arXiv:astro-ph/0308498 v2 16 Oct 2003

Can homogeneous extra dimensions be stabilized during matter domination?

Torsten Bringmann and Martin Eriksson

Department of Physics, AlbaNova University Center, Stockholm University, SE - 106 91 Stockholm, Sweden

E-mail: Torsten.Bringmann@physto.se, mate@physto.se

Abstract. We investigate cosmologies with homogeneous extra dimensions that can be described by generalized Friedmann-Robertson-Walker metrics and give a brief review on a general setup to describe a broad range of standard stabilization and compactification mechanisms. These mechanisms allow for solutions to the field equations with static extra dimensions if the universe is dominated by radiation or an approximately constant energy-momentum tensor, as for example due to a cosmological constant. During matter domination, however, there are no static solutions for the extra dimensions and we therefore conclude that in this setup it is not possible to construct stabilization mechanisms for the whole evolution history of the universe. We furthermore show in detail that the two possible approaches of discussing either the higher-dimensional field equations directly or the dimensionally reduced and conformally transformed theory, are exactly equivalent and thus lead to the same conclusions. Finally, we indicate a possible way out of these difficulties.

1. Introduction

The idea that our world may consist of more than four space-time dimensions, with extra spatial dimensions compactified on some small scale, goes back to Nordström, Kaluza and Klein [1]. One of the main motivations for these and subsequent works was the hope for a possible unification of all interactions (see e.g. [2] for a nice review on Kaluza-Klein theories). Recent years have seen a great revival of interest in extradimensional scenarios, most notably due to the influence of string theory. For a review on different models with extra dimensions see for example [3] and references therein.

An important testing ground for theories involving extra dimensions is cosmology. A generic prediction of these theories is that (some of) the fundamental coupling constants vary with the volume of the internal space. However, the strong cosmological constraints on the allowed variation of these ’constants’ (see for example [4]) require the extra space to be not only compactified, but also stabilized, at a time no later than big bang nucleosynthesis (BBN). One of the main tasks is therefore to find a dynamical explanation for this. Of course, one should also be able to reproduce standard cosmology for late times. An interesting idea is furthermore the possibility of a dark matter candidate arising from such theories [5, 6].

Recently, the stability properties of so-called universal extra dimensions [7] have been investigated in the absence of any explicit stabilization mechanism. It was shown that while static extra dimensions arise naturally during radiation domination, for matter domination there are no solutions that reproduce standard cosmology [8]. Here, we will consider a much more general setup, including not only the case of universal extra dimensions, and take into account a wide range of available stabilization mechanisms for homogeneous extra dimensions. We find that the problems with a matter dominated universe as encountered before seem to be generic: none of the mechanisms considered can account for stable extra dimensions and a standard cosmological evolution of ordinary space during an era of matter domination. For previous work on the dynamical evolution and stability properties of homogenous extra dimensions see e.g. [9, 10, 11, 12, 13, 14, 15] and references therein.

This paper is organized as follows: In Section 2 we give a brief introduction to cosmology with homogeneous extra dimensions and how to get the Friedmannlike equations that describe the evolution of the higher-dimensional metric. Section 3 reviews the general form of the stabilization mechanisms considered, including concrete examples, and Section 4 shows that while standard cosmology during radiation domination is thereby achieved easily, none of these mechanisms work for matter domination. An alternative way to investigate higher-dimensional theories is to dimensionally reduce the action and then to perfom a conformal transformation in order to recover (in the present context) ordinary four-dimensional general relativity plus a scalar field. In Section 5 we review this procedure and show explicitly that these two approaches are equivalent and lead to the same predictions. Finally, Section 6 concludes.

