mukhanov, H. A. Feldman & R. H. Brandenberger, Phys. Rept. 215, 203 (1992) for a review. Our notation follows that of [5].

[5] W. H. Kinney, astro-ph 0206032; R. Easther & W. H.

Kinney, Phys. Rev. D67, 043511, 2003 [6] See also A. R. Liddle, P. Parsons, & J. D. Barrow, Phys.

Rev. D50, 7222 (1994) [7] A. Starobinsky, Sov. Astr. Lett. 11, 133 (1985), E. D.

Stewart & D. H. Lyth, Phys Lett. 302B, 171 (1993); for generalization to an inequality for multiple-field inflation, see D. Polarski & A. Starobinsky, Phys. Lett. 356B, 196 (1995), J. Garcia-Bellido & D. Wands, Phys. Rev. D52, 6739 (1995), M. Sasaki & E. D. Stewart, Prog. Theor. Phys. 95, 71 (1996). For a review, see J. E. Lidsey, A. R. Liddle, E. W. Kolb, E. J. Copeland, T. Barreiro & M. Abney, Rev. Mod. Phys. 69, 373 (1997). For possible violations of the consistency relation (or inequality) due to short-distance physics, see L. Hui & W. H. Kinney , Phys. Rev. D65, 103507 (2002), N. Kaloper, M. Kleban, A. E. Lawrence, S. Shenker, Phys. Rev. D66, 123510 (2002).

[8] See [6], D. J. Schwarz, C. A. Terrero-Escalante, A. A.

Garcia, Phys. Lett. B517, 243 (2001); M. B. Hoffman, M. S. Turner, Phys. Rev. D 64, 023506 (2001).

[9] See e.g. S. Dodelson, Modern Cosmology (Academic Press, San Diego, 2003); A. R. Liddle and D. H. Lyth, Cosmological Inflation and Large Scale Structure (Cambridge University Press, Cambridge, 2000).

[10] For new inflation (i.e. small field) with a potential of the form V = Λ^4[1 − (ϕ/μ)^p], where p > 2, and ϕ ≪ μ, it can be shown that ϵ = [ 2^{2p+2} π^p p^2 (p − 2)^{2p−2} ( μ mpl. )_{2p} N^{2−2p} ]_{1/(p−2)} and η = −N^{−1}(p − 1)/(p − 2), which determine ns, nT , and AT /AS through equation (1). Hybrid inflation, where one field provides the vacuum energy floor while another rolls, can be treated effectively as a single-field model: V = Λ^4[1 + (ϕ/μ)^p]. In this case, ϵ is the same as in new inflation, while η has the opposite sign. See [19] for a more thorough classification.

[11] H. V. Peiris et al., submitted to ApJ, 2003, astro-ph/0302225 [12] This constraint has been derived independently by [3]. [13] V. Barger, H.-S. Lee & D. Marfatia, 2003 hep-ph/0302150 [14] E. W. Kolb & M. S. Turner, The Early Universe, Addison Wesley, 1990.

[15] Obtaining the constraint on H∗ from the literature is not entirely straightfoward, partly because of different definitions of the tensor to scalar ratio r. Here, we obtain our constraints from [11] as follows: (16/π)(H^2_∗ /m^2_{pl.} ) < 1.28×2.95×10^{−9} ×(0.71+3×0.1), where 0.71+3×0.1 is the 3 σ upper limit on the scalar amplitude (at k = 0.002 Mpc^{−1} ). The factor of 1.28 gives the upper limit to r as defined by [11].

[16] M. S. Turner & M. J. White, Phys. Rev. D53, 6822 (1996).

[17] A. Melchiorri and C. J. Odman, 2003, PRD Rapid Comm., in press, astro-ph 0302361 [18] L. Knox and Y.-S. Song, Phys. Rev. Lett. 89, 011303 (2002) [19] S. Dodelson, W. H. Kinney & E. W. Kolb, Phys. Rev.

D56, 3207 (1997) [20] The ratio H∗/He was considered by A. R. Liddle, Phys.

Rev. D49 (1994) 739-747.

[21] W. H. Kinney, E. W. Kolb, A. Melchiorri, A. Riotto, hep-ph 0305130 [22] It is a natural question to ask whether one can place a model independent lower bound on N. Such a bound can be derived from assuming inflation at the lowest possible energy scale (i.e. set by nucleosynthesis). See [3]. However, observations of CMB and large scale structure generally place stronger (model-dependent) lower bounds on N.