arXiv:astro-ph/0405623 v1 31 May 2004

Modification of the field theory and the dark matter problem

A. A. Kirillov Institute for Applied Mathematics and Cybernetics 10 Uljanova Str., Nizhny Novgorod, 603005, Russia

May 31, 2004

Abstract

We present an extension of the field theory onto the case in which the topology of space can vary. We show that the nontrivial topology of space displays itself in a multivalued nature of all observable fields and the number of fields becomes an additional degree of freedom. In the limit in which topology changes are suppressed, the number of fields is conserved and the Modified Field Theory (MOFT) reduces to the standard field theory where interaction constants undergo an additional renormalization and acquire a dependence on spatial scales. This means that in MOFT particles lose their point-like character and acquire a specific distribution in space, i.e. each point source is surrounded with a halo which carries charges of all sorts. From the dynamical standpoint such halos can be described as the presence of a dark matter or fictitious particles.

When assuming that in the Planck stage of evolution of the Universe topology changes do occur and that the early Universe is in thermodynamic equilibrium, MOFT inevitably predicts the deviation of the law of gravity from Newton’s law in a certain range of scales r_{min} < r < r_{max}, in which the gravitational potential shows essentially logarithmic ∼ ln r (instead of 1/r) behavior. In this range, the renormalized value of the gravitational constant G increases and at scales r > r_{max} acquires a new constant value G^′ ∼ Gr_{max}/r_{min}.

We show that in MOFT fermions obey a generalized statistics and at scales r > r_{min} violate the Pauli principle (more than one fermion can occupy the same quantum state). We also demonstrate that in this range the stable equilibrium state corresponds to the fractal distribution of baryons and, due to the presence of fictitious particles predicted by MOFT, this distribution is consistent with observational limits on ΔT /T . The concept of fictitious particles is then used to explain the origin of the diffuse component in the X-ray background and the origin of Higgs fields. Thus, we show that MOFT allows to relate the rest mass spectrum of elementary particles with cosmological parameters. Finally it is demonstrated that in MOFT, in the range r_{min} < r < r_{max} the Universe acquires features of a two-dimensional space whose distribution in the observed 3- dimensional volume has an irregular character. This provides a natural geometric explanation to the observed fractal distribution of galaxies and the 1 logarithmic behavior of the Newton’s potential for a point source. In conclusion we discuss some open problems in MOFT.

1 Introduction

The discrepancy between the luminous matter and the dynamic, or gravitating mass was first identified in clusters of galaxies [1]. Since then it has widely been accepted that the leading contribution to the matter density of the Universe comes from a specific non-baryonic form of matter (unseen, or dark matter, see e.g. Refs. [2, 3]). There are two basic arguments in favor of dark matter and both depend essentially on the underlying theory. First, if the mass distribution in a galaxy follows the brightness the rotation curve is expected to show a Keplerian r^{−1/2} law, while measurements (e.g., see Ref. [4]) show a quite different behavior. Namely, V (r) ≃ V_c stays constant out to the visible edge in most of galaxies. This means that the gravitating mass M (r) contained within a radius r grows as M (r) = V^2_c r/G and a large fraction of the total mass of a galaxy has a non-luminous dark form. This cannot be any normal form of matter, for the normal matter can always be detected (e.g., intergalactic gas radiate X-rays and is, therefore, seen). Note that there is a number of objects (normal galactic matter - stars, dust, and gas - surrounding a galaxy) which give direct evidence for a spherical halo of dark matter extending far beyond the optical disk of a galaxy [5]. Analysis of the mass-to-light ratio of galaxies, groups, and clusters (e.g., see Ref. [6]) shows that while the M/L ratio of galaxies increases with scale, it flattens and remains approximately constant for groups and clusters. This means that if there is an additional amount of dark matter in clusters (different from that of galactic halos), it should contribute only to the homogeneous background.

The second argument is that the Universe has a rather developed structure (galaxies, clusters, super-clusters). Metric potential fluctuations are measured directly by ΔT/T in the microwave background [7], and observational values are at least two orders less than it is required by the baryon-dominated Universe. Moreover, it was shown (e.g., see Refs. [8, 9, 10] and for a more recent discussions Refs. [11, 12, 13]) that the observed galaxy distribution exhibits a fractal behavior with dimension D ≈ 2 which seems to show no evidence of cross-over to homogeneity. Such a picture is in a conflict with the Friedman model unless a substantial amount of dark matter is present to restore the homogeneity of the Universe. Note that this does not remove the conflict with the observed values of ΔT/T , for at the moment of recombination the density of baryons and the CMB temperature are related as n_b ∼ T^3 and, therefore, the fractal distribution of baryons must leave a direct imprint in the CMB temperature [14].

Apart from some phenomenological properties of the dark matter (e.g., it starts to show up in galactic halos, it is non-baryonic, cold, etc.) nothing is known of its nature. Particle physics suggests various hypothetical candidates for dark matter. 1

We, however, still do not observe such particles in direct laboratory experiments, while the dark matter displays itself by the gravitational interaction only. Besides, there appears another puzzle that the distribution of the luminous matter traces rather rigidly perturbations in the density of the dark matter (the so-called biased galaxy formation). While such a behavior may be acceptable at the non-linear or quasi-linear stages of the development of perturbations, it looks quite strange and cannot be explained (at least by the presence of hypothetical particles) for the linear stage (e.g., at scales of superclusters where perturbations in the total density are still small δρ_{tot}/ρ_{tot} ≪ 1). All these facts suggest to try, as an alternative to the dark matter hypothesis, the possibility to interpret the observed discrepancy between luminous and gravitational masses as a violation of the law of gravity.

The best known attempt of such kind is represented by a phenomenological algorithm by Milgrom [15], the so-called MOND (Modified Newtonian Dynamics). This algorithm suggests replacing the Newton’s law of gravity, in the low acceleration limit g ≪ a_0, with g_{MOND} ∼ √ ga_0, where g is the gravitational acceleration and a_0 is a fundamental acceleration constant a_0 ∼ 2 × 10^{−8}cm/ s^2). This, by construction, accounts for the two observational facts: the flat rotation curves of galaxies (for remote stars from the center of a galaxy MOND gives g_{MOND} = √ GM_{gal}a_0/r = V^2_c /r) and the Tully-Fisher relation L_{gal} ∝ V^4_c which gives M_{gal} ∝ L_{gal} ∝ V^4_c (where L_{gal}, M_{gal}, and V_c are the galaxy’s luminosity, mass, and rotation velocity respectively). MOND was shown to be successful in explaining properties of galaxies and clusters of galaxies [16, 17], and different aspects of it still attract attention, e.g., see Refs.[18, 19, 20, 21, 22] and references therein (see also criticism in Ref. [23]).

However, in the present form MOND is not widely accepted, for the lack, in the first place, of a clear theoretical motivation of such a nonlinear behavior from particle physics standpoint (at low accelerations the force F ∝ √ M ). Indeed, in particle physics the Newton’s law of gravity reflects merely the fact that gravitons are massless particles. There exist processes which are able to violate the standard Newton’s law, e.g., vacuum polarization effects are known to produce corrections to the Coulomb potential [24] and analogous corrections are expected to exist for the Newton’s potential (e.g., see Ref. [25, 26] where some observational limits on the scale-dependence of the gravitational constant were considered). Such corrections, however, are essential at scales smaller than the Planck length ℓ ≲ ℓ_{pl} ∼ 10^{−33}cm where quantum gravity effects are believed to be important and this, obviously, differs from the typical scale of a galaxy (ℓ ∝ 30 − 50Kpc ∝ 10^{23}cm) where we would expect the gravity law to violate.

It turned out, however, that quantum gravity effects are, nevertheless, capable of violating the Newton’s law at large spatial distances, if possible changes in the topology of space are taken into account (e.g., see Ref. [27]). On the classical level topology changes are known to be forbidden. Such changes were, however, to occur during the quantum period of the evolution of the Universe and, therefore, a relic of topology transformations may still survive [28]. As it was shown in Ref. [27], the nontrivial topological structure of space displays itself in a renormalization of all interaction constants, which, in general, depends on spatial scales. This does mean the violation of usual interaction laws in some range of scales. Specifically, if on the quantum stage the Universe is assumed to be thermalized with a very high temperature, then one can show [27] that Newton’s potential has to transform to essentially logarithmic one (∼ ln r instead of 1/r) in a certain range of scales r_{min} < r < r_{max}. If we identify r_{min} with the characteristic size of a galaxy, this amplification of the gravity force will produce flat rotation curves without the dark matter hypothesis. We stress that the switch to the logarithmic potential is a rather stringent prediction which does not depend on details of the complete theory (and, in particular, on quantum gravity). In other words, if we believe in topology changes in the very early Universe, we should be very surprised if we would not see a discrepancy between the luminous and dynamical masses.

In fact, the same kind of conclusions holds true for the Coulomb potential and for all other interactions. In this sense we should observe not only dark matter, but dark charges of all sorts as well (and it is very probable that we do).

To illustrate the way how nontrivial topology of space causes a renormalization of charge and mass values we consider a toy example. Let q be the electric charge of a particle in a flat space which includes also a number of handles, and L be the characteristic size of the handles (the distance between end points). In the Coulomb’s field of the particle every handle works as a dipole with a moment d = δqL, for it seizes some fraction of lines of electric force of the particle. It is clear that the farthest end of a handle acquires a charge δq of the same sign as that of the particle, while the nearest end acquires the charge of the opposite sign −δq. The value δq depends on the distance between the closest end of the handle and the particle and on the characteristic size of the throat of the handle as well (we note that the value δq is always less than q).

Consider now a ball of a radius r with the particle in the center. In general this ball includes a number of ends of the handles, and while r ≪ L every handle gets into the ball by one end only. Suppose that there is only one such a handle. Then, the observed value of the charge within the ball of radius r ≪ L will be diminished by the value δq, while for r ≫ L the ball will include both ends of the handle and the total value of the charge restores. Hence, δq can be interpreted as a dark charge residing between the ends of the handle. In other words every handle transports some fraction of the charge of the particle over a distance of the order L, so a distributed set of handles will create a specific halo of dark charge around every point source. Clearly, we have exactly the same picture for the gravitational potential of the particle, i.e. the handles create the halo of dark mass as well. Properties of the halo depend on the distribution of handles, i.e. on specific properties of the topological structure of space.

Apart from the changes in the gravity law, the qualitative picture shown above gives at least two direct predictions. First, it can explain the origin of the diffuse component of the X-ray background, for the presence of dark charge extends considerably the characteristic size of a region occupied with plasma (the hot Xray emitting gas). And secondly, we should expect the existence of fluctuations in the fine structure constant (i.e., in the value of the electric charge). Indeed, if we consider a ball of a radius r ≪ L in a moving (with respect to handles) frame, then every handle crossing the ball will cause some variation in the total charge Q (t) = q − δq (t) (where δq (t) = 0 when the handle is outside the ball). This problem, however, requires a more rigorous consideration.

