arXiv:astro-ph/0310904 v2 10 Feb 2004

IRB-TH-6/03

Generalized phantom energy

H. Štefančić^∗

Theoretical Physics Division, Rudjer Bošković Institute, P.O.Box 180, HR-10002 Zagreb, Croatia

Abstract

We examine cosmological models with generalized phantom energy (GPE). Generalized phantom energy satisfies the supernegative equation of state, but its evolution with the scale factor is generally independent, i.e. not determined by its equation of state. The requirement of general covariance makes the gravitational constant time-dependent. It is found that a large class of distinct GPE models with different evolution of generalized phantom energy density and gravitational constant, but the same equation of state of GPE have the same evolution of the scale factor of the universe in the distant future. The time dependence of the equation of state parameter determines whether the universe will end in a de Sitter-like phase or diverge in finite time with the accompanying “Big Rip” effect on the bound structures.

Results of recent cosmological observations, such as distant supernovae of type Ia (SNIa) [1] and cosmic microwave background radiation (CMBR) [2], have dramatically altered our perception of the dynamics and composition of the universe and reshaped the landscape of standard cosmology [3]. The universe seems to be in the phase of accelerated expansion, which started at a relatively small redshift, z ∼ 1. This acceleration is attributed to a new form of matter, usually referred to as dark energy, the nature of which is still not definitely established. Observations

∗shrvoje@thphys.irb.hr indicate that the energy density of the universe is very close to its critical density where dark energy presently accounts for approximately 2/3 of the total energy density, while the remaining 1/3 comes predominantly from dark matter, another unidentified component of the universe. The most prominent and studied candidates for the title of dark energy are the cosmological constant [4, 5, 6] (together with its dynamical variants, such as renormalization group running cosmological constant [7, 8, 9]), quintessence [10] and the Chaplygin gas [11].

The majority of dark energy models share a common constraint on their equation of state (p_d and ρ_d represent pressure and energy density of dark energy, respectively) p_d = wρ_d , (1)

where w ≥ −1. Such a constraint is, however, not justified by the unbiased fits to the data of cosmological observations. Moreover, the allowed interval for the parameter of the equation of state extends significantly into the region with w < −1. The use of observational data on CMBR, large scale structure (LSS), SNIa and Hubble parameter measurements from the Hubble Space Telescope (HST) under the assumption of the redshift independent parameter w give the restriction −1.38 < w < −0.82 at the 95% confidence level [12]. Therefore, a possible supernegative equation of state of dark energy deserves due attention.

A new type of dark energy with the equation of state characterized by w < −1 was proposed in [13] and named phantom energy. Phantom energy is considered to be separate from other components of the universe and its energy-momentum tensor is conserved separately. In such a setting, the equation of state of dark energy determines its evolution with the scale factor a. The supernegative nature of the equation of state of the phantom energy leads to the growing energy density of phantom energy ρ_d ∼ a^{−3(1+w)}, for a constant parameter w. The cosmological dynamics of the universe with such a phantom energy component possesses many interesting features [14]. The growth of the energy density of phantom energy drives the scale factor of the universe to infinity in finite time. The increasing negative pressure of phantom energy leads to the unbounding of all bound structures in the universe. This dramatic and picturesque scenario of the cosmic doomsday was appropriately named “Big Rip”. The formulation of microscopic models for phantom energy [15] relies on the machinery developed in quintessence models, namely the evolution of the scalar field in a suitably chosen potential. However, the description of phantom energy may require an introduction of some nonstandard alterations, e.g. the negative kinetic term of the scalar field. Detailed considerations of the Lagrangians describing phantom energy show that in some cases the universe with phantom energy ends in a “Big Rip”, while in others it asymptotically approaches the de Sitter expansion.

In this paper, we consider models with generalized phantom energy (GPE). First, we set up a more general model of the evolution of the universe with phantom energy. We assume that there are two components of the universe: the dark energy component (which will have the phantom energy characteristics), and the “ordinary” matter component with the respective energy densities ρ_d and ρ_m. The “ordinary” matter is taken to satisfy the equation of state

p_m = γρ_m , (2) where γ ≥ 0. Furthermore, we assume that the energy-momentum tensor of the “ordinary” matter is conserved T^{μν}_{m;ν} = 0 . (3)

The equation given above ensures that the parameter of the equation of state governs the evolution of the “ordinary” matter energy density, i.e. ρ_m = ρ_{m,0} ( a a_0

)_{−3(1+γ)} . (4)

Dark energy has the equation of state

p_d = wρ_d , (5)

where w generally depends on time explicitly or implicitly, via explicit dependence on some other time-dependent quantity, such as the scale factor a. In the case of dark energy, we allow the possibility of non-conservation of the energy-momentum tensor, i.e.

