arXiv:astro-ph/0504508 v4 5 May 2006

Non-linear perturbations in multiple-field inflation

G.I. Rigopoulos,^1 E.P.S. Shellard,^2 and B.J.W. van Tent^2 1Institute for Theoretical Physics, Utrecht University, Postbus 80.195, 3508 TD Utrecht, The Netherlands 2Department of Applied Mathematics and Theoretical Physics, Centre for Mathematical Sciences, University of Cambridge, Wilberforce Road, Cambridge CB3 0WA, United Kingdom

We develop a non-linear framework for describing long-wavelength perturbations in multiple-field inflation. The basic variables describing inhomogeneities are defined in a non-perturbative manner, are invariant under changes of time slicing on large scales and include both matter and metric perturbations. They are combinations of spatial gradients generalising the gauge-invariant variables of linear theory. Dynamical equations are derived and supplemented with stochastic source terms which provide the long-wavelength initial conditions determined from short-wavelength modes. Solutions can be readily obtained via numerical simulations or analytic perturbative expansions. The latter are much simpler than the usual second-order perturbation theory. Applications are given in a companion paper.

I. INTRODUCTION

It is a well-established fact that the universe on large scales exhibits a high degree of uniformity. During most cosmological eras and for a large span of length scales, it can be well approximated by a Friedmann-Robertson-Walker (FRW) spacetime with inhomogeneities described as small linear perturbations around the highly symmetric background. This picture has proved particularly relevant for the early universe, as the smallness of the cosmic microwave background (CMB) temperature anisotropies indicates. An extrapolation of this observational fact suggests that the use of linear theory would also be justified during inflation when the perturbations leading to the CMB anisotropies are thought to have been created. So far, almost all studies of the generation and evolution of perturbations in inflation invoke the use of linear perturbation theory [1]. In principle it offers a tremendous simplification of the task of studying the true inhomogeneous spacetime.

However, even when attention is focused on the inflationary era, linear theory cannot be the whole picture. Since gravity is inherently non-linear and the potential of the inflationary model is likely to be interacting, some small non-linearity will be endemic to the perturbations. Given the accuracy of forthcoming CMB observations, it is worth investigating whether this non-linearity can be observationally relevant. The characteristic signature of non-linear effects will be deviations of the primordial fluctuations from Gaussian statistics. In order for this non-Gaussianity to be calculated one needs to go to second order in perturbation theory or develop a fully non-linear approach.

The issue of calculating non-linearity and the consequent non-Gaussianity in the primordial universe has been attracting increasing attention recently, although some early attempts to calculate it can also be found in the literature [2]. A tree-level calculation with a cubic action for the perturbations has been performed in [3] for the case of slow-roll single-field inflation (with a similar slow-roll calculation for more general single-field Lagrangeans given in [4]). At the level of the equations of motion, various authors have pursued perturbation theory to second order [5], with [6] providing a review of these techniques. Although interesting results can be obtained at second order, full exploration of the system of equations suffers from great computational complexity. On the one hand, the perturbation equations tend to be rather cumbersome to derive. On the other hand, gauge-invariant variables, which have proved very useful for computations and the interpretation of results in linear theory, are not as simple as their first-order counterparts when second-order perturbations are considered.

In this paper we take a different viewpoint on the study of non-linear perturbations during inflation, systematically formulating and extending ideas presented in [7], which incorporate the general multiple-field analysis of [8]. We use combinations of spatial gradients to construct variables describing the deviation from a spatially uniform spacetime and derive equations for these variables on super-horizon scales (section II). These variables are defined non-perturbatively and are invariant under changes of the time coordinate on such scales (appendix A). They were first used in [9], where we derived a non-linear generalisation of the familiar adiabatic conservation law of linear theory. More recently, the authors of [10] used similar combinations of gradients in the context of the covariant formalism [11] to also derive this conservation law. They showed the relation of these simple, yet fully non-linear, variables to others defined in second-order perturbation theory. An equivalent conservation law was derived in [12] without using such gradient variables. [Another, more recent approach in the study of non-linear perturbations can be found in [13], where the formalism of [14] is extended and used.]

In order to include the continuous influx of sub-horizon perturbations to the long-wavelength system, stochastic noise terms are added to the long-wavelength equations. For the definition of these noise terms a specific choice of time turns out to be particularly convenient. Thus, we arrive at a set of fully non-linear stochastic equations which include both matter and metric perturbations (section III). For actual multiple-field calculations it is more convenient to use the explicit field basis of [8]. It is introduced and the relevant equations are rewritten in terms of this basis (section IV). In section V we show how the derived equations can be used to extract information about non-linearity in inflation. A perturbative analytic approach can be applied giving results to second order. At first order, this perturbative expansion is equivalent to the well-known linear gauge-invariant perturbation theory. At second order, however, it is much simpler than the corresponding second-order approaches pursued to date. Since the evolution equations are fully non-linear on long wavelengths, numerical simulations can be performed without the need for analytic approximations. In this paper we concentrate on presenting the methods, and we stress that no slow-roll approximation is made here. Detailed applications are provided in separate publications [15, 16, 17].

II. LONG-WAVELENGTH APPROACH

We start by considering the metric

ds^2 = −N^2(t, x) dt^2 + e^{2α(t,x)}h_{ij}(t, x) dx^idx^j , (1)

where we have fixed part of the gauge by setting the shift, i.e. the g_{0i} component, to zero. For convenience we will keep g_{0i} = 0 throughout the whole paper. The spatial part of the metric has been decomposed into a spatial metric tensor h_{ij} with unit determinant and a determinant part which plays the role of a locally defined scale factor a(t, x) ≡ exp[α(t, x)] [18]. The remaining gauge freedom is encoded in the lapse function N (t, x); a choice of N corresponds to a choice of time slicing for the spacetime. The vector normal to these time slices is given by n_0 = −N , n_i = 0 and their embedding in the four-dimensional spacetime is characterised by the extrinsic curvature tensor K_{ij} . We will use the tensor H_{ij} = 1 3 ∇_{(i}n_{j)} = 1 6N ∂_t(e^{2α}h_{ij}) , (2)

which is −(1/3)K_{ij}. The quantity H_{ij} can be decomposed into a trace and a traceless part, respectively, H = 1 N ∂_tα , H̄_{ij} = − 1 6N e^{2α}∂_th_{ij}. (3)

We now focus on the first approximation we will be employing: the long wavelength approximation [19, 20]. (The second is the use of stochastic noise terms to describe the effect of quantum fluctuations and will be discussed in the next section.) We will be interested in length scales larger than the comoving Hubble radius 1/(aH), which are called super-horizon, because on those scales one expects non-linearities to build up. (On sub-horizon scales the sources of non-linearity, gravity and interacting potentials, do not play a role and linear theory is expected to hold to high accuracy.) Consider variations over a characteristic comoving length scale L. For any quantity F (t, x) constructed out of metric and matter variables typically we will have ∂_iF = O(F/L) and ∂_tF/N = O(HF ). From this we see^1 that for scales L ≫ 1/(aH) we can expect | |^1_a ∂_iF | | ≪ | |^1_N ∂_tF | |. Hence the long-wavelength approximation means that we can ignore second-order spatial derivatives when compared to time derivatives.

