arXiv:astro-ph/0307011 v1 1 Jul 2003

Can Planck-scale physics be seen in the cosmic microwave background ?

Øystein Elgarøy NORDITA, Blegdamsvej 17, DK-2100 Copenhagen, Denmark^∗

Steen Hannestad Department of Physics, University of Southern Denmark, Campusvej 55, DK-5230 Odense M, Denmark and NORDITA, Blegdamsvej 17, DK-2100 Copenhagen, Denmark^† (Dated: July 1, 2003)

We investigate the potential of observations of anisotropies in the cosmic microwave background (CMB) and large-scale structure in the Universe to detect possible modifications of standard inflationary models by physics beyond the Planck scale. A generic model of the primordial density fluctuations is investigated, and we derive constraints on its parameters from current data. We conclude that the currently available data do not put very stringent constraints on this model. Furthermore, we use simulated power spectra from the Sloan Digital Sky Survey (SDSS) and the Planck satellite to show that it is unlikely that a trans-Planckian signature of this type can be detected in CMB and large-scale structure data.

PACS numbers: 04.60.-m, 98.80.-k, 98.80.Cq

I. INTRODUCTION

Quantum gravitational effects are expected to modify the spectrum of primordial density fluctuations produced during the inflationary phase in the very early Universe. Since the primordial fluctuations are the seeds for the anisotropies in the cosmic microwave background (CMB) and for the large-scale structures we observe in the Universe, cosmological observations have the potential to shed light on on Planck-scale physics. However, although enormous progress has been made in observational cosmology in the past few years, it is a highly non-trivial task to separate the primordial density fluctuations from the present-day, processed power spectra which we can measure. In this paper we show that the currently available data do not impose any stringent constraints on trans-Planckian modulations of the primordial power spectrum. Furthermore, we investigate whether future, more precise measurements will improve the prospects for detecting a signature for quantum gravity. Based on suggestions for the form and size of trans- Planckian effects on the primordial power spectrum (see e.g. [1, 2, 3, 4, 5, 6, 7]), we consider a model where a power-law spectrum is modulated by an oscillating function of the comoving wavenumber k [5, 6, 7]. By performing a full likelihood analysis of simulated data sets, we are led to the conclusion that it will be extremely difficult to detect trans-Planckian effects in CMB and large-scale structure data.

The structure of this paper is as follows. In section II

∗Electronic address: oelgaroy@nordita.dk †Electronic address: hannestad@fysik.sdu.dk

we give a brief summary of the work on trans-Planckian effects on the primordial power spectrum and introduce our model. Section III contains a discussion of the cosmological data, with an emphasis on the unavoidable smearing of power by the window functions. Section IV describes our likelihood analysis and the results,

II. TRANS-PLANCKIAN PHYSICS AND THE PRIMORDIAL POWER SPECTRUM

The standard calculation of the perturbations produced during the inflationary phase is based on flat-space quantum field theory, and the initial conditions for the inflaton ϕ are imposed in the infinite past. Since the Universe is expanding, this means that any given Fourier mode k was infinitesimally small at that time. Since our expectation is that ‘new physics’ becomes important on length scales below the Planck length, the standard calculation is probably too naive, and we should expect corrections from quantum gravitational effects. We do not know what the correct fundamental theory on scales comparable to and smaller than the Planck length is, and hence it is impossible to predict these corrections with a high degree of certainty. One can only devise plausible scenarios based on informed guesses as to what the significant features of a theory of quantum gravity should be like. Many proposals have been made with a varying degree of optimism regarding possible observable signatures [1, 2, 3, 4, 5, 6, 7]. An important point is whether the leading-order correction to the primordial power spectrum is linear in H/Λ, where H is the Hubble constant during inflation and Λ is the energy scale where new physics enters. If the correction is of higher order than linear, it will certainly be undetectable, so we will assume that it is linear. With one specific choice of vacuum, it was shown in [5, 6] that the primordial power spectrum modified by trans-Planckian effects is given by