T^{μν}_{d;ν} ≠ 0 . (6)

Thus, the evolution of the dark energy density is not determined by the parameter from its equation of state.

With the properties of the components of the universe defined, we can specify the laws of its evolution. We start from the Einstein equation G^{μν} = −8πGT^{μν} , (7) where G^{μν} is the Einstein tensor and T^{μν} = T^{μν}_d + T^{μν}_m is the total energymomentum tensor. The reconciliation of the requirement of the general covariance of (7) and the non-conservation relation (6) is possible with the promotion of gravitational constant G into a space-time dependent quantity. This change can be interpreted as a modification of the dynamics of General Relativity. This additional dynamics is effectively described by the introduction of space-time dependence of G. We consider the models where G is a function of time only, G = G(t). Models with the time-dependent G were extensively studied in the framework of the time-dependent cosmological term Λ(t) [16]. The covariant derivative of (7) then implies (G(t)T^{μν} )_{;ν} = 0 . (8)

This equation can be rewritten in the form

d(G(ρ_m + ρ_d)a^3) = −G(p_m + p_d)da^3 . (9)

Combining the evolution laws (4) and (9) and introducing w ≡ −1 + κ (where κ describes the deviation from the parameter of the equation of state inherent to the cosmological constant) we arrive at

Ġ(ρ_m + ρ_d) + Gρ̇_d + 3κHGρ_d = 0 . (10)

Here H = ȧ/a is the Hubble parameter, while dots denote time derivatives. Equation (10) clearly shows the generality of the model. In the case of the constant G, we recover the standard equation of conservation of T^{μν}_d . Equation (10) shows that the time evolution of G is the result of two competing effects. Namely, for dark energy with growing energy density, the second term in (10) causes the decrease of G, while for negative κ, the third term in (10) increases G with time.

Finally, Friedmann equations for the evolution of the scale factor complete the set of evolution equations (4) and (10) ( ȧ a )_2 + k a^2 = 8π 3 G(ρ_m + ρ_d) , (11) ä a = − 4π 3 G(ρ_m + ρ_d + 3p_m + 3p_d) . (12)

The set of equations (4), (10) and (11) reveals that we have essentially two independent equations for three dynamical quantities G, ρ_d and a (assuming that κ is the function of these quantities and time). Without a more specific identification of the dynamics of G or ρ_d, it is not possible to solve the aforementioned set of equations. However, as we show below, with mild assumptions about the evolution of dark energy with the scale factor, it is possible to obtain information on the future evolution of the universe for general G and ρ_d satisfying the equations given above.

Next, we introduce the concept of generalized phantom energy (GPE). Generalized phantom energy is the form of dark energy satisfying the equation of state (1) with the non-conserved energy-momentum tensor (6) and the following two properties:

(a) GPE energy density is a non-decreasing function of the scale factor, (b) GPE equation of state satisfies κ ≤ 0.

We further examine the future evolution of the universe. In the sufficiently distant future we have ρ_m ≪ ρ_d and ρ_m can be neglected in the evolution equations. Equations (10) and (11) thus become ( ȧ a )_2 + k a^2 = 8π 3 Gρ_d (13) and d dt (Gρ_d) + 3κHGρ_d = 0 . (14)

Furthermore, from equation (14), we obtain d(Gρ_d) Gρ_d = −3κ da a . (15)

As the condition −κ ≥ 0 is satisfied by assumption (b), we obtain

Gρ_d ≥ (Gρ_d)_0 . (16)

Therefore, as Gρ_d is a growing function in an expanding universe, for large a we can disregard the term k/a^2 in equation (13). For the flat universe, this approximation is exact, while for the closed or the open universe, this approximation is applicable in the sufficienly distant future.