The quantitative description of the situation is somewhat different from the simple picture above. It is based on the suggestion of Ref. [28] that the nontrivial topology of space should display itself in the multivalued nature of all observable fields, i.e. the number of fields should be a dynamical variable. The argument is that in the case of general position an arbitrary quantum state mixes different topologies of space. From the other side, any measurement of such a state should be carried out by a detector which obeys classical laws and, therefore, the detector introduces a background space of a particular topology in terms of which quantum states should be described. It is important that on the classical level the topology is always defined and does not change (i.e., if the Universe was in a particular initial quantum state which mixes different topologies of space, it should eventually remain in the mixed topology state). This means that the topology of space must not be a direct observable, and the only chance to keep the information on the topology is to allow all the fields (which are specified on the background space) to be multivalued. It turns out that a very good compatibility of the multivalued field theory with the conventional one is achieved when the variable number of fields is introduced in the momentum representation, i.e. for Fourier transforms. In other words the topology has to be fixed for the space of momenta, while in the coordinate space it is not defined at all.

The Modified Field Theory (MOFT) which treats multivalued fields was developed in Refs. [28, 27, 29]. Despite MOFT is a self-consistent theory from particle physics standpoint, and basic features and principles of constructing the theory are rather transparent, it is still not sufficiently elaborated. At present we get only particular fragments which we discuss in the present paper, while a satisfactory model of topology transformations is still missing. However the existing fragments seem to be promising and rather impressive. First of all, MOFT provides a natural explanation to the dark matter phenomenon [27]. Secondly, the theoretical scheme of MOFT reconciles the observed developed structure of the Universe (in particular, the fractal distribution of luminous matter) with the homogeneity of the Universe and with the observational limits on ΔT/T in the microwave background [14]. MOFT also provides a number of new predictions which can be used to verify the theory. In particular, dark charge predicted by MOFT may be responsible for the formation of the diffuse component in the X-ray background, whose nature seems to be analogous to that of CMB (and very likely for the formation of galactic magnetic fields). Besides, as it is shown in the present paper, MOFT allows to explain the origin of the observed rest mass spectrum of elementary particles and to relate it to cosmological parameters.

2 One-dimensional crystal. Basic ideas of MOFT

We start our consideration with the most simple illustrative example. Consider a one-dimensional crystal. Positions of an atom in the crystal can be described by a single coordinate x. In quantum mechanics states of an atom will be described by a wave function ψ (x). When considering systems with a variable number of atoms the wave function becomes an operator ^ψ (x) which annihilates (and ^ψ^+ (x) creates) one atom at the position x. At low temperatures atoms experience only small oscillations which can be described by a field function u (x) (the function of displacements). This function can be expanded in modes

u (x) = ∑ k 1 √ 2ω (k) L ( a_ke^{ikx} + a^+_k e^{−ikx} ) , where L is the size of the crystal and coefficients a^+_k and a_k play in quantum theory the role of creation and annihilation operators for phonons. Thus in the leading order the Hamiltonian takes the form H = ∑ k ω (k) ( a^+_k a_k + 1 2 ) , (1)

where ω (k) is the energy of a phonon. The ground state corresponds to the zero temperature T = 0 and represents the vacuum state for phonons, i.e., a_k |0⟩ = 0, for all k.

Consider now the case of a nontrivial topology of the crystal. To this aim we join two arbitrary points x_1 and x_2 of the crystal, separated by a distance ℓ, with an additional chain of atoms of a length of the order ℓ. The presence of the additional chain of atoms means a degeneracy that appears in the system: more than one atom may have the same position x. In order to describe such a situation we have two possible ways. First one is to change the number of dimensions of the system, i.e., to introduce an additional coordinate y by means of which different atoms, which belong to different chains and have the same position x, could be distinguished. This way presumes that the additional coordinate y is an observable and can be somehow measured. In the example under consideration atoms are 3-dimensional particles and, therefore, y is simply one of the coordinates normal to the line of the crystal. For other degenerate systems, however, y has no such simple interpretation. It can be related to some extra dimensions or to some internal group space.

The second way is to replace the single-valued functions ψ (x) and u (x) in the region x_1 ≤ x ≤ x_2 with two-valued functions ψ^α (x) and u^{(α)} (x), α = 1, 2. This can be interpreted as an introduction of the set of two identical fields. The second approach is more general than the first one, because it works also in the case when the extra coordinate y cannot be measured and, therefore, quantum states, which differ in the extra coordinate only, are physically equivalent and should be considered as the same state. In particular, it is exactly the situation which is realized if topology changes in the system are forbidden, for in this case interaction terms in the Hamiltonian do not contain matrix elements which may change the extra coordinate (although this does not mean that the extra coordinate cannot be measured in principle, the removal of the degeneracy requires to invoke additional matter fields which are not a priori contained in the system).

In this manner, we can introduce an operator of the number of fields N (x), which in our example represents the characteristic function N (x) = 2 at x_1 ≤ x ≤ x_2 and N (x) = 1 at the rest of the points of the crystal. It is important that the number of fields operator depends on quantum states (in our example it is the dependence on x). In a more complicated case N (x) is an arbitrary integer-valued function which characterizes the degree of degeneracy at different values of x or, in other words, the structure of the crystal. The exact form of the structural function depends on conditions which the system was prepared in. Note that such complex systems have a rather wide spread in the nature, e.g. fractal media [30, 31] can be viewed as lowdimensional systems with rather complex structural function N (x). We also point out that in the case of a variable topology (e.g. in the case of percolation systems [32]) the structural function N (x) represents an additional dynamical variable which depends on time.

In the example above the two fields u^1 (x) and u^2 (x) are identical, for they describe identical atoms. From the mathematical standpoint this means that the Hamiltonian always inherits (from the atoms) the symmetry with respect to permutation u^α (x) ↔ u^β (x). Upon quantizing, fields are described by sets of particles (or quasi-particles). Whether the particles of different sorts (i.e. those which differ in the extra coordinate y) are identical or not, relays heavily on the possibility to measure the extra coordinate. When such measurements are intrinsically forbidden, quantum states, which differ in y only, are physically equivalent, hence respective particles should be considered as indistinguishable. This gives rise to the fact that excitations in such a crystal obey a generalized statistics.

In Ref. [28] an analogous picture was proposed in order to account for possible space-time foam effects. To describe the topology changes during the very early period of the evolution of the Universe one can fancy processes where different pieces of the space constantly re-glued at random points. Once these processes stopped, the structure remains frozen, which means that at the present stage the physical space comes in a number of copies glued together. An equivalent statement is simply that every physical field has to be multivalued. As it was just explained in the example above, once the topology is no longer changing, the fields defined on different sheets of the space have to be taken as indistinguishable. Therefore, the conclusions made above for quasi-particles in a crystal of a non-trivial topology have to hold true for real particles in an empty space as well. In this sense, MOFT can be viewed as a specialized version of a field theory obeying a generalized statistics. Main principles of the generalized statistics and the generalized second quantization scheme are briefly described in the next section.

3 Generalized second quantization scheme and generalized statistics

Consider a system of identical particles with an undefined a priori symmetry of wave functions. We shall use the Bogoliubov method [33], in which the second quantization is applied to the density matrix (for the case of para-statistics this approach was extended in Ref. [34]). Let us define operators M_{ij} of transitions for particles from a quantum state j into a quantum state i. These operators must obey the Hermitian conditions, i.e.

M^+_{ij} = M_{ji}, (2)

and the algebraic relations expressing the indistinguishability principle for identical particles: [M_{ij} , M_{km}] = δ_{jk} M_{im} − δ_{im}M_{kj} . (3) Consider now systems with a variable number of particles. To this end we need to introduce a set of creation and annihilation operators for particles (a^+_i and a_i) and somehow express the transition operators M_{ij} via them. The simplest generalization of Bose and Fermi statistics was first suggested by H.S. Green [36] and later by D.V. Volkov [37] and is called the parastatistics, or the Green-Volkov statistics.

Consider a set of creation and annihilation operators of particles a^+_k and a_k, while the transition operators are presented in the form M_{ik} = 1 2 ( a^+_i a_k ± a_ka^+_i ∓ n_{ik} ) , (4)

where n_{ik} is, in general, an arbitrary Hermitian matrix. The upper sign stands for the generalized Bose statistics, while the lower sign stands for the generalized Fermi statistics. The operator M_i = M_{ii} is the operator of the number of particles in the quantum state i. Then the creation and annihilation operators should obey the requirements [M_i, a_k] = −δ_{ik} a_k, [ M_i, a^+_k ] = δ_{ik}a^+_k . (5)

Relations (3) and (5) remain invariant under unitary transformations

a^′_i = ∑ k u_{ik}a_k , a^{′+}_i = ∑ k u^∗_{ik}a^+_k , (6) where ∑ m u_{im}u^∗_{km} = δ_{ik}. Thus, applying to (5) an infinitesimal transformation u_{ik} = δ_{ik} + εσ_{ik} + o(ε), where σ^∗_{ik} = −σ_{ki}, and retaining the first order terms in ε we get the basic commutation relations for the creation and annihilation operators

[M_{kl}, a^+_m] = δ_{lm}a^+_k , [M_{lk}, a_m] = −δ_{lm}a_k, (7)

which were first suggested by Green [36].

Consider now the vacuum state |0⟩ that is

a_k |0⟩ = 0 (8)

for all k. Then the requirement that for all i and k the transition operators annihilate the vacuum state M_{ik} |0⟩ = 0 (9)

leads to the condition on one-particle quantum states in the form

a_k a^+_i |0⟩ = n_{ik} |0⟩ , (10)

which means that the basis of one-particle states is, in general, not orthonormal, but it has norms ⟨0| a_ka^+_i |0⟩ = n_{ik}. From the physical standpoint this signals up the presence of a degeneracy of quantum states (the presence of the extra coordinate in the example of the previous section).

Since n_{ik} is a Hermitian matrix, it follows that it has the diagonal form in a certain basis of one-particle wave functions, i.e. n_{ik} = δ_{ik}N_k (in the previous section we discussed the case where this matrix has a diagonal form in the coordinate representation). In the simplest case N_k = N is a constant and therefore the relation n_{ik} = δ_{ik}N remains invariant in an arbitrary basis. Then the condition that norms of vectors in the Fock space are positively defined leads to the requirement that N is an integer number which characterizes the rank of the statistics, or the degree of degeneracy of quantum states [36, 34]. In this simplest case the number N corresponds to the maximal number of particles which admit an antisymmetric (for parabosons) or symmetric (for parafermions) state. The case N = 1 corresponds to the standard Bose and Fermi statistics. For the case of a constant rank, Green also gave an ansatz which resolves the relations (7) and (10) in terms of the standard Bose and Fermi creation and annihilation operators

a^+_p = N∑ α=1 b^{(α)+}_p , a_k = N∑ α=1 b^{(α)}_k , (11)

where b^{(α)}_p and b^{(β)+}_p are the standard Bose (Fermi) operators at α = β (i.e. [ b^{(α)}_p b^{(α)+}_k ] ± = δ_{pk}), but they anti-commutate (commutate) as α ≠ β (i.e. [ b^{(α)}_p b^{(β)+}_k ] ∓ = 0) for the case of parabose (parafermi) statistics. The presence of an additional index α in the creation and annihilation operators removes the above mentioned degeneracy of one-particle quantum states.