2. Cosmology with homogeneous extra dimensions

In the following we shall consider a (4+n) - dimensional spacetime of the form F^4 ×K, with F^4 the observed Friedmann solution and K a compact n-dimensional manifold. Our sign conventions are those of [16]. We adopt coordinates X^A, A = 0, 1, . . ., 3 + n with x^μ ≡ X^μ (μ = 0, 1, 2, 3) and x^i ≡ X^i (i = 1, 2, 3) (1) being the coordinates for ordinary four-dimensional spacetime and three-dimensional space (3D) respectively, and y^p ≡ X^{3+p} (p = 1, . . ., n) , (2) the coordinates for the extra dimensions. Einstein’s field equations are given by R_{AB} − 1 2 R g_{AB} + Λ g_{AB} = κ^2T_{AB} , (3)

where the coupling constant κ^2 is related to its four-dimensional analogue κ̄^2 via the n-dimensional volume Ṽ of the compact space K:

κ^2 = Ṽ κ̄^2 . (4) To describe the evolution of the higher-dimensional universe it is natural to assume a metric with two time-dependent scale factors a(t) and b(t) [2]: g_{AB} dX^AdX^B = −dt^2 + a^2(t)γ_{ij} dx^idx^j + b^2(t)γ̃_{pq} dy^pdy^q , (5) where γ_{ij} and γ̃_{pq} are maximally symmetric metrics in three and n dimensions, respectively. Spatial curvature is thus parametrized in the usual way by k_a = −1, 0, 1 in ordinary and k_b = −1, 0, 1 in the compactified space. This choice of metric is certainly not the most general one but it clearly illustrates the difficulties of stabilization during matter domination. Taking the compact space to be an Einstein space does not change our results. For a thorough analysis of models with anisotropic homogeneous extra dimensions, see [17] and references therein.

The choice of the metric determines the form of the energy-momentum tensor to be T_{00} = ρ , T_{ij} = −p_aγ_{ij} , T_{3+p 3+q} = −p_bγ̃_{pq} , (6) which describes a homogeneous but in general anisotropic perfect fluid in its rest frame. The non-zero components of the field equations (3) are then given by‡ 3 [( ȧ a )_2 + k_a a^2 ] + 3n ȧ a ḃ b + n(n − 1) 2 ( ḃ b )_2 + k_b b^2

= Λ + κ^2ρ , (7)

2 ä a + ( ȧ a )_2 + k_a a^2

+ 2n ȧ a ḃ b + n b̈ b + n(n − 1) 2 ( ḃ b )_2 + k_b b^2

= Λ − κ^2p_a , (8)

3 ä a + 3 [( ȧ a )_2 + k_a a^2 ] + 3(n − 1) ȧ a ḃ b + (n − 1) b̈ b + (n − 1)(n − 2) 2 ( ḃ b )_2 + k_b b^2

= Λ − κ^2p_b , (9) where a dot denotes differentiation with respect to cosmic time t. For later convenience, we will not use (9) but instead b̈ b +3 ȧ a ḃ b +(n−1) ( ḃ b )_2 + k_b b^2

= 2Λ n + 2 + κ^2 n + 2

(ρ − 3p_a + 2p_b) , (10)

‡ These expressions become equivalent to those in [9] via the trivial rescaling k_b →^2_{n−1} k_b.

which is a linear combination of equations (7 - 9).

The energy density can be related to the pressures by the equations of state p_a = w_aρ and p_b = w_bρ. From conservation of energy T^A_{0;A} = 0 it then follows that ρ̇ ρ = −3(1 + w_a) ȧ a − n(1 + w_b) ḃ b . (11)

For constant w_a, w_b this can be integrated to ρ = ρ_0a^{−3(1+wa)}b^{−n(1+wb)} . (12)

3. Compactification and stabilization of extra dimensions

We do not directly observe any extra dimensions, so we expect the space K to be compactified on some small scale. (For a non-compactified approach see, e.g. [18].) Furthermore, from (4), any time-variation of b would lead to a time-dependent (fourdimensional) gravitational coupling ’constant’. As there are tight constraints on such a behaviour, the size of the compact space should be stabilized already at an early stage of the cosmological evolution, i.e. no later than BBN. One usually assumes that both of these requirements can be attained dynamically by introducing background fields. Since their role is to separate ordinary space from the extra dimensions they typically contribute an effective action of the form

