arXiv:astro-ph/0411773 v3 19 Oct 2005

Journal of Cosmology and Astroparticle Physics 10 (2005) 009 astro-ph/0411773

Non-Gaussianity in braneworld and tachyon inflation

Gianluca Calcagni

Dipartimento di Fisica, Università di Parma, Parco Area delle Scienze 7/A, I-43100 Parma, Italy Astronomy Centre, University of Sussex, Brighton BN1 9QH, UK

E-mail: g.calcagni@sussex.ac.uk

Abstract. We calculate the bispectrum of single-field braneworld inflation, triggered by either an ordinary scalar field or a cosmological tachyon, by means of a gradient expansion of large-scale non-linear perturbations coupled to stochastic dynamics. The resulting effect is identical to that for single-field 4D standard inflation, the nonlinearity parameter being proportional to the scalar spectral index in the limit of collapsing momentum. If the slow-roll approximation is assumed, braneworld and tachyon non-Gaussianities are subdominant with respect to the post-inflationary contribution. However, bulk physics may considerably strengthen the non-linear signatures. These features do not change significantly when considered in a noncommutative framework.

PACS numbers: 98.80.Cq 04.50.+h

1. Introduction

According to the inflationary paradigm, early-Universe small quantum fluctuations of the scalar field driving a period of accelerated expansion are amplified to cosmological scales by the expansion itself. These perturbations then leave their imprint in the cosmic microwave background (CMB) as thermal anisotropies. Two main physical observables are generated by this mechanism, namely, the scalar spectrum, which is (the Fourier transform of) the two-point correlation function of scalar perturbations, and the bispectrum, coming from the three-point function [1]–[3]. For the curvature perturbation on comoving hypersurfaces R, this reads

⟨R(k_1)R(k_2)R(k_3)⟩ = − (2π)^3δ^{(3)} (k_1 + k_2 + k_3) × ∑ i<j 2f_{NL}(k_i, k_j )⟨|R_L(k_i)|^2⟩⟨|R_L(k_j )|^2⟩, (1)

where ⟨|R_L(k)|^2⟩ is the power spectrum of the linear Gaussian part R_L of the curvature perturbation with comoving wavenumber k, sum indices run from 1 to 3, and f_{NL} is the non-linearity parameter‡. If f_{NL} is momentum independent, one can write the gravitational potential in terms of R_L: in real space,

R(x) = R_L(x) − f_{NL} [ R^2_L(x) − ⟨ R^2_L(x) ⟩] , (2)

which gives equation (1) with f_{NL} shifted outside the summation over the k_is. When the statistical distribution is Gaussian, f_{NL} = 0, the three-point function vanishes. In terms of the CMB temperature fluctuation ΔT (ê)/T , measured along the direction ê, the limit of the bispectrum at zero angular separation is the skewness, S_3(ê) ≡ ⟨(ΔT/T )^3⟩. For practical purposes, this is a less sensitive probe for non-Gaussianity than the bispectrum [3].

It is common to restrict the discussion of cosmological perturbations to the power spectrum, implicitly assuming dealing with all the relevant informations that can be extrapolated from the sky. In many respects, the measured two-point correlation function is able, all by itself, to both describe the microwave sky in great detail and place observational constraints on the features of early-Universe models such as inflation.

However, the experiments of the last generation have radically changed the general attitude towards cosmology and made possible what is now recognized as a ‘precision era’. The physical scenarios explaining the large-scale structure of the Universe can be refined by more and more accurate observational inspections. Therefore it is natural to consider the bispectrum, too, and ask what signatures of non-Gaussianity we might expect from a given theoretical model (see [8] for a comprehensive review).

A non-Gaussian spectrum can arise according to a number of different mechanisms: just to mention some, late-time non-linear evolution of cosmic structures [9], multi-field

‡ Our definition of the non-linearity parameter (sometimes dubbed f^R_{NL} in literature) is −2 · 3/5 that of [4, 5] (there denoted Φ_3), −3/5 times that of [3], and 3/5 times that of [6, 7]. The factor of 3/5 comes from the definition of f_{NL} through the peculiar gravitational potential Ψ_4, which is Ψ_4 = −3R_L/5 during matter domination.

inflation or inflation with scalar spectators [10]–[17], the curvaton scenario [18]–[20], non-vacuum inflation [21]–[23], higher-dimension operators in the inflaton Lagrangian [24], the inflaton with Dirac-Born-Infeld (DBI) Lagrangian [25]†, the ghost inflaton [26], and, more commonly, a self-interacting inflaton [27]–[31].

In four dimensions, it turns out that the inflationary contribution to the non-linear parameter is, for a single ordinary scalar field [6, 7], 4f_{NL} ≈ n_s − 1 , (3) where n_s is the scalar spectral index

n_s − 1 ≡ 3 + d ln⟨|R_L(k)|^2⟩ d ln k

. (4)

The scalar index can be written as a function of the slow-roll (SR) parameters describing the inflationary dynamics [32, 33]. At lowest SR order, that is in the quasi-de Sitter regime typical of inflationary models, the spectral index and the non-linearity parameter are first order in the SR parameters, which we denote symbolically as f_{NL} = O(ϵ).

It would be interesting to see how this result is modified for braneworld cosmologies and tachyon-driven inflation. In braneworld scenarios (e.g., [34] and references therein) the visible universe and its matter content are confined into a (3+1)-dimensional Friedmann–Robertson–Walker (FRW) variety (a brane) embedded in a larger noncompact spacetime (called bulk). In the high-energy limit, the effective Friedmann equation experienced by a brane observer is, in suitable energy units, H^2 = ρ^q , (5) where H is the Hubble parameter, ρ is the energy density of the matter content (assumed to be a perfect fluid), and q is a constant. The Randall–Sundrum (RS) and Gauss– Bonnet (GB) braneworlds display a more complicated evolution, but in particular time intervals or energy ‘patches’ equation (5) is a good approximation, with q = 2 in the high-energy RS case and q = 2/3 in the high-energy GB case. Also, tachyon cosmology can be implemented in the same formalism with little extra effort.