In the coordinate representation, creation and annihilation of particles is described by the secondly quantized field operators ^ψ (x) = ∑ ψ_k (x) a_k , ^ψ^+ (x) = ∑ ψ^∗_k (x) a^+_p , (12)

where {ψ_k (x)} is a basis of normalized one–particle wave functions. The meaning of these operators is that ^ψ^+ (x) creates (while ^ψ (x) annihilates) a particle at the point x. In this manner, in the case of parastatistics of a constant rank, field operators ^ψ (x, t) can be presented in the form ^ψ (x, t) = ∑_M α=1 ^ψ(α) (x, t), i.e. the particles can, in fact, be described by a set of ordinary fields { ^ψ^{(α)} (x, t)}, while the many-particle states are classified by the set of occupation numbers | |m^{(α)}_k ⟩ . In other words the Green representation (11) transforms paraparticles into the set of particles of different sorts, or equivalently into identical particles with an additional internal coordinate. Again, the indistinguishability of particles is here the result of the impossibility of measuring the extra coordinate, which reflects the symmetry of the Hamiltonian with respect to permutations of particles of different sorts. Thus, the states which have the same total occupation numbers m_k = ∑ m^{(α)}_k should be considered as physically equivalent states.

One can easily generalize the Green representation (11) onto the case of an arbitrary Hermitian matrix n_{ik}. In the basis in which this matrix takes the diagonal form (n_{ik} = N_kδ_{ik} ) the Green representation is given by the same expression (11) in which, however, the rank of statistics N_k depends on the quantum state (the index k). Thus, in the general case, the rank of statistics represents an additional variable. Note that in an arbitrary basis the Green representation does not work and, therefore, we can say that the matrix n_{ik} distinguishes a preferred basis of quantum states. In the previous section we have interpreted the functional dependence of the rank of statistics on the state (and hence the matrix n_{ik} ) as a characteristic of the topological structure of the system. Thus, we can say that the topological structure defines a preferred basis of one-particle wave functions for which the classification of quantum states takes the simplest form.

In conclusion of this section we note that from the pure mathematical point of view instead of the Green’s ansatz (11) we can use the standard commutation rules for operators b^{(α)}p and b^{(β)+}p , i.e. [ b^{(α)}p b^{(β)+}_k ] ± = δ_{pk} δ_{αβ}. For statistics of a constant rank (N = const) this case is trivial, since it corresponds to the usual Bose and Fermi statistics, i.e. [ a_ia^+_k ] ± = n_{ik} = Nδ_{ik}. Still, in applications this case should be considered on an equal footing with the case of parastatistics. Indeed, in the example considered in the previous section, there exist fermionic excitations which obey the standard statistics we just described. For such excitations, according to the Green ansatz, no more than one fermion can occupy the same position x. In the presence of additional links (chains of atoms) it is surely not the general case: if the crystal has N different links at a position x, then the maximal number of fermionic excitations will also be N (which is the number of different fermionic fields). This means that there will always exist fermionic excitations which obey the parafermi statistics. In real crystals, the degeneracy (which appears due to the presence of the extra coordinate) can be removed (e.g., if processes involving topology transformations are not suppressed), particles with different extra coordinates can become distinguishable and then the presence of a set of fields (instead of a single field) will be essential. It is clear that the same concerns the statistics of bosonic excitations (phonons).

4 Renormalization of interaction constants

In the present section we show that independently on the choice of the statistics of particles the fact that particles in the space of a nontrivial topological structure are described by a set of identical fields results in an additional renormalization of all interaction constants [27]. Indeed, let S be a background basic space and let us specify an arbitrary field φ on it. We suppose that the action for the field can be presented in the following form (for the sake of simplicity we consider the case of linear perturbations only): I = ∫ S d^4x ( − 1 2 φ^Lφ + αJφ ) , (13)

where ^L = ^L (∂) is a differential operator (e.g., in the case of a massive scalar field ^L (∂) = ∂2 + m2), J is an external current, which is produced by a set of point sources (J = ∑ J_k δ (x − x_k(s)), where x_k (s) is a trajectory of a source), and α is the value of the elementary charge for sources. Thus, the field φ obeys the equation of motion − ^Lφ + αJ = 0. (14) We note that this is valid for perturbations in gauge theories (φ = δA_μ, where α is the gauge charge) and in gravity (φ = l_{pl}δg_{μν} , where α = l_{pl} is the Planck length).

In the Modified Field Theory we admit that space have a nontrivial topological structure which cannot be a direct observable. This means that the field φ is not a usual field any more, but is a generalized field which upon quantization gives rise to particles obeying a generalized statistics. It was demonstrated in the previous two sections that the topological structure can be defined by a structural matrix n (x, y) which determines the degree of the degeneracy of one-particle quantum states. In the basis {f_i} in which this matrix takes a diagonal form n_{ik} = N_kδ_{ik} the nontrivial topological structure is accounted for by the replacement of the field φ_k (φ = ∑ k φ_kf_k ) with a set of fields φ^a_k, a = 0, 1, ..., N_k.

In particle physics the momentum representation is commonly used (i.e., Fourier transforms f_k ∼^1√_V exp (−ikx)), where the states of the field can be classified in terms of free particles. In order to allow for the existence of free particles in MOFT, we assume that the matrix n is diagonal exactly in the momentum representation. Moreover, we will show later on that in thermodynamic equilibrium the number of fields N_k in the momentum space is a quite natural object. Thus, the total action assumes the structure I = ∫ dt ∑ k

N_k∑

a=0 ( − 1 2 φ^{∗a}_k ^L_k φ^a_k + αJ^∗_k φ^a_k ) . (15)

where ^L_k = ^L(∂_t, −ik). Fields φ^a_k are supposed to obey the identity principle and, therefore, they equally interact with the external current.

It is easy to see that the main effect of the introduction of the number of identical fields is the renormalization of the charge (the constant α). To this end we introduce a new set of fields as follows

φ^a_k = ~φ_k √ N_k + δφ^a_k, ∑ a δφ^a_k = 0 (16)

where ~φ_k is the effective ordinary field [28] ~φ_k = 1 √ N_k N_k∑

a=0 φ^a_k. (17)

Then the action splits into two parts I = ∫ dt −1 2 ∑ k,a δφ^{∗a}_k ^L_k δφ^a_k + ∫ dt ( − 1 2 ∑ k ~φ^∗_k ^L_k ~φ_k + ∑ k ~α_kJ^∗_k ~φ_k ) . (18)

The first part represents a set of free fields δφ^a which are not involved into interactions between particles and, therefore, cannot be directly observed. The second part represents the standard action for the effective field ~φ with a new value for the charge ~α_k = √ N_kα which now depends on the wave number k, i.e. it becomes scale-dependent.

We recall that N_k is an operator and we, strictly speaking, should consider an average value for the charge ⟨~α (k)⟩ = ⟨√ N_k ⟩ α. (19)

The requirements of homogeneity and isotropy of the Universe allow ⟨N_k⟩ = N_k (t) to be an arbitrary function of |k|. This means that every point source is distributed in space with the density

ρ (r) = 1 2π^2 ∞∫ 0 (√ N_kk^3

) sin (kr) kr dk k . (20)

If we assume (and we do so) that processes with topology transformations have stopped after the quantum period in the evolution of the Universe, then the structure of the momentum space conserves indeed and the function ⟨N_k⟩ depends on time via only the cosmological shift of scales, i.e., ⟨N_k⟩ = N_{k(t)}, where k (t) ∼ 1/a (t) and a (t) is the scale factor. In this manner, function N_k represents some new universal characteristic of the physical space.

5 Description of particles in MOFT

Let ψ be an arbitrary field which, upon the expansion in Fourier modes, is described by a set of creation and annihilation operators { a_{α,k}, a^+_{α,k} } , where the index α enumerates polarizations and distinguishes between particles and antiparticles. In what follows, for the sake of simplicity, we ignore the presence of the additional discrete index α. These operators are supposed to satisfy the relations

a_k a^+_p ± a^+_p a_k = δ_{kp}, (21)

where the sign ± depends on the statistics of particles. In MOFT the number of fields is a variable and, therefore, the set of operators { a_k , a^+_k } is replaced with the expanded set { a_k (j) , a^+_k (j) } , where j ∈ [1, ..., N_k]. For a free field, the energy is an additive quantity, so it can be written as

H_0 = ∑ k

N_k∑

j=1 ω_k a^+_k (j) a_k (j) , (22)

where ω_k = √ k^2 + m^2. When there is an interaction described by a potential V , the total Hamiltonian H = H_0 + V can be expanded, due to the symmetry with respect to the permutation of particles of different sorts j, in the set of operators [28]

A_{m1,m2} (k) = N_k∑

j=1 ( a^+_k (j) )_{m1} (a_k (j))^{m2} . (23)

For bosonic particles, a single field mode (corresponding to a fixed wave number k) is a quantum mechanical oscillator with a countable set of equidistant energy levels; the level number n corresponds to n bosons with the wave number k. A single fermionic oscillator (i.e. a field mode for fermionic particles) may have only two states, corresponding to n = 0 and n = 1. In a complete theory with a variable number of fields, quantum states are classified by occupation numbers. To this end, we consider the set of operators {C (n, k) , C^+ (n, k)} which annihilate (resp. create) the oscillators (the field modes) with the wave number equal to k and the number of particles in the mode equal to n. From the mathematical standpoint such operators can be constructed by means of the second quantization of wave functions for field amplitudes Ψ (a_k). Here it is important that the amplitude a_k represents an observable, i.e. it can be measured. There is no problem with bosonic fields, for amplitudes of bosonic fields are always good observables. The problem appears, however, in the case of fermionic fields, for fermionic amplitudes do not correspond to any observable (all fermionic observables are bilinear combinations in amplitudes). To overcome this difficulty we consider a set of ”test” fermionic variables (a set of Grassmanian numbers) ξ_k which obey the relations

ξ_kξ_p + ξ_pξ_k = 2δ_{kp} (24) and a_k ξ_p − ξ_pa_k = 0, (25)

and construct bilinear combinations ~a_k = ξ_ka_k. New amplitudes ~a_k can already be considered as good observables and we can define operators ^Ψ (~a_k) and ^Ψ^+ (~a_k) in the standard way. Therefore, in what follows we will understand under fermionic creation and annihilation operators the new variables ~a^+_k and ~a_k, while the standard fermionic operators can be expressed as a_k = ξ_k~a_k. With this remark the both cases (fermi and bose fields) can be considered in a unified way.

Thus, the creation and annihilation operators for field modes are supposed to obey the standard relations C (n, k) C^+ ( m, k^′ ) ± C^+ ( m, k^′ ) C (n, k) = δ_{nm}δ_{kk}′ . (26) and should be used to construct the Fock space in MOFT. The sign ± in (26) depends on the symmetry of the wave function under field permutations, i.e. on the statistics of fields, which is not the same as the statistics of the particles. Thus, in the case of bosonic fields both signs are possible. E.g., in the example of a one-dimensional crystal discussed earlier, phonons are always bose-particles but the statistics of the phonon fields u^α follows the statistics of atoms. Indeed, phonons represent nothing more than oscillations of atoms with respect to their equilibrium positions. The wave function of the crystal is either symmetric or antisymmetric with respect to permutations of atoms and, therefore, it will be symmetric or antisymmetric with respect to permutations of phonon modes (i.e. permutations of the oscillators whose excitations correspond to the birth of the phonons). In the case of a simple topology of the crystal the question on the symmetry of phonon modes is not essential (all oscillators differ by wave numbers, i.e. there is only one oscillator for every wave number k), while in the case of nontrivial topology a larger than one number of oscillators can correspond to the same wave number k and the type of statistics obeyed by them becomes an issue.