P (k; ϵ, ξ) = P_0(k) { 1 − ξ ( k k_n )_{−ϵ} sin [ 2 ξ ( k k_n )_ϵ]} , (1) where ϵ is the standard inflationary slow-roll parameter related to the inflaton potential V (ϕ) by ϵ = (16π)^{−1}M^2_P(V^′/V )^2, M_P = 1/ √ 8πG is the reduced Planck mass, ξ ∼ 4×10^{−4} √ ϵ/γ, γ = Λ/M_P parametrizes the scale where trans-Planckian effects enter, and P_0(k) is the primordial power spectrum predicted by standard inflationary theory, typically given by the scale-free form P_0(k) ∝ k^{ns−1}, where n_s is the scalar spectral index. Finally, k_n corresponds to the largest scales measurable in the CMB. The effect is seen to be a modulation of P_0(k), and the natural question to ask is whether this is detectable.

Based on simulated data for the Planck satellite [8], it was concluded in [6] that the modulation should be detectable in the CMB data from this upcoming mission. However, this conclusion was based on a Fisher matrix analysis, not on a full likelihood analysis. In fact, as we will show, the full likelihood analysis reveals that the issue is more complicated. The likelihood oscillates in parameter space, and one can be misled if one looks only at its local behaviour.

III. OBSERVATIONAL DATA

A. Cosmic microwave background

The CMB temperature fluctuations are conveniently described in terms of the spherical harmonics power spectrum C_l ≡ ⟨|a_{lm}|^2⟩, (2) where ΔT T (θ, ϕ) = ∑ lm a_{lm}Y_{lm}(θ, ϕ). (3) Since Thomson scattering polarizes light there are additional power spectra coming from the polarization anisotropies. The polarization can be divided into a curlfree (E) and a curl (B) component, yielding four independent power spectra: C_{T,l}, C_{E,l}, C_{B,l} and the temperature E-polarization cross-correlation C_{T E,l}.

The WMAP experiment have reported data on C_{T,l} and C_{T E,l}, as described in Ref. [9, 10, 11, 12, 13] We have performed the likelihood analysis using the prescription given by the WMAP collaboration which includes the correlation between different C_l’s [9, 10, 11, 12, 13]. Foreground contamination has already been subtracted from their published data.

In parts of the data analysis we also add other CMB data from the compilation by Wang et al. [14] which includes data at high l. Altogether this data set has 28 data points.

B. Large scale structure

The 2dF Galaxy Redshift Survey (2dFGRS) [15] has measured the redshifts of more than 230 000 galaxies with a median redshift of z_m ≈ 0.11. An initial estimate of the convolved, redshift-space power spectrum of the 2dFGRS has been determined [16] for a sample of 160 000 redshifts. On scales 0.02 < k < 0.15h Mpc^{−1} the data are robust and the shape of the power spectrum is not affected by redshift-space or nonlinear effects, though the amplitude is increased by redshift-space distortions. A potential complication is the fact that the galaxy power spectrum may be biased with respect to the matter power spectrum, i.e. light does not trace mass exactly at all scales. This is often parametrised by introducing a bias factor

b^2(k) ≡

P_g(k) P_m(k)

, (4)

where P_g(k) is the power spectrum of the galaxies, and P_m(k) is the matter power spectrum. However, we restrict our analysis of the 2dFGRS power spectrum to scales k < 0.15 h Mpc^{−1} where the power spectrum is well described by linear theory. On these scales, two different analyses have demonstrated that the 2dF- GRS power spectrum is consistent with linear, scaleindependent bias [17, 18]. Thus, the shape of the galaxy power spectrum can be used straightforwardly to constrain the shape of the matter power spectrum. However, when looking for modulations or other features in the primordial power spectrum using the 2dFGRS, one should bear in mind that what is measured is the convolution of the true galaxy power spectrum with the 2dFGRS window function W [16],

P_{conv}(k) ∝ ∫ P_g(k − q)|W_k(q)|^2d^3q, (5)

and it was found in [19] that this convolution washes out any features in the primordial power spectrum for k < 0.1h Mpc^{−1}. However, combining the 2dFGRS power spectrum with CMB data breaks parameter degeneracies that are present if each dataset is analysed separately, and therefore a combination of large-scale structure and CMB data gives tighter constraints on the primordial power spectrum than the CMB alone.