Intuitively, we do not expect a dramatic quantitative change in the non-Gaussian effect since the patch formalism does not interfere with SR expansions except for as regards the value of the coefficients in front of the SR parameters themselves [35, 36]. We have verified this guess explicitly.

A preliminary confirmation comes from the stochastic approach of Gangui et al [4]. This approach permits one to estimate the order of magnitude of the effect by just considering second-order fluctuations of a self-interacting inflaton field and no gravitational fluctuations. This might seem too crude an approximation, since one should go up to second order in perturbation theory in order to fully take gravitational back-reaction into account and treat the bispectrum consistently. Surprisingly, the inflaton perturbation really encodes the main feature of the model apart from the resulting incorrect combination of SR parameters.

† This model is quite distinct from the DBI cosmological tachyon. While the former predicts a strong non-Gaussian signature, the latter is more similar to standard inflation.

Stochastic inflation is an approximated method according to which the solutions of the equation of motion for the scalar perturbation in the long wavelength limit k ≪ aH are connected to those in the k ≫ aH limit at the Hubble horizon [37]–[42]. Let ψ denote the scalar field on the brane. This (or its gauge-invariant version) is separated into a ‘classical’ or coarse-grained contribution ψ^{(c)}, encoding all the modes larger than the Hubble horizon, and a quantum or fine-grained part ψ^{(q)} taking into account the in-horizon modes. Therefore, the classical part is the average of the scalar field on a comoving volume with radius ∼ (aH)^{−1}. With this decomposition, the equation of motion for ψ becomes a Langevin equation with a stochastic noise source generated by the fine-grained contribution of the quantum fluctuations (see [43] for an extension to stochastic inflation with coloured noise).

Actually, we have performed the calculation of [4] with the general FRW equation (5) and the potential SR tower [35] both for the scalar field and the tachyon. So, f_{NL} = O(ϵ) for a generic braneworld filled with a scalar field. As we shall see, the key assumption giving rise to this behaviour is the validity of the standard continuity equation; see equation (14) below. In fact, the presence of a brane-bulk flow would introduce genuinely novel features and considerably complicate the set of dynamical equations. Also, in the presence of extra dimensions the gravitational contribution may lead to a non-trivial behaviour of second-order perturbations, since to this order the interplay between extra-horizon scales and small scales may become quite delicate. This would impose a more rigorous treatment and a full second-order calculation in order to carefully evaluating the non-Gaussianity produced during inflation, e.g., one like that performed in [6] for the four-dimensional case.

A powerful approach in this sense is the space-gradient formalism of [44]–[47], a development of the separate universe method [48] (see also the earlier works [49]–[53]). We shall follow the notation of the cited papers closely, and skip details that can be found there unaltered by brane or tachyon physics.

In this paper we achieve three goals. The first is to demonstrate the validity of the Mukhanov equation for the braneworld at large scales (section 3); this equation allows us to calculate the power spectrum of the gauge-invariant scalar field fluctuation u ∝ aδψ through a SR expansion [54]–[56], and was long suspected to be valid even in the braneworld case. Not only does the method that we shall adopt give independent support to other proofs (e.g., [57]–[59] for the RS brane), but also it is valid beyond the linear order in perturbation theory. Also, our equation holds for a general patch and not only for the Randall–Sundrum case. The second outcome is the bispectrum of perturbations generated by either a cosmological tachyon or scenarios, such as highenergy braneworlds, with a modified Friedmann equation (section 4); so far, only in [35, 59] have some (very preliminary) remarks been made on the subject. Finally, in section 5 these results are extended to the case of a maximally symmetric noncommutative spacetime [60]. Non-commutative cosmology has recently drawn a lot of attention due to its possible effects on the shape of the power spectrum (for a list of references, see [61, 62]); here we shall inspect for the first time the bispectrum predicted by this class of models. Conclusions are given in section 6.

2. Set-up

To begin with, it is convenient to work in the induced metric [63]

ds^2_4 | | |_{brane} = N^2(t, x)dt^2 − a^2(t, x)dxidx^i , (6)

where N(t, x) is the lapse function (N = 1 in synchronous gauge), a(t, x) is a locally defined scale factor, and {x_1, x_2, x_3} are space comoving coordinates on the brane. The Hubble parameter reads H = ȧ/(Na); dots (primes) will denote derivatives with respect to t (ψ). Also, we define Π ≡ ψ̇/N and the parameter θ ≡ 2(1 − q^{−1}). The first three SR parameters, which will be all we need, are ϵ ≡ − Ḣ NH^2 = 3q 2 H^{~θ} Π^2 H^2

, (7) η ≡ − Π̇ NHΠ , (8)

ξ^2 ≡ 1 NH^2 ( Π̇ NΠ )_· , (9)

where ~θ = θ for the ordinary scalar and ~θ = 2 for the tachyon. The SR evolution equations are ϵ̇ = NHϵ [( 2 − ~θ ) ϵ − 2η ] , (10) η̇ = NH ( ϵη − ξ^2 ) . (11)

In the slow-roll approximation, ϵ, |η|, ξ^2 ≪ 1, the inflaton potential energy V (ψ) dominates other the kinetic term and the accelerated expansion is quasi-de Sitter (H, ϵ, η ≈ constant). Sometimes a subscript in the SR symbols will specify the scalar model. For an ordinary scalar field ϕ, the equation of motion at large scales reads (Π = ϕ̇/N) Π̇ + 3NHΠ + NV^′(ϕ) = 0 , (12)

while for the DBI tachyon T one has (Π = Ṫ /N) Π̇ 1 − Π^2

+ 3NHΠ + N ln V^′(T ) = 0 . (13)

These are nothing but the continuity equation ρ̇ + 3NHρ(1 + w) = 0 , (14) where the barotropic index w(p, ρ) relates the pressure and energy density of the perfect fluid filling the brane, p = wρ.

