arXiv:astro-ph/0308111 v1 7 Aug 2003

Palatini form of 1/R gravity

Éanna É. Flanagan Cornell University, Newman Laboratory, Ithaca, NY 14853-5001.

It has been suggested that the recent acceleration of the expansion of the Universe is due a modified gravitational action consisting of the Einstein-Hilbert term plus a term proportional to the reciprocal of the Ricci scalar. Although the original version of this theory has been shown to be in conflict with solar system observations, a modified Palatini version of the theory, in which the metric and connection are treated as independent variables in the variational principle, has been suggested as a viable model of the cosmic acceleration. We show that this theory is equivalent to a type of scalar-tensor theory in which the scalar field kinetic energy term in absent from the action, and in which the scalar field is therefore not an independent dynamical degree of freedom. Integrating out the scalar field gives rise to additional interactions among the matter fields of the standard model of particle physics at a mass scale of order 10^{−3} eV (the geometric mean of the Hubble scale and the Planck scale), and so the theory is excluded by, for example, electron-electron scattering experiments.

The observed acceleration of the Universe’s expansion [1, 2] is normally attributed to so-called dark energy, that is, an additional source of gravity such as a cosmological constant or a quintessence field. However, it has recently been suggested that the acceleration is due instead to a modification of gravity at cosmological distance scales [3, 4, 5]. In particular, Carroll et. al. [4] suggested a gravitational action of the form S = 1 2κ^2 ∫ d^4x √ −g [ R − μ^4 R ] , (1)

where R is the Ricci scalar, κ^2 = 8πG and μ is a mass scale of order the Hubble scale; see also Refs. [6, 7, 8, 9, 10]. Chiba [7] showed that the theory (1) is equivalent to a scalar-tensor theory [11] with a very light scalar field that couples to matter with gravitational strength. This theory is therefore ruled out by solar system experiments [7].

However, a modified version of the theory (1) can be obtained by treating the metric and the connection as independent dynamical variables in the variational principle, as suggested by Vollick [6]. For general relativity, this Palatini or first-order variational principle is equivalent to the more usual variational principle where the connection is taken to be determined by the metric. However, for actions that are nonlinear functions of the Ricci scalar, the Palatini variational principle and the standard variational principle give rise to inequivalent theories. The Palatini version of the theory (1), like the original version, can explain the recent acceleration of the Universe’s expansion [6, 9], but, unlike the original form, has not been shown to be in conflict with solar system experiments.

In this paper we show that the Palatini form of the theory (1) is equivalent to a type of scalar-tensor theory in which the scalar field kinetic energy term in absent from the action. Integrating out the scalar field gives rise to additional interactions among the matter fields of the standard model at a mass scale of order 10^{−3} eV (the geometric mean of the Hubble scale and the Planck scale), and so the theory is excluded by particle physics experiments.

We start by reviewing the equivalence of higher-order gravity theories of the form (1) to scalar-tensor theories [7]. Consider an action of the form

S[ḡ_{μν} , ψ_m] = 1 2κ^2 ∫ d^4x √ −ḡf(R̄) + S_m[ḡ_{μν} , ψ_m]. (2)

Here ḡ_{μν} is the metric (which we have barred for later notational convenience), R̄ is its Ricci scalar, and f is any function. The second term is the matter action S_m, which is some functional of the matter fields ψ_m and of the metric. We use units in which ℏ = c = 1, and we use the sign conventions of Ref. [12].

We introduce an extra scalar field φ into the theory by defining a modified action [7, 13]

S̃[ḡ_{μν}, φ, ψ_m] = 1 2κ^2 ∫ d^4x √ −ḡ [ f(φ) + (R̄ − φ)f^′(φ) ] +S_m[ḡ_{μν}, ψ_m]. (3)

The φ equation of motion obtained from this action is φ = R̄, as long as f^{′′}(φ) ≠ 0, and thus the theory (3) is classically equivalent to the original theory (2). Next, we define a conformally rescaled metric g_{μν} by