In the case of fermionic fields, however, in order to describe nontrivial topology we should use the Bose statistics for the oscillators. Indeed, let us return to the example of a one-dimensional crystal. In the crystal with a nontrivial topological structure the number of additional links and, therefore, the number of fields required for the description of excitations is not restricted. Therefore, there should be no restrictions on the number of fermionic excitations at a position x. It is possible only if fermionic field modes obey the Bose statistics, because every such mode can support only one particle (the number of states of a single fermionic oscillator is bounded by two). Of course, from the formal standpoint the case of Fermi statistics for fermionic modes should not be excluded as well. This case, however, corresponds to a standard fermionic field, because the total number of fermionic oscillators will be restricted by N ≤ 2, and the case N = 2 can be identified with N = 0 (in both cases no particles can be created).

In terms of C and C^+, operators (23) can be expressed as follows

A_{m1 ,m2} (k) = ∑ n √ (n + m_1)! (n + m_2)! n! C^+ (n + m_1, k) C (n + m_2, k) (27)

where in the case of bosonic fields the sum is taken over the values n = 0, 1, .., while in the case of fermionic fields n = 0, 1, n + m_1 = 0, 1 and n + m_2 = 0, 1. Thus, the eigenvalues of the Hamiltonian of a free field take the form

H_0 = ∑ k ω_kA_{1,1} (k) = ∑ k,n≥1 nω_k N (n, k) , (28) where N (n, k) is the number of modes with the wave number k and the number of particles n (i.e., N (n, k) = C^+ (n, k) C (n, k)).

Thus, the field state vector Φ is a function of the occupation numbers Φ (N (n, k) , t), and its evolution is described by the Shrödinger equation

i∂_tΦ = HΦ. (29)

Consider the operator

N_k = A_{0,0} (k) = ∑ n C^+ (n, k) C (n, k) (30)

which characterizes the total number of modes for a fixed wave number k. In standard processes when the number of fields is conserved (e.g., when topology transformations are suppressed) N_k is a constant of motion [N_k, H] = 0 and, therefore, this operator can be considered as an ordinary fixed function of the wave numbers.

Consider now the particle creation and annihilation operators. Among the operators A_{m1 ,m2} (k) are some which change the number of particles by one

b^−_m (k) = A_{m,m+1} (k) , b^+_m (k) = A_{m+1,m} (k) , (31)

and which replace the standard operators of annihilation and creation of particles, i.e., they satisfy the relations [ ^n, b^{(±)}_m (k) ] = ±b^{(±)}_m (k) , [ H_0, b^{(±)}_m (k) ] = ±ω_k b^{(±)}_m (k) , (32) where ^n = ∑ k ^n_k = ∑ k,n nN (n, k) . (33) In the case of fermions there exist only two such operators b^+_0 (k) = C^+ (1, k) C (0, k) and b^−_0 (k) = C^+ (0, k) C (1, k). As we mentioned, proper (para)fermion creation and annihilation operators are given by ξ_k b^+_0 (k) and ξ_kb^−_0 (k) where ξ_k is a Grassmanian number (see (24)). Then, in the case N_k = 1 they transform into the standard fermion creation and annihilation operators.

In the case of bosons the total number of creation/annihilation operators is determined by the structure of the interaction term V . In the simplest case (e.g., in the electrodynamics) the interaction term is expressed solely via b^+_0 (k) and b^−_0 (k). In this case, we can introduce creation/annihilation operators for the effective field

a^′_k = 1 √ N_k b^−_0 (k) , a^{′+}_k = 1 √ N_k b^+_0 (k) , (34)

which satisfy the standard commutation relations, i.e., [ a^′_k, a^{′+}_p ] = δ_{kp}. This restores the standard theory, but new features appear, however. First, as it was shown in the previous section, the renormalization (34) results in the renormalization of interaction constants. Secondly, if the fermionic oscillators obey Bose statistics, then in the region of wave numbers in which N_k > 1 fermions violate the Pauli principle: up to N_k fermions can be created with the same wave number k.

6 Vacuum state in MOFT

In this section we describe the structure of the vacuum state for bosons and fermions. The true vacuum state in MOFT is defined by the relation

C (n, k) |0⟩ = 0. (35)

In this true vacuum state all modes are absent: N_k = 0, hence no particles can be created and all observables related to the field are absent. Thus, the true vacuum state corresponds to the absence of physical space and, in reality, cannot be achieved. Assuming that upon the quantum period of the evolution of the Universe, topology transformations are suppressed, we should require that the number of fields conserves in every mode: N_k = const . Then we can define the ground state of the field ψ (which is the vacuum for the particles) as the vector Φ_0 satisfying the relations

b_m (k) Φ_0 = 0 (36)

for all values k and m = 0, 1, ... . However, these relations still do not define a unique ground state and should be completed by relations which specify the distribution of modes N_k.

Consider first the case of bosons, and let the bosonic modes obey Fermi statistics (i.e., {C (n, k) C (m, p)} = δ_{nm}δ_{kp}). The state Φ_0 corresponds to the minimum energy for a fixed mode distribution N (k). It can be characterized by additional relations b^+_{Nk +m} (k) Φ_0 = 0 (m = 0, 1, ...), (37)

or, equivalently, by the occupation numbers

N (n, k) = θ (μ_k − nω_k ) = θ (N_k − 1 − n) (38)

where θ (x) is the Heaviside step function and μ_k is the chemical potential which is related to the number of modes N_k as

N_k = ∑ n θ (μ_k − nω_k ) = 1 + [ μ_k ω_k ] . (39)

In particular, from (38) we find that the ground state for bosonic fields contains real particles

n^∗_k = ∞∑ n=0 nN (n, k) = 1 2 N_k (N_k − 1) (40)

and, therefore, corresponds to a finite energy E_0 = ∑ ω_k n^∗_k . These particles, however, are “dark”, for they correspond to the ground state.

In the case of fermionic oscillators which obey Fermi statistics, the occupation numbers in the ground state satisfy (38) as well, with the total number of modes always bounded as N_k ≤ 2. In the same way as the state N_k = 0, the state with N_k = 2 can also be considered as a vacuum state (no particles can be created, no annihilated). However, this vacuum also includes hidden particles n^∗_k = θ (N_k − 2).

In the case of Bose statistics for modes, the vacuum state is given by the occupation numbers N (n, k) = N_kδ_{n,0}, (41)

i.e. it is formally constructed from the true vacuum state as follows

Φ_0 = ∏ k (C^+ (0, k))^{Nk} √ N_k!

|0⟩ , (42)

In contrast to the case of Fermi statistics for modes, the ground state (41) contains no particles and corresponds to the zero energy E_0 = 0.

In the case of Fermi particles this ground state satisfies the relation ( b^+_0 (k) )_{Nk +1} Φ_0 = 0. (43)

Here, the total number of particles n_k, which can be created at the given wave number k, takes values n_k = 0, 1, ..., N_k, i.e. it cannot exceed the number of modes.

In this case the basis of the Fock space consists of vectors of the type |N_k − n_k , n_k⟩ = ∏ k √ N_k!

(N_k − n_k )!n_k ! ( b^+ (k) )_{nk} |N_k, 0⟩ , (44) where n_k = 0, 1, ..., N_k.

Now, assigning a specific value for the function N_k, expressions (38) and (41) define the ground state for respective particles. The function N_k itself cannot be defined within the corresponding field theory. We interpret N_k as a geometric characteristic of the momentum space, which has formed during the quantum period in the evolution of the Universe. Hence, a rigorous derivation of the properties of the function N_k requires studying processes involving topology changes during that period. At the moment, we do not have an exact model describing the formation of N_k and, therefore, our consideration will have a phenomenological character [27, 29].

7 Origin of the spectral number of fields

Assume that upon the quantum period of the evolution of the Universe the matter was thermalized with a very high temperature. Then, as the temperature dropped during the early stage of the evolution, the topological structure of the space (and the spectral number of fields) has tempered and the subsequent evolution resulted only in the cosmological shift of the physical scales.

There exist at least two possibilities. The first and the simplest possibility is the case where processes involving topology changes generate a unique function N_k which is the same for all fields (regardless of their type). However, the mathematical structure of MOFT reserves the more general possibility when the formation of the spectral distribution of modes goes in independent ways for different fields. In this case every particular field ψ_a will be characterized by its own function N_a (k). Which case is realized in the nature can be determined only by confrontation with observations, and below we consider both cases.

Upon the quantum period, the Universe is supposed to be described by the homogeneous metric of the form

ds^2 = dt^2 − a^2 (t) dl^2, (45)

where a (t) is the scale factor, and dl^2 is the spatial interval. It is expected that the matter was thermalized with a very high temperature T > T_{P l} where T_{P l} is the Planck temperature. Then the state of any field was characterized by the thermal density matrix with mean values for occupation numbers ⟨N (k, n)⟩ = ( exp ( nω_k − μ_k T ) ± 1 )_{−1} , (46) where the signs ± correspond to the choise of statistics (Fermi or Bose) for the field modes, and the chemical potential μ_k for the given field is related to the spectral number of field modes as

N_k = ∑ n ( exp ( nω_k − μ_k T ) ± 1 )_{−1} . (47)

Consider now the first case when the spectral number of fields N_k is a unique function for all fields. It is well known that near the singularity the evolution of the Universe is governed by a scalar field, while all other fields can be neglected. We assume that the same field is responsible for topology transformation processes which took place in the early Universe. Thus, we can expect that the state of the scalar field was characterized by the thermal density matrix (46) with μ = 0 (for the number of fields varied; strictly speaking, if the field modes satisfy Bose statistics, the chemical potentials cannot vanish and have to take some rest value – one can choose μ_k = ω_k /2). On the early stage m ≪ T , and the temperature and the energy of scalar particles decreased with time proportionally to a(t)^{−1}. When the temperature droped below a critical value T_∗, which corresponds to the moment t_∗ ∼ t_{pl}, topological structure (and the number of fields) tempered. This generated (see (46)) the value N_k ∼ T_∗/ω_k for the case of Fermi statistics of the oscillators of the scalar field, or N_k ∼ ln(T_∗/ω_k )T_∗/ω_k in the Bose statistics case. The logarithmic factor will not influence the further results in a noticeable way, so we will further stick to the Fermi statistics case, for simplicity.