S^{bg} = − ∫ d^{4+n}X √ −g W (b) (13)

to the theory [19, 2]. Even in the simple case of W (b) ∝ b^{−m} , (14) one may thereby describe the stabilizing effect of gauge-fields wrapped around two extra dimensions (m = 4) [20] and the generalization of this to the Freund-Rubin mechanism (m = 2n) [21], or Casimir energy of massless fields (m = n + 4) [22, 23]. Examples that can not be described by the simple form (14) but still fit into the general scheme (13) include for example the Casimir energy of massive fields in orbifold theories [23] or scenarios where several different mechanisms contribute to S^{bg}.

The energy-momentum tensor corresponding to the action (13) can be computed from

δS^{bg} = 1 2 ∫ d^{4+n}X √ −g T^{bg}_{AB}δg^{AB} (15)

and takes the form T^{bg}_{00} = ρ^{bg} , T^{bg}_{ij} = −p^{bg}_a γ_{ij} , T^{bg}_{3+p 3+q} = −p^{bg}_b γ̃_{pq} , (16) with ρ^{bg} = −p^{bg}_a = W (b) (17) and − p^{bg}_b = W (b) + b n W^′(b) . (18)

4. Recovering standard cosmology

Let us assume that a stabilization mechanism due to background fields is at work, i.e. b(t) = b_0 is constant at late times. Since these fields also contribute to the energy-momentum tensor, we replace ρ → ρ + ρ^{bg} and p_{a,b} → p_{a,b} + p^{bg}_{a,b} in the field equations (7 - 9). All contributions to the energy-momentum tensor that are not due to background fields or a cosmological constant are then given by ρ and p_{a,b}, and equations (7 - 8) reduce to the standard Friedmann equations with an effective fourdimensional cosmological constant [11, 2]

Λ̄ = 2Λ

n + 2 + κ^2 n + 2 [ 2W (b_0) + b_0W^′(b_0) ] . (19)

(Note that κ^2ρ = κ̄^2ρ̄, where ρ̄ is the four-dimensional energy density; in the same way κ^2p_a = κ̄^2p̄.) It now just remains to check, whether the remaining equation (10) is consistent:

(n + 2)(n − 1) k_b b^2_0

= 2Λ + 2κ^2 [ W (b_0) − b_0 n W^′(b_0) ] + κ^2 (ρ − 3p_a + 2p_b) . (20)

For an era where the energy momentum tensor is dominated by usual fourdimensional radiation, the last term vanishes since ρ = 3p_a and p_b = 0. This should be the case after compactification and stabilization has taken place and we have a ≫ 1/T ≫ b. Then, for any given W and b_0, equation (20) can be satisfied by fine-tuning the value of the higher-dimensional cosmological constant Λ. Requiring furthermore that the effective four-dimensional cosmological constant Λ̄ given by (19) is negligible during radiation domination, corresponds to b_0 being a stationary point of W_{eff} (b) ≡ W (b) − n(n − 1) 2κ^2 k_b b^2

, (21)

i.e. W^′_{eff} (b_0) = 0. In that way standard cosmological evolution is reproduced during radiation domination, without a cosmological constant. If b_0 is a local minimum of W_{eff} (b) the solution is also stable against small perturbations [19].

However, (20) can only be satisfied if § ρ − 3p_a + 2p_b = const, (22) and it is hard to see how this can possibly be the case if the energy-momentum tensor is not dominated by four-dimensional radiation. For example, throughout most of its evolution the universe has been dominated by non-relativistic matter with negligible pressure p_a ≪ ρ. The only way to get static extra dimensions during such an epoch would be to have

p_b = − 1 2 ρ + const. (23) Since ρ is the total energy density, such an equation of state seems highly contrived and we will not consider it further. A hint at what it might correspond to is given by [26].