From the long-wavelength evolution equation for H̄_{ij} we find [18, 19]

∂_tH̄^i_j ≃ −3N HH̄^i_j ⇒ H̄^i_j = C^i_j(x) 1 a^3

. (4)

Here the approximate equality implies second-order spatial gradients are ignored. Hence, H̄^i_j is a mode that decays exponentially fast in an inflationary universe. From now on we will set it to zero, thereby demanding that h_{ij} depends on x only, as can be seen from equation (3). In other words, h_{ij} (which contains the tensor modes) does not participate in the long-wavelength dynamics (gravity waves freeze on such scales). For the sake of simplicity, henceforth we will ignore the tensor perturbations generated in inflation and consider the spacetime to be close to flat Robertson-Walker, thus setting h_{ij}(x) = δ_{ij}.

1 As will be explained later, we will choose a gauge in which aH does not depend on x. In this case the statement L ≫ 1/(aH) makes sense globally and not just locally.

For the matter sector, we consider a very general inflationary era driven by m scalar fields ϕ^A with the energymomentum-tensor T_{μν} = G_{AB}∂_μϕ^A∂_ν ϕ^B − g_{μν} ( 1 2 G_{AB} ∂^λϕ^A∂_λϕ^B + V ) , (5)

with A, B, etc. running from 1 to m and V the potential. The derivative of the fields with respect to proper time is denoted by Π^A ≡ ∂_tϕ^A N . (6)

Note that in (5) we have taken a general field metric G_{AB} and all the equations we give below will be valid for such an arbitrary metric. We thus view the dynamics as taking place on a general m-dimensional field manifold parametrised by a set of m coordinate functions ϕ^A. Hence it makes sense to define covariant derivatives when considering spatial or temporal dependence. For a spacetime-dependent quantity L^A(t, x) which transforms as a vector in field space, we define the covariant derivatives

D_tL^A = ∂_tL^A + Γ^A_{BC} ∂_tϕ^B L^C , D_iL^A = ∂_iL^A + Γ^A_{BC} ∂_iϕ^BL^C , (7)

with Γ^A_{BC} the symmetric connection formed from G_{AB}. The quantities ∂_iϕ^B and N Π^B transform as vectors in field space but ϕ^B does not. Then the long-wavelength equations of motion for this system are [19] dH dt = − κ^2 2 N Π_BΠ^B , (8) D_tΠ^A = −3N HΠ^A − N G^{AB} V_B , (9) H^2 = κ^2 3 ( 1 2 Π_BΠ^B + V ) , (10) ∂_iH = − κ^2 2 Π_B∂_iϕ^B , (11)

where V_B ≡ ∂_B V ≡ ∂V /∂ϕ^B and κ^2 ≡ 8πG = 8π/m^2_{pl}. We will also use the notation Π ≡ √ Π_BΠ^B.

The system of equations (8)–(11) provides a basis for what has been termed in the past the ‘separate universe picture’ for studying the evolution of perturbations on long wavelengths. According to this picture, each point of the long-wavelength inhomogeneous universe evolves like a separate FRW universe. In general, this picture must be supplemented by the constraint (11) which connects the separate universes together. Only when the scalar fields are all slowly rolling can the gradient constraint (11) be ignored, since in this case it can be obtained from the Friedmann equation (10) with the Π^2 term dropped and the field equation (9) with the left-hand side set to zero. However, we will not make any slow-roll assumptions for the formalism we develop and hence we keep both (10) and (11). All formulae in this paper are valid regardless of slow roll.

Equations (8)–(11) can be reformulated in a convenient way to make easy contact with the well-known theory of gauge-invariant linear perturbations, but which is fully non-linear. In the separate universe picture deviations from uniformity can be described as differences in the properties of ‘neighbouring universes’. It thus makes sense to consider spatial gradients in order to describe perturbations. The use of spatial gradients was first advocated in [11] in the context of the covariant formalism. Here we consider two spacetime scalars A and B, and define the following combination of their spatial gradients: C_i ≡ ∂_iA − ∂_tA ∂_tB ∂_iB , (12)

as in [7, 9]. We show in the appendix that under long-wavelength changes of time slicing (t, x) → (t̃, x̃),

C_ĩ = δ^j_ĩ C_j , (13)

which means that such combinations of spatial gradients are invariant under these specific coordinate transformations. One such quantity that will be very useful is [7]

Q^A_i = e^α ( ∂_iϕ^A − Π^A H ∂_iα ) (14)

(the fact that α transforms as a scalar is also shown in the appendix). Note that when linearised around a homogeneous background, Q^A_i is just the gradient of the well-known Sasaki-Mukhanov variable [1, 8]

q^A_{lin} = a(t) ( δϕ^A + ϕ̇A(t) N (t)H(t) Ψ ) , (15)

where Ψ is the perturbation in the trace of the spatial metric. Recently, the authors of [10] used similar combinations of gradients in the context of the covariant formalism [11] for a single fluid and showed that second-order gaugeinvariant variables given in the literature can be derived from them. Since they are non-perturbative, presumably they exhibit gauge invariance to all orders in the long-wavelength approximation.

From (8)–(11) an equation for Q^A_i can be derived [7]:

D^2_t Q^A_i − ( Ṅ N − N H ) D_tQ^A_i + (N H)^2 Ω^A_B Q^B_i = 0 , (16)

with the “mass matrix”

Ω^A_B ≡ V^A_B H^2 − 2ϵ̃ κ^2 R^A_{DCB} Π^D Π Π^C Π − (2 − ϵ̃) δ^A_B − 2ϵ̃ [ (3 + ϵ̃) Π^A Π Π_B Π + Π^A Π η̃_B + η̃^A Π_B Π ] , (17)

where V^A_B ≡ G^{AC}D_B V_C ≡ G^{AC} (∂_B V_C − Γ^D_{BC} V_D ), and R^A_{DCB} is the curvature tensor of the field manifold. We define ϵ̃ ≡ κ^2 2 Π^2 H^2 , η̃^A ≡ − 3HΠ^A + G^{AB}V_B HΠ , ξ̃^A ≡ − V^A_B H^2 Π^B Π + 3ϵ̃ Π^A Π − 3η̃^A. (18)

In the absence of stochastic source terms (see next section) the relations (18) are equivalent to the standard definitions of the multiple-field slow-roll parameters [8] (where one should read (1/N )D_t instead of D) by using (8) and (9) and its time derivative. If a slow-roll approximation were to be made, ϵ̃ and η̃^A would be first order, while ξ̃^A would be second order. However, we stress again that no slow-roll approximation is made in this paper, so no restriction is placed on the magnitude of ϵ̃, η̃^A, and ξ̃^A. Equation (16) describes the full non-linear dynamics on long wavelengths. Although it looks linear in Q^A_i , its coefficients are spatially dependent functions which depend implicitly on Q^A_i (see [7] for details). It is valid for any choice of time slicing.