In the separate universe approach, the physical quantities such as H(t, x), the scalar field ψ(t, x), cosmological perturbations and observables are defined on an inhomogeneous background and evolve separately through the dynamical equations at each point once the initial conditions have been specified. Then we can transform time derivatives into spatial gradients like ∂_iH H = −ϵ H Π ∂_iψ , ∂_iϵ = 2ϵ [( θ − θ 2 ) ϵ − η ] H Π ∂_iψ , (15)

where the index i runs from 1 to 3, θ = 1 for the ordinary scalar field, and θ = θ/2 for the tachyon.

At large scales, second-order gradient terms can be neglected and the gradient generalization of the Bardeen potential [69] is conserved [44]: ζ_i ≡ X_i − NH ∂_iρ ρ̇ , (16)

ζ̇_i = 0 , (17)

where X_i ≡ ∂_i ln a. In the braneworld case, the long wavelength limit is advocated for consistently neglecting the projected Weyl tensor. This in turn is deeply intertwined with the other fundamental constraint, that is a standard continuity equation (14). In the presence of a source term surviving at all scales in the continuity equation, equation (17) would not be valid and the quantity ζ_i would not be conserved. However, bulk physics affects only the small-scale or late-time cosmological structure and does not play a chief role during inflation. This result has been confirmed with several methods both analytically and numerically [48], [64]–[68]. We shall come back to this issue in the final section‡.

For a scalar field, the curvature perturbation ζ on hypersurfaces with constant energy density coincides with the curvature perturbation R on comoving hypersurfaces, which as a vector quantity reads R_i ≡ X_i − H Π ∂_iψ . (18)

In the linear approximation, equation (18) is the spatial gradient of

R_L = −Ψ_4 − H Π δψ , (19) where Ψ_4 = −δa/a is the gauge-invariant potential perturbing the spatial part of the metric. Define z ≡ aΠ c_SH^θ = a ( 2ϵ 3qc^2_SH^θ )_{1/2} , (20)

‡ Also, the evolution equations for the SR parameters defined by equations (7) and (8), as well as all the expressions which will be derived through equations (10) and (11), depend on the continuity equation with no extra flux. However, one can define the SR parameters only in terms of the energy density with no reference to equation (14). Let N ≡ ∫_t t_i H(t ′)dt^′ be the number of e-foldings counted forward in time, and a subscript N denote differentiation with respect to it. Then, for instance, the parameters ϵ(ρ) ≡ −qρ_N /(2ρ) and η(ρ) ≡ −ρ_{N N} /(2ρ_N ) satisfy equation (10) for an ordinary scalar field, and coincide with the usual SR quantities only when equation (14) holds.

where the speed of sound c_S is c_S = 1 for the ordinary scalar field and c_S = √ 1 − 2ϵ_T /(3q) for the tachyon. The spatial gradient of the Mukhanov–Sasaki variable u ≡ −zR_L corresponds to the linear limit of Q_i ≡ −zζ_i = −zR_i = ã ( ∂_iψ − Π H X_i ) , (21)

where ã ≡ zH/Π. For the ordinary scalar field, ã = a. From equations (15), (20) and (21) we get ∂_iz = −Q_i + ã∂_iψ[1 + θϵ − η + (θ − 1)ς^2] , (22)

where the quantity

ς^2 ≡ q NH ċ_S c_S = 4qϵ_T η_T 3q − 2ϵ_T , (23)

is second order in the SR parameters.

3. Generalized Mukhanov equation and stochastic inflation

The evolution equation for Q_i can be computed within the multi-field framework of [45]. Here we consider the same calculation for a single field ψ in a patch given by equation (5); the results will match each other in the 4D case. The first time derivative of equation (21) is

Q̇_i = ż z Q_i = NHQ_i [ 1 + θϵ − η + (θ − 1)ς^2 ] . (24)

Another derivation gives Q̈_i − z̈ z Q_i = 0 . (25)

However, it is more convenient to recast the equation of motion as Q̈_i − F Q̇_i + ΩQ_i = 0 , (26)

where F ≡ Ṅ N − NH , (27) Ω ≡ F ż z − z̈ z = 2 + ( 3θ − 1 ) ϵ − 3η − 4θϵη + ( 1 + θ − ~θ ) θϵ^2 + η^2 + ξ^2 + (θ − 1)g_ς ς^2. (28) The extra tachyonic term is

g_ς ≡ 3 + (θ − 1)ϵ_T − 2η_T + ( θ 2 − 1 ) ς^2 +

(ς^2)^. ς^2

. (29)

The expression for Ω is in accordance with the computation in the linear theory [35] and, as that, is exact in the SR parameters. The expression found in [45, 46] (θ = 0, θ = 1) is recovered via the exact relation V^{′′} H^2

= 3(ϵ_ϕ + η_ϕ) − η^2_ϕ − ξ^2_ϕ . (30)

Equation (26) is equivalent to a generalized Mukhanov equation (with the Laplacian term dropped) when expressed via conformal time dη ≡ Ndt/a; since d^2_t = (N/a)^2d^2_η + (N/a)F d_η and Ω = −(N/a)^2d^2_ηz/z, one has ( d^2 dη^2 − 1 z d^2z dη^2 ) Q_i = 0 . (31)

In the linear approximation and in momentum space, equations (26) and (31) hold for Q_i ≈ ∂_iu → ik_iu_k, where a subscript k denotes the Fourier mode with comoving wavenumber k. A standard calculation in de Sitter spacetime gives the mean value of the quantum field u_k: √ ⟨|u_k|^2⟩ = aH √ 2(kc_S)^3

. (32)

The equation of motion for u_k can be written as an equation for the coarse-grained part of u_k sourced via a stochastic noise term. The coarse-grained part of the Mukhanov variable is u^{(c)}_k = u_kW(kR), where W is the Fourier transform of a window function W (|x − x^′|/R) falling off at distances larger than R. The scale R is of order of the comoving Hubble radius, R = h(aH)^{−1}, with h > 1 so as to encompass the whole horizon. With h sufficiently larger than 1 we can safely discard the k^2 term in the Mukhanov equation.