Finally, we end up with the following two equations for the dynamics of the universe in the distant future:

H^2 = 8π 3 (Gρ_d) , (17) d dt (Gρ_d) + 3κH(Gρ_d) = 0 . (18)

By combining equations (17) and (18), we obtain an equation for the evolution of the Hubble parameter H with time dH dt + 3 2 κH^2 = 0 , (19)

with the solution H(t) = H(t_0) 1 +^3_2 H(t_0) ∫_t t_0 κ(t ′)dt^′ . (20)

Once we have found the expression for the evolution of the Hubble parameter, it is easy to obtain an expression for the evolution of the scale factor a a(t) = a(t_0)exp (∫_t t_0 dt^′ H(t_0) 1 +^3_2 H(t_0) ∫_t′ t_0 κ(t ′′)dt^{′′} ) . (21)

General solutions (20) and (21) exhibit some interesting features. The evolution of the universe in the sufficiently distant future is governed only by the parameter of the equation of state of dark energy. The precise form of the growth of ρ_d with the scale factor a is irrelevant in this limit. This implies that the entire class of models with different functional forms of ρ_d and G, obeying the same equation of state, show the same behaviour in the sufficiently distant future. Therefore, we can divide all GPE models with the characteristics specified above into classes with the same equation of state.

An important question regarding the fate of the universe is whether, for a particular class of generalized phantom energy models, a and H diverge in finite time or reach infinite values only in infinite time. For the Hubble parameter H, the answer is straightforward. There will be no divergence of H in finite time if the denominator of the expression on the right-hand side of (20) remains positive for all times. This leads to the condition ∫_∞ t_0 (−κ(t^′))dt^′ < 2 3H(t_0)

. (22)

As in this case there is no singularity in H(t) in finite time, the scale factor a(t) also does not diverge in finite time. In order to have the convergence of the integral ∫_∞ t_0 (−κ(t ′))dt^′ required in (22), the function κ(t) has to tend to zero at asymptotically large times. Therefore, for generalized phantom matter which exhibits no divergence of H or a in finite time, the parameter of the equation of state approaches −1, i.e. generalized phantom energy approaches the time-dependent cosmological term.

In the case when the condition (22) is not satisfied, the Hubble parameter H diverges in finite time t. From Friedmann equations we have

ȧ = Ha , (23) ä = ( 1 − 3 2 κ ) H^2a . (24)

These expressions indicate that, when H diverges in finite time t, both ȧ and ä diverge as well, so the scale factor a cannot remain finite, but diverges in finite time t as well.

From the general expessions (20) and (21), we can obtain evolution laws for the conceptually simple, but important case [13]

κ(t) = −κ_0 . (25)

With such a choice for the parameter of the equation of state of generalized phantom energy, we have the following evolution laws: H(t) = H(t_0) 1 −^3_2 H(t_0)κ_0(t − t_0)

, (26)

a(t) = a(t_0) ( 1 − 3 2 H(t_0)κ_0(t − t_0)

)_− 2_{3κ0}

. (27)

These solutions clearly show the onset of the divergence in H and a. The universe with generalized phantom energy with the constant parameter of the equation of state evolves to infinity in finite time.

Comparison with the case of the “standard” phantom energy [13, 14] shows that, for the same parameter of the equation of state κ(t), the scale factor follows the same evolution law. Given the fact that the parameter of the equation of state does not determine the scaling with a, and that G is variable in the framework of generalized phantom energy, it is by no means obvious that coincidence of this sort should exist. However, from the equation (10), we readily see that for the case of constant G, we recover the equation of evolution for the “standard” phantom energy. As far as the evolution in the sufficiently distant future is concerned, the “standard” phantom energy model is just one instance of the class of generalized phantom energy models with the same function κ(t).

Given the same evolution properties of the broad class of GPE models with the same κ(t), it is natural to look at the destiny of bound structures, another peculiarity of phantom energy models [14]. The relevant quantity with respect to the stability of the bound structures is the analogue of the gravitational potential proportional to the quantity G(ρ_d + 3p_d) = (−2 + 3κ)Gρ_d. Equation (17) shows that Gρ_d ∼ H^2 and Gρ_d grows with time. If the condition (22) is not satisfied, H and Gρ_d diverge in finite time. Furthermore, as ρ_d grows with the scale factor, Gρ_d certainly increases compared to G. For gravitationally bound systems, the GPE contribution of the order ∼ G(ρ_d + 3p_d)R^3 (where R denotes the characteristic spatial scale of the bound system) overwhelms the “mass” contribution ∼ GM (M denotes the mass of the bound system). Gravitationally bound systems fall apart in finite time. For the systems bound by electromagnetic or strong forces, mere growth of Gρ_d ensures their unbounding at some finite time before the time at which scale factor goes to infinity. Consequently, all bound structures are unbound in finite times. The scenario of the “Big Rip” is present in generalized phantom energy models as well.