Equation (16) easily connects with linear perturbation theory, since its linearised version is the spatial gradient of the linear equation for q^A_{lin} [8] in the long-wavelength approximation. For our purposes another variable will be more convenient than Q^A_i . We define ζ^A_i ≡ − κ e^α √ 2ϵ̃ Q^A_i , (19)

which when linearised is just the spatial gradient of the well-known comoving curvature perturbation ζ. Just as Q^A_i , the variable ζ^A_i is invariant under choices of time slicing within the long-wavelength approximation.^2 Expressing the long-wavelength evolution equation (16) in terms of ζ^A_i we get

D^2_t ζ^A_i − ( Ṅ N − 2N H ( 3 2 + ϵ̃ + η̃^‖ )) D_tζ^A_i + (N H)^2 Ξ^A_B ζ^B_i = 0 , (20)

with

Ξ^A_B ≡ V^A_B H^2 − 2ϵ̃ κ^2 R^A_{DCB} Π^D Π Π^C Π + ( 3ϵ̃ + 3η̃^‖ + 2ϵ̃^2 + 4ϵ̃η̃^‖ + (η̃^⊥)^2 + ξ̃^‖ ) δ^A_B −2ϵ̃ ( (3 + ϵ̃) Π^A Π Π_B Π + Π^A Π η̃_B + η̃^A Π_B Π ) , (21)

2 We note that we can write (Π_A/Π)ζ^A_i = ∂_iα − (∂_tα/∂_tρ)∂_iρ, where ρ is the energy density of the scalar fields (here we have used (14), the definition of ϵ̃ in (18), (11), (10) in the form H^2 = κ^2 ρ/3, (8), and (3)). This shows that in the long-wavelength approximation the variable used in [10] is identical to the component of our ζ^A_i parallel to the field velocity, i.e. its single-field version.

and η̃^‖ ≡ Π^A Π η̃_A , η̃^⊥ ≡ | | | | ( δ^A_B − Π^AΠ_B Π^2 ) η̃^B | | | | , ξ̃^‖ ≡ − Π^A Π V_{AB} H^2 Π^B Π + 3ϵ̃ − 3η̃^‖ . (22)

Since the coefficients appearing in (20) are spatially dependent, a set of constraint equations is needed to close the system [7]: d dt ∂_iα = −N Hϵ̃ ∂_iα + H∂_iN + N Hϵ̃ Π_A Π ζ^A_i , (23)

∂_i ln H = ϵ̃ ( Π_A Π ζ^A_i − ∂_iα ) , (24)

∂_iϕ^A = √ 2ϵ̃ κ ( Π^A Π ∂_iα − ζ^A_i ) , (25) and D_iΠ^A = − √ 2ϵ̃ κ [ 1 N D_tζ^A_i + H ( (ϵ̃ + η̃^‖)δ^A_B − ϵ̃ Π^A Π Π_B Π ) ζ^B_i − Hη̃^A∂_iα ] . (26)

With these constraint relations the spatial derivative of any quantity of interest can be calculated in terms of ζ^A_i and its time derivative, for a given choice of time slicing (i.e. the lapse function N ). Equation (20) along with the constraints (23)–(26) are the main results of this section.

For single-field inflation an important result can be obtained immediately, since in that case Ξ^A_B in (20) vanishes identically, Ξ^A_B = 0. Hence, ζ_i is seen to be conserved in single-field inflation, as was first shown in [7, 9]. The authors of [10] recently reached a similar conclusion. With a choice of time slicing which sets ∂_iϕ = 0, ζ_i = ∂_iα corresponds to the gradient of the integrated expansion α(t, x) = ∫ N H dt of different points. So, in single-field inflation the difference in the number of e-folds of the separate universes is conserved. The conservation law has been formulated in these terms in [12].

Before closing this section we would like to make a few remarks on the ‘δN formalism’, which has been used in other, more recent work (see e.g. [13])^3 as an alternative for studying non-linear perturbations. In this formalism the perturbed expansion α(t, x) on comoving time slices is related to the perturbations of the scalar fields δϕ^A(x) on an initial flat time slice where the perturbations are supposed to have been generated after horizon crossing. In our notation δα(t, x) = ∂^{−2}∂_i ( (Π_A/Π) ζ^A_i ) since (Π_A/Π) ζ^A_i = ∂_iα on comoving time slices. All calculations in the δN formalism are based on the knowledge of α(t, ϕ^A(x)), i.e. the local expansion expressed in terms of the initial fields at each spatial point. All the initial scalar field values which appear in this solution are then made spatially dependent. Practical calculations require an accurate multi-dimensional solution for the expansion α(t, ϕ^A) of the homogeneous universe, from which all its field derivatives can be derived. Furthermore, this entails the approximation that the momentum dependence is completely ignored, since in general α(t, ϕ^A, Π^A) is a function of both the fields and the momenta. The conditions for such an approach to be valid can be seen from (8)–(11). Since the evolution equations on long wavelengths are the same as those of a homogeneous cosmology valid locally, any analytic solution of a homogeneous universe with the initial conditions made spatially varying will provide a solution describing the evolution of the true inhomogeneous spacetime. The initial conditions must satisfy both of the constraints (10) and (11). In [13] equation (11) is ignored, which is the same approximation as ignoring the momenta (see the discussion below (11)). These conditions restrict the type of multiple-field models that can be investigated. In contrast, the formalism presented here is applicable in a practical way to any expansion history, slow-roll or otherwise, and it is tractable numerically when analytic solutions cannot be obtained in full.