C. Likelihood analysis

For calculating the theoretical CMB and matter power spectra we use the publicly available CMBFAST package

[20]. As the set of cosmological parameters we choose Ω_m, the matter density, Ω_b, the baryon density, H_0, the Hubble parameter, τ , the optical depth to reionization, Q, the normalization of the CMB power spectrum, b, the bias parameter, and finally ϵ and ξ. We restrict the analysis to geometrically flat models Ω_m + Ω_Λ = 1.

In principle one might include even more parameters in the analysis, such as r, the tensor to scalar ratio of primordial fluctuations. However, r is most likely so close to zero that only future high precision experiments may be able to measure it. The same is true for other additional parameters. Small deviations from slow-roll during inflation can show up as a logarithmic correction to the simple power-law spectrum predicted by slowroll. [21, 22, 23] or additional relativistic energy density [24, 25, 26, 27, 28, 29, 30, 31, 32] could be present. However, there is no evidence of any such effect in the present data and therefore we restrict the analysis to the “minimal” standard cosmological model.

In this full numerical likelihood analysis we use the free parameters discussed above with certain priors determined from cosmological observations other than CMB and LSS. In flat models the matter density is restricted by observations of Type Ia supernovae to be Ω_m = 0.28 ± 0.14 [33]. The current estimated range for Ω_bh^2 from BBN is Ω_bh^2 = 0.020 ± 0.002 [34], and finally the HST Hubble key project found the value of H_0 to be 72 ± 8 km s^{−1} Mpc^{−1} [35]. The marginalisation over parameters other than ϵ and ξ was performed using a simulated annealing procedure [36].

IV. RESULTS

In this section we present the results of the likelihood analysis of our selection of current cosmological data sets. First of all, in figure 1 we show 68 % and 95 % exclusion limits in the ξ–ϵ parameter space (all other parameters have been marginalised over) for the WMAP TT and TE power spectra only. Figure 2 shows how the contraints change when the compilation of pre-WMAP CMB data from [14], and in figure 3 the 2dFGRS power spectrum data have been included as well.

From these figures it is clear that there is no preference in the data for an oscillating power spectrum, at any significant level. The ϵ = ξ = 0 point is always within the 1σ allowed range.

For the CMB-only data the current excluded range is for ξ >∼ 0.1 and 0.1 >∼ ϵ >∼ 1. ξ is a measure of the amplitude of oscillations, and the bound on this parameter comes from the fact that small amplitude oscillations are not visible, given the precision of current experiments. Since ϵ roughly determines the period of the power spectrum oscillations it is clear why only a very limited range is excluded. For small values of ϵ the power spectrum does not go through a whole oscillation within the visible range of k-values. On the other hand, for very large ϵ the oscillation period becomes small compared to the

FIG. 1: 68% and 95% confidence exclusion plot of the parameters ϵ and ξ for WMAP data only. The straight lines are isocontours for the parameter γ.

width of the power spectrum window function.

In the case where LSS data is included the conclusion is very similar, except for the presence of an excluded region beyond ξ = 1 at low ϵ. The reason for this simply is that when ξ > 1 the power spectrum can take negative values for some k. Since the amplitude fitting of the spectrum is done my multiplying with a positive, real number this means that no good fit can possibly be obtained when starting from an underlying power spectrum with negative values. Of course it also reflects the transition to the unphysical region of parameter space since the power spectrum should be a positive definite quantity.