The final result is then extended to the non-linear gradient variable Q_i at large scales, yielding Q̈_i − F Q̇_i + ΩQ_i = ξ_i(t, x) , (33)

ξ_i(t, x) = ∫ d^3k (2π)^{3/2} ik_ie^{ik·x} [ Ẅ + Ẇ(2d_t − F ) ] u_kα(k) + c.c. , (34)

where the superscript (c) in Q_i is understood and α(k) is a complex stochastic quantity such that the ensemble average ⟨α(k)α^∗(k^′)⟩ = δ^{(3)}(k − k^′); it simulates the continuous crossing of modes outside the horizon and their addition to the coarse-grained part. As they stand, equations (33) and (34) properly encode the full stochastic contribution.

Equation (33) is the non-linear extension of the Langevin-type equation we used in the first-SR-order heuristic computation in synchronous gauge:

ψ̇^{(c)}(t) = − U^′ 3H − ψ̈(c)(t) 3Hc^2_S + ξ(x, t) ≈ − U^′ 3H + ξ(x, t) , (35)

where U(ϕ) = V (ϕ) and U(T ) = ln V (T ). In this and the other equation one can see that there are basically two sources of non-linearity. The first one is the back-reaction of the field fluctuations on the background encoded in the noise term; the second one is the self-interaction of the scalar field represented by the potential contribution Ω (or −U^′/(3H)). Therefore, a priori the statistical distribution of Q^{(c)}_i (ψ^{(c)}) will be non-Gaussian, even if quantum fluctuations are random.

4. Braneworld and tachyon bispectrum

In order to compute the scalar spectrum and bispectrum, we fix the gauge to the time slicing with respect to which the kth mode crosses the horizon simultaneously for all spatial points [41]. Then t = ln(aH), NH = (1 − ϵ)^{−1}, and R = he^{−t}. In this gauge, the gradient curvature perturbation and ∂_iz are, respectively,

Q_i = ã∂_iψ(1 − ϵ) , (36) ∂_iz ≈ [( 1 + θ ) ϵ − η ] Q_i (37) = −^1_2 (n_s − 1)Q_i , (38)

where in the last passage we have used the first-order patch SR expression for the scalar spectral index [35, 36]: n_s − 1 = 2η − 2 ( 1 + θ ) ϵ . (39)

At first SR order, F ≈ −1 , Ω ≈ 2 + 3 ( θ + 1 ) ϵ − 3η . (40) Equation (33) can be expressed as a Langevin differential equation in the curvature perturbation:

R̈_i + ( 2 ż z − F ) Ṙ_i = −1 z ξ_i(t, x) . (41)

To lowest SR order and neglecting the R̈_i term,

Ṙ_i ≈ − 1 3z ξ_i(t, x) , (42)

where c_S ≈ 1 inside ξ_i and z. The power spectrum is given by the solution of the linearized equation (42): at first order in a perturbative expansion,

Ṙ^{(1)}_i ≈ − ξ^{(1)i}

3z^{(0)}

, (43)

where z^{(0)} is z defined on the homogeneous background. The time integration of ξ/z from the initial time t_i to t is proportional to B(kR) = ∫_t t_i dt ′(aH)^{−1}[Ẅ + Ẇ(2d_t′ + 1)](aH) = [1 + (kR)^2/3]W(kR) − [1 + (kR_i)^2/3]W(kR_i) to lowest SR order. Here we have used a Gaussian window function W = exp(−k^2R^2/2) , Ẇ = (kR)^2W , Ẅ = [(kR)^2 − 2]Ẇ , (44) and the lowest-SR-order eigenvalue equation d_tu_k = u_k. In the limit of asymptotic past (t_i → −∞) and future (t → +∞), B(kR) → 1. The integration over k yields R_L ≡ R^{(1)} = ∂^{−2}∂^iR^{(1)}_i and the lowest-order amplitude

⟨|R^{(1)}(k)|^2⟩ ≈ 3q 2k^3

H^{2+θ} 2ϵ , (45) after a computation almost identical to that of [46]. At second order in the perturbation, −3Ṙ^{(2)}_i = (z^{−1})^{(1)}ξ^{(1)}_i + ξ^{(2)}_i /z^{(0)}. Since ξ^{(2)}_i = O(ϵ^2), the only surviving term at first SR order is, by the first-order version of equation (38),

Ṙ^{(2)}_i ≈ − (z^{−1})^{(1)} ξ^{(1)i} 3 = − ( − ∂^{−2}∂^j ∂_j z^{(1)} z^{(0)} ) ξ^{(1)}_i 3z^{(0)}

(46)

= −^1_2 (n_s − 1)R^{(1)}Ṙ^{(1)}_i , (47)

After computing the non-linear term R^{(2)} = −^1_2 (n_s − 1)[R^{(1)}]^2, one is ready to write down the curvature perturbation at second order,

R ≈ R^{(1)} +^1_2 R^{(2)} , (48)

and the bispectrum (1). Actually, the integration of the window function inside the noise term corresponds to a non-linearity parameter with non-trivial momentum dependence, for which equation (2) does not hold. When one of the momenta is negligible relative to the others, that is in the squeezed limit k_3 ≪ k_1, k_2, by equations (47) and (1) we get

4f_{NL} = (n_s − 1) + 4f(k_1, k_2, k_3) ≈ n_s − 1 . (49)

Although we have not written explicitly the momentum structure f(k), which at first SR order is the same as in [46], we can draw some important conclusions.

(i) Tachyon and ordinary inflation generate the same non-Gaussian signature in the limit of collapsing momentum dependence and at first SR order. Outside this approximation the non-linearity parameter f_{NL} can depend on the type of scalar field and braneworld through the parameter z: 4f_{NL} = (n_s − 1) + 4f^{(θ,ψ)}(ϵ, η; k_1, k_2, k_3). This is in agreement with the correspondence between the lowest-SR-order tachyon and ordinary observables.

(ii) Written in terms of n_s, braneworld non-Gaussianity does not differ from the 4D picture, except perhaps in higher-order contributions. What changes is the inflationary model one has to impose in order to predict a given scalar spectral index. In this sense, we could regard equation (3) as a first-SR-order consistency equation joining the traditional set we explored elsewhere [36], since both n_s and f_{NL} (through the bispectrum) are observables [70, 71]§.