ḡ_{μν} = e^{2α(φ)}g_{μν} , (4)

where α is the function of φ given by

e^{2α(φ)}f^′(φ) = 1, (5)

and we introduce the canonically normalized scalar field

Φ = − √ 6 κ α(φ) = √ 6 2κ ln f^′(φ). (6)

The action now simplifies to

S̃[g_{μν} , Φ, ψ_m] = ∫ d^4x √ −g [ R 2κ^2 − 1 2 (∇Φ)^2 − V (Φ) ]

+S_m [e^{2α(Φ)}g_{μν} , ψ_m]. (7)

This has the form of a scalar-tensor theory [11], written in terms of the Einstein-frame metric g_{μν} . The potential for the scalar field is V = φf^′(φ) − f(φ) 2κ^2f^′(φ)^2

, (8)

and the coupling function α(Φ) is given by

α(Φ) = − κ √ 6 Φ. (9)

In this class of theories, the scalar field couples to matter with essentially the same strength as does gravity [7]. The ratio of the scalar coupling to the gravitational coupling is [11]

1 − γ = 4(dα/dΦ)^2/κ^2 1 + 2(dα/dΦ)^2/κ^2 = 1 2 , (10)

where γ is the PPN parameter. Solar system VLBI experiments show that |γ − 1| ≤ 3 × 10^{−4} [14], and thus the theory (7) is ruled out unless the potential V (Φ) is such that the field Φ is massive and short ranged [7].^1 For the Carroll et. al. model (1), the potential (8) is [4, 7]

V (Φ) = μ^2 κ^2 exp [ −2 √ 2 3 κΦ ] exp [√ 2 3 κΦ ] − 1. (11)

For this theory to explain the cosmic acceleration, we require μ ∼ H_0, where H_0 ∼ 1.5 × 10^{−33} eV is the Hubble scale, and the resulting present-day effective mass √ V^{′′}(Φ) of the scalar field is ∼ H_0 at κΦ ∼ 1. Thus this theory is not viable [7].

Turn now to the Palatini form of the theory (2). We first review the formulation of this theory given by Vollick [6]. The action is a function of the Jordan-frame metric ḡ_{μν} , a symmetric connection ^∇_μ, and the matter fields ψ_m. We can use instead of the connection ^∇_μ the tensor field H^λ_{μν} defined by ^∇_μv^λ− ¯∇_μv^λ = H^λ_{μν} v^ν for any vector field v^λ, where ¯∇_μ is the connection determined by the metric ḡ_{μν} . The action takes the form [6]

S[ḡ_{μν} , H^μ_{νλ}, ψ_m] = 1 2κ^2 ∫ d^4x √ −ḡf(R̂) + S_m[ḡ_{μν}, ψ_m],

(12) where R̂ = ḡ^{μν} R̂_{μν} and R̂_{μν} is the Ricci tensor of the connection ^∇_μ, given by R̂_{μν} = R̄_{μν} + ¯∇_λH^λ_{μν} − ¯∇_μH^λ_{λν} + H^λ_{λσ}H^σ_{μν} − H^λ_{μσ}H^σ_{λν}.(13) Varying the action with respect to H^λ_{μν} gives an equation of motion whose unique solution is [6]

H^λ_{μν} = δ^λ_{(μ} ¯∇_{ν)} ln f^′(R̂) − 1 2 ḡ_{μν}ḡ^{λσ} ¯∇_σ ln f^′(R̂). (14)

1 Note that this conclusion is independent of the choice of the function f (R̄) in the original action (2), contrary to the claims in Refs. [8].

Equation (14) is equivalent to the statement that the connection ^∇_μ is compatible with the metric f^′(R̂)ḡ_{μν} . Varying the action with respect to the metric yields f^′(R̂)R̂_{μν} − 1 2 f(R̂)ḡ_{μν} = κ^2T̄_{μν} , (15)

where T̄_{μν} is the stress-energy tensor. The trace of this equation gives the algebraic relation

f^′(R̂)R̂ − 2f(R̂) = κ^2T̄ , (16)

which can be used to solve for R̂ in terms of T̄ = ḡ^{μν}T̄_{μν} . The Ricci scalar of the metric ḡ_{μν} is then given by the contraction of Eq. (13):

