arXiv:astro-ph/0409019 v1 1 Sep 2004

Equilibrium properties of self-interacting neutrinos in the quasi-particle approach

M. Sirera Departamento de Astronomía y Astrofísica, Universidad de Valencia, 46100 Burjassot (Valencia) Spain

A. Pérez Departamento de Física Teórica and IFIC Universidad de Valencia, 46100 Burjassot (Valencia) Spain

Abstract

In this work a neutrino gas in equilibrium is studied both at T = 0 and at finite temperature. Neutrinos are treated as massive Dirac quasi-particles with two generations. We include selfinteractions among the neutrinos via neutral currents, as well as the interaction with a background of matter. To obtain the equilibrium properties we use Wigner function techniques. To account for corrections beyond the Hartree approximation, we also introduce correlation functions. We prove that, under the quasi-particle approximation, these correlation functions can be expressed as products of Wigner functions. We analyze the main properties of the neutrino eigenmodes in the medium, such as effective masses and mixing angle. We show that the formulae describing these quantities will differ with respect to the case with no self-interactions.

I. INTRODUCTION.

Propagation in dense media is one of the most interesting issues in present neutrino physics. The consequences on solar and atmospheric neutrino data, as well as in baseline neutrino experiments, are crucial for the understanding of neutrino properties. Moreover, in astrophysical and cosmological scenarios, they provide an important feedback which modifies the physical evolution of the system under consideration. This, in fact, is the case for supernova explosions, where neutrino interactions and oscillations can change the shock dynamics [1, 2, 3].

The nucleosynthesis of heavy elements via r-processes is also largely affected by neutrino oscillations, since the proton to neutron ratio can be altered by the oscillations.

In a similar way, they have been shown to play an important role in establishing the cosmic flavor content when the Big Bang nucleosynthesis starts, thus influencing the helium production. A crucial ingredient in these two scenarios is the neutrino self- interaction [4, 5, 6, 7]. As it has been remarked, such interactions are non-diagonal in flavor space, and give rise to new phenomena in the oscillatory behavior [8, 9, 10].

In this work, we analyze in detail the equilibrium properties of a self-interacting neutrino gas. Here, we study a system consisting on two generations of neutrinos in equilibrium with a matter background and self-interactions taken into account. The formalism, however, can be extended in a straightforward way to the case of three generations.

We assume that chemical equilibrium has been reached, therefore the chemical potential is the same for both neutrino species. This is, in fact, the situation for muon and tau neutrinos inside a supernova, where both kinds of neutrinos are produced in pairs and, therefore, the chemical potentials are zero. It seems also the case in the early Universe, with the present values of mass differences and mixing angles, where chemical equilibrium is achieved (at least approximately) just before the nucleosynthesis epoch for the three neutrino families [6].

Neutrinos will be treated in the quasi-particle approximation, i.e. we assume that the field corresponding to the mass eigenstates can be described as a superposition of plane waves with a modified (with respect to the vacuum) dispersion relation. As we will show, the equilibrium features, such as the effective masses and mixing angles, are modified when the interactions among neutrinos are considered, due to the non-diagonal nature of the self-term. To this end, we use a method based on Wigner Functions, which has been shown to be appropriate to describe both the equilibrium and kinematics of many-particle neutrino mixing [11]. To account for corrections beyond the Hartree approximation, we also introduce correlation functions. We prove that, under the quasi-particle approximation, these correlation functions can be expressed as products of Wigner functions. As we show, the results obtained using these techniques agree with previous calculations [12, 13, 14, 15].

This paper is organized as follows. In section II, we derive the equations satisfied by the Wigner functions of self-interacting massive neutrinos. In section III we consider the Hartree approximation (i.e., when correlations are neglected). In this case, the interactions among neutrinos contribute in the same way as the neutral current interactions of neutrinos with other particles, such as electrons, protons or neutrons. The addition of correlations results in the appearance of non-lineal effects due to the self-interaction. This is described in section IV. In section V we analyze the resulting dispersion relations of eigenmodes. Our main results are summarized in section VI. The appendix at the end contains the derivation of the statistical correlations used in section IV.

II. EQUATIONS FOR WIGNER FUNCTIONS.

We consider a neutrino gas consisting on two generations of neutrinos which interact with themselves by means of neutral current interactions. We denote the two flavors by (e,μ). Of course, the formalism can also be applied to any two flavors, such as μ and τ neutrinos.