Thus, the value of N_k become frozen as N_k ∼ T_∗/ω_k at t ∼ t_∗, and (47) defines the chemical potential for the scalar field as μ ∼ T_∗, a constant for all k. Let us neglect the temperature corrections, which are essential only at t ∼ t_∗ and whose role is in smoothing the real distribution N_k. Then at the moment t ∼ t_∗ the ground state of the scalar field will be described by (38) with μ_k = μ = const ∼ T_∗. During the subsequent evolution, the physical scales are subjected to the cosmological shift, however the form of this distribution in the comoving frame must remain the same. Thus, on the later stages t ≥ t_∗, we find (see (39)):

N_k = 1 + [ ~k_1 Ω_k (t) ] , (48)

where Ω_k (t) = √ a^2 (t) k^2 + ~k^2, ~k_1 ∼ a_0μ, and ~k_2 ∼ a_0m (a_0 = a (t_∗)). From (48) we see that there is a finite interval of wave numbers k ∈ [k_{min} (t) , k_{max} (t)] on which the number of fields N_k changes its value from N_k = 1 (at the point k_{max}) to the maximal value N_{max} = 1 + [ ~k_1/~k_2 ] (at the point k_{min}). The boundary points of the interval of k depend on time and are expressed via the free phenomenological parameters ~k_1 and ~k_2 as follows

k_{max} = 1 a (t) √ ~k2_1 − ~k2, k_{min} = 1 a (t) √ ~k2_1/ (N_{max} − 1)^2 − ~k2. (49)

Out of this interval, the number of fields remains constant i.e., N_k = N_{max} for the range k ≤ k_{min} (t) and N_k = 1 for the range k ≥ k_{max} (t). From restrictions on parameters of inflationary scenarios we get m ≲ 10^{−5}m_{P l} which gives N_{max} ≳ 10^5T_∗/m_{pl}, where T_∗ is the critical temperature at which topology has been tempered. Since we assume that the numbers N_k are the same for all fields, we can now substitute (48) in (47) and find the corresponding values of the chemical potentials μ_k for all other particles.

Consider now the second case when the spectral number of modes N_k forms independently for different fields. We choose Fermi statistics for field oscillators. In this case bosonic fields are described by the same distribution (48) in which, however, the parameters ~k_1 and ~k_2 are free phenomenological parameters which are specific for every particular field. Thus, for massless fields we find ~k_2 = k_{min} = 0 and N_k = 1 + [k_{max}/k]. In the case of fermions the chemical potential μ_k cannot vanish and for T ≥ T_∗ it should take some rest value μ_k = ϵ_0. Thus, in the same way as in the case of bosons, we find N_k = 1 + θ (k_{max} − k), where θ (x) is the Heaviside step function and k_{max} ∼ T_∗a (t_∗) /a (t). In this case the spectral number of fermions is characterized by the only phenomenological parameter and N_k = N_{max} = 2 as k < k_{max}.

As we see, the properties of the spectral number of fields can be different, depending on which case is realized in the nature. We note, however, that if in the first case the spectral number of fields N_k can be considered as a new geometric characteristics which straightforwardly defines properties of the space and hence of all matter fields, in the second case we, strictly speaking, cannot use such an interpretation. Moreover, if the last case is really realized in the nature, it should relate to yet unknown processes. Therefore, in the next sections we will discuss the first possibility only.

In conclusion of this section we note that the real distribution can be different from (48), which depends on the specific picture of topology transformations in the early Universe and requires the construction of the exact theory (in particular, thermal corrections smoothen the step-like distribution (48)). However we believe that the general features of N_k will remain the same.

8 The law of gravity

The dependence of charge values upon wave numbers means that particles lose their point-like character and this leads to the fact that the standard expressions for Newton’s and Coulomb’s energy of interaction between particles break down. In this section we consider corrections to Newton’s law of gravity (corrections to Coulomb’s law are identical). Here, the interaction constant α ∼ m √ G (where m is the mass of a particle), and MOFT gives G → G (k) = N_kG. To make estimates, we note that at the moment t ∼ t_∗ the mass of scalar particles should be small as compared with the chemical potential (which has the order of the Planck energy), which gives ~k_1 ≫ ~k_2 in (48). Then, in the range k_{max} (t) ≥ k ≫ k_{min} (t) the function N_k can be approximated by

N_k ∼ 1 + [k_{max} (t) /k] . (50)

Consider two rest point particles with masses m_1 and m_2. Then the Fourier transform for the energy of the gravitational interaction between particles is given by the expression V (k) = −

4πGm_1m_2 |k|^2 N_k. (51)

The coordinate representation is given by the integral

V (r) = 1 2π^2 ∞∫ 0 V (ω) ω^3 sin (ωr) ωr dω ω . (52)

From (48) and (49) we find that this integral can be presented in the form

V (r) = − 2Gm_1m_2 π N_{max}−1 ∑ n=0 k_n∫

0 sin (ωr) ωr dω = − Gm_1m_2 r ( 1 + N_{max}−1 ∑ n=1 2Si (k_nr) π )

(53) where k_n =^1_{a(t)n} √ ~k2_1 − n2~k2. The first term (with n = 0) of the sum in (53) gives the standard expression for Newton’s law of gravity, while the terms with n > 1 describe corrections. In the range k_1r = k_{max}r ≪ 1 we have Si (k_nr) ∼ k_nr, and corrections to Newton’s potential give a constant δV ∼ − 2Gm_1m_2 π N_{max}−1 ∑ n=1 k_n. (54)

Thus, in this range we have the standard Newton’s force. In the range k_{min}r ≫ 1, we get^2_π Si (k_nr) ∼ 1, and for the energy (53) we find V (r) ∼ − G^′m_1m_2 r , where G^′ = GN_{max}. Thus, on scales r ≫ 1/k_{min} the Newton’s law is restored, however the gravitational constant increases in N_{max} times. In the intermediate range 1/k_{min} ≫ r ≫ 1/k_{max} the corrections can be approximated as δV (r) ∼ 2Gm_1m_2 π ~k_1 a (t) ln ( ~k_2 a (t) r ) , (55)

i.e., they have a logarithmic behavior.

We note, that from the dynamical point of view the modification of the Newton’s law of gravity can be interpreted as if sources acquire an additional distribution in space. Indeed, let m_1 be a test particle which moves in the gravitational field created by a source m_2. Then, assuming Newton’s law is unchanged and the test particle is point-like, from (53) we conclude that the source m_2 is distributed in space with the dynamical density ρ_{dyn} (r) = m_2 2π^2 ∞∫ 0 N_kk^3 sin (kr) kr dk k = m_2 ( δ (⃗r) + 1 2π^2

N_{max}−1 ∑ n=1 sin (k_nr) − k_nr cos (k_nr) r^3 ) . (56) Then the total dynamical mass contained within a radius r is M_{dyn} (r) = 4π ∫_r 0 s^2ρ (s) ds = m_2 ( 1 + 2 π N_{max}−1 ∑ n=1 (Si (k_nr) − sin (k_nr)) ) . (57)

We stress that this dynamical mass accounts for both distributions (i.e., the actual distribution of the source and that of the test particle). Thus, in the range r ≪ 1/k_{max} we find M_{dyn} (r) ∼ m_2, i.e., one may conclude that the gravitational field is created by a point source with the mass m_2. However in the range 1/k_{min} > r > 1/k_{max} the dynamical mass increases as M_{dyn} (r) ∼ m_2k_{max}r, and for r ≫ 1/ k_{min} the mass reaches the value M_{dyn} (r) ∼ m_2k_{max}/k_{min}. This is in a very good agreement with what rotation curves in galaxies show [4]. We note that the same formulas (56) and (57) work in the case of charged particles as well, with the obvious substitution m √ G → e, which gives rise to the concept of the dynamical charge.

In this manner we see that in MOFT the distributions of the dark matter and the actual matter are strongly correlated (by the rule (56)), and the resulting behavior of the dynamically determined mass M(r) agrees with the observation on the scale of galaxies. We stress that the theoretical scheme of MOFT was not invented to fit the dark matter distribution. On the contrary, the logarithmic behavior of the effective field potentials simply appears in the thermodynamically equilibrium state at the low temperature, as a by-product of a non-trivial structure of MOFT vacuum.

9 Dark matter or fictitious baryons

We see that in the case when the number of fields is conserved MOFT reduces to the standard field theory in which interaction constants undergo a renormalization and, in general, acquire a dependence on spatial scales. From the physical standpoint such a renormalization means that particles lose their point-like character and acquire a specific distribution in space, i.e. each point particle is surrounded with an additional halo. This halo carries charges of all sorts and its distribution around a point source follows properties of the vacuum state in MOFT (i.e. of the topological structure of space).

For applied problems the presence of additional halos can be accounted for by the formal replacement of interaction constants α with operators ^α (−i∇) (where ∇ = ∂/∂x). In the reference system at rest, which is distinguished by the microwave background, the Fourier transforms of these operators are given by the expression ~α (k) = √ N_kα with a universal structural function N_k. In the simplest case this function can be taken from (48) and it can be described by two phenomenological parameters which represent the two characteristic scales. They are the minimal scale r_{min} = 2π/k_{max} on which the dark matter starts to show up (and on which the law of gravity (53) starts to deviate from Newton’s law) and the maximal scale r_{max} = 2π/k_{min} which defines the fraction of the dark matter or the total increase of interaction constants G_{max} = Gr_{max}/r_{min} (and after which the Newton’s law restores). Both scales depend on time via the cosmological shift of scales r (t) = a (t) r. The minimal scale r_{min} can be easily estimated (e.g., see Ref.[38]) and constitutes a few kpc. To get analogous estimate for the maximal scale r_{max} is not so easy. This requires the exact knowledge of the total matter density Ω_{tot} for the homogeneous background and the knowledge of the baryon fraction Ω_b which gives r_{max}/r_{min} ∼ Ω_{tot}/Ω_b (where Ω = ρ/ρ_{cr} and ρ_{cr} is the critical density).

If we accept the value Ω_{tot} ∼ 1 (which is predicted by inflationary scenarios) and take the upper value for baryons Ω_b ≲ 0.03 (which comes from the primordial nuclearsynthesis), we find r_{max}/r_{min} ≳ 30. Another estimate can be found from restrictions on parameters of inflationary scenarios. Indeed, in inflationary models correct values for density perturbations give the upper boundary for the mass of the scalar field m ≲ 10^{−5}m_{P l} which gives r_{max}/r_{min} ≳ 10^5T_∗/m_{pl}, where T_∗ is the critical temperature at which topology has been tempered. All these estimates are model dependent, however.

We also note that the more complex ground state can correspond to the situation in which the topological structure is not homogeneous (which requires studying the topology formation processes in the early Universe). In this case the minimal scale can possess some variation in space. Such variations however should have a characteristic wavelengths ≥ ℓ_0 (at the moment when topology has been tempered ℓ_0 corresponds to the horizon size), while the structural function should be described in a mixed representation N_k (x), with k > 2π/ℓ_0. In other words, the exact behavior of the structural function should be derived from observations.

The violation of the gravity law (the logarithmic behavior in a range of scales) has rather important consequences for the structure formation of the Universe. It turns out that in the range r_{min} ≲ r ≲ r_{max} (in the case r_{max}/r_{min} ≫ 1) the homogeneous distribution of matter is unstable [14]. And this instability works from the very beginning of the evolution of the Universe. To illustrate the existence of such an instability we consider the case when the maximal scale is absent r_{max} → ∞, or at least r_{max} ≫ R_H , where R_H is the Hubble radius. The number of baryons contained within a ball of a radius r in the case of a uniform distribution with a density n_b is given by N_b (r) ∼ n_br^3, while the dynamical mass or charge of every baryon increase according to (57) as q_b (r) ∼ q_br/r_{min} (q_b is the proton mass m_p or the electric charge e). For the total dynamical mass and charge contained within the radius r we get

Q_{dyn} (r) = q_b (r) N_b (r) + δQ (r) (58)

where δQ (r) accounts for the contribution of baryons from the outer region^1 which does exist according to (56). Thus, for the dynamical mass we find M_{dyn} (r) ≥ ρ_br^4/r_{min}, where ρ_b = m_pn_b. This means that the lower limit for the total dynamical density increases with the radius ρ_{dyn} ∼ M_{dyn} /r^3 ≥ ρ_br/r_{min} and for sufficiently large r ∼ r_{cr} it will reach the value ρ_br_{cr}/r_{min} = ρ_{cr} , i.e., Ω_{tot} > 1 and the ball of the radius r_{cr} starts to collapse (i.e., such a Universe must correspond to a closed cosmological model).