V. SIMULATED, HIGH–PRECISION DATA SETS

A. Simulated Planck data

We have simulated a data set from the future Planck mission using the following very simple prescription: We assume it to be cosmic variance (as opposed to foreground) limited up to some maximum l-value, l_{max}, which we take to be 2000. For the sake of simplicity we shall work only with the temperature power spectrum, C_{T,l}, in the present analysis. In fact the Planck detectors will be able to measure polarization as well as temperature anisotropies, but our simplification of using only C_{T,l} will not have a significant qualitative impact on our conclusions. For a cosmic variance limited full sky experiment the uncertainty in the measurement of a

FIG. 2: 68% and 95% confidence exclusion plot of the parameters ϵ and ξ for the WMAP data set combined with the pre-WMAP data compilation from Wang et al. The straight lines are isocontours for the parameter γ.

FIG. 3: 68% and 95% confidence exclusion plot of the parameters ϵ and ξ with the previous CMB data plus additional data from the 2dF galaxy survey. The straight lines are isocontours for the parameter γ.

given C_l is simply σ(C_l) C_l = √ 2 2l + 1

. (6)

It should be noted that taking the data to be cosmic variance limited corresponds to the best possible case. In reality it is likely that foreground effects will be significant, especially at high l (see Ref. [37]). Therefore, our estimate of the precision with which the oscillation parameters can be measured is probably on the optimistic side.

B. Simulated SDSS data

The Sloan Digital Sky Survey (SDSS) [38] aims at measuring the redshift of approximately 1 million galaxies, and from this the galaxy power spectrum can be obtained with unprecedented accuracy. We will consider how this improves our ability to constrain trans-Planckian physics, assuming that the bias of galaxies with respect to dark matter is simple and scale-independent.

For a fixed survey strategy, the survey volume and the number density of galaxies in the redshift sample set a lower bound on the uncertainty in the estimated power spectrum. In the limit of a perfectly spherical volumelimited sample, the uncertainty in the estimated power per mode is roughly δP (k) P (k) ≈ √ 2 V_c V_k [ 1 + S(k) P (k) ] , (7)

[39] where P (k) and P (k) are the true and estimated power spectra, S(k) = 1/n is the shot noise power for a mean galaxy density n (we will use n = 2 × 10^{−3} h^3 Mpc^{−3} ), V_c = (2π)^3/V_S is the coherence volume in the Fourier domain for a survey with volume V_S , and it is assumed that we average the power estimates over a shell in Fourier space with volume V_k ≈ 4πk^2Δk. That is, we average the power over all angles, and over bins with Δk > 2π/R, where R is the survey depth, which we will take to be 500 h Mpc^{−1}.

In constructing a mock window function we follow [39], so the window function in Fourier space is the Fourier transform of the product of the survey mask with the redshift selection function φ(r). Since we are anyway interested in constructing an optimistic estimate of the window function, we assume that the survey geometry is simple and has full coverage of 2π steradians, [40] and adopt a magnitude limit B_J < 18.9.

With these optimistic assumptions, the effect of the window function is less dramatic than in the case of the 2dFGRS. In figure 4 we show the ratio of the power spectrum with the standard, scale-invariant primordial P_0(k) to a modulated one with ϵ = 0.03, ξ = 0.023, before (solid line) and after (dashed line) convolution with our mock window function. As can be seen, the main effect is some smoothing of large-scale power, but the modulation is still clearly visible.

C. The CMB window function

CMB data do not directly measure the underlying primordial power spectrum of fluctuations. Rather, they measure the spectrum folded with a transfer function in

FIG. 4: Ratio of modulated to umodulated power spectrum, before (solid line) and after (dashed line) convolution with the mock SDSS window function.

the following sense

C_l = ∫ dk k P (k)Δ^2_l (k), (8)

where Δ^2_l (k) is the transfer function taken at the present, τ = τ_0, where τ is conformal time. Following the line-of-sight approach pioneered by Seljak and Zaldariagga [20] this transfer function can be written as

Δ(k) = ∫_{τ0} 0 dτ S(k, τ )j_l[k(τ − τ_0)], (9) where S is a source function, calculated from the Boltzmann equation, and j_l(x) is a spherical Bessel function. However, in order to get a very rough idea about the effective window function w_l(k) = Δ^2_l (k)/k of CMB we approximate S with a constant to obtain

w_l(k) ∝ { (_{kτ0} l )_l ∼ 0 for kτ_0 <∼ l 1 k^3 for kτ0 >∼ l (10) This simple equation shows several things: (a) A feature at some specific wavenumber k = k_∗ has the greatest impact on the CMB spectrum at l_∗ ≃ k_∗τ_0. For a flat, matter dominated universe, τ_0 = H_0/2, yielding l_∗ ≃ 2k_∗/H_0. (b) The CMB windows function is quite broad, and narrow features in P (k) are accordingly difficult to detect.