(iii) On the other hand, one should note that the post-inflationary era greatly enhances non-Gaussianity, up to f^{post}_{NL} = O(1) [72]–[74]‖ or even f^{post}_{NL} ∼ 50 from a suitable preheating phase [75]. As explained in [8], the true observed non-linearity

§ A small non-Gaussian component comes also from the three-point functions involving the graviton zero mode. Using the z function for braneworld tensor perturbations z ∝ aH^{−θ/2} [36], one finds a contribution proportional to the tensor amplitude and spectral index n_t = −(2 + θ)ϵ, in agreement with the 4D result [7]. However, since the tensor amplitude is much smaller than the scalar one, we can neglect this term with respect to the scalar bispectrum.

‖ This is basically due to the fact that at second order the longitudinal gauge condition Φ^{(1)}_4 −Ψ^{(1)}_4 = 0 is modified as Φ^{(2)}_4 − Ψ^{(2)}_4 = 4 ( Ψ^{(1)}_4

)_2

at large scales, thus providing a non-trivial second-order correction to the Sachs-Wolfe effect [6].

parameter is not the bare inflationary result (3). In addition to the post-inflationary contribution, one must consider angular averaging. The total observed f_{NL} is in fact, and at least, f^{obs}_{NL} = O(1)+f_{NL}. Therefore the non-linear effect of braneworld or 4D inflation, if the SR approximation holds as we required, is always subdominant.

Although these features might be obvious when inspecting patch cosmology, here we have derived them quantitatively¶. Moreover, the gradient+stochastic approach can be the basis for next-to-leading-order SR and perturbation calculations as well as for numerical simulations [45].

According to the first-year WMAP analysis, the power spectrum fully characterizes the statistical properties of CMB anisotropies: that is, f_{NL} vanishes consistently. More precisely, the constraint on the non-linearity parameter is −58 < f_{NL} < 134 [76], which does not discard not only inflationary non-Gaussianity, but also other models predicting a more robust effect, f_{NL} ≫ 1. See also [77, 78] for other analyses. The nextyear WMAP data and the Planck satellite should significantly improve the accuracy of the measure, with the inclusion of polarization anisotropies: f^{min}_{NL} (WMAP) ∼ 11 − 15, f^{min}_{NL} (Planck) ∼ 3 − 5 [79].

We also note that in this class of models (single brane field and empty bulk) the contribution of f(k) is below the present observational threshold. Actually, in order to experimentally detect and constrain the contribution of the momentum-dependent part of f_{NL}, it should be much larger than O(ϵ), say f(k) ∼ O(10). Since the characteristic coefficient in f(k) is O(1) (see [46] for details), the exact form of this term is not relevant in such a set-up.

5. Non-commutative bispectrum

Until now we have considered a commutative background throughout the whole spacetime. We can make a step further and phenomenologically assume that we have a 3-brane in which the stringy spacetime uncertainty relation (SSUR), Δτ Δx ≥ l^2_s , holds for all the braneworld coordinates {x^ν }, ν = 0, 1 2 3, while the extra dimension y along the bulk remains decoupled from the associated *-algebra. Here, τ ≡ ∫ dtNa, (≈ a/H in the SR regime), x is a comoving spatial coordinate on the brane, and l_s ≡ M^{−1}_s is the fundamental string scale.

Non-commutative braneworld inflation arises when we impose a realization of the *- algebra on the brane coordinates. In order to diagonalize the non-commutative algebra and induce a pure 4D SSUR on the brane, one might fix the expectation values of the background fields of the fundamental theory such that the extra direction commutes, [y, x^ν] = 0. An algebra preserving the maximal symmetry of the FRW universe is [τ, x] = il^2_s [60], by which normal products in the action of the perturbation modes are

¶ The authors of [71] drew similar conclusions, claiming that equation (3) is a model-independent consistency equation under the assumption of single-field inflation and in the squeezed limit. However, see [8] (Sec. 8.4.1). Reference [70] deals with the de Sitter case only.

replaced by *-products like (f ∗ g)(x, τ ) = e^{−(il2s /2)(∂x∂τ ′ −∂τ ∂x′ )}f(x, τ )g(x^′, τ^′)|_x′_{=x, τ} ′_{=τ} . (50) The non-commutative algebra induces a cut-off k_0 roughly dividing the space of comoving wavenumbers into two regions, one encoding the ultra-violet (UV), small-scale perturbations generated inside the Hubble horizon (H ≪ M_s) and the other describing the infra-red (IR), large-scale perturbations created outside the horizon (H ≫ M_s). By definition, they correspond to the quasi-commutative and strongly non-commutative regime, respectively.

The separate universe approach does not contrast with a non-commutative background. To understand this point, we can use the linear picture of [48], and in particular their figure 1. The basic idea is that a comoving large-scale perturbation is independently specified in two comoving locally homogeneous regions separated by a distance λ, if the size λ_s ≳ H^{−1} of these regions is small with respect to λ. Perturbations are defined on a given background, that is a region of scale λ_0 much larger than our present horizon. Then the required hierarchy of scales is λ_0 ≫ λ ≫ λ_s ≳ H^{−1}. In the presence of a non-local algebra, the string scale can play the role of natural marker in the hierarchy. For instance, setting λ_s ∼ l_s we just consider the IR region of *-models. If λ_s ≳ H^{−1} > l_s, the previous argument is unchanged.

Since the *-product (50) does not involve homogeneous quantities (i.e., it preserves the FRW maximal symmetry), the Mukhanov equation for a non-commutative 4D [60] or braneworld [61] scenario is, at linear order and large scales, ( d^2 d~η^2 − 1 z_k d^2z_k d~η^2 ) u_k = 0 , (51)

where the effective conformal time d~η ≡ (a/a_{eff} )^2dη, effective scale factor a_{eff}, and measure z_k are constructed through smeared, momentum-dependent versions of the scale factor a_± ≡ a(τ ± kl^2_s ). In the separate universe approach, a_± acquires a spatial dependence like the other quantities, a_±(τ ) → a_±(x, τ ).^+ The measure z_k is given by the product of z and a correction factor f_z depending on the particular non-commutative model one is assuming [61]. The de Sitter solution of equation (51) is the commutative solution (32) multiplied by f^2_a ≡ (a_{eff} /a)^2, which is the relative rescaling of commutative to non-commutative conformal time.