Since we deal with two neutrino species, it is convenient to introduce vectors and matrices in flavor (or mass) space. We therefore define the neutrino and antineutrino vector fields:

^ν(x) ≡ ^ν^e(x) ^ν^μ(x) , ^ν(x) ≡ ( ^ν^e(x) ^ν^μ(x) ) (1)

The symbol ^ on top of a magnitude means that we are dealing with a quantum operator. This will be used to distinguish this magnitudes from statistical averages. We also introduce the following matrices in flavor space Λ^{ab,μ} ≡ 0 0 0 γ^μ(1 − γ^5) (2)

Ω^{ab,μ} ≡ γ^μ(1 − γ^5) 0 0 0 (3)

With the aid of these notations, the Lagrangian terms which account for the neutrino self-interactions [8] can be written as ^L(x) = ^ν(x)iγ^μ∂_μ^ν(x) − ^ν(x)M ^ν(x) − G^F 4 √ 2 ^ν(x)Ω^μ^ν(x)^ν(x)Ω_μ^ν(x) − G_F 4 √ 2 ^ν(x)Λ^μ^ν(x)^ν(x)Λ_μ^ν(x) − G^F 2 √ 2 ^ν(x)Ω^μ ^ν(x)^ν(x)Λ_μ^ν(x), (4) where G_F is the Fermi constant and M is the neutrino mass matrix. The equation of motion then reads as

iγ^μ∂_μ^ν(x) − M ^ν(x) − G_F 4 √ 2 Ω^μ ^ν(x)^ν(x)Ω_μ^ν(x) − G_F 4 √ 2 ^ν(x)Ω^μ ^ν(x)Ω_μ^ν(x) − G^F 4 √ 2 Λ^μ^ν(x)^ν(x)Λ_μ^ν(x) − G_F 4 √ 2 ^ν(x)Λ^μ^ν(x)Λ_μ^ν(x) − G^F 2 √ 2 Ω^μ ^ν(x)^ν(x)Λ_μ^ν(x) − G_F 2 √ 2 ^ν(x)Ω^μ ^ν(x)Λ_μ^ν(x) = 0 (5)

(a similar equation can be derived for the adjoint field ^ν(x) ). We now introduce the neutrino Wigner operator ^F^{ab}_{ij} (x, p) = (2π)^{−4} ∫ d^4y e^{−ipy} ^ν^b_j (x + y/2)^ν^a_i (x − y/2) (6) From Eq. (6) one can easily show that the Hermitian conjugate is given by ^F^{ab†}_{ij} (x, p) = γ^0_{jk} ^F^{ba}_{kq} (x, p)γ^0_{qi} (7) One obtains the following equation for the neutrino Wigner Operator : γ[∂ ^F(x, p) − 2ip ^F (x, p)] + 2iM ^F (x, p) = −(2π)^{−4} iG_F 2 √ 2 ∫ d^4y^′d^4k e^{−ik(x−y′ )} [Ω ^F (x, p − k/2)^ν(y^′)Ψ^ν(y^′) + ^ν(y^′)Φ^ν(y^′)Λ ^F (x, p − k/2) + ^ν(y^′)Ω^ν(y^′)Ω ^F (x, p − k/2) + Λ ^F (x, p − k/2)^ν(y^′)Λ^ν(y^′)] (8) where we defined the matrices Ψ = Ω + 2Λ and Φ = 2Ω + Λ.

We are now interested in introducing statistical averages from the quantum operators defined above. These statistical averages are called Wigner functions [11], and are the analogous to the distribution functions we need to describe many-particles systems. These are, in general, complex functions, and also contain a Lorentz structure. The neutrino Wigner functions are defined as: F^{ab}_{ij} (x, p) ≡< ^F^{ab}_{ij} (x, p) >= (2π)^{−4} ∫ d^4y e^{−ipy} < ^ν̄^b_j (x + y/2)^ν̄^a_i (x − y/2) > (9) Here, the symbol < ^A > means the average of a given quantum operator ^A over a basis of quantum states which are compatible with the macroscopical knowledge of the system. The latter determines a given density matrix operator ^ρ . Thus the averaging is performed according to < ^A >≡ Sp{^ρ ^A} (10) where Sp means the trace performed over the quantum basis. Taking into account Eq.

(7) one immediately obtains :

F^†(x, p) = γ^0F (x, p)γ^0 (11)

which implies that ^F (x, p) is an Hermitian matrix with respect to generation indices.