Starting from the power spectrum given in Eq. (1) with P (k) = P_0(k)(1 + ΔP (k)) and

ΔP (k) = ξ ( k k_0 )_{−ϵ} sin [ 2 ξ ( k k_0 )_ϵ] (11)

FIG. 5: Ratio of modulated to umodulated power spectrum, both the exact result (solid line) and the approximation Eq. (16) (dashed line).

we can write the change in the CMB power spectrum, ΔC_l as ΔC_l C_l = ∫_∞ l/τ_0 ΔP (k) k^3 dk ∫_∞ l/τ_0 P_0 (k) k^3 dk (12)

Since k_0 ≃ l/τ_0 this can be recast in the relatively simple form ΔC_l C_l = 1 2l^2 ∫_∞ l ξq^{−ϵ−3} sin [ 2 ξ q^ϵ ] dq. (13)

In the limit where |^{2lϵϵ}_{ξ(2+ϵ)} | ≫ 1 one can use the approximation ΔC_l C_l = ξ^2 ϵ l^{−2ϵ} cos [ 2l^ϵ ξ ] (14)

In figure 5 we show the quantity ΔC_l/C_l for the same two sets of parameters as in Fig. 2 of Ref. [6], i.e. (ϵ = 0.01, γ = 0.01) and (ϵ = 0.01, γ = 0.003).

D. Results

In figures 6 and 7 we show the result of a likelihood analysis for simulated Planck and SDSS data. The underlying model used was a standard concordance ΛCDM model (Ω_m = 0.3, Ω_Λ = 0.7, Ω_bh^2 = 0.024, n_s = 1, and H_0 = 70 km s^{−1} Mpc^{−1}), with the addition of a modulated spectrum with parameters, ϵ = ξ = 0.01. From the analysis of the simulated Planck data set we find that the best fit model for ϵ = ξ = 0.01 has χ^2 = 2063.1 for ν = 1992 degrees of freedom. This is roughly within the expected 1 σ interval of χ^2 = ν ± √ 2ν = 1992 ± 63.

However, the actual best fit point of the analysis was at ϵ = 0.022, ξ = 0.053 which has χ^2 = 2046.5, seemingly ruling out the correct model at more than 99.9% confidence.

The problem with this analysis is that both models are decent fits within the expectations, but that the exact value of the likelihood function is extremely sensitive to ϵ and ξ. This is partly due to the fact that the phase of the spectrum oscillation at a given k-value is strongly dependent on ϵ and ξ. It should also be noted that any grid-based likelihood calculation is likely to fail when faced with this type of likelihood function, and that only stochastic algorithms like Markov Chain Monte Carlo (MCMC) [41] or simulated annealing [36] are likely to work.

If, instead of using the standard prescription of assigning likelihood according to Δχ^2 compared with the global best fit, one uses a robust estimation such as goodnessof-fit the plot becomes very different. Figure 8 shows the contours when taking the 1σ region to be 1992 ± 63, i.e. the expected 1σ interval for the χ^2 distribution. In this case the data is unable to discriminate the underlying model from one without any oscillation, but the huge number of non-connected regions in the likelihood fit disappear.

This shows very clearly that the likelihood estimator is in principle very powerful, but that it is not robust. Using a more robust estimator significantly reduces the sensitivity, but on the other hand also eliminates the possibility of unphysical biasing of the results.

From figure 8 it can also be seen that the exclusion region has the same topology as those using the present WMAP data (figures 1 and 2), and for the same reasons.