III. STOCHASTIC EQUATIONS

In the previous section we derived equations for the long-wavelength evolution of the variables ζ^A_i defined in (19). These are (20) along with the constraints (23)–(26). In order to solve this long-wavelength system initial conditions must be provided. In inflation these originate in the short-wavelength quantum regime, before the fluctuations in

3 Note that in these other works N (t, x) is the local expansion, not the lapse function. In our notation it would be the ‘δα formalism’.

the metric and matter cross the horizon, so we have to incorporate these sub-horizon effects in our long-wavelength equations. We achieve this in the following way. Once super-horizon, the quantum fluctuations can be considered as classical stochastic quantities. This is the stochastic picture for the generation of inflationary perturbations [21]. Linear theory is used to describe the perturbations until shortly after horizon crossing. These are then used in stochastic source terms as the initial conditions for the full non-linear long-wavelength system. A smoothing window function is used to separate short and long wavelengths as in [7]. However, improving on [7], we start from a first-order system, in order to correctly reproduce the velocity modes as well. We also note that in many references on stochastic inflation, metric fluctuations are not consistently included. They are included in our formalism.

For the definition of the source terms it is convenient to fix the remaining gauge freedom (N ) by choosing τ = ln(aH) as the time variable.^4 One advantage of this gauge choice is that horizon crossing of modes (k = aH) happens simultaneously throughout the whole universe. Other advantages will become clear below. For this choice we have N H = 1 1 − ϵ̃ , (27)

and our basic equations (20), (24)–(26) read (note that (23) is no longer an independent equation)

D^2_τ ζ^A_i +

3 − 2ϵ̃ + 2η̃^‖ − 3ϵ̃^2 − 4ϵ̃η̃^‖ (1 − ϵ̃)^2

D_τ ζ^A_i + 1 (1 − ϵ̃)^2

Ξ^A_B ζ^B_i = 0 , (28)

with

∂_iα = −∂_i(ln H) = − ϵ̃ 1 − ϵ̃ Π_A Π ζ^A_i , (29)

∂_iϕ^A = − √ 2ϵ̃ κ ( δ^A_B + ϵ̃ 1 − ϵ̃ Π^A Π Π_B Π ) ζ^B_i , (30) and D_iΠ^A = − √ 2ϵ̃ κ H [ (1 − ϵ̃)D_τ ζ^A_i + ( (ϵ̃ + η̃^‖)δ^A_B − ϵ̃ Π^A Π Π_B Π + ϵ̃ 1 − ϵ̃ η̃^A Π_B Π ) ζ^B_i ] . (31)

Defining the velocity θ^A_i we express the dynamical equation (28) as

D_τ ζ^A_i − θ^A_i = 0

D_τ θ^A_i +

3 − 2ϵ̃ + 2η̃^‖ − 3ϵ̃^2 − 4ϵ̃η̃^‖ (1 − ϵ̃)^2 θ^A_i + 1 (1 − ϵ̃)^2

Ξ^A_B ζ^B_i = 0

(32)

We then add to the right-hand side of these equations stochastic source terms to emulate the continuous influx of short-wavelength modes when they cross the horizon, in this way setting up the proper initial conditions for the long-wavelength system. The derivation of these source terms goes as follows (for more details see [7]). We start from the exact (i.e. no long-wavelength approximation) equations for the linear theory, written as two first-order differential equations like (32). We define smoothed long-wavelength variables using a window function W. In Fourier space this means ζ^A_{lin,lw}(k) = W(k)ζ^A_{lin} (k), and an identical expression for θ^A. Rewriting the exact linear equations in terms of the smoothed variables ζ^A_{lin,lw} , one is left with terms that depend on the non-smoothed variables ζ^A_{lin} . These terms together form the source, and are put on the right-hand side of the equations, while the other terms are on the left-hand side. At the linearised level these equations are still exact. Next, in order to go to the non-linear case one uses the fact that the left-hand side is exactly the linearised version of the long-wavelength system (32). It is then postulated that the right-hand side can be taken as the source term for the non-linear long-wavelength equations, if one replaces all background quantities with their fully inhomogeneous versions. The final result is:

D_τ ζ^A_i − θ^A_i = S^A_i

D_τ θ^A_i +

3 − 2ϵ̃ + 2η̃^‖ − 3ϵ̃^2 − 4ϵ̃η̃^‖ (1 − ϵ̃)^2 θ^A_i + 1 (1 − ϵ̃)^2

Ξ^A_B ζ^B_i = J^A_i

(33)

4 This is a useful time variable as long as it is monotonic, a condition that is invalid only around reheating. Since the source terms have disappeared by then, a different choice can be made near the end of inflation.

with the source terms S^A_i and J^A_i given by S^A_i ≡ ∫ d^3k (2π)^{3/2}

Ẇ(k) ζ^A_{lin} (k, x) ik_i e^{ik·x} + c.c. , J^A_i ≡ ∫ d^3k (2π)^{3/2}

Ẇ(k) θ^A_{lin} (k, x) ik_i e^{ik·x} + c.c. , (34)

where c.c. denotes the complex conjugate and ζ^A_{lin} and θ^A_{lin} are the full, non-smoothed solutions from linear perturbation theory, that is, incorporating short-wavelength information. The fact that they depend on x as well as on k represents the fact that all background quantities in these solutions should be made inhomogeneous.

The following relations hold:

ζ^A_{lin} = −κ a √ 2ϵ̃ q^A_{lin} , θ^A_{lin} = D_τ ζ^A_{lin} , q^A_{lin}(k) = Q^A_{lin B}(k)α^B (k), (35)

where q^A_{lin} is the solution from linear theory for the Sasaki-Mukhanov variable (15). In other words, Q^A_{lin B} (k) is the solution of [8]

D^2_τ Q^A_{lin B} +

1 − 2ϵ̃ − ϵ̃^2 − 2ϵ̃η̃^‖

(1 − ϵ̃)^2

D_τ Q^A_{lin B} +

Ω^A_C (1 − ϵ̃)^2

Q^C_{lin B} + k^2 (aH)^2(1 − ϵ̃)^2

Q^A_{lin B} = 0 , (36)

where all coefficients take their homogeneous background values and with initial conditions deep within the horizon Q^A_{lin B}(k) = U^A_B / √ 2k and D_τ Q^A_{lin B}(k) = 1/[aH(1 − ϵ̃)] i √ k/2 U^A_B, where U^A_B is a physically irrelevant unitary matrix. Then the sources can be written as

S^A_i = − κ a √ 2ϵ̃ ∫ d^3k (2π)^{3/2}

Ẇ(k)Q^A_{lin B} (k)α^B(k) ik_ie^{ik·x} + c.c.,

J^A_i = − κ a √ 2ϵ̃ ∫ d^3k (2π)^{3/2} Ẇ(k) [ D_τ Q^A_{lin B}(k) −

1 + ϵ̃ + η̃^‖ 1 − ϵ̃ Q^A_{lin B}(k) ] α^B(k) ik_ie^{ik·x} + c.c. (37)

Following [7] we have introduced a set of complex Gaussian stochastic quantities α^A(k) to replace the quantum creation and annihilation operators, satisfying

⟨α^A(k)α^∗_B(k^′)⟩ = δ^A_B δ^3(k − k^′) , ⟨α^A(k)α_B (k^′)⟩ = 0, (38)

where ⟨. . .⟩ denotes an ensemble average. This is why the source terms are called stochastic. Because ζ^A_i and θ^A_i now represent smoothed, long-wavelength variables, it is clear that they have to be zero at early times when all the modes are sub-horizon: lim τ→−∞ ζ^A_i = 0, lim_{τ→−∞} θ^A_i = 0. (39)

The appropriate short-wavelength initial conditions are then introduced into the system later via the stochastic source terms.