Starting from Eq. (8), one can take statistical averages to obtain the equations of motion for the Wigner Function, which turns out to be

[γ(∂ − 2ip) + 2iM]F (x, p) = −(2π)^{−4} iG_F √ 2 ∫ d^4y^′d^4kd^4k^′ e^{−ik(x−y′ )} [ < Ω ^F (x, p − k/2)T rΨ ^F (y^′, k^′) > + < T rΨ ^F (y^′, k^′)Λ ^F (x, p − k/2) > + < T rΩ ^F (y^′, k^′)Ω ^F (x, p − k/2) > + < Λ ^F (x, p − k/2)T rΛ ^F (y^′, k^′) >] (12)

III. NEUTRINO GAS IN THE HARTREE APPROXIMATION

In this section we investigate the neutrino gas under the assumption of global equilibrium. This means that macroscopic quantities must be invariant under space-time translations:

F (x, p) = F (p) (13)

Moreover, as a first approximation, we neglect the effect of statistical correlations, which simply translates into replacing the statistical average of an operator product by the product of their averages: < ^F^{ab}_{ij} (p) ^F^{cd}_{kl} (p^′) >= F^{ab}_{ij} (p)F^{cd}_{kl} (p^′) (14) Under these conditions, we obtain that the equation of motion for the Wigner Function of the neutrinos in equilibrium is [11] (γp − M)F (p) = G_F 2 √ 2 ∫ d^4kT r[γ_μ(1 − γ^5)F (k)]γ^μ(1 − γ^5)F (p), (15)

In order to obtain a solution to the problem, we simplify our approach to the neutrino gas by making the following assumptions:

1) Neutrinos are assumed to have a small mass (as compared to typical energies). Therefore, the neutrino fields consist essentially on left-chirality projections, i.e. we assume that the right projections are very small, as compared to the left projections. Moreover, we can consider that the neutrino gas contains only neutrinos with negative polarization (negative helicity) and antineutrinos with positive polarization (positive helicity). Thus we have, to a good approximation, that

F (p) ≃ F_L(p) ≃ F^−(p) + F^+(p). (16)

2) Quasi-particle approximation. In the equilibrium gas, neutrinos are in their interacting eigenstates, i.e. a particle with definite momentum and polarization has also a definite energy. This allows us to treat the neutrinos of the ensemble as free particles with an effective mass instead of their own masses in vacuum. In other words, the field can be decomposed in plane waves, with a dispersion relation which differs from the one in vacuum.

3) The mixing angle, which allows us to write a flavor eigenstate as a linear combination of effective mass eigenstates, is supposed in principle to depend on all the degrees of freedom of the particle, in a similar way to what happens with the mixing angle in matter, when neutrinos are propagating trough a matter background, but do not interact among them.

With all these hypothesis, we can now rewrite the equation of motion as (γp − M)F_L(p) = √ 2G_F γ^μ ∫ d^4kT rγ_μF_L(k)F_L(p), (17)

or, in a more simplified way, (γp − √ 2G_F γa − M)F_L(p) = 0, (18) where the four-vector a is defined as

a_μ = ∫ d^4kT rγ_μF_L(k). (19)

In order to obtain an equation which gives the propagation modes of the neutrinos in the gas, we multiply the above formula by (γp − √ 2G_F γa + M), and neglect the subdominant terms proportional to G^2_F . We then arrive to the equation:

(p^2 − 2 √ 2G_F ap − M^2)F_L(p) = 0. (20)

Without any loss of generality, we can take p^μ = (p^0, |−→p |, 0, 0) , therefore the interaction term is ap = a^0p^0 − a^1|⃗p|. On the other hand, using the known properties of the Wigner Functions [11] ~F^−_L and ~F^+_L corresponding to mass eigenstates of neutrinos and antineutrinos, respectively, we obtain T rγ^μF_L(k) = T rγ^μU(k) ~F_L(k)U^†(k) = T rγ^μ ~F_L(k) = = T rγ^μ ∑ a=1,2 [ ~F^{−aa}_L (k) + ~F^{+aa}_L (k)], (21)

where U is the unitary transformation that transforms from mass eigenstates to flavor states. After working out the traces and the integrations, one obtains that the interaction term is ap = n_ν p^0, where n_ν = n_1 + n_2 = n_{~ν1} + n_{~ν2} − n_{~ν1} − n_{~ν2} is the total density of neutrinos (with p^0 ≃ |−→p | ) minus the corresponding antineutrino density. In this way, the equation of motion for neutrinos becomes

(p^2 − 2 √ 2G_F n_ν |−→p | − M^2)F^−_L (p) = 0, (22)

The corresponding equation for antineutrinos (for F^+(p) ) can be obtained by replacing the − sign into a + sign in the second term of this equation.