Finally, let us make some comments on fundamental aspects of the GPE model. As the gravitational constant G(t) is time-dependent, the description of the gravitational sector in the GPE model represents a declination from the Einsteinian gravity. One important aspect is whether the scale factor a really describes the growth of length scales. One can raise two arguments in favour of the standard interpretation of the scale factor a. The first is that no intervention in the geometrical structure or interpretation of the left-hand side of equation (7) has been made. The other, more physical one, is that the density of “nonrelativistic” matter scales as ρ_m ∼ a^{−3} in our GPE model, equation (4) with γ = 0. Given that no interaction (production or annihilation) of the “ordinary” matter component with other components is assumed, this fact establishes a as a natural measure of the growth of length scales.

In some theories with the time-dependent effective gravitational constant, such as scalar-tensor or nonminimally coupled scalar field theories, one can construct many mathematically equivalent theories using conformal transformations. It turns out that all these theories are not physically equivalent, i.e. some formulations are more physically viable than others (the Einstein frame formulation is more viable than the Jordan frame formulation) [17]. Generally, it might be of interest to consider conformally related models of GPE obtained by the transformation of the type g̃_{μν} = f(G(t))g_{μν}, where f is a suitably chosen function. However, the time variation of G(t) in our model can be very general and includes possibilities to which requirements on the choice of the conformal frame do not necessarily apply. Some examples of such a variation are the renormalization group running of G [7, 8, 9] or the time variation of G emanating from extra dimensions [18].

In conclusion, in this letter we have considered cosmological models with the time-dependent gravitational constant G and dark energy with the supernegative equation of state (phantom energy). Phantom energy is generalized in the sense that its equation of state does not determine its evolution with the scale factor a, i.e. GPE density becomes an independent function of the scale factor. The requirement of general covariance in this setting imposes conditions on the gravitational constant G which acquires time dependence. Investigation of future dynamics of the generalized phantom energy models with growing generalized phantom energy density and the parameter of the equation of state less than −1 exhibits some general properties. A large class of models with different evolutions of ρ_d and G, but the same equation of state of GPE, have the common law of the evolution of the scale factor a in the sufficiently distant future. The time dependence of the GPE parameter of the equation of state determines whether the universe evolves infinitely in a de Sitter regime or diverges in finite time. One would expect that bounds on the variation of G in the past epochs of the evolution of the universe would produce the most stringent constraints on the parameters of the GPE model. Therefore, it is important to point out that our main results qualitatively do not depend on the size of the parameter |κ| or on the intensity of growth of ρ_d (of course, within classes of these parameters that satisfy or do not satisfy the condition (22)). For smaller parameter values and slowlier varying functions ρ_d and G, the onset of the general evolution (dependent only on κ) will come later. For instance, for constant and negative κ, but very small |κ|, the entire class of GPE models leads to the “Big Rip” event, but at very late times.

Clearly, the present accelerating phase of the evolution of the universe carries the seed of the possibly very dramatic future of our cosmos. Therefore, more precise observations of the past variation of ρ_d and G with time (redshift) will be able to unravel the fate of the universe.

Acknowledgements. The author would like to thank N. Bilić, B. Guberina and R. Horvat for useful comments on the manuscript. This work was supported by the Ministry of Science and Technology of the Republic of Croatia under the contract No. 0098002.

References

[1] A.G. Riess et al., Astron. J. 116 (1998) 1009; S. Perlmutter et al., Astrophys.

J. 517 (1999) 565.

[2] P. de Bernardis et al., Nature 404 (2000) 955; A.D. Miller et al. Astrophys.

J. Lett. 524 (1999) L1; S. Hanany et al., Astrophys. J. Lett. 545 (2000) L5; N.W. Halverson et al., Astrophys. J. 568 (2002) 38; B.S. Mason et al., astro-ph/0205384; D.N. Spergel et al., astro-ph/0302209; L. Page et al. astro-ph/0302220.

[3] W.L. Freedman, M.S. Turner, astro-ph/0308418; S.M. Carroll, astro-ph/0310342.

[4] S. Weinberg, Rev. Mod. Phys. 61 (1989) 1.

[5] P.J.E. Peebles, B. Ratra, Rev. Mod. Phys. 75 (2003) 559. [6] T. Padmanabhan, Phys. Rept. 380 (2003) 235.