The linear perturbation equation (36) can either be solved exactly numerically to obtain Q^A_{lin B} , or analytically within the slow-roll approximation. The latter was done in [8]. From that analytic slow-roll solution one finds that D_τ Q^A_{lin B} = D̃^A_C Q^C_{lin B}, with D̃^A_C a matrix containing slow-roll parameters (given explicitly in [8]), and Q^A_{lin B} = c/(2k^{3/2}R) δ^A_B + first-order slow-roll terms (omitting physically irrelevant overall unitary factors). Even though in this paper we make no use of the slow-roll approximation whatsoever, for applications of the formalism it is useful to observe that this means that, in our gauge, non-linear corrections to Q_{lin} are higher order in slow roll and can be neglected in a leading-order treatment. (This reflects the fact that q, not ζ, is the proper well-behaved quantity to use on short wavelengths.) Hence in such a treatment the only quantities that have to be made inhomogeneous in the source terms (37) are the matrix D̃^A_C and the 1/(a √ 2ϵ̃) prefactors. This point is explicitly worked out in [15, 16].

We can take the Fourier transform of the window function W(k) to be a Gaussian, W(k) ≡ e^{−k2R2 /2} , R ≡ c aH = c e^{−τ} , (40)

with R the smoothing length above which the system is considered to be ‘long wavelength’. We take it to be a small multiple of the comoving Hubble radius, since the latter is the natural scale that separates short and long wavelengths in inflation; c ≈ 3–5 will do for our purposes. Since the smoothing length is decreasing quasi-exponentially during inflation, more and more modes will populate the long-wavelength system. For our choice of window function, Ẇ(k) = (kR)^2W(k), where a dot denotes a time derivative with respect to τ = ln(aH). If the smoothing length R were constant, S^A_i and J^A_i would be zero. Note that with our choice of time the smoothing length remains uniform across space even in the presence of perturbations. Had we not made this choice any mode would enter the long-wavelength system at different times for different points in space, which would complicate matters. The system of equations (33) along with the constraints (29)–(31) (where D_τ ζ^A_i is replaced by θ^A_i ) forms a consistent and self-contained system of non-linear stochastic equations and is the main result of this paper. When linearised it is exact and reproduces the well-known gauge-invariant linear perturbation theory [1].

At first sight it might seem that any results obtained from solving (33) will depend on the ad hoc choice for the window function W. It turns out that the exact form of W is for the most part irrelevant. At linear order there is no dependence of the final results on the exact form of W, by construction; any properly normalised function with W(k) → 1 for scales sufficiently larger than the horizon will produce the same final answer. Beyond linear order there is some dependence on the choice of W, but this dependence is limited to terms that involve only non-linear effects around horizon crossing, which turn out to be small and hence uninteresting observationally. The non-Gaussianity in single-field inflation is an example of this, see [15], but even here only the limit with all three momenta of the same order is affected by the choice of window function. On the contrary, any effects which involve super-horizon evolution are independent of the functional form of W for scales sufficiently larger than the horizon. We discuss these issues in greater detail in [16, 17], where we also show that such super-horizon evolution effects can lead to potentially observably large non-Gaussianity.

IV. FIELD BASIS

So far we have used a field component notation, with indices A, B, etc. labeling the fields. However, in actual analytic multiple-field calculations it is more convenient to work with a certain explicit basis on the field manifold, which allows us to clearly distinguish effectively single-field effects from truly multiple-field ones, to work again with normal time derivatives instead of covariant ones, and which is also a necessary ingredient for quantisation. This basis was first defined in [22], and is also described in [8].

The first basis vector e^A_1 is the direction of the field velocity. Next, e^A_2 is defined as the direction of that part of the field acceleration that is perpendicular to e^A_1 . Hence,

e^A_1 ≡ Π^A Π , e^A_2 ≡

D_tΠ^A − e^A_1 e_{1 B} D_tΠ^B |D_tΠ^A − e^A_1 e_{1 B} D_tΠ^B|

. (41)

One continues this orthogonalisation process with higher derivatives until a complete basis is found. Explicitly,^5 e^A_m ≡ (P^⊥_{m−1})^A_B

(_1 N D_t )_{m−1} Π^B |(P^⊥_{m−1})^A_B (_1 N D_t )_{m−1} Π^B| , (P_m)^A_B ≡ e^A_me_{m B}, (P^⊥_m )^A_B ≡ δ^A_B − m∑ q=1 (P_q)^A_B. (42)

Here the projection operators P_m project on the e_m, while the P^⊥_m project on the subspace that is perpendicular to e_1, . . . , e_m, and we define (P^⊥_0 )^A_B ≡ δ^A_B . The basis is orthonormal: e^A_me_{n A} = δ_{mn}. Now one can take components of vectors in this basis and we define, for example for ζ^A_i ,

ζ^m_i ≡ e_{m A}ζ^A_i . (43)

Note that, unlike for the index A, there is no difference between upper and lower indices for the m. The slow-roll parameters η̃^‖ and η̃^⊥ given in (22) are now simply η̃^‖ ≡ e^A_1 η̃_A and η̃^⊥ ≡ e^A_2 η̃_A (by construction there are no other components of η̃^A) and equivalently ξ̃^‖ ≡ e^A_1 ξ̃_A. The definitions (22) can be rewritten as (including ϵ̃ for completeness’ sake)

ϵ̃ = κ^2Π^2 2H^2 , η̃^‖ = −3 − e^A_1 V_A HΠ , (η̃^⊥)^2 =

V^AV_A − (e^A_1 V_A)^2 H^2Π^2

, ξ̃^‖ = 3ϵ̃ − 3η̃^‖ − e^A_1 V_{AB} e^B_1 H^2

. (44)

5 Again, as in the definition of the slow-roll parameters, using (9) and its time derivatives one can rewrite all time derivatives of Π^A in terms of Π^A itself and field derivatives of the potential, and define the basis vectors in that way. However, once the stochastic source terms are included, equation (9) changes subtly and the two ways of defining the basis vectors (except for e^A_1 ) are no longer equivalent. At that point it is actually the second way that is our real definition, but since those equations are rather awkward and have to be written down for each value of m separately, we give here the compact definition in terms of time derivatives of Π^A.