In order to find the effective masses, we have to diagonalize the matrix ^M^2 ≡ M^2 ± 2 √ 2G_F n_ν |−→p |. Obviously, this is made by means of the same rotation angle as in vacuum.

Hence, the effective masses are

M^2_1 = m^2_1 ± 2 √ 2G_F n_ν |−→p |, M^2_2 = m^2 ± 2 √ 2G_F n_ν |−→p |, (23) for each generation, where m_1 and m_2 are the vacuum masses, and the signs ± correspond, as above, to neutrinos or antineutrinos, respectively.

Let us now assume that, in addition to the self-interaction among the neutrinos, we have an electrically neutral background of matter composed by electrons and nucleons. In this case the effective masses of neutrinos are [11, 16, 17]

M^2_{1,2} = 1/2(A_c + Σ) ∓ 1/2(A^2_c + Δ^2)^{1/2} + A_n, (24)

where

Σ = m^2_1 + m^2 Δ = m^2_1 − m^2 A_c = 2 √ 2G_F |−→p |n_e A_n = 2 √ 2G_F |−→p |n_ν − √ 2G_F |−→p |n_n (25)

being n_e the number density of electrons (minus antielectrons) and n_n the number density of neutrons (minus antineutrons).

IV. CORRECTION TO THE HARTREE APPROXIMATION.

We now want to take into account the effect of the statistical correlations in our treatment. For this purpose, we define the two-body correlation function for the neutrino fields as D^{abcd}_{ijkl} (x, x^′, p, p^′) ≡< ^F^{ab}_{ij} (x, p) ^F^{cd}_{kl} (x^′, p^′) > −F^{ab}_{ij} (x, p)F^{cd}_{kl} (x^′, p^′), (26) where subscripts correspond to spin indices. By inserting this definition in the general equation of motion Eq. (12), and after some manipulations, it can be written in the form [γ(∂ − 2ip) + 2iM]F (x, p) = −(2π)^{−4} iG_F 2 √ 2 ∫ d^4y^′d^4kd^4k^′e^{−ik(x−y′ )} [ΩT r (D(x, y^′, p − k/2, k^′)Ψ) + ΩF (x, p − k/2)T r (ΨF (y^′, k^′)) + ΛT r (ΦD(y^′, x, k^′, p − k/2)) + T r (ΦF (y^′, k^′)) ΛF (x, p − k/2) + Ω (T rΩD(y^′, x, k^′, p − k/2)) + T r (ΩF (y^′, k^′)) ΩF (x, p − k/2) + ΛT r (D(x, y^′, p − k/2, k^′)Λ) + ΛF (x, p − k/2)T r (ΛF (y^′, k^′))]. (27) In Eq. (27), the symbol T r implies summation over both spin and flavor indexes.

As in the previous section, we will assume a situation of global equilibrium, where spatialtime invariance is satisfied. For the correlation functions this implies that D(x, x^′, p, p^′) = D(x − x^′, p, p^′) When this is applied to the above equation we obtain: (γp − M)F (p) = G_F 2 √ 2 {γ^μ(1 − γ^5)F (p) ∫ d^4kT r ( γ_μ(1 − γ^5)F (k) )

+ 1/2 ∫ d^4k^′d^4k[ΩT r ( D̃(k, p − k/2, k^′)Ψ ) + ΛT r ( D̃(k, p − k/2, k^′)Λ )

+ ΛT r ( ΦD̃(k, k^′, p + k/2) ) + ΩT r ( ΩD̃(k, k^′, p + k/2)] ) }, (28)

where the function D̃(k, p, p^′) is the Fourier transformed of the correlation function D̃(k, p, p^′) = 1 (2π)^{−4} ∫ d^4xe^{−ikx}D(x, p, p^′). (29) We will impose the same three hypothesis as in the Hartree approximation, which implies having definite mass eigenstates and a mixing angle, which mixes the mass eigenstates to produce the flavor eigenstates of neutrinos. Moreover, under these conditions, we can apply the Wick’s theorem (see, for example [18]) to calculate correlation functions in terms of the Wigner Function of the neutrino fields, as derived in the appendix. We obtain: D̃^{abcd}_{ijkl} (k, p, p^′) = −δ^4(p − p^′)F^{cb}_{Lkj} (p^′ + k/2)F^{ad}_{Lil}(p^′ − k/2), (30) where we are only using the left projections of the neutrino fields in order to construct the Wigner Functions, and hence the correlation functions. By inserting the above relation in the equation of motion, this one is finally left as [γp − √ 2G_F γa + √ 2G_F ∫ d^4qγF_L(q)γ − M]F_L(p) = 0. (31)

The four-vector a is defined in the same way as in the previous section. Obviously, the third term of this equation provides us with an additional correction to the corresponding equation in the Hartree approximation.