[7] A. Babic, B. Guberina, R. Horvat, H. Stefancic, Phys. Rev. D 65 (2002) 085002; B. Guberina, R. Horvat, H. Stefancic, Phys. Rev. D 67 (2003) 083001.

[8] I.L. Shapiro, J. Sola, Phys. Lett. B 475 (2000) 236; I.L. Shapiro, J. Sola, JHEP 0202 (2002) 006; I.L. Shapiro, J. Sola, C. Espana-Bonet, P. Ruiz-Lapuente, Phys. Lett. B 574 (2003) 149.

[9] A. Bonanno, M. Reuter, Phys. Lett. B 527 (2002) 9; E. Bentivegna, A. Bonanno, M. Reuter, astro-ph/0303150.

[10] B. Ratra, P.J.E. Peebles, Phys. Rev. D 37 (1988) 3406; P.J.E. Peebles, B.

Ratra, Astrophys. J. 325 (1988) L17; C. Wetterich, Nucl. Phys. B 302 (1988) 668; R.R. Caldwell, R. Dave, P.J. Steinhardt, Phys. Rev. Lett. 80 (1998) 1582; I. Zlatev, L. Wang, P.J. Steinhardt, Phys Rev. Lett. 82 (1999) 896.

[11] A. Yu. Kamenshchik, U. Moschella, V. Pasquier, Phys. Lett. B511 (2001) 265;

N. Bilic, G.B. Tupper, R.D. Viollier, Phys. Lett. B 535 (2002) 17; M.C. Bento, O. Bertolami, A.A. Sen, Phys. Rev. D 66 (2002) 043507.

[12] A. Melchiorri, L. Mersini, C.J. Odman, M. Trodden, Phys. Rev. D 68 (2003) 043509.

[13] R.R. Caldwell, Phys. Lett. B 545 (2002) 23.

[14] R.R. Caldwell, M. Kamionkowski, N.N. Weinberg, Phys. Rev. Lett. 91 (2003) 071301.

[15] C. Armendariz-Picon, T. Damour, V. Mukhanov, Phys. Lett. B 458 (1999) 209; T. Chiba, T. Okabe, M. Yamaguchi, Phys. Rev. D 62 (2000) 023511; V. Faraoni, Int. J. Mod. Phys. D 11 (2002) 471; S.M. Carroll, M. Hoffman, M. Trodden, Phys. Rev. D 68 (2003) 023509; S. Nojiri, S.D. Odintsov, Phys. Lett. B 562 (2003) 147; S. Nojiri, S.D. Odintsov, Phys. Lett B 565 (2003) 1; P. Singh, M. Sami, N. Dadhich, Phys. Rev. D 68 (2003) 023522; G.W. Gibbons, hep-th/0302199; L.P.Chimento, R. Lazkoz, gr-qc/0307111; J.G. Hao, X.Z. Li, Phys. Rev. D 68 (2003) 083514; M.P.Dabrowski, T. Stachowiak, M. Szydlowski, hep-th/0307128; J.G. Hao, X.Z. Li Phys. Rev. D 67 (2003) 107303; J.G. Hao, X.Z. Li, astro-ph/0309746; V. Faraoni, gr-qc/0307086.

[16] A. Beesham, Nuovo Cimento 96 B (1986) 17; A. Beesham, Int. J. Theor.

Phys. 25 (1986) 1295; A-M.M. Abdel-Rahman, Gen. Rel. Grav. 22 (1990) 655; M.S. Berman, Phys. Rev. D 43 (1991) 1075; M.S. Berman, Gen. Rel. Grav. 23 (1991) 465; R.F. Sistero, Gen. Rel. Grav. 32 (1991) 1265; D. Kalligas, P. Wesson, C.W.F. Everitt, Gen. Rel. Grav. 24 (1992) 351; T. Singh, A. Beesham, Gen. Rel. Grav. 32 (2000) 607; A.I. Arbab, A. Beesham, Gen. Rel. Grav. 32 (2000) 615; A.I. Arbab, Spacetime and Substance 1(6) (2001) 39; A.I. Arbab, astro-ph/0308068; J. Ponce de Leon, gr-qc/0305041.

[17] V. Faraoni, E. Gunzig, P. Nardone, Fund. Cosmic Phys. 20 (1999) 121; V.

Faraoni, E. Gunzig, Int. J. Theor. Phys. 38 (1999) 217.

[18] P. Loren-Aguilar, E. Garcia-Berro, J. Isern, Yu.A. Kubyshin, Class. Quant.

Grav. 20 (2003) 3885.