Finally we define for later use Z_{mn} ≡ 1 N H e_{m A}D_te^A_n . (45)

It is antisymmetric and only non-zero just above and below the diagonal. If a slow-roll approximation were to be made, it would be first order in slow roll. Its explicit form in terms of slow-roll parameters can be found in [8]; up to m, n = 3 the only non-zero terms are Z_{12} = −Z_{21} = −η̃^⊥ and Z_{23} = −Z_{32} = −ξ̃_3/η̃^⊥.

The equation of motion (28) for ζ^A_i can now be rewritten as an equation of motion for ζ^m_i :

ζ̈^m_i + ( (3 − 2ϵ̃ + 2η̃^‖ − 3ϵ̃^2 − 4ϵ̃η̃^‖)δ_{mn} (1 − ϵ̃)^2 + 2Z_{mn} 1 − ϵ̃ ) ζ̇^n_i + Ξ^{mn} (1 − ϵ̃)^2 ζ^n_i = 0, (46)

where ζ̇^m_i ≡^∂_{∂τ} (ζ^m_i ) =^∂_{∂τ} (e_{m A}ζ^A_i ), with τ the time variable defined in (27), and with Ξ_{mn} ≡ V_{mn} H^2 − 2ϵ̃ κ^2

R_{m11n} + (1 − ϵ̃)Ż_{mn} + Z_{mp}Z_{pn} + ( 3 − 2ϵ̃ + 2η̃^‖ − ϵ̃^2 − 2ϵ̃η̃^‖ ) Z_{mn} 1 − ϵ̃ (47) + ( 3ϵ̃ + 3η̃^‖ + 2ϵ̃^2 + 4ϵ̃η̃^‖ + (η̃^⊥)^2 + ξ̃^‖ ) δ_{mn} − 2ϵ̃ ( (3 + ϵ̃ + 2η̃^‖)δ_{m1}δ_{n1} + η̃^⊥(δ_{m1}δ_{n2} + δ_{m2}δ_{n1}) ) , where R_{m11n} ≡ e^A_mR_{ABCD}e^B_1 e^C_1 e^D_n and V_{mn} ≡ e^A_mV_{AB} e^B_n . The matrix Ξ_{mn} is not just e^A_mΞ_{AB}e^B_n , but contains additional Z_{mn} terms. Note that Ξ_{11} = 0 identically, which means that in the single-field case Ξ is zero, and hence ζ_i conserved on long wavelengths, as we mentioned before. In a procedure completely identical to the one described in the previous section, we can then split the second-order differential equation into two first-order equations and add stochastic source terms to find the analogue of (33):

ζ̇^m_i − θ^m_i = S^m_i

θ̇^m_i + ( (3 − 2ϵ̃ + 2η̃^‖ − 3ϵ̃^2 − 4ϵ̃η̃^‖)δ_{mn} (1 − ϵ̃)^2 + 2Z_{mn} 1 − ϵ̃ ) θ^n_i + Ξ_{mn} (1 − ϵ̃)^2 ζ^n_i = J^m_i

(48)

where the source terms S^m_i and J^m_i are defined analogously to (34) with ζ^m_{lin} and θ^m_{lin} instead of ζ^A_{lin} and θ^A_{lin} . It is important to realise that for a velocity, like θ^m_i , the relation between θ^m_i and θ^A_i is not simply a contraction with the basis vector, since the time derivative of the basis vector has to be taken into account as well. They are related by θ^m_i = e_{m A}θ^A_i − N HZ_{mn}ζ^n_i . Of course (48) has to be supplemented with the constraints (29)–(31). From these constraints and the definitions (44) we can derive the following expressions for the spatial derivatives of a, H and the slow-roll parameters:

∂_i ln a = −∂_i ln H = − ϵ̃ 1 − ϵ̃ ζ^1_i , ∂_iϵ̃ = −2ϵ̃ ( (1 − ϵ̃)θ^1_i + ϵ̃ + η̃^‖ 1 − ϵ̃ ζ^1_i − η̃^⊥ζ^2_i ) , ∂_iη̃^‖ = (1 − ϵ̃) ( (3 + η̃^‖)θ^1_i − η̃^⊥θ^2_i ) − 1 1 − ϵ̃ ( (3 + η̃^‖)(ϵ̃ − η̃^‖) + (η̃^⊥)^2 −

V_{11} H^2 ) ζ^1_i − (3 + ϵ̃ + 2η̃^‖)η̃^⊥ζ^2_i

+ξ̃_3 ζ^3_i + ∑ n≥2 V_{1n} H^2 ζ^n_i , (49)

∂_iη̃^⊥ = (1 − ϵ̃) ( η̃^⊥θ^1_i + (3 + η̃^‖)θ^2_i ) + 1 1 − ϵ̃ ( (3 − ϵ̃ + 2η̃^‖)η̃^⊥ +

V_{12} H^2 ) ζ^1_i + ( (3 + η̃^‖)(ϵ̃ + η̃^‖) − (η̃^⊥)^2 ) ζ^2_i

−(3 + η̃^‖) ξ̃_3 η̃^⊥ ζ^3_i + ∑ n≥2 V_{2n} H^2 ζ^n_i .

When no stochastic source terms are present, or when all slow-roll parameters take their homogeneous background values, the relation V_{1n}/H^2 = (3ϵ̃ − 3η̃^‖ − ξ̃^‖)δ_{n1} − (3η̃^⊥ + ξ̃_2)δ_{n2} − ξ̃_3δ_{n3} can be used. This relation is derived by taking the time derivative of (9) and using the definitions of the slow-roll parameters. Let us reiterate that all these expressions are not slow-roll approximated, even though they contain slow-roll parameters. The equations in this section will be the basis of more detailed multiple-field calculations in [16].

V. APPLYING THE FORMALISM

The closed system of non-linear equations for ζ^A_i is, in principle, amenable to direct numerical solution on a multidimensional spatial grid. However, the inhomogeneous coefficients in (33) have an implicit dependence on ζ^A_i , meaning that a(t, x), ϕ^A(t, x) and Π^A(t, x) need to be reconstructed from the constraints (29)–(31) at each timestep. Now in the long-wavelength approximation and in the absence of noise, the ζ^A_i equation plus the constraints are equivalent to the separate universe equations (8)–(11) from which they were derived, that is, the original evolution equations for a(t, x), ϕ^A(t, x) and Π^A(t, x). Numerically, it turns out to be simplest to solve the ζ^A_i equations by supplementing them with the separate universe equations, so that the inhomogeneous coefficients depending on a, ϕ^A and Π^A are given explicitly, rather than being reconstructed from ζ^A_i . (The redundancy entailed in this can be viewed positively, since it gives a check on the accuracy of the finite difference scheme through the relations (14) and (19).)