Of course, condition (22) is obviously satisfied if the energy density and the pressures are constant in time. Recent type Ia supernovae observations [27] strongly suggest that the presently dominating energy component has negative pressure and

§ This constraint also appears in [24, 25, 8]. Here, however, it applies to the components of the energymomentum tensor after the contributions from the stabilization mechanism have been subtracted.

this may well be due to a cosmological constant, which is characterized by constant energy density and pressure. However, such a vacuum energy is negligible up until relatively recently and can thus not solve the problems with a long period of matter domination.

5. Dimensional reduction

So far, we have directly discussed the field equations (3). A complementary way of studying multi-dimensional theories is to dimensionally reduce the action by integrating out the internal dimensions and then perform a Weyl scaling. To be more precise, one starts from the action, S = 1 2κ^2 ∫ d^{4+n}X √ −g ( R − 2Λ − 2κ^2L_{matter} ) , (24)

and assumes a metric of a slightly more general kind than (5): g_{AB} dX^AdX^B = ḡ_{μν} dx^μdx^ν + b^2(x^μ)g̃_{pq} dy^pdy^q , (25) where g̃_{pq} depends on the internal coordinates y^p only. Decomposing the curvature scalar R, integrating out the extra dimensions and discarding all total divergences gives S = Ṽ 2κ^2 ∫ d^4x √ −ḡ b^n ( R̄ + b^{−2}R̃ + n(n − 1)b^{−2}∂_μb∂^μb − 2Λ − 2κ^2L_{matter} ) , (26)

where Ṽ = ∫ d^ny √ g̃ while R̄ and R̃ are the curvature scalars constructed from ḡ_{μν} and g̃_{pq} , respectively. For g̃_{pq} = γ̃_{pq} one gets R̃ = n(n − 1)k_b.

The next step is to put the gravitational part of this action in standard Einstein- Hilbert form by performing a Weyl transformation to a new metric ĝ_{μν} = b^nḡ_{μν}. Introducing κ̂^2 = κ^2/Ṽ and Φ =

√_{n(n+2)}

2κ̂^2 ln b then results in four-dimensional gravity

plus a scalar field, S = ∫ d^4x √ −ĝ ( 1 2κ̂^2 R̂ − 1 2 ∂_μΦ∂^μΦ + V_{eff} (Φ) ) , (27)

with an effective potential

V_{eff} (Φ) = n(n − 1)k_b 2κ̂^2 exp ( − √ 2(n + 2)κ̂^2 n Φ )

− ( Λ κ̂^2

+ ṼL_{matter} ) exp ( − √ 2nκ̂^2 n + 2 Φ ) . (28)

The fact that the four-dimensional gravitational coupling constant κ̂^2 above differs from the one in (4) and (26) is an artifact of the conformal transformation.

The theories described by (24) and (27) are completely equivalent, i.e. they result in the same equations of motion. For the scalar field in (27), for example, one has ^□Φ = −V^′_{eff} (Φ) , (29)

where ^□ =^{1√}_{−ĝ} ∂_μ √ −ĝ∂^μ is the Laplace-Beltrami operator for the metric ĝ_{μν}. In order to compare this with the results of the previous sections, we restrict ourselves to the metric (5) and write the higher-dimensional matter part in perfect fluid form

L_{matter} = ρ = ρ_0a^{−3(1+wa)}b^{−n(1+wb)}. One may now verify that (29) gives exactly (10), from which all previous results follow.‖

The equation of motion (29) for the scalar field thus provides a convenient way to look for static solutions of the scale factor b. Since the spatial derivatives vanish, such solutions must obey

V^′_{eff} (Φ) = 0 , (30)

and if the extremal point of V_{eff} (Φ) is a minimum, one furthermore expects these solutions to be stable. However, caution must be taken as to which metric one regards as physical, i.e. whether ḡ_{μν} or ĝ_{μν} is taken to have FRW-form and thus how the matter part couples to the scale factors. Another important point to notice is that V_{eff} (Φ) is time-dependent through its dependence on L_{matter}. So even if there existed a minimum for the effective potential at all times of the cosmological evolution, its value would still be expected to vary during transition periods such as from radiation to matter domination. The scale factor b would then no longer stay constant but be driven towards the new minimum according to (29).