The above discussion on conserved non-linear perturbations is not modified by the introduction of a fundamental length scale. Therefore we are tempted to directly generalize equation (51) with the gradient variable Q_i. Since the mass term d^2_{~η}z_k/z_k now depends on k, we define the Fourier mode of Q_i as

Q(k) = ∫ d^3x (2π)^{3/2} e^{−ik·x}∂^{−2}∂^iQ_i(x) ≡ −z_kR(k) . (52)

+ Note that the correct procedure is first to smear the scale factor in a sufficiently small homogeneous neighbourhood, a(τ ) → a_±(τ ), and then to extend it to very large scales, a_±(τ ) → a_±(x, τ ). The ‘top-down’ smearing a(x, τ ) → a_±(x, τ ) does not lead to equation (51).

Then equation (51) holds for u_k → Q(k). One gets the t-version equation (26) by using the effective time dt̃ = d~ηa_{eff}/N = dt/f_a and setting Ñ = N without loss of generality: d^2_{t̃} Q(k) − F̃ d~_tQ(k) + Ω̃Q(k) = 0 , (53) where F and Ω are F̃ = f_aF − ḟ_a , (54)

Ω̃ = F̃ d^{t̃}z^k z_k − d^2_{t̃} z_k z_k = − ( N a_{eff}

)_2 d^2_{~η}z_k z_k = f^2_a (Ω − ω) , (55) ω ≡ [ 2 ż z ( ḟ_a f_a + ḟ_z f_z ) − F ḟ_z f_z ] + ( f̈_z f_z + 2 ḟ_a f_a ḟ_z f_z ) . (56)

In the commutative limit, F̃ → F , ω → 0, and Ω̃ → Ω. The term in square brackets in equation (56) contains the O(ϵ) contribution of Ω̃, since ḟ_a/f_a = O(ϵ) = ḟ_z /f_z . In the IR limit (strongly non-commutative regime), ω and its components loose their momentum dependence [61]. The Langevin equation for the curvature perturbation reads

d^2_{t̃} R(k) + ( 2f_a ż_k z_k − F̃ ) d~_tR(k) = − 1 z_k ξ(t̃, k) . (57)

The non-commutative version of equation (22) gets an extra term from the redefinition of z; in momentum space and at first SR order, z_k ≈ −Q(k)+ã_kψ_k[1+θϵ−η+ḟ_z /(NHf_z )].

With the gauge choice ~η ≈ −(aHf^2_a )^{−1} = −e^{−t̃}, by definition one has ∂_it̃ = 0 on surfaces of constant non-commutative time. Then NHf_a = 1 − 2ḟ_a 1 − ϵ = 1 + O(ϵ) , F̃ = −1 + O(ϵ^2) , d~_tu_k = u_k . (58) Neglecting the second-derivative term in equation (57), one has

d~_tR(k) ≈ − 1 3z_k ξ(t̃, k) . (59)

With the procedure of the last section, at lowest SR order and first perturbative order, one obtains the non-commutative power spectrum found in [60, 61], which is the commutative amplitude (45) corrected by a factor Σ^2 ≡ (f^2_a /f_z )^2. Actually, if one wanted to go to coordinate space, the integration over momenta should be performed up to the UV cut-off k_0, while the characteristic scale R should be pushed towards the asymptotic limit R ∼ k^{−1}_0 at the infinite future. However, the approximation k_0 → ∞ fits well at this stage of accuracy.

The gauge-fixed variables Q and z_k are

Q(k) = ã_kψ_k(1 − ϵ + 2ḟ_a) , (60) z_k ≈ [ ( 1 + θ ) ϵ − η + f_a ḟ_z f_z − 2ḟ_a ] Q(k) = − 1 2 (n_s − 1)Q(k). (61)

At first SR order, the spectral index (39) has acquired an extra term σϵ ≡ d ln Σ^2 d ln k = 2 NH ( 2 ḟ_a f_a − ḟ_z f_z ) ≈ 2f_a ( 2 ḟ_a f_a − ḟ_z f_z ) , (62) where σ is constant in the IR limit. A computation of the second-order curvature perturbation, by equation (61), gives again equation (3), with the spectral index now depending on the non-commutative parameter σ.

6. Conclusions

In the context of tachyon and braneworld scenarios, early-Universe large-scale perturbations can leave an imprint different to that of standard four-dimensional inflation in the microwave sky. Under certain assumptions, we have shown that the linear cosmological spectrum comes from the first term of a gradient perturbative expansion of a non-linear curvature perturbation satisfying a generalized Mukhanov equation of motion. The bispectrum of this quantity, which involves it at second order, governs the non-Gaussian signature eventually detectable in the CMB. Neglecting the projected Weyl tensor on the brane, we have found that the non-linearity parameter f_{NL} is proportional to the scalar spectral index and therefore unobservable, in agreement with past 4D calculations and even in the case of a particular realization of a noncommutative spacetime.

A way to generate a stronger non-Gaussian signal in the braneworld context might be to include the Weyl contribution (both in the Friedmann and continuity equations), but as we have said we should expect it to play a negligible role in the long wavelength limit. Nevertheless, this issue will deserve further attention for at least two good reasons. The first is that Weyl damping was considered and shown only in the case of linear perturbations, while the stochastic Langevin equation for the curvature invariant holds at all orders. The second is that bulk physics intrinsically provides a noise source to the Mukhanov equation through an infinite tower of Kaluza–Klein scalar modes dominating at short wavelengths [58]. Therefore, while equation (26) would keep on being valid, an important contribution to the stochastic noise term (34) might be lacking in the present analysis. In this case the consistency equations, included equation (3) even in the squeezed limit, would be spoiled anyway [59].