In order to add the stochastic noise on the right-hand side of (33), we evaluate the mode functions of the k-dependent linear perturbation equations to high accuracy, beginning with flat-space initial conditions well inside the horizon (no slow-roll approximation is made). As in other stochastic approaches, a realisation of the linear perturbation solution q^A_{lin}(k, t) is then constructed by multiplying random numbers satisfying (38) for each k on the numerical grid by the corresponding mode function for k = |k|. At a finely-spaced set of times, the linear perturbations q^A_{lin}(k, t) are convolved with the window function W(k) to determine the necessary long-wavelength correction δζ^A_i (x, t)δt in real space, where δt is the timestep. Since any change δζ^A_i necessarily entails changes to a, ϕ^A, Π^A, the corrections δa, δϕ^A, δΠ^A also need to be determined from the constraints (29)–(31). The procedure then iterates through successive non-linear evolution and stochastic noise updates. Results from the successful numerical implementation of these equations in single- and multiple-field inflation contexts will be presented elsewhere.

Up to this point, the only approximations that have been made are the basic assumptions of the method: the long-wavelength approximation and the construction of the stochastic source terms for the non-linear equations. The equations are otherwise completely general, that is, non-linear and no slow-roll approximation has been made. As discussed above, with a numerical treatment we can proceed directly with these equations. However, when we want to use the formalism to make explicit analytic calculations, we need to make two expansions: a slow-roll expansion, and an expansion in perturbation orders. Of course in practice these expansions have to be cut off at a certain order, which means that two additional approximations are introduced. We will not discuss the slow-roll expansion here, but describe in general terms how a perturbative expansion can be set up. We find that compared to standard perturbative approaches [5] the equations are much simpler to derive and use. Detailed applications are presented in separate publications [15, 16, 17].

The general form of the system of non-linear stochastic equations with the constraints is

D_τ v_i + A(u)v_i = G_i(u), ∂_iu = C(u)v_i . (50)

We use the vectors v_i ≡ ( ζ^A_i , θ^A_i )_T and u ≡ ( α, ϕ^A, Π^A )_T and G_i ≡ ( S^A_i , J^A_i )_T (where T denotes the transpose) to simplify the notation. The quantities A and C are matrices, functions of the components of u, which can be read off from (33) and (29)–(31). Now everything can be expanded as

v_i = v^{(1)}_i + v^{(2)}_i + . . . , u = u^{(0)} + u^{(1)} + u^{(2)} + . . . (51)

Note that v_i does not have a zeroth-order spatially homogeneous background part. At first order we have

D_τ v^{(1)}_i + A^{(0)}v^{(1)}_i = G^{(1)}_i , ∂_iu^{(1)} = C^{(0)}v^{(1)}_i . (52)

The first equation is linear in v^{(1)}_i and can be solved since the background solution and the linear source term G^{(1)}_i are assumed to be known. The procedure is equivalent to standard gauge-invariant linear perturbation theory. With this solution the constraint can then be solved for u^{(1)}:

u^{(1)} = C^{(0)}∂^{−2}∂^iv^{(1)}_i . (53)

It is now straightforward to obtain the second-order perturbation equations:

D_τ v^{(2)}_i + A^{(0)}v^{(2)}_i = G^{(2)}_i − A^{(1)}v^{(1)}_i , ∂_iu^{(2)} = C^{(0)}v^{(2)}_i + C^{(1)}v^{(1)}_i . (54)

Here A^{(1)} is given by

A^{(1)} = ( ∂A ∂u )_{(0)}

u^{(1)}, (55) and similarly for C^{(1)} and G^{(2)}_i . We see that the equation of motion for v^{(2)}_i is again linear, with the right-hand side known from the solution at first order, and it can be solved. Again, given the solution for v^{(2)}_i we can then solve the constraint for u^{(2)}:

u^{(2)} = C^{(0)}∂^{−2}∂^iv^{(2)}_i + ∂^{−2}∂^i ( C^{(1)}v^{(1)}_i ) . (56)

Knowledge of v^{(2)}_i and u^{(2)} gives v^{(3)}_i which in turn determines u^{(3)}, etc. Continuing in this fashion one can in principle obtain all quantities of interest to any desired order. Even though the discussion in this section might seem rather abstract, we show in [15, 16, 17] that this approach works well in explicit calculations. The expressions on the right-hand side of (54) are relatively simple to derive, which makes the calculations tractable.

VI. SUMMARY

In this paper we described a scheme for studying the non-linear evolution of inhomogeneities during multiple-field inflation, extending ideas presented in [7]. Here we summarise the main ingredients of the formalism. (i) We advocate the use of variables like ζ^A_i , defined in (19), using spatial gradients to describe deviations from a homogeneous spacetime. These variables are invariant under long-wavelength changes of time slicing and include both matter and metric perturbations. (ii) We derived a set of exact, non-linear, long-wavelength evolution equations for ζ^A_i (20). To close the system, a set of constraints (23)–(26) determines all local quantities appearing in the coefficients of (20). An obvious consequence of these equations is that for single-field inflation the variable ζ^A_i is exactly conserved. (iii) In order to incorporate the influence of short-wavelength quantum modes, stochastic sources are added on the right-hand side of the evolution equations, leading to (33), (34). When linearised, the equations are exactly equivalent to linear, gauge-invariant perturbation theory. We also introduced the field basis of [8] and rewrote our equations in terms of it, which is very convenient for actual multiple-field calculations. The full stochastic system is derived without any slow-roll approximations and is well-suited for numerical simulations. If slow roll is assumed, analytic results can be obtained via perturbative expansions. The merit of perturbing this set of non-linear equations for the variables ζ^A_i is a significant simplification compared to the standard approach of perturbing the Einstein equations from the outset. This paper concentrated on describing the method, while quantitative calculations using this formalism are given in related publications [15, 16, 17].

Acknowledgements

This research is supported by PPARC grant PP/C501676/1.

APPENDIX A: CHANGING THE TIME SLICING ON LONG WAVELENGTHS

In this appendix we demonstrate that (12) is invariant under changes of time slicing. Again, we restrict attention to metrics like (1) which do not mix temporal and spatial intervals. The transformations we consider are defined by going to a new time slicing t → t̃(t, x) and then fixing the spatial coordinates by demanding that g_{t̃ĩ} = 0, that is, making the coordinate lines x̃^{j̃} = const. normal to the t̃ = const. hypersurfaces. We show, following [19], that, up to second order in spatial gradients, the spatial coordinates can be taken to transform trivially.