6. Conclusions

One of the main quests of higher-dimensional cosmology is to understand the special role of the extra dimensions compared to the evolution of ordinary three-dimensional space. Strong observational constraints on the variation of coupling constants require, in particular, that the extra dimensions are effectively stabilized no later than BBN. Such a stabilization is usually achieved by introducing background fields, typically the same fields that are supposed to be responsible for the compactification of the internal space. A wide range of these mechanisms can be expressed in a phenomenological way by adding a term of the form (13) to the action. This term only depends on the size of the extra dimensions, which is what one would expect since its role is to separate ordinary three-space from the internal space. Concrete examples of mechanisms fitting into this scheme include those described in [20, 21, 22, 23].

By analysing the higher-dimensional field equations or, equivalently, the equations of motion for the dimensionally reduced theory, it can be seen that this general setup provides the possibility of having static extra dimensions and a standard cosmological evolution of ordinary three-space – at the cost of fine-tuning the higherdimensional cosmological constant. However, this result holds only if the universe is either dominated by radiation or a constant energy-momentum tensor. For a matterdominated universe no static solutions are available and thus this setup cannot be used to explain the stability of the extra dimensions during the whole evolution of the universe.

The only possibility to get homogeneous static extra dimensions compatible with standard cosmology is therefore to invent stabilization mechanisms that – in contrast to (13) – not only depend on the size of the extra dimensions but, for example, also on the total energy density ρ. Indeed, allowing for interaction terms between the background fields and the matter Langrangian, that is precisely what one would expect. Such a dependence on a second time-varying quantity would introduce additional time-dependent terms in the analogue of (20) and thus in principle allow

‖ It is, however, important to keep in mind that after the conformal transformation the independent variables of L_{matter} are no longer a and b but â = b^{n2} a and b (appropriately expressed in Φ). The b-dependence of ρ thus changes from ρ ∝ b^{−n(1+wb )} to ρ ∝ b^n2^{(1+3wa −2wb )}.

Can homogeneous extra dimensions be stabilized during matter domination? 8

for static solutions for a suitably chosen W (b, ρ). In such a scenario, however, the minima of the effective potential V_{eff} are still expected to depend on the dominant contribution to the energy density and the size of the extra dimensions should therefore change during transition periods like for example from radiation to matter domination.

Finally, we would like to stress that this article considers homogeneous cosmologies. In brane world scenarios for example, there may be other stabilization mechanisms at hand that naturally fulfil the constraint (22) – see for example [25] for a corresponding suggestion. For the reasons given above, however, a variation of the size of the extra dimensions should be expected for all models that allow for changing equations of state in the bulk.

Acknowledgments

We are grateful to Michael Gustafsson, Lars Bergström and Stefan Hofmann for helpful discussions and careful reading of the manuscript.

References

[1] Nordström G, 1914 Phys. Z. 15 504

Kaluza T, 1921 Sitzungsber. Preuss. Akad. Wiss. Berlin K1 966 Klein O, 1926 Z. Phys. 37 895 [2] Bailin D and Love A, 1987 Rept. Prog. Phys. 50 1087 [3] Rubakov V A, 2001 Usp. Fiz. Nauk 171 913 [hep-ph/0104152]