R̄ = R̂ + 3 ¯□ ln f^′(R̂) + 3 2 [ ¯∇ ln f^′(R̂)]^2. (17)

The traceless part of the equation of motion (15) can be written in terms of the Ricci tensor R̄_{μν} as [ R̄_{μν} − ¯∇_μ ¯∇_ν ln f^′(R̂) + 1 2 ¯∇_μ ln f^′(R̂) ¯∇_ν ln f^′(R̂) ] TL = κ^2 f^′(R̂)

[T_{μν} ]_{TL} , (18)

where TL means “the traceless part of”. Equations (16) – (18) replace the usual Einstein equations, and the corresponding Friedmann-Robertson-Walker cosmological models have been studied by Refs. [6, 9].

We now show that the theory (12) is equivalent to a type of scalar tensor theory. First, note that the connection is always on-shell compatible with some conformal transform e^{2χ}ḡ_{μν} of the metric ḡ, so that

H^λ_{μν} = δ^λ_{(μ} ¯∇_{ν)} ln χ − 1 2 ḡ_{μν}ḡ^{λσ} ¯∇_σ ln χ (19)

for some scalar field χ. Substituting this ansatz into the action (12) gives

S[ḡ_{μν} , χ, ψ_m] = 1 2κ^2 ∫ d^4x √ −ḡ f[R̄ − 6( ¯∇χ)^2 − 6 ¯□χ] +S_m[ḡ_{μν}, ψ_m]. (20)

All stationary points of the action (12) will also be stationary points of the action (20), by construction. However, the converse is not true, since solutions of the equations of motion of the theory (20) are stationary only under a restricted set of variations of δH^μ_{νλ} of the connection. We discuss this point further below.

We next use the technique discussed above to eliminate the nonlinear kinetic terms by introducing an auxiliary scalar field φ. The modified action is

S̃[ḡ_{μν} , χ, φ, ψ_m] = 1 2κ^2 ∫ d^4x √ −ḡ { f(φ) (21) + [¯ R − 6( ¯∇χ)^2 − 6 ¯□χ − φ ] f^′(φ) } + S_m[ḡ_{μν}, ψ_m].

As before the φ equation of motion is

φ = R̄ − 6( ¯∇χ)^2 − 6 ¯□χ, (22)

so the theories (20) and (21) are classically equivalent. We next transform to the Einstein conformal frame g_{μν} using the relations (4) and (5). We also define the canonically normalized version Φ of the field φ by Eq. (6) as before, and we diagonalize the kinetic energy term in the action by using instead of the field χ the quantity Ψ = √ 6[α(φ) + χ]/κ. (23)

The resulting action is

S̃[g_{μν}, Φ, Ψ, ψ_m] = ∫ d^4x √ −g [ R 2κ^2 − 1 2 (∇Ψ)^2 − V (Φ) ]

+S_m[e^{2α(Φ)}g_{μν} , ψ_m], (24)

where the potential V (Φ) and coupling function α(Φ) are given by the same expressions (8) [or (11)] and (9) as before.

We now address the issue of spurious solutions of the equations of motion of the theory (24) that do not satisfy the equations of motion of the original theory (12). We show that the appropriate subclass of solutions of the theory (24) are those solutions with Ψ = const. To see this, note that for solutions of the original theory (12), the connection is compatible with the metric f^′(R̂)ḡ_{μν} , by Eq. (14). Using Eqs. (22), (5) and (23) this metric can be written as f^′(φ)ḡ_{μν} = e^{−2α}ḡ_{μν} = e^{−2κΨ/√6} ( e^{2χ}ḡ_{μν} ) . (25)

Comparing with the ansatz (19) shows that on-shell we must have Ψ = constant, as claimed. It is also possible to show that this is the only restriction on solutions.