The analysis is almost equivalent when including the mock SDSS data. It should, however, be noted that the likelihood contours in figures 6 and 7 are very different, showing again the sensitivity of Δχ^2 to ϵ and ξ. Figures 9 and 10 illustrate the degeneracy between models with widely different ϵ and ξ.

VI. DISCUSSION

We have performed a detailed analysis of how a logarithmic oscillation of the primordial fluctuation spectrum influences CMB and LSS observations. The motivation

FIG. 6: 68% and 95% confidence exclusion plot of the parameters ϵ and ξ for the simulated Planck data only. The straight lines are isocontours for the parameter γ.

FIG. 7: 68% and 95% confidence exclusion plot of the parameters ϵ and ξ for the simulated Planck data combined with the simulated SDSS data. The straight lines are isocontours for the parameter γ.

for this study was that trans-Planckian effects could lead to exactly such a modulation of the spectrum, but in fact our analysis of present and simulated future data sets is more general.

The analysis of present data shows that there is no evidence at a significant level for any oscillating behaviour of the power spectrum, but that only a very narrow region of parameter space is currently excluded. This region is not close to the expected values of the parameters ϵ and γ for plausible models of Planck scale physics, such as

FIG. 8: 68% and 95% confidence exclusion plot of the parameters ϵ and ξ when the 1σ region is taken to be 1992 ± 63, the expected 1σ interval for the χ^2 distribution. The straight lines are isocontours for the parameter γ.

the Horava-Witten model.

In order to study the possibility of detecting modulations with future data sets, such as those from the Planck satellite or the SDSS survey, we have constructed mock data sets and performed likelihood analyses on them. This analysis showed that the likelihood function is extremely sensitive to the parameters ϵ and ξ, and that the likelihood function exhibits a large number of distinct local minima. This makes any analysis based on a Δχ^2 approach very difficult and any result is likely to be biased by unphysical effects. On the other hand, more robust methods, such as relying on a calculation of χ^2 alone without relying on Δχ^2 as compared to the global best fit, are much less sensitive. We have shown for one specific case, where parameters were chosen to be close to optimistic estimates of the Horava-Witten model, that using a standard likelihood analysis yields a biased parameter estimate, whereas a robust method is unable to distinguish the underlying model from one with no oscillations.

Our conclusion is that CMB and LSS data are in principle very sensitive to modulations in the underlying primordial power spectrum, but that in practise it is likely to be extremely difficult to make a positive detection of the small amplitude oscillations predicted, even with future high precision data.

Acknowledgments

We acknowledge use of the publicly available CMB- FAST package written by Uros Seljak and Matias Zaldarriaga [20]. We thank Lars Bergström and Ulf Danielsson

FIG. 9: The CMB power spectra for the best fits to the simulated data based on the reference model ϵ = ξ = 0.01 (blue line). The green line has ϵ = 10^{−1.2} , ξ = 10^{−0.3} , while the red line has ϵ = 10^{−2.1} , ξ = 10^{−1.95} . The bottom panel shows the residuals with respect to the reference model

for useful comments.

FIG. 10: The galaxy power spectra for the best fits to the simulated data based on the reference model ϵ = ξ = 0.01 (blue line). The green line has ϵ = 10^{−1.2} , ξ = 10^{−0.3} , while the red line has ϵ = 10^{−2.1} , ξ = 10^{−1.95} . The bottom panel shows the residuals with respect to the reference model.

[1] J. Martin and R. H. Brandenberger, Phys. Rev. D 63, 123501 (2001).

[2] A. Kempf and J. C. Niemeyer, Phys. Rev. D 64, 101301 (2001).

[3] N. Kaloper, M. Kleban, A. E. Lawrence, and S. Shenker, Phys. Rev. D 66, 123510 (2002).

[4] R. Easther, B. R. Greene, W. H. Kinney, and G. Shiu, Phys. Rev. D 64, 103502 (2001).

[5] U. H. Danielsson, Phys. Rev. D 66, 023511 (2002). [6] L. Bergström, and U. H. Danielsson, JHEP 0212, 038 (2002).