V. PROPAGATION MODES OF THE NEUTRINOS.

Starting from the latter equation, we can now calculate the propagation modes of the neutrinos in the gas, by performing the following decomposition, consistent with the hypothesis made in the previous sections

F_L(q) = F^−_L (q) + F̄^+_L (q) = U^∗(q)F^{−∗}_L (q)U^{∗†}(q) + Ū^∗(q)F̄^{+∗}_L (q)Ū^{∗†}(q), (32)

that is, both the corresponding part of neutrinos F^−_L (q) and the corresponding part of antineutrinos F̄^+_L (q) of the Wigner Function with flavor indices can be expressed in terms of Wigner functions with effective mass indices F^{−∗}_L (q) and F̄^{+∗}_L (q) for neutrinos and antineutrinos, respectively (whose mass eigenstates will not be the same as in the Hartree approximation), by means of the unitary transformation U^∗(q) or Ū^∗(q), each of them defined by the corresponding rotation angle.

On the other hand, we define the following quantities: n_{νe} = 1 2π^2 ∫_∞ 0 d|⃗q||⃗q|^2[c^2f_1(q) + s^2f_2(q)], n_{νμ} = 1 2π^2 ∫_∞ 0 d|⃗q||⃗q|^2[s^2f_1(q) + c^2f_2(q)],

n_{ν12} = 1 2π^2 ∫_∞ 0 d|⃗q||⃗q|^2cs[f_1(q) − f_2(q)], (33) where f_1(q) and f_2(q) are the Fermi statistical distribution functions for each generation, corresponding to quasi-particles with well-defined effective masses, and s and c are the sin and cos of the rotation angle θ, which relates the eigenstates of effective masses to flavor eigenstates. In this way, n_{νe} is the number density of electron neutrinos, n_{νμ} is the number density of muon neutrinos and n_{ν12} contains interference effects. Analogously, we can define the number densities for antineutrinos n̄_{νe} , n̄_{νμ} and n̄_{ν12} .

Carrying out a straightforward calculation, we arrive to ∫ d^4qF_L(q) = 1 2 NP_Lγ^0, (34)

where P_L is the left chirality projector and N is a matrix defined (in flavor space) as

N = n(e) n^{12} n_{12} n(μ) = 1 2 n^ν 0 0 n_ν + 1 2 δ 2n^{12} 2n_{12} −δ , (35)

in which n(e) = n_{νe} − n̄_{νe} is the electron neutrino (minus electron antineutrino) number density, n(μ) = n_{νμ} − n̄_{νμ} is the muon neutrino (minus muon antineutrino) number density, n_ν = n(e) + n(μ) is the total number neutrino density, n_{12} = n_{ν12} − n̄_{ν12} , and δ = n(e) − n(μ) is a statistical parameter of asymmetry between the two flavors. It is important to note that the above expressions exactly coincide with those obtained in [14] by using a totally different method. We can finally write the equation of motion in the form (γp − √ 2G_F γ^0n_ν − √ 2G_F Nγ^0 − M)F_L(p) = 0. (36)

Obviously, if δ ≠ 0 and n_{12} ≠ 0 then the interacting mixing angle θ will not be the same as the vacuum mixing angle θ_0. At this point, we can add the contribution from an electrically neutral background of protons, neutrons and electrons. This amounts to replacing the matrix N by

N^∗ = 1 2 n^ν + δ + 2n^e − n^n 2n^{12} 2n_{12} n_ν − δ − n_n

(37)

In this way, Eq. (36) will now become:

(γp − √ 2G_F γ^0n_ν − 2 √ 2G_F N^∗γ^0 − M)F_L(p) = 0. (38)

To find the propagation modes, we multiply Eq. (38) by (γp− √ 2G_F γ^0n_ν −2 √ 2G_F N^∗γ^0+M) , and neglect the terms of order G^2_F , as in the Hartree approximation. Then, one obtains:

(p^2 − √ 2G_F n_ν p^0 − √ 2G_F N^∗p^0 − M^2)F_L(p) = 0 (39)

In order to find the neutrino effective masses we have to diagonalize the matrix

M̂^2 = M^2 + √ 2G_F n_ν p^0 + 2 √ 2G_F N^∗p^0, (40)

and to find the mixing angle in matter we have to obtain the unitary transformation, which is determined by the corresponding rotation. After some algebra, we arrive to the following expression for the effective masses in the medium:

M^{∗2}_{1,2} ( p^0 ) = 1 2 [ Σ + 2 √ 2G_F (3n_ν + n_e − n_n) p^0 ] ∓ 1 2 Δ^∗, (41)

where

Δ^∗ = [( 2 √ 2G_F p^0 (n_e + δ) − Δ cos 2θ_0

)_2 + ( 4 √ 2G_F p^0n_{12} − Δ sin 2θ_0

)_2]1/2

(42)

is the effective mass difference. In Eq. (41) the upper (lower) sign corresponds to M^∗_1 (M^∗_2 ) ,where Σ and Δ have been defined in Eq. (25). The mixing angle is given by

sin 2θ =

Δ sin 2θ_0 − 4 √ 2G_F p^0n_{12} Δ^∗

. (43)

Notice that Eqs. (41-43) depend on n_ν and δ which, in turn, have to be evaluated using the above equations. In other words, the whole set of equations has to be solved self-consistently.

Eq. (39) gives the dispersion relation for neutrinos and antineutrino mass eigenstates, which can be written as: p^2 − M^{∗2}_{1,2} ( p^0 ) = 0 (44) and provides (as an implicit equation) the energy p^0 as a function of the momentum |⃗p|. As a first approximation, one can use the fact that, under most situations of interest, neutrinos are extremely relativistic particles. Thus, for neutrinos one can replace p^0 by |⃗p|. In this way, the above dispersion equation can be approximately solved as:

p_0 = √ |⃗p|^2 + M^{∗2}_{1,2} (|⃗p|) (45)

To obtain the corresponding formulae for antineutrinos we only have to change |⃗p| to −|⃗p| in the previous equation.

A consequence of Eq. (43) is that the condition for the MSW resonance is modified with respect to the situation where there is not a neutrino background. In fact, the condition for the resonance is now:

p^0 =

Δ [(δ + n_e) cos 2θ_0 + 2n_{12} sin 2θ_0] 2 √ 2G_F [ (δ + n_e)^2 + 4n^2_{12}

] (46)

This new condition can be of interest if sin 2θ_0 ≃ 1, as suggested for both solar and atmospheric neutrino oscillation values. In this case, the MSW resonance might be dominated by the neutrino background. In order to investigate this possibility, we need to calculate n_{12} and δ. Using Eqs. (33) and (43) we arrive to the formulae

n_{12} =

Δ sin(2θ_0)F_1 1 + 4 √ 2G_F F_2 δ + n_e = n_e + 2Δ cos(2θ_0)F_1

1 + 4 √ 2G_F F_2

(47)

where

F_1 = 1 4π^2 ∫_∞ 0 dpp^2 f_1(p) − f_2(p) Δ^∗(p) F_2 = 1 4π^2 ∫_∞ 0 dpp^3 f_1(p) − f_2(p) Δ^∗(p)

(48)

The numerator in the integrand of the above equations is a small quantity, due to the small mass difference Δ^∗(p), therefore it is convenient to expand the numerator using Δ^∗(p) as a parameter. We then obtain:

f_1(p) − f_2(p) ≃ −

Δ^∗(p) 2p ∂f_1(p) ∂p Moreover, in the extremely relativistic limit, we can write

f_1(p) ≃ 1 1 + exp [(p − μ) /T ] In this way, the integrals in Eq. (48) can be performed, giving

F_1 = T 8π^2 ln [1 + exp (μ/T )]

F_1 = −

T^2 4π^2

L_{i2} [− exp (μ/T )] (49)

with L_{i2} the dilogarithmic function.

The correction to the MSW condition, as given in Eq. (46), is then of the order n_{12} n_e tan 2θ_0

Let us consider the conditions in the Early Universe, just before the nucleosynthesis. We then have a temperature T ∼ 1 MeV , μ ∼ 0.1 MeV and n_e ∼ 0.1MeV^3. By substituting into the above expression, one finds that the correction to the MSW condition is only meaningful if tan 2θ_0 > 10^{15} which implies θ_0 = π/4. Such values seem to be disfavored (although not excluded) for ν_e → (ν_μ, ν_τ ) oscillations [19]. Only if this value is allowed, the neutrino background can play a role in establishing the MSW condition. On the other hand, one can check that the corrections of the neutrino background to the effective masses, as given by Eq. (41), are negligible.