Therefore one should expect to find the most interesting non-Gaussian effects, if any, in the spectral regions we have neglected so far, namely, around the time of horizon-crossing or after, at sub-horizon scales. Here one should note a caveat hidden in the above approach. The stochastic noise given by the random field α(k) mimics athorizon and sub-horizon physics without a more fundamental knowledge of it, so that this method implicitly misses cubic interactions around horizon crossing. As stressed in [80], this might be the source of the discrepancy between [46] and [7] as regards the shape of f(k). In the latter paper this physics is under control and the resulting answer perhaps relies upon more solid ground. For these reasons, one might be concerned with whether the formalism we chose is not the most suitable to investigate signatures of braneworld non-Gaussianity. However, it is probably one of the most calculationally accessible methods at present time, which gives the correct momentum-independent result anyway. In a more complete treatment of braneworld non-Gaussianity, the k-

Non-Gaussianity in braneworld and tachyon inflation 15

dependent part of the non-linear parameter might change relative to the 4D result and should be presented explicitly, at least for estimating its magnitude. As stated in section 4, only when f(k) ≳ 10 could this term be important from the observational point of view. Only if this were the case in the stochastic approach would the search for an alternative method be worth the extra effort.

To conclude, we would like to be more tentative in guessing the magnitude of f_{NL} when the bulk physics is taken into account. In general, the effect is rather model dependent and there is still no univocal result. For example, large non-Gaussianities can be obtained in the ‘D-cceleration’ scenario [25] or for specific choices of the Weyl tensor in the RS brane [59]. However, in [81] the Weyl noise term in the Mukhanov equation for the RS brane has been calculated and is O(ϵ) (see their equations (103)–(106)), which might imply a small extra contribution to the three-point correlation function, not larger than the spectral index. This issue should be checked and is now under investigation.

Acknowledgments

The author thanks Claudia de Rham, Eiichiro Komatsu and Filippo Vernizzi for useful discussions.

References

[1] Gangui A and Martin J, 2000 Mon. Not. R. Astron. Soc. 313 323 (Preprint astro-ph/9908009) [2] Wang L and Kamionkowski M, 2000 Phys. Rev. D 61 063504 (Preprint astro-ph/9907431) [3] Komatsu E and Spergel D N, 2001 Phys. Rev. D 63 063002 (Preprint astro-ph/0005036) [4] Gangui A, Lucchin F, Matarrese S and Mollerach S, 1994 Astrophys. J. 430 447 (Preprint astroph/9312033) [5] Gangui A, 1994 Phys. Rev. D 50 3684 (Preprint astro-ph/9406014) [6] Acquaviva V, Bartolo N, Matarrese S and Riotto A, 2003 Nucl. Phys. B 667 119 (Preprint astroph/0209156) [7] Maldacena J, 2003 J. High Energy Phys. JHEP05(2003)013 (Preprint astro-ph/0210603) [8] Bartolo N, Komatsu E, Matarrese S and Riotto A, 2004 Phys. Rep. 402 103 (Preprint astroph/0406398) [9] Matarrese S, Verde L and Heavens A F, 1997 Mon. Not. R. Astron. Soc. 290 651 (Preprint astroph/9706059) [10] Allen T J, Grinstein B and Wise M B, 1987 Phys. Lett. B 197 66 [11] Kofman L and Pogosian D Y, 1988 Phys. Lett. B 214 508 [12] Mollerach S, Matarrese S, Ortolan A and Lucchin F, 1991 Phys. Rev. D 44 1670 [13] Linde A D and Mukhanov V, 1997 Phys. Rev. D 56 535 (Preprint astro-ph/9610219) [14] Bernardeau F and Uzan J-P, 2002 Phys. Rev. D 66 103506 (Preprint hep-ph/0207295) [15] Bernardeau F and Uzan J-P, 2003 Phys. Rev. D 67 121301 (Preprint astro-ph/0209330) [16] Zaldarriaga M, 2004 Phys. Rev. D 69 043508 (Preprint astro-ph/0306006) [17] Enqvist K and Väihkönen A, 2004 J. Cosmol. Astropart. Phys. JCAP09(2004)006 (Preprint hepph/0405103) [18] Lyth D H and Wands D, 2002 Phys. Lett. B 524 5 (Preprint hep-ph/0110002) [19] Lyth D H, Ungarelli C and Wands D, 2003 Phys. Rev. D 67 023503 (Preprint astro-ph/0208055) [20] Bartolo N, Matarrese S and Riotto A, 2004 Phys. Rev. D 69 043503 (2004) (Preprint hepph/0309033)

Non-Gaussianity in braneworld and tachyon inflation 16

[21] Lesgourgues J, Polarski D and Starobinsky A A, 1997 Nucl. Phys. B 497 479 (Preprint grqc/9611019) [22] Martin J, Riazuelo A and Sakellariadou M, 2000 Phys. Rev. D 61 083518 (Preprint astroph/9904167) [23] Gangui A, Martin J and Sakellariadou M, 2002 Phys. Rev. D 66 083502 (Preprint astroph/0205202) [24] Creminelli P, 2003 J. Cosmol. Astropart. Phys. JCAP10(2003)003 (Preprint astro-ph/0306122) [25] Alishahiha M, Silverstein E and Tong D, 2004 Phys. Rev. D 70 123505 (Preprint hep-th/0404084) [26] Arkani-Hamed N, Creminelli P, Mukohyama S and Zaldarriaga M, 2004 J. Cosmol. Astropart.