Consider now a small perturbation in the distribution of baryons. From (58) we find that the contribution of the perturbation in the total density will acquire the factor ≥ L/r_{min}, where L is the characteristic size of the perturbed region. For perturbations with L/r_{min} ≫ 1 this increase is considerable^2 and this will cause the decay of any initial homogeneous distribution which will last until baryons form a new stable equilibrium distribution.

It turns out that the stable equilibrium distribution of baryons is reached by a fractal law N (r) ∼ r^D with D ≈ 2. Indeed, let us suppose that every baryon remains a point-like particle, while the contribution of its halo to the total dynamical mass and charge can be accounted for by the presence of some additional number of particles (fictitious particles). Then we can consider the ”dynamical” (or effective) number of particles ~N_b = Q_{dyn} (r) /q_b and the stable equilibrium state will correspond to the homogeneous distribution of the dynamical charge and mass densities, i.e., ~n_b ∼ ~N_b/r^3 = const, while the actual number of baryons in the range r_{min} ≲ r ≲ r_{max}, as it can be seen from (58), will follow the law N_b (r) ≤ Q_{dyn} (r) /q (r) ∼ n_br^2r_{min}. In particular, this equilibrium state is consistent with the observed homogeneity of the Universe and the absence of large ΔT/T (the presence of fictitious baryons is essential here, for they give at the moment of recombination T^3 ∼ ~n = const), and it perfectly fits the observed galaxy distribution (see Ref. [11]). Above the scale r_{max} the law 1/r restores and the actual distribution of baryons has to cross-over to homogeneity N_b (r) ∼ r^3. However the dynamical number of baryons will be ~N_b ∼ N_br_{max}/r_{min}. The results of Ref. [11] provide that the size of the upper cutoff r_{max}, if it really exist, must be more than 200Mpc and, therefore, for the actual baryon fraction we get a new estimate Ω_{tot}/Ω_b ∼ r_{max}/r_{min} ≥ 10^5. We also recall that, in fact, due to the large amount of fictitious baryons which have the homogeneous distribution, the observational limits on ΔT/T does not set any restrictions on possible values of r_{max} and it can be larger than the Hubble radius.

1In the case of homogeneous distribution of baryons this contribution gives Qdyn (r) ≃ rmax/rmin qbNb (r) and the total dynamical mass is divergent in the limit rmax → ∞.

2In fact the total increase will be ∼ rmax/rmin.

The instability of a homogeneous distribution of particles means that in thermodynamic equilibrium baryons were distributed with the fractal law (in particular, this is the only possibility when r_{max} → ∞), which gives a homogeneous distribution for the total dynamical mass and charge (baryons plus fictitious particles) densities. And the observed large scale structure of the Universe is nothing more than a remnant of the primordial thermodynamic equilibrium state (which is still in equilibrium). Upon the recombination, the homogeneous background charge disappears and the remnant of this process is seen now as the isotropic CMB radiation.

There exists one more argument in favour of this picture. It is the presence of a diffuse component of the X-ray background [39]. Indeed, some fraction of baryons is, at present, in the hot X-ray emitting intracluster gas that traces the primordial fractal distribution of baryons. Therefore, the total dynamical charge (baryons plus fictitious particles) forms a homogeneous background (i.e., homogeneous hot plasma) in space. In this sense the X-ray background has very similar origin as that of the cosmic microwave background radiation.

In this manner we see that dark matter, which in the above picture is represented by fictitious particles, is actually not dark, for it contributes to the X-ray background and CMB. Therefore, we should ask whether fictitious particles can be considered as real particles. The fictitious character of such particles displays itself in the fact that they show up only at scales ℓ > r_{min} and, besides, they do not introduce additional degrees of freedom. E.g., density perturbations of fictitious particles are caused only by perturbations in the actual baryon density. We note that at scales ℓ > r_{min} an arbitrary fluctuation in the baryon density is enhanced by fictitious particles up to the factor ∼ r_{max}/r_{min} and, therefore, observed ΔT/T can be caused by primeval thermal fluctuations. This also means that at scales ℓ > r_{min} the standard dust-like equation of state for baryons is invalid (for baryons are actually not free but strongly interact) and we should expect the appearence of new phenomena, e.g., this may be used to explain the so-called dark energy (or quintessence) problem.There is also the possibility to attract fictitious particles to explain origin of galactic magnetic fields by the standard mechanism [40]. However these problems require a deeper investigation.

The renormalization of all interaction constants means that analogous background dynamical densities should exist for charges of all sorts. The concept of a homogeneous background gauge charge is not new, but it has been already suggested in particle physics by Higgs [41]. In the next section we discuss how such densities form the rest mass spectrum of elementary particles.

10 Origin of the rest mass spectrum of elementary particles

As it was pointed out above, the renormalization of interaction constants leaves a rather important imprint in particle physics. We show here that MOFT allows to relate observed rest mass spectrum of elementary particles to cosmological parameters (background charge densities), and this can be used to get an independent estimate for the maximal scale r_{max}. All particles are supposed to be massless on the very fundamental level. In the vacuum state the nontrivial topological structure of space produces some very small values for rest masses of particles (of the order m_0 ∼ k_{max} = 2π/r_{min}, e.g., see Ref. [42]) and renormalizes the naked charge values g → ^g (for Fourier transforms we get ~g (k) = √ N_kg). The present Universe, however, is not in the vacuum state but can be characterized by a stable equilibrium state which is described by some background distribution of charges. Then the interaction of elementary particles with such a background forms the observed rest mass spectrum. We note that in the standard field theory such masses are still very small and this is the reason of why we need to attract additional scalar Higgs fields [41] (Higgs fields carry gauge charges and, therefore, a constant field produces a homogeneous background of a gauge charge density). In MOFT, however, interaction constants increase considerably with scales (e.g., in the region r_{min} ≤ r ≤ r_{max} the dynamical charge behaves as q (r) ∼ q r/r_{min}) and, therefore, masses obtained can be close to observed values.

Indeed, in the case of fermions the field equation is ( γ^i (∂_i + gA_i) + m_F ) ψ = 0, where γ^i is the Dirac matix, m_F is the naked value for the mass of a fermion, and A_i and ψ should be understood as generalized fields. Then the interaction with a background gauge field A forms the rest mass value δm^2_F = ⟨^gA^gA⟩ ∼ g^2~n_A/m^0_A, where g is the naked value of the gauge charge, m^0_A ∼ k_{max} is the vacuum (or naked) value of the rest mass for gauge bosons, and ~n is the effective ”dynamical” density of the background bosons which accounts for the renormalization of the charge (by the factor √ N_k) (or the density of fictitious particles). It is important that the real density of the bosons does not coincides with ~n_A and is much smaller than it. At scales r ≫ r_{max} (i.e., k ≪ k_{min}) the fractal picture crosses over to homogeneity and we can consider bosons to have a homogeneous distribution with a density n_A, while the total increase of the charge is ^g^2 ∼ g^2 r_{max}/r_{min} and, therefore, we get for the rest mass the estimate m^2_F ∼ g^2n_A (r_{max}/r_{min}) /m^0_A. Thus, we see that the observed tiny value of the gauge boson density (e.g., in the case of the electromagnetic field n_γ ∼ T^3_γ , where T_γ is the CMB temperature) increases by the large factor r_{max}/r_{min}. We point out that the actual rest mass values depend on the densities of fictitious particles ~n_A which are not direct observables (on the contrary to n_A). In particular, in the case when the maximal scale is absent (r_{max} → ∞) the actual particles are distributed with the fractal law N_A (r) ∼ r^D which works for arbitrary large distances and the mean density vanishes n_A → 0. However, we still can assign specific finite values to the densities of fictitious particles ~n_A.

The actual value for the rest mass of a fermion depends on the number of different interactions (gauge fields) it is involved in, for all interactions produce independent contributions to the rest mass. E.g., neutrinos are the lightest particles, for they are involved in the weak interaction only, the electron rest mass forms mostly due to the electromagnetic interactions, while the leading contribution to the rest mass of baryons (protons and neutrons) comes from the strong interactions. And indeed, the observed ratios of respective masses give roughly ratios of gauge charges.

In the case of gauge bosons there exist two independent contributions to the rest mass. The first comes from the self-interaction (for non-abelian fields), i.e., from the interaction of bosons with its own background and this contribution coincides with that for fermions. Thus, if such a contribution were alone the rest mass spectrum in the case of bosons would not be different from that of fermions. However, bosons interact as well with the background formed by fermions (e.g., in the case of photons only this kind of contribution does exist) and this deviates the resulting spectrum. E.g., in the case of photons the existence of the background hot X-ray emitting plasma gives rise to a non-vanishing photon rest mass m^2_γ ∼ 4πe^2~n_e/m_e (which is the Langmuir frequency), where ~n_e = ~n_p is the background density of fictitious electrons.

We see that in MOFT the background densities of fictitious particles play the role of Higgs fields. In this picture Higgs fields represent phenomenological fields which account for the presence of the background gauge charge and this explains why we do not see Higgs particles in laboratory experiments. The fictitious particle number densities ~n_i include the renormalization of charge values (the contribution from halos) and, therefore, are not direct observables (by the astrophysical means of course; we do observe the rest mass spectrum). This means that the theory includes the same number of parameters to get the correct rest mass spectrum as the standard model in particle physics does (we mean here the number of essential parameters, for such parameters as masses of Higgs bosons are basically free parameters and are not fixed in the standard model). However in MOFT such parameters acquire a new astrophysical status.

Now, to make evaluations clear we consider as an example a real scalar field φ. Consider the expansion of the field φ in plane waves,

φ (x) = ∑ k ( 2ω_kL^3 )_{−1/2} ( a_ke^{ikx} + a^+_k e^{−ikx} ) , (59)

where ω_k = √ k^2 + m^2_0 and m_0 is a naked value for the rest mass of scalar particles.

In MOFT the field φ (x) represents a generalized field which means that the creation and annihilation operators a^+_k and a_k obey the relations (5). In particular, for the vacuum state we get (e.g., see (10)) ⟨0, N_k| a_ka^+_i |N_k, 0⟩ = n_{ik} = N_kδ_{ki}, hence we find for fluctuations of the field potentials in the vacuum state

⟨φ (x) φ (x + r)⟩ = 1 (2π)^2 ∞∫ 0 dk ω_k sin kr kr Φ^2 (k) , (60) where Φ^2 (k) = k^2N_k.