Therefore, the final action can be obtained simply by deleting the field Ψ from the action (24):

S̃[g_{μν}, Φ, ψ_m] = ∫ d^4x √ −g [ R 2κ^2

− V (Φ) ]

+S_m[e^{2α(Φ)}g_{μν}, ψ_m]. (26)

This action has exactly the same form as the scalar-tensor form (7) of the standard-variation version of the theory, except that the kinetic energy term for the field Φ has been deleted. Thus, somewhat paradoxically, allowing the connection to be an independent dynamical variable has reduced rather than increased the number of degrees of freedom of the theory; the field Φ is no longer dynamical but is determined from an algebraic equation (see below).

The equations of motion of this formulation of the theory are significantly simpler than those of the original formulation. They are 1 κ^2

G_{μν} = −V (Φ)g_{μν} + e^{2α(Φ)}T̄_{μν} , (27) and V^′(Φ) = α^′(Φ)e^{4α(Φ)}T̄ , (28)

where T̄_{μν} = −(2/ √ −ḡ)δS_m/δḡ^{μν} is the Jordan-frame stress energy tensor and T̄ = ḡ^{μν}T̄_{μν} . Note that Eq. (28) implies that Φ is an algebraic function of T̄ . It can be interpreted as saying that the field always sits at the extremum point of the matter-corrected potential V (Φ) − e^{4α(Φ)}T̄ /4. For the model (1) of Carroll et. al., this extremum is a local maximum rather than a local minimum, by Eq. (11).

We note in passing that although the theory (26) is well defined as a classical field theory, it has fine-tuning problems as an effective quantum field theory. These fine-tuning problems were pointed out to us by Nima Arkani-Hamed. Specifically, matter loops will give rise to a correction to the action (26) proportional to the Ricci scalar of the Jordan frame metric e^{2α}g_{μν} . In general relativity these corrections merely renormalize Newton’s constant of gravitation. Here, however, such corrections will induce a kinetic term for the field Φ. Even a tiny kinetic term will radially change the nature of the solutions, since in the solutions the field always sits at the local maximum of the matter-corrected potential, and would like to roll down the potential. Thus, demanding that the coefficient of the kinetic term for Φ vanish is a fine tuning analogous to the cosmological constant problem.

More serious problems arise when one integrates out the scalar field from the action (26) by solving its equation of motion and backsubstituting into the action. One finds that the field Φ induces additional interactions among the various matter fields of the standard model of particle physics that are sufficiently large to be in severe violation of experimental bounds.

We illustrate this effect by taking the matter action to be the Dirac action for free electrons:

S_m[ḡ_{μν}, Ψ_e] = ∫ d^4x √ −ḡ Ψ̄_e [iγ̄^μ∇_μ − m_e] Ψ_e. (29)

Here Ψ_e is a Dirac spinor and m_e is the electron mass, and γ̄_μ are the Dirac matrices associated with the metric ḡ_{μν} , satisfying

γ̄^μγ̄^ν + γ̄^νγ̄^μ = −2ḡ^{μν} . (30)

Substituting into Eq. (26) gives for the total action

S̃[g_{μν}, Φ, Ψ_e] = ∫ d^4x √ −g [ R 2κ^2

− V (Φ)

+ie^{3α(Φ)}Ψ̄_eγ^μ∇_μΨ_e − e^{4α(Φ)}m_eΨ̄_eΨ_e ] , (31)

where γ^μ = e^{−α}γ̄^μ are the Dirac matrices associated with the Einstein frame metric g_{μν} . The equation of motion for Φ is

V^′(Φ) = 3α^′(Φ)e^{3α(Φ)}iΨ̄_eγ^μ∇_μΨ_e

−4α^′(Φ)e^{4α(Φ)}m_eΨ̄_eΨ_e. (32)

Solving this equation for Φ using Eqs. (9) and (11) yields

κΦ = κΦ_{max} − 1 √ 2 M − √ 3 8 K + O(K^2, M^2, KM), (33)

where Φ_{max} = √ 3/2 ln(4/3)/κ is the value of Φ at the local maximum of the potential (11), and K and M are the dimensionless quantities K = κ^2 μ^2 iΨ̄_eγ^μ∇_μΨ_e, M = κ^2 μ^2 m_eΨ̄_eΨ_e. (34)