Phys. JCAP04(2004)001 (Preprint hep-th/0312100) [27] Ortolan A, Lucchin F and Matarrese S, 1988 Phys. Rev. D 38 465 [28] Hodges H M, Blumenthal G R, Kofman L A and Primack J R, 1990 Nucl. Phys. B 335 197 [29] Falk T, Rangarajan R and Srednicki M, 1993 Astrophys. J. 403 L1 (Preprint astro-ph/9208001) [30] Yi I and Vishniac E T, 1993 Phys. Rev. D 47 5280 [31] Yi I and Vishniac E T, 1993 Phys. Rev. D 48 950 [32] Liddle A R and Lyth D H, 1992 Phys. Lett. B 291 391 (Preprint astro-ph/9208007) [33] Stewart E D and Lyth D H, 1993 Phys. Lett. B 302 171 (Preprint gr-qc/9302019) [34] Maartens R, 2004 Living Rev. Relativity 7 7 (Preprint gr-qc/0312059) [35] Calcagni G, 2004 Phys. Rev. D 69 103508 (Preprint hep-ph/0402126) [36] Calcagni G, 2005 Phys. Lett. B 606 177 (Preprint hep-ph/0406057) [37] Starobinsky A A, 1986 Lect. Notes Phys. 246 107 [38] Rey S-J, 1987 Nucl. Phys. B 284 706 [39] Goncharov A S, Linde A D and Mukhanov V F, 1987 Int. J. Mod. Phys. A 2 561 [40] Hosoya A, Morikawa M and Nakayama K, 1989 Int. J. Mod. Phys. A 4 2613 [41] Salopek D S and Bond J R, 1991 Phys. Rev. D 43 1005 [42] Yi I and Vishniac E T, 1993 Astrophys. J. Suppl. Ser. 86 333 [43] Matarrese S, Musso M A and Riotto A, 2004 J. Cosmol. Astropart. Phys. JCAP05(2004)008 (Preprint hep-th/0311059) [44] Rigopoulos G I and Shellard E P S, 2003 Phys. Rev. D 68 123518 (Preprint astro-ph/0306620) [45] Rigopoulos G I and Shellard E P S, 2004 Preprint astro-ph/0405185 [46] Rigopoulos G I Shellard E P S and van Tent B J W, 2004 Preprint astro-ph/0410486 [47] Lyth D H, Malik K A and Sasaki M, 2004 Preprint astro-ph/0411220 [48] Wands D, Malik K A, Lyth D H and Liddle A R, 2000 Phys. Rev. D 62 043527 (Preprint astroph/0003278) [49] Ellis G F R and Bruni M, 1989 Phys. Rev. D 40 1804 [50] Salopek D S and Stewart J M, 1992 Class. Quantum Grav. 9 1943 [51] Parry J, Salopek D S and Stewart J M, 1994 Phys. Rev. D 49 2872 (Preprint gr-qc/9310020) [52] Nambu Y and Taruya A, 1996 Class. Quantum Grav. 13 705 (Preprint astro-ph/9411013) [53] Sasaki M and Tanaka T, 1998 Prog. Theor. Phys. 99 763 (Preprint gr-qc/9801017) [54] Mukhanov V F, 1985 JETP Lett. 41 493 [55] Mukhanov V F, 1989 Phys. Lett. B 218 17 [56] Mukhanov V F, Feldman H A and Brandenberger R H, 1992 Phys. Rep. 215 203 [57] Ramírez E and Liddle A R, 2004 Phys. Rev. D 69 083522 (Preprint astro-ph/0309608) [58] Koyama K, Langlois D, Maartens R and Wands D, 2004 J. Cosmol. Astropart. Phys.

JCAP11(2004)002 (Preprint hep-th/0408222) [59] de Rham C, 2005 Phys. Rev. D 71 024015 (Preprint hep-th/0411021) [60] Brandenberger R and Ho P-M, 2002 Phys. Rev. D 66 023517 (Preprint hep-th/0203119) [61] Calcagni G, 2004 Phys. Rev. D 70 103525 (Preprint hep-th/0406006) [62] Calcagni G and Tsujikawa S, 2004 Phys. Rev. D 70 103514 (Preprint astro-ph/0407543) [63] Arnowitt R, Deser S and Misner C W, 1962 Gravitation: an introduction to current research ed L Witten (New York: Wiley) p 227 (Preprint gr-qc/0405109)

Non-Gaussianity in braneworld and tachyon inflation 17

[64] Gordon C and Maartens R, 2001 Phys. Rev. D 63 044022 (Preprint hep-th/0009010) [65] Gorbunov D S, Rubakov V A and Sibiryakov S M, 2001 J. High Energy Phys. JHEP10(2001)015 (Preprint hep-th/0108017) [66] Ichiki K, Yahiro M, Kajino T, Orito M and Mathews G J, 2002 Phys. Rev. D 66 043521 (Preprint astro-ph/0203272) [67] Leong B, Challinor A, Maartens R and Lasenby A, 2002 Phys. Rev. D 66 104010 (Preprint astroph/0208015) [68] Koyama K, 2003 Phys. Rev. Lett. 91 221301 (Preprint astro-ph/0303108) [69] Bardeen J M, Steinhardt P J and Turner M S, 1983 Phys. Rev. D 28 679 [70] Gruzinov A, 2005 Phys. Rev. D 71 027301 (Preprint astro-ph/0406129) [71] Creminelli P and Zaldarriaga M, 2004 J. Cosmol. Astropart. Phys. JCAP10(2004)006 (Preprint astro-ph/0407059) [72] Bartolo N, Matarrese S and Riotto A, 2004 J. High Energy Phys. JHEP04(2004)006 (Preprint astro-ph/0308088) [73] Bartolo N, Matarrese S and Riotto A, 2004 J. Cosmol. Astropart. Phys. JCAP01(2004)003 (Preprint astro-ph/0309692) [74] Bartolo N, Matarrese S and Riotto A, 2004 Phys. Rev. Lett. 93 231301 (Preprint astro-ph/0407505) [75] Enqvist K, Jokinen A, Mazumdar A, Multamäki T and Väihkönen A, 2004 Preprint astroph/0411394 [76] Komatsu E et al, 2003 Astrophys. J. Suppl. Ser. 148 119 (Preprint astro-ph/0302223) [77] Gaztañaga E and Wagg J, 2003 Phys. Rev. D 68 021302 (Preprint astro-ph/0305327) [78] Cabella P et al, 2004 Preprint astro-ph/0406026 [79] Babich D and Zaldarriaga M, 2004 Phys. Rev. D 70 083005 (Preprint astro-ph/0408455) [80] Rigopoulos G I Shellard E P S and van Tent B J W, 2005 Preprint astro-ph/0506704 [81] Koyama K, Mizuno S and Wands D, 2005 Preprint hep-th/0506102