Let the potential of the scalar field be V =^λ_{4!} φ^4. Then the observed value of the rest mass of scalar particles will be m^2_{ph} = m^2_0 +^λ_2 ⟨ φ^2 (x) ⟩ reg, where m^2_0 is the initial mass value (which corresponds to the trivial topology case N_k = 1) and ⟨ φ^2 (x) ⟩ reg is the regularized mean value ⟨ φ^2 (x) ⟩ reg = ⟨0, N_k| φ^2 (x) |N_k, 0⟩ − ⟨0, 1|φ^2 (x) |1, 0⟩. Consider the case where the maximal scale is absent (k_{min} → 0) and m_0 = 0 (or at least m_0 ≪ k_{max}). Then we can use the expression N_k = 1 + [k_{max}/k] and this gives

δm^2 = λ 4 k^2_{max} (2π)^2 ξ (2) ,

where ξ (2) = ∑_∞ n=1 1/n^2. Thus, we see that in the non-trivial topology vacuum state, scalar particles acquire the rest mass of order m ∼ k_{max} and, therefore, in what follows we can assume m_0 > k_{max}.

The contribution from a background of scalar particles depends on specific realization of the generalized statistics for particles. In the simplest case we can accept expressions (34) which gives for the spectral density of fluctuations

Φ^2 (k) = k^2N_k (1 + 2n_k ) , (61)

where n_k is the standard occupation numbers for scalar particles. The case N_k = 1 corresponds to the ordinary field theory and the respective contribution n is known to be very small. Therefore, in what follows we neglect the corresponding term in (61). Then N_k − 1 ≈ 0 as k > k_{max} and the integral in (60) can be cut off by k = k_{max}. It follows that in this integral we can replace ω_k ≃ m_0. Thus, we get for the nontrivial topology correction the value δm^2_{top} = λ 2 ~n m_0 , where ~n is the density of fictitious scalar particles which accounts for the renormalization of the charge ~n = 1 2π^2

∫_{kmax} 0 k^2 [k_{max}/k] n_kdk.

For estimates we recall that according to (40) the ground state contains also hidden scalar particles which in the case k_{min} = 0 gives as k → 0, n^∗_k ∼ (k_{max}/k)^2 and n^∗_k = 0 as k > k_{max}. In this case the integral (??) is divergent ~n → ∞ and if for estimates we accept n_k ∼ (k_{max}/k)^{2−δ} (δ ≪ 1) as k < k_{max}, then we find that n ∼ k^3_{max}, while ~n ∼ k^3_{max}/δ ≫ n, i.e., ~n can take arbitrary large values as δ → 0.

11 Effective dimension of the Universe

The growth of the spectral number of fields which takes place in the range of wave numbers k_{min} (t) < k < k_{max} (t) leads to the fact that in this range our Universe has to demonstrate nontrivial geometric properties. Indeed, as it was shown in the previous sections in the same range of scales a stable equilibrium distribution of baryons requires a fractal behavior with dimension D ≈ 2, while the Newton’s and Coulomb’s energies of interaction between point particles show the logarithmic behavior. We recall that the logarithmic potential ln (r) gives the solution of the Poisson equation with a point source for two dimensions. Both these phenomena are in agreement with the observed picture of the Universe and it turns out that they have a common pure geometrical interpretation. Namely, we can say that in the range of scales r_{min} < r < r_{max} (where r_{min} = 2π/k_{max}) some kind of reduction of the dimension of space happens.

Indeed, the simplest way to demonstrate this is to compare the spectral number of modes in the interval between k and k + dk in MOFT, which is given by the measure N_kd^3k/ (2π)^3, with the spectral number of modes for n dimensions in the standard field theory d^nk/ (2π)^n. Hence we can define the effective dimension D of space as follows k^3N_k ∼ k^D. (62)

In the standard field theory N_k = 1 and we get D = 3, while in MOFT the properties of the function N (k) were formed during the quantum period in the evolution of the Universe and depend on specific features of topology transformation processes. Thus, in general case, the effective number of dimensions D may take different values for different intervals of scales. If we take the value (48) we find that in the range of wave numbers k_{max} ≥ k ≥ k_{min} (where the function N_k can be approximated by N_k ∼ k_{max}/k) the effective dimension of space is indeed D ≈ 2. The scale r_{min} = 2π/k_{max} can be called an effective scale of compactification of 3 − D dimensions, while the scale r_{max}, if it really exists, represents the boundary after which the dimension D = 3 restores. We note also that after this scale the fractal picture of the Universe crosses over to homogeneity and the standard Newton’s law restores.

In MOFT, N_k represents the operator of the number of fields ( 30) which is common for all types of fields and, therefore, plays the role of the density operator for the momentum space. We note that N_k is an ordinary function only in the case when topology changes are suppressed. In the coordinate representation the number of fields is described by an operator N (x) (e.g., see the example of a one-dimensional crystal) which defines the density of physical space, i.e., the volume element is given by dV = N (x) d^3x.

Consider the relation between these two operators. In what follows we, for the sake of convenience, consider a box of the length L and will use the periodic boundary conditions (i.e., k = 2πn/L and, as L → ∞, ∑ k → ∫ (L/2π)^3 d^3k). From the dynamical point of view the operator N_k has a canonically conjugated variable ϑ (k) such that [ϑ (k) , N_k′ ] = ϑ_k N_k′ − N_k′ ϑ_k = iδ_{k,k}′ . (63) These two operators can be used to define a new set of creation and annihilation operators Ψ^+ (k) = √ N_ke^{iϑk} , Ψ (k) = e^{−iϑk} √ N_k (64)

which obey the standard commutation relations [ Ψ (k) , Ψ^+ ( k^′ )] = δ_{k,k}′ (65)

and have the meaning of the creation/annihilation operators for field modes (factorized over the number of particles). Thus the density operator for the momentum space is defined simply as N_k = Ψ^+ (k) Ψ (k).

In the case when topology transformations are suppressed the operator Ψ can be considered as a classical scalar field φ which characterizes the density of physical space and, in general, depends on time and space coordinates. We stress that this field has no a direct relation to Higgs fields discussed in the previous section. In what follows we consider the spatial dependence only, while the time dependence can be found in the same way. Indeed, in applying to the ground state Φ_0 = |N_k⟩ (which is expressed by the occupation numbers (38) and ( 41)) the operators Ψ and Ψ^+ change the number of modes by one, while the total number of modes N → ∞. In this sense the state Φ^′_0 = ΨΦ_0 ≈ Φ_0. Thus, the classical field φ may be defined by relations

φ (k) = ⟨N_k − 1 |Ψ (k)| N_k⟩ , φ^∗ (k) = ⟨ N_k | |Ψ^+ (k) | | N_k − 1⟩ , (66)

which gives φ (k) = φ^∗ (k) = √ N_k. The coordinate dependence of this field can be found in the standard way (e.g., see Ref. [24])

Ψ (r) = e^{−ir ^P}Ψ (0) e^{ir ^P} (67)

where ^P is the total momentum operator. If in states O_i and O_f the system possesses fixed momenta P_i and P_f , then

⟨O_i |Ψ (r)| O_f ⟩ = exp (−irk_{if} ) ⟨O_i |Ψ (0)| O_f ⟩ (68)

where k_{if} = P_i − P_f . We note that the creation/annihilation of a single mode is accompanied with the increase/decrease in the number of ”dark” particles (40) by N_k and hence in the total momentum by P_k = zN_kk, where z is the number of different types of bosonic fields. Thus, from (68) and (66) we find that coordinate dependence will be described by the sum of the type φ (x) ∼ ∑ k c_k exp (−iP_kr) . (69)

where c_k ∼ √ N_k. In the range of wave numbers k_{max} ≥ k ≫ k_{min} we can use the approximation N_k ≃ 1+k_{max}/k and let the length of the box be L < r_{max} = 2π/k_{min}.

Then we find that in the sum (69) the momentum |P_k| ≥ zk_{max} and, therefore, the maximal wavelength is indeed restricted by

ℓ ≤ ℓ_0 < L, (70)

where ℓ_0 = 2π/zk_{max} = r_{min}/z, which means that at least in one direction the space box is effectively compactified to the size ℓ_0. From the physical standpoint such a compactification will be displayed in irregularities of the function N (x) ∼ |φ (x)|^2 (we point out that the time dependence will randomize phases in (69)). E.g., the function N (x) may take considerable values N (x) ∼< N > only on thin two dimensional surfaces of the width ∼ ℓ_0 and rapidly decay outside, which may represent another view on our explanation of the formation of the observed fractal distribution of galaxies and the logarithmic behavior of Newton’s potential. When considering the box of the larger and larger size L ≫ r_{max} we find that N_k → N_{max} ∼ r_{max}/r_{min} and the effect of the compactification disappears (no restrictions on possible values of wavelengths emerge). Thus at scales ℓ > r_{max} dimension D = 3 restores which restores both the standard Newton’s law and the homogeneous distribution of galaxies.

12 Conclusions

We have shown that MOFT predicts a rather interesting physics for the range of scales r_{min} < r < r_{max}. First of all we point out that in this range the Universe acquires features of a two-dimensional space whose distribution in the observed 3- dimensional volume has an irregular character. This provides a natural explanation to the observed fractal distribution of galaxies and dark matter, which can be described by the presence of fictitious particles. Fictitious particles carry charges of all sorts and may be responsible for the origin of Higgs fields and the formation of the diffuse X-ray background. We recall that such properties originate from a primordial thermodynamically equilibrium state and are in agreement with the homogeneity and isotropy of the Universe. Thus, such a picture of the Universe represents a homogeneous background, while gravitational potential fluctuations should be considered in the same way as in the standard model. Nevertheless, we can state that in the range of wavelengths r_{min} < λ < r_{max} the propagation of perturbations will correspond to the 2-dimensional law.

The fictitious character of particles which compose dark matter leads to strong correlations between perturbations in the actual baryon density and perturbations in dark matter. In particular, this also means that in the range of scales r_{min} < r < r_{max} the standard dust-like equation of state for baryons is invalid and we might expect that this could allow to explain the so-called dark energy (or quintessence) phenomenon.

We note that Modified Field Theory represents nothing more but the standard field theory extended to the case where the topology of space is nontrivial and, in general, may change. In this sense, from the qualitative standpoint predictions of MOFT are inevitable. If we believe that in the early Universe topology changes did occur, we merely have to observe now effects related to dark matter or fictitious particles. In the present paper we have shown that MOFT is a self-consistent, from particle physics standpoint, theory which can be readily used in applied problems. Yet, in the present form it is not exact. It requires , in the first place, an explicit description of topology transformations. There is no formal mathematical problems though (an appropriate term can be easily added to the Hamiltonian), however an adequate model for such processes, with a clear physical interpretation, is still missing. The importance of this problem is based on the observation that at very small scales (ℓ ≤ ℓ_{P l}) topology transformations still take place and those should define the behavior of the spectral number of fields N_k in the limit k → ∞, i.e., the structure of space and the effective dimension at small scales. It is clear that in the exact theory ultraviolet divergencies should be absent, which means that integrals of the type (60) as r → 0 should have finite values. This can be fulfilled if the spectral function is restricted by N_k < k^{D−3} as k → ∞ with D < 1 (i.e., at small scales the effective dimension is less than 1 or, in other words, the space disintegrates).