Another possibility consists in the adiabatic ν_μ → ν_τ conversion in the presence of a neutrino background. The corresponding resonance formula can be found to be

p^0 =

Δ [δ cos 2θ_0 + 2n_{12} sin 2θ_0] 2 √ 2G_F [δ^2 + 4n^2_{12}]

(50)

As an example, we consider the proto-neutron star interior with T ∼ 40 MeV and μ ∼ 100 MeV. We then find p^0 ∼ 10^9 MeV which is, of course, too high for the neutrinos produced in such a scenario.

VI. CONCLUSIONS.

In this paper, we have investigated the equilibrium properties of a system of two generations of mixed massive Dirac neutrinos in equilibrium, when self-interactions are taken into account. To this end, we have used techniques based on Wigner functions. We assume that well-defined quasi-particle states exist for the neutrinos, i.e. the fermion fields for states with a definite mass can be expanded in plane-wave states, similarly to the non-interacting case, but with a different dispersion relation.

The equilibrium state is characterized by a single chemical potential μ and a temperature T . First, we analyzed the Hartree approximation (when correlations are neglected). In this case, self-interactions are diagonal in flavor space and do not modify the mixing angle, although they change the effective masses.

The inclusion of correlations can be done, under the conditions assumed above, using the derivations made in appendix. Our results for these corrections agree with previous calculations [14, 15], using completely different techniques. These corrections give a nondiagonal term in the effective mass matrix. Therefore, in addition to a modification in the effective masses of eigenstates, there is a change in the in-medium mixing angle, as compared to the Hartree result. Also, the condition for the MSW resonance (when a matter background is included) differs from the usual MSW condition. We have shown, however, that, for typical astrophysical and cosmological scenarios, the corrections are small, although they can be of some interest in cosmology if the ν_e-(ν_μ, ν_τ ) mixing angle is exactly π/4, as still allowed by neutrino oscillation experiments and theoretical models [19, 23].

Acknowledgments

This work has been supported by the Spanish grants FPA2002-00612 and AYA2001- 3490-C02. We are indebted to Sergio Pastor for a fruitful discussion and comments.

APPENDIX A: CALCULATION OF CORRELATIONS.

In this appendix we calculate the statistical correlations defined by Eq. (26) under the quasi-particle hypothesis. Let us consider, for simplicity, that we have a neutrino field in equilibrium consisting on one generation of massive neutrinos. Using the corresponding unitary transformation to mass eigenstates, the following procedure can be easily generalized to more than one generation. The Wigner function for this field is ^F_{ij} (x, p) = (2π)^{−4} ∫ d^4y e^{−ipy} < ^Ψ_j (x + y/2)^Ψ_i(x − y/2) >, (A1) and the correlation functions can be expressed as D_{ijkl}(x, x^′, p, p^′) =< ^F_{ij} (x, p) ^F_{kl}(x^′, p^′) > −F_{ij}(x, p)F_{kl}(x^′, p^′) (A2) We can now evaluate the first term on the right hand using Wick’s theorem [18]. In this way, we arrive to: < ^F_{ij} (x, p) ^F_{kl}(x^′, p^′) >= (2π)^{−8} ∫ d^4yd^4y^′ e^{−ipy}e^{−ip′y′} (A3) < ^Ψ_j (x + y/2)^Ψ_i(x − y/2)^Ψ_l(x^′ + y^′/2)^Ψ_k (x^′ − y^′/2) > =(2π)^{−8} ∫ d^4yd^4y^′ e^{−ipy}e^{−ip′y′} [ < ^Ψ_j (x + y/2)^Ψ_i(x − y/2) >< ^Ψ_l(x^′ + y^′/2)^Ψ_k (x^′ − y^′/2) − < ^Ψ_j (x + y/2)^Ψ_l(x^′ + y^′/2) >< ^Ψ_i(x − y/2)^Ψ_k(x^′ − y^′/2) + < ^Ψ_j (x + y/2)^Ψ_k(x^′ − y^′/2) >< ^Ψ_i(x − y/2)^Ψ_l(x^′ + y^′/2) >]. (A4)

The first term in this expression leads to a product of Wigner functions which is canceled by the second term in Eq. (A2). The second term vanishes. Finally, the third term can be expressed as:

(2π)^{−8} ∫ d^4yd^4y^′ e^{−ipy} e^{−ip′y′} < ^Ψ_j (x + y/2)^Ψ_k (x^′ − y^′/2) > × [ − < ^Ψ_l(x^′ + y^′/2)^Ψ_i(x − y/2) > −iS_{il}(x − y/2 − x^′ − y^′/2) ] (A5)