[7] G. L. Alberghi, R. Casadio, and A. Tronconi, arXiv:

gr-qc/0303035.

[8] http://astro.estec.esa.nl/SA-general/Projects/Planck/ [9] C. L. Bennett et al., arXiv: astro-ph/0302207 [10] D. N. Spergel et al., arXiv: astro-ph/0302209 [11] A. Kogut et al., arXiv: astro-ph/0302213 [12] G. Hinshaw et al., arXiv: astro-ph/0302217

[13] L. Verde, et al., arXiv: astro-ph/0302218 [14] X. Wang, M. Tegmark, B. Jain and M. Zaldarriaga, arXiv:astro-ph/0212417.

[15] M. Colless et al. (the 2dFGRS team), Mon. Not. R. Astron. Soc. 328, 1039 (2001).

[16] W. J. Percival et al. (the 2dFGRS team), Mon. Not. R.

Astron. Soc. 327, 1297 (2001).

[17] O. Lahav et al. (the 2dFGRS team), Mon. Not. R. Soc.

333, 961 (2002).

[18] L. Verde et al. (the 2dFGRS team), Mon. Not. R. Soc.

335, 432 (2002).

[19] Ø. Elgarøy, M. Gramann, and O. Lahav, Mon. Not. R.

Astron. Soc. 333 93 (2002).

[20] U. Seljak and M. Zaldarriaga, Astrophys. J. 469, 437 (1996).

[21] S. Hannestad, S. H. Hansen and F. L. Villante, Astropart.

Phys. 16, 137 (2001).

[22] S. Hannestad, S. H. Hansen, F. L. Villante and

A. J. Hamilton, Astropart. Phys. 17, 375 (2002). [23] L. M. Griffiths, J. Silk and S. Zaroubi, arXiv:

astro-ph/0010571.

[24] G. Jungman, M. Kamionkowski, A. Kosowsky and D. N. Spergel, Phys. Rev. D 54, 1332 (1996).

[25] J. Lesgourgues and M. Peloso, Phys. Rev. D 62, 081301 (2000).

[26] S. Hannestad, Phys. Rev. Lett. 85, 4203 (2000). [27] S. Esposito, G. Mangano, A. Melchiorri, G. Miele and O. Pisanti, Phys. Rev. D 63, 043004 (2001).

[28] J. P. Kneller, R. J. Scherrer, G. Steigman and T. P. Walker, Phys. Rev. D 64, 123506 (2001).

[29] S. Hannestad, Phys. Rev. D 64, 083002 (2001). [30] S. H. Hansen, G. Mangano, A. Melchiorri, G. Miele and O. Pisanti, Phys. Rev. D 65, 023511 (2002).

[31] R. Bowen, S. H. Hansen, A. Melchiorri, J. Silk and R. Trotta, Mon. Not. Roy. Astron. Soc. 334, 760 (2002).

[32] A. D. Dolgov, S. H. Hansen, S. Pastor, S. T. Petcov, G. G. Raffelt and D. V. Semikoz, Nucl. Phys. B632, 363

(2002).

[33] S. Perlmutter et al. [Supernova Cosmology Project Collaboration], Astrophys. J. 517, 565 (1999).

[34] S. Burles, K. M. Nollett and M. S. Turner, Astrophys. J.

552, L1 (2001); see also K. A. Olive, G. Steigman and T. P. Walker, Phys. Rept. 333, 389 (2000) for a recent review.

[35] W. L. Freedman et al., Astrophys. J. Lett. 553, 47 (2001).

[36] S. Hannestad, Phys. Rev. D 61, 023002 (2000). [37] M. Tegmark et al., Astrophys. J. 530, 133 (2000). [38] http://www.sdss.org [39] H. Feldman, N. Kaiser, and J. A. Peackock, Astrophys.

J. 426, 23 (1994).

[40] S. Cole, S. Hatton, D. H. Weinberg, and C. S. Frenk, Mon. Not. R. Astron. Soc. 300, 945 (1998).

[41] A. Lewis and S. L. Bridle, Phys. Rev. D 66, 103511 (2002).