Substituting the solution (33) back into the action (31), and performing the constant conformal transformation g_{μν} → (4/3)g_{μν} gives

S̃[g_{μν}, Ψ_e] = ∫ d^4x √ −g [ R 2κ̃^2

− Λ + iΨ̄_eγ^μ∇_μΨ_e

−m_eΨ̄_eΨ_e − 3 √ 3 16m^4_∗

(iΨ̄_eγ^μ∇_μΨ_e)^2 − 1 √ 3 m^2_e m^4_∗

(Ψ̄_eΨ_e)^2 + √ 3 4 m_e m^4_∗

(iΨ̄_eγ^μ∇_μΨ_e)(Ψ̄_eΨ_e) + . . . ] , (35)

where κ̃ = √ 4/3κ, m_∗ = √ μ/κ and Λ = μ^2/( √ 3κ^2) is the induced cosmological constant.

The last three terms in the action (35) are corrections to the standard model. These corrections are characterized by the mass scale m_∗, which is roughly the geometric mean of the Planck and the Hubble scales, of order 10^{−3} eV. Since this mass scale is so small, it is clear that the action (35) is in severe conflict with particle physics experiments, for example electron-electron scattering. Thus the original gravitation theory (12) is ruled out.

A simple physical explanation for this effect is the following. The theory (12) incorporates a critical energy density ρ_c = μ^2/κ^2 of order the present day cosmological critical energy density. Consider a region of space where the energy density ρ is of order ρ_c, and which varies over a lengthscale L ≪ H_0 where H_0 is the Hubble scale. Then, the corresponding Einstein-frame gravitational field will be negligible, but the quantity e^{2α} and the perturbation to the Jordan-frame metric will be of order unity, from Eq. (28). Therefore the gravitational acceleration experienced by test particles will be of order c^2/L, of order the gravitational acceleration produced by a black hole of size ∼ L near its horizon. Such gravitational accelerations are significantly larger than in general relativity. Although the theory (12) was designed to produce deviations from general relativity only at very large lengthscales ∼ μ^{−1} ∼ H^{−1}_0 , in fact deviations from general relativity can be manifest at much smaller distance scales, as long as the local radius of curvature of spacetime ∼ √ c^3/(Gρ) is of order μ^{−1}, and the lengthscale L over which the density varies satisfies L ≪ μ^{−1}. Since the density scale ρ ∼ ρ_c can be achieved in the scattering of sufficiently low energy elementary particles, such particles experience the non-conventional large gravitational forces discussed above, and the particle scattering cross-sections are therefore affected.

I thank Nima Arkani-Hamed for helpful discussions, and the high energy theory group at Harvard University, where this paper was written, for its hospitality. This research was supported in part by NSF grant PHY- 0140209.

[1] A. G. Riess et al., Astron. J. 116, 1009 (1998); S. Perlmutter et al., Astrophys. J. 517, 565 (1999).

[2] C. L. Bennett et al., astro-ph/0302207.

[3] S. Capozziello, S. Carloni and A. Troisi, astro-ph/0303041.

[4] S. M. Carroll, V. Duvvuri, M. Trodden and M. S. Turner, astro-ph/0306438.

[5] A. Lue, astro-ph/0307034. [6] D.N. Vollick, astro-ph/0306630 [7] T. Chiba, astro-ph/0307338.

[8] J. Cline, astro-ph/0307423; S. Nojiri and S. D. Odintsov, hep-th/0307288.

[9] X. Meng, P. Wang, astro-ph/0307354; ibid, astro-ph/0308031.

[10] S. Nojiri and S. D. Odintsov, hep-th/0307071; R. Dick, gr-qc/0307052; A. D. Dolgov and M. Kawasaki, astro-ph/0307285.

[11] T. Damour and G. Esposito-Farese, Class. Quant. Grav.

9, 2093 (1992).

[12] C. W. Misner et al., Gravitation (Freeman, New York, 1973).

[13] G. Magnano, L.M. Sokolowski, Phys. Rev. D 50, 5039 (1994) [gr-qc/9312008].

[14] C. M. Will, Living Rev. Rel. 4, 4 (2001).