The situation is somewhat better with cosmological production of the field number density in the very early Universe. In this case there exists at least a clear qualitative model which can be used to illustrate the process, e.g. see. Ref. [43]. That model is based on the fact that near the singularity inhomogeneities of the metric have always a large scale character (i.e., ℓ_{in} ≫ ℓ_h ∼ 1/t, e.g. see, Ref. [44]) and this was shown to be valid during the quantum stage up to the moment when the classical space emerges (the moment of the origin of the classical space corresponds to ℓ_{in} ∼ ℓ_h [45]). Thus, every region of space of the size L ≲ ℓ_h can be described in the leading order by a homogeneous mixmaster model. We can say that near the singularity the Universe splits into a set of homogeneous models, with parameters of the models varying in space. Then, to describe the topology formation process we can use the so-called third quantization scheme [46, 47, 48, 49] for every such model. In this scheme the number of universes N_i (x) in a quantum state i will correspond to the number of fields in a region x of the size L. In general, the number of universes (or fields) N_i (x) produced depends essentially on the choice of the initial quantum state. However, there exists a region of initial states which gives rise to the thermal distribution with T ∼ T_{pl} (e.g., see Refs. [47, 49]). Thus, there is always a room to speculate on the most natural initial conditions, the measure of initial conditions (and other stupid things which prove nothing but sound significant).

In the present paper we have supposed that upon the quantum period in the evolution of the Universe the spectral number of fields N_k is conserved, which means that N_k depends on time via only the cosmological shift of scales (i.e., k (t) ∼ 1/a (t), where a (t) is the scale factor). However, there are reasonable arguments which show that the number of fields should eventually decay. Indeed, if we take into account thermal corrections to N_k, then instead of (48) we get the expression of the type

N_k ∼ 1 + T_∗/k + .... In this case the temperature T_∗ plays the role of the maximal wave number k_{max}. Why at present this temperature is so small T_∗ ≪ T_γ (where T_γ is the CMB temperature) requires a separate explanation. The situation is different when we allow the number of modes to decay. Phenomenologically, the decay can be described by the expression of the type N_k ∼ 1 + ( N^0_k − 1 ) e^{−Γk t} (where Γ_k is the period of the half-decay which, in general, can depend on wave numbers k). In the simplest case Γ_k = const and this would lead to an additional monotonic increase of the minimal scale r_{min} ∼ a (t) e^{Γt}, while the maximal scale changes according to the cosmological shift only r_{max} ∼ a (t). We note that if the ground state of fields Φ_0 contains hidden bosons (40), the decay of modes will transform them into real particles and, therefore, the decay will be accompanied by an additional reheating which should change the temperature of the primordial plasma (which will produce an additional difference between T_∗ and T_γ).

The additional increase in r_{min} means that values of all interaction constants and rest masses of particles decrease with time, for at scales ℓ ≫ r_{max} the renormalized values of interaction constants have the form ~α ∼ αr_{max}/r_{min} ∼ e^{−Γt}. This would support the Dirac hypothesis [50] and recently observed suspected variation of the fine structure constant at high red shifts [51, 52, 53].

We also point out to the violation of the Pauli principle for wavelengths λ > r_{min} (more than one fermion can have a wavelength λ ). Such particles are located in the volume ≳ r^3_{min} and at laboratory scales the portion of states violating the statistics is extremely suppressed P ≲ (L/r_{min})^3, where L is a characteristic spatial scale of a system under measurement (e.g., if as such a scale L we take the Earth radius, this factor will be still extremely small P ∼ 10^{−32}).

Acknowledgement I am grateful to F. Columbus for the invitation to write a paper for this volume, and to D. Turaev for useful discussions at all stages of the research and a partial collaboration. I am especially grateful to J. Scoville whose simple questions gave me a new look at the subject. I would also like to beg my pardon of those authors, whose results have direct relation to this research and were not cited (for I have only accidental access to the LANL archive and then I am too lazy to search it thoroughly).

Warning: For the last five years, my attempts to find a support for this research from Russian funds and institutions were all in vain. E.g., RFFI steadily refuses to support this research. The ”official science” (or at least big guys in the Russian Academy of Science) seem to have some serious principle objections: perhaps, the results do not fit the striking, fascinating, predictive, solving all problems, etc., inflationary paradigm, or, may be, ”...such subtleties had not been considered yet ...”, and ”... this is not what we expect and what we want from quantum gravity...”(Physical Review referees), or at last ” ... starting from scales more than a few Mpc the Newton’s law is well-verified ...”, and ” ... it is impossible to construct any reasonable homogeneous and isotropic model for the gravitational potential which increases as ln r ...” (JETP Letters). In any case I feel it is necessary to warn young scientists about the situation (please, do not take this approach and all the results too seriously, for all those are not more but rubbish!).

References

[1] F. Zwicky, Helv. Phys. Acta, 6, 110 (1933); Morphological Astronomy, Springer- Verlag, Berlin (1954).

[2] G.Borner, The Early Universe: Facts and Fiction, Springer-Verlag, New York (1992).

[3] J.A. Peacock, Cosmological Physics, Cambridge University Press, Cambridge (1998).

[4] C. Carignan, K.C. Freeman, Astrophys. J. 294, 494 (1985). [5] F. Schweizer, B.C. Whitmore, V.C. Rubin, Astron. J. 88, 909 (1983); V.C.

Rubin, In First ESO-CERN Symp. ed. by G. Setti, L. van Hove, p.204 (1984). [6] N.A. Bahcall, In Large scale structure in the Universe, ed. by J.P. Mucket, S.

Gottlober, V.Muller, p.209 (1994). [7] J.D. Barrow, QJRAS 30 (1989) 163.

[8] R.Ruffini, D.J.Song, and S.Taraglio, Astron. Astrophys. , 190, 1 (1988). [9] Pietronero L., 1987, Physica, A144, 257 [10] Coleman P.H., Pietronero L., Phys. Rep., 231, 311 (1992). [11] S. F. Labini, M. Montuori, L. Pietronero: Phys. Rep.293 , 66 (1998). [12] K.K.S.Wu, O.Lahav, M. Rees, Nature 397 225 (1999).

[13] Pietronero L., “The Fractal debate”; http: //www. phys. uniroma1. it/ DOCS/ PIL/ pil.html [14] A.A. Kirillov, Phys. Lett. B 535 22 (2002), astro-ph/0203267. [15] M. Milgrom, ApJ, 270 365 (1983); ApJ, 270 371 (1983); ApJ, 270 384 (1983). [16] K.G. Begeman, A.H. Broeils, and R.H. Sanders, Mon. Not. Roy. Astr. Soc., 249 (1991) 523.

[17] R.H. Sanders, Astrophys. J. 473 (1996) 117; astro-ph/0011439 (2000).

[18] S. S. McGaugh, Astrophys.J. 523 (1999) L99, astro-ph/9907409;

astro-ph/9812328.

[19] D. Muller, R. Opher, ApJ 540, 57 (2000), astro-ph/0004150; S. S. e Costa, R.

Opher, astro-ph/0112454.

[20] A. Aguirre, J. Schaye, and E. Quataert, astro-ph/0105184. [21] E.L. Lokas, Mon.Not.Roy.Astron.Soc. 327 (2001) 21P, astro-ph/0107479; D F Roscoe, astro-ph/0107397;

[22] M. Milgrom, astro-ph/0110362; S. Stachniewicz, M. Kutschera, to appear in Acta Physica Polonica B, astro-ph/0110484;

[23] D. Scott, M. White, J.D. Cohn, and E. Pierpaoli, astro-ph/0104435 (2001). [24] L.D. Landau and E.M. Lifshitz, Quantum Mechanics: Nonrelativistic Theory, 3rd ed., Pergamon Press, Oxford (1977).

[25] O. Bertolami, J.M. Mourao, J. Perez-Mercader, Phys. Lett. B311 27 1993. [26] O. Bertolami, Juan Garcia-Bellido, Int.J.Mod.Phys.D5 363 (1996), [astro-ph/9502010].

[27] A.A. Kirillov, D. Turaev, Phys. Lett. B 532 185 (2002), astro-ph/0202302. [28] A.A. Kirillov, JETP 88 1051 (1999) [Zh. Eksp. Teor. Fiz. 115 1921 (1999)], hep-th/9911168.

[29] A.A. Kirillov, Phys. Lett. B555, 13 (2003); astro-ph/0211162. [30] B.M. Smirnov, Phys. Rep. 188, 1 (1990).

[31] G. Korvin, Fractal Models in the Earth Sciences, (Elsevier, Amsterdam, 1992). [32] D. Stauffer, Phys. Rep. 54, 2 (1979).

[33] N.N. Bogoliubov, Selected papers. Kiev: Naukova dumka, v.II, c.303 [in russian].

[34] A.B. Govorkov , Teor. Mat. Fis. 54, 361 (1983) [ Sov. J. Theor. Math. Phys.

54, 234 (1983)]; Phys. Lett. A 137, 7 (1989); Phys. Part. Nucl. 24, 565 (1993). [35] A.B. Govorkov, J. Phys. A: Math. Gen., 13 1673-1684 (1980) [36] H.S. Green, Phys. Rev. 90, 270 (1953).

[37] D. V. Volkov, Sov. JETP 9, 1107 (1959); 11, 375 (1960).

[38] W.H. Kinney, M. Brisudova, Proc. of 15th Florida Workshop in Nonlinear Astronomy and Physics, ”The Onset of Nonlinearity”, astro-ph/0006453 (2000).

[39] C.L. Sarazin, X-ray Emissions from Clusters of Galaxies, Cambridge University Press (1988).

[40] E.R. Harrison, Astrophys. Lett. 3, 133 (1968); MNRAS 147, 279 (1970). [41] P.W.B. Higgs, Phys. Lett. 12, 132 (1964); Phys. Rev. 145, 1156 (1966). [42] A.A. Kirillov, Proc. of XXIII International Workshop on the fundamental problems of HEP &FT, hep-th/0012001 (2000) [43] A.A. Kirillov, Astron. Astrophys. Trans. 10, 95 (1996); Gravit. Cosmol. 2 (5) 123 (1996).

[44] A.A. Kirillov, Zh. Eksp. Teor. Fiz. 103, 721 (1993). [Sov. Phys. JETP 76, 355 (1993)].

[45] A.A. Kirillov and G. Montani, Pis’ma Zh. Eksp. Teor. Fiz. 66, 449 (1997). [46] V.A. Rubakov. Phys. Lett. B214, 503 (1988). [47] A. Hosoya and M. Morikawa, Phys. Rev. D 39, 1123 (1989). [48] M. Mc Guigan, Phys. Rev. D 38, 3031 (1988); Phys. Rev. D 39, 2229 (1989). [49] A.A. Kirillov, JETP Lett., 55, 561 (1992)]. [50] P.A.M. Dirac, Nature 139, 323 (1937).

[51] M. Murphy, J. Webb, V. Flambaum, V. Dzuba, C. Churchill, J. Prochaska, A.

Wolfe, MNRAS, 327, 1208 (2001).

[52] J.K. Webb, V.V. Flambaum, C.W. Churchill, M.J. Drinkwater J.D. Barrow, Phys. Rev. Lett. 82, 884 (1999).

[53] J.K. Webb, M.T. Murphy, V.V. Flambaum, V.A. Dzuba, J.D. Barrow, C.W.

Churchill, J.X. Prochaska, A.M. Wolfe, Phys. Rev. Lett. 87, 091301 (2001).