In this formula S_{il}() is the propagator of the neutrino field. It appears because normal ordering of the operators has no been considered. We now impose normal ordering, which amounts to neglecting the last term. In this way, we find: D_{ijkl}(x, x^′, p, p^′) = −(2π)^{−8} ∫ d^4yd^4y^′ e^{−ipy} e^{−ip′y′} < ^Ψ_j (x + y/2)^Ψ_k (x^′ − y^′/2) >< ^Ψ_l(x^′ + y^′/2)^Ψ_i(x − y/2) > (A6)

By using the equality ^Ψ_i(x + z/2)^Ψ_j (x − z/2) = ∫ d^4p e^{ipz} ^F_{ji}(x, p), (A7) and the conditions of equilibrium, which imply that F (x, p) = F (p), we obtain D_{ijkl}(x − x^′, p, p^′) = − ∫ d^4qδ(p − p^′)e^{−i2(p′−q)(x−x′)}F_{kj} (q)F_{il}(2p^′ − q). (A8) If we take the Fourier transformation of the correlations, we have that ~D_{ijkl}(k, p, p^′) = (2π)^{−4} ∫ d^4(x − x^′)D_{ijkl}(x − x^′, p, p^′)e^{−ik(x−x′ )} (A9) and we end up with the following result: ~D_{ijkl}(k, p, p^′) = −δ(p − p^′)F_{kj} (p^′ + k/2)F_{il}(p^′ − k/2). (A10)

[1] G. Raffelt. Nucl. Phys B (Proc. Suppl.) 95 (2001) 183; G. Raffelt. New Astron. Rev. 46 (2002) 699-708.

[2] S. Pastor and G. Raffelt. Phys. Rev. Lett. 89 (2002) 191101.

[3] Yong-Zhong Qian and G.M. Fuller. Phys. Rev. Lett. 71 (1993) 1965 ; ; G. Sigl Phys. Rev. D 51 (1995) 4035; G.L. Fogli, E. Lisi, D. Montanino and A. Palazzo. Phys. Rev D 65 (2002) 073008.

[4] M.J. Thomson and B. McKellar. Phys. Lett. B 259 (1991) 113; V.A. Kostelecky and M.J.

Thomson. Phys. Rev. D 49 (1994) 1740. B. McKellar and M.J. Thomson. Phys. Rev. D 49 (1994) 2710.

[5] K.N. Abazajian, J.F. Beacom and N.F. Bell Phys.Rev D 66 (2002) 013008. [6] S. Pastor, G. Raffelt and D.V. Semikoz Phys. Rev D 65 (2002) 053011 ; A.D. Dolgov, S.H.

Hansen, S. Pastor, S.T. Petcov, G. Raffelt and D.V. Semikoz. Nucl. Phys B 632 (2002) 363. [7] Y.Y.Y. Wong. Phys.Rev D 66 (2002) 025015. [8] J. Pantaleone. Phys. Lett. B 287 (1992) 128. [9] J. Pantaleone. astro-ph/9405008.

[10] A. Friedland and C. Lunardini. hep-ph/0304055. [11] M. Sirera and A. Pérez. Phys. Rev. D 59 (1999) 125011.

[12] G. Sigl and G. Raffelt. Nucl. Phys. B 406 (1993) 423.

[13] G. Raffelt. Stars as Laboratories for Fundamental Physics. The University of Chicago Press (1996).

[14] Yong-Zhong Qian and G.M. Fuller. Phys. Rev. D 51 (1995) 1479. [15] S. Samuel. Phys. Rev. D 48 (1993) 1462.

[16] D. Nötzold and G. Raffelt. Nucl. Phys B 307 (1988) 924.

[17] C.W. Kim and A. Pevsner. Neutrinos in Physics and Astrophysics. Ed. Harwood Academic Publishers (1993).

[18] A. L. Fetter and J.D. Walecka, Quantum Theory of Many-Particle Physics. McGraw-Hill Inc.

(1971).

[19] M. Maltoni, T. Schwetz, M.A. Tórtola and J.W.F. Valle. hep-ph/0309130. [20] N.F. Bell, A.A. Rawlinson and R.F. Sawyer. hep-ph/0304082. [21] S. Pakvasa and J.W.F. Valle. hep-ph/0301061.

[22] Mad. Prakash, I. Bombaci, Man. Prakash, P.J. Ellis, J.M. Lattimer and R. Knorren. Phys.Rep 280 (1997) 1-77.

[23] E. Kh. Akhmedov, M. Frigerio and A. Yu. Smirnov. JHEP 0309 (2003) 021; We-Fu Chang, J. N. Ng. JHEP 0310 (2003) 036. D. Falcone. Phys.Rev. D68 (2003) 033002.