Rubakov V A, 2001 Phys. Usp. 44 871 (translation) Hewett J and Spiropulu M, 2002 Ann. Rev. Nucl. Part. Sci. 52 397 [hep-ph/0205106] [4] Olive K A, Pospelov M, Qian Y Z, Coc A, Casse M and Vangioni-Flam E, 2002 Phys. Rev. D 66 045022 [hep-ph/0205269] Uzan J P, 2003 Rev. Mod. Phys. 75 403 [hep-ph/0205340] Cline J M and Vinet J, 2003 Phys. Rev. D 68 025015 [hep-ph/0211284] Martins C J, Melchiorri A, Rocha G, Trotta R, Avelino P P and Viana P, 2003 Preprint astro-ph/0302295 [5] Kolb E W and Slansky R, 1984 Phys. Lett. B 135 378 [6] Cheng H C, Matchev K T and Schmaltz M, 2002 Phys. Rev. D 66 036005 [hep-ph/0204342] Servant G and Tait T M, 2003 Nucl. Phys. B 650 391 [hep-ph/0206071] [7] Appelquist T, Chang H, and Dobrescu B A, 2001 Phys. Rev. D 64 035002 [hep-ph/0012100] [8] Bringmann T, Eriksson M and Gustafsson M, 2003 Phys. Rev. D 68 063516 [astro-ph/0303497] [9] Freund P G O, 1982 Nucl. Phys. B 209 146 [10] Chodos A and Detweiler S, 1980 Phys. Rev. D 21 2167 [11] Randjbar-Daemi S, Salam A, and Strathdee J, 1984 Phys. Lett. B 135 388 [12] Maeda K, 1986 Class. Quant. Grav. 3 233

Maeda K, 1986 Class. Quant. Grav. 3 651 [13] Gunther U and Zhuk A, 1998 Class. Quant. Grav. 15 2025 [gr-qc/9804018] Gunther U and Zhuk A, 2000 Phys. Rev. D 61 124001 [hep-ph/0002009] [14] Carroll S M, Geddes J, Hoffman M B and Wald R M, 2002 Phys. Rev. D 66 024036 [hep-th/0110149] [15] Gunther U, Starobinsky A and Zhuk A, 2003 Preprint hep-ph/0306191 [16] Misner C W, Thorne K S and Wheeler J A, 1995 Gravitation (New York: Freeman) [17] Demaret J and Hanquin J L, 1985 Phys. Rev. D 31 258

Demaret J, Hanquin J L, Henneaux M and Spindel P, 1985 Nucl. Phys. B 252 538 [18] Randall L and Sundrum R, 1999 Phys. Rev. Lett. 83 4690 [hep-th/9906064] [19] Bailin D, Love A and Vayonakis C E, 1984 Phys. Lett. B 142 344 [20] Cremmer E and Scherk J, 1976 Nucl. Phys. B 108 409

Randjbar-Daemi S, Salam A and Strathdee J, 1983 Nucl. Phys. B 214 491 Salam A and Sezgin E, 1984 Phys. Lett. B 147 47 Okada Y, 1985 Phys. Lett. B 150 103 Randjbar-Daemi S, Salam A, Sezgin E and Strathdee J, 1985 Phys. Lett. B 151 351 [21] Freund P G O and Rubin M A, 1980 Phys. Lett. B 97 233

Can homogeneous extra dimensions be stabilized during matter domination? 9

[22] Appelquist T and Chodos A, 1983 Phys. Rev. Lett. 50 141

Appelquist T and Chodos A, 1983 Phys. Rev. D 28 772 Candelas P and Weinberg S, 1984 Nucl. Phys. B 237 397 Bailin D and Love A, 1984 Phys. Lett. B 137 348 [23] Ponton E and Poppitz E, 2001 J. High Energy Phys. JHEP06(2001)019 [hep-ph/0105021] [24] Ellwanger U, 2000 Phys. Lett. B 473 233 [hep-th/9909103] [25] Kanti P, Kogan I I, Olive K A and Pospelov M, 2000 Phys. Rev. D 61 106004 [hep-ph/9912266] [26] Gu J A and Hwang W Y, 2002 Phys. Rev. D 66 024003 [astro-ph/0112565] [27] Tonry J L et al, 2003 Astrophys. J. 594 1 [astro-ph/0305008]