Suppose we are interested in a patch of spacetime which at early enough times is homogeneous, in accordance with the initial conditions, that is, the comoving horizon is initially taken to be larger than the spatial extent of the patch. Perturbations are introduced later as wavelengths shorter than the spatial region of interest exit the horizon. While the patch is homogeneous, there is a preferred time slicing which respects the spatial symmetries, and spatial coordinates are chosen on these initial time slices. After perturbations are introduced there is no preferred choice of time slicing. Hence one should consider the consequences of changes t → t̃(t, x), for example between uniform field and uniform expansion time slices. To define the new spatial coordinate lines we demand that the curves x̃^{j̃} = const. be the integral curves of w^μ with

w^μ = dx^μ ds = ∂^μt̃ . (A1)

Roman indices run from 1 to 3 and Greek from 0 to 3. The vector w^μ is normal to the t̃ = const. hypersurfaces. For a displacement along its integral curves δx^μ = ∂^μt̃ δs, where s is an arbitrary parameter. For such a displacement δx^μ we have δt̃ = ∂_μt̃ δx^μ = ∂_μt̃∂^μt̃ δs. Therefore, the time-time and space-time parts of the transformation are defined to be ∂x^μ ∂t̃ = ∂^μt̃ ∂_νt̃∂^νt̃ (A2)

by eliminating ds in (A1). We can now derive the time-space and space-space parts. Defining Λ^μ_{j̃} ≡ ∂x^μ/∂x̃^{j̃} , consider another displacement δx^μ on a t̃ = const. hypersurface:

δx^μ∂_μt̃ = 0 . (A3)

Writing δx^μ = Λ^μ_ĩ δx̃^ĩ (δt̃ is zero for this displacement), we find from (A3) for an arbitrary δx̃^ĩ that

Λ^μ_{j̃}∂_μt̃ = 0 ⇒ Λ^0_{j̃} = −

Λ^i_{j̃} ∂_it̃ ∂_tt̃ . (A4)

So, we need to specify only the Λ^i_{j̃} part of the transformation. Integrating equation (A2) along a x̃^{j̃} = const. curve gives

x^j = f^j (x̃^ĩ) + ∫ dt̃ ∂^jt̃ ∂_νt̃∂^νt̃ , (A5)

with f^j some arbitrary function depending on the initial labelling of the new spatial coordinates. Since at early times spacetime is homogeneous, useful time slicings are those coinciding with the preferred one initially, t̃ = t = t_{pref} . Hence it is natural to consider spatial coordinates that reduce to the preferred set on these initial time slices. We thus take f^j (x̃^ĩ) = δ^j_ĩ x̃^ĩ. Of course, we could perform an arbitrary spatial transformation, but on long wavelengths it would be independent of time, as shown in [19]. Given this result, equations (20) and (23)–(26) are covariant under such a transformation. Taking a spatial derivative of (A5) with respect to x̃^{j̃}, using the chain rule and (A4), one arrives at [ δ^j_l + ∂_lt̃ ∂_tt̃ ∂_t ∫ dt̃ ∂^jt̃ ∂_νt̃∂^νt̃ − ∂_l ∫ dt̃ ∂^jt̃ ∂_νt̃∂^νt̃ ] Λ^l_{k̃} = δ^j_{k̃} , (A6)

so that

Λ^i_{j̃} = δ^i_{j̃} + O [ (∂_i)^2 ] , Λ^0_{j̃} = −δ^i_{j̃} ∂_it̃ ∂_tt̃ + O [ (∂_i)^2 ] . (A7)

The full transformation has now been specified. With these formulae one can verify that the metric in the new coordinates reads

e^{2α̃(t̃,x̃)}h̃_{ĩj̃}(x̃) = δ^k_ĩδ^k_{j̃} e^{2α(t,x)}h_{kl}(x) , g_{t̃ĩ} = 0 , Ñ = N/∂_tt̃ . (A8)

We note that time derivatives transform as 1 Ñ ∂^{t̃} = 1 N ∂_t + O [ (∂_i)^2 ] . (A9)

Under these long-wavelength time-slicing transformations the determinant of the spatial metric, exp[2α], transforms as a spacetime scalar. Hence, it is easy to see that a variable like (12), in particular (14), is invariant under these changes.

[1] V.F. Mukhanov, H.A. Feldman and R.H. Brandenberger, Phys. Rep. 215, 203 (1992).

[2] D.S. Salopek and J.R. Bond, Phys. Rev. D43, 1005 (1991); A. Gangui, F. Lucchin, S. Matarrese, and S. Mollerach, Astrophys. J. 430, 447 (1994) [astro-ph/9312033]; I. Yi and E.T. Vishniac, Astrophys. J. Suppl. 86, 333 (1993).

[3] J. Maldacena, JHEP 0305, 013 (2003) [astro-ph/0210603]. [4] D. Seery and J.E. Lidsey, JCAP 0506, 003 (2005) [astro-ph/0503692].

[5] V. Acquaviva, N. Bartolo, S. Matarrese, and A. Riotto, Nucl. Phys. B667, 119 (2003) [astro-ph/0209156]; G.I. Rigopoulos, Class. Quantum Grav. 21, 1737 (2004) [astro-ph/0212141]; H. Noh and J.-C. Hwang, Phys. Rev. D69, 104011 (2004) [astro-ph/0305123]; K.A. Malik and D. Wands, Class. Quantum Grav. 21, L65 (2004) [astro-ph/0307055]; K. Enqvist and A. Vaihkonen, JCAP 0409, 006 (2004) [hep-ph/0405103]; K. Enqvist et al., Phys. Rev. Lett. 94, 161301 (2005) [astro-ph/0411394]; F. Vernizzi, Phys. Rev. D71, 061301(R) (2005) [astro-ph/0411463]; D.H. Lyth and Y. Rodriguez, Phys. Rev. D71, 123508 (2005) [astro-ph/0502578].

[6] N. Bartolo, E. Komatsu, S. Matarrese, and A. Riotto, Phys. Rep. 402, 103 (2004) [astro-ph/0406398]. [7] G.I. Rigopoulos and E.P.S. Shellard, JCAP 0510, 006 (2005) [astro-ph/0405185]. [8] S. Groot Nibbelink and B.J.W. van Tent, Class. Quantum Grav. 19, 613 (2002) [hep-ph/0107272]. [9] G.I. Rigopoulos and E.P.S. Shellard, Phys. Rev. D68, 123518 (2003) [astro-ph/0306620]. [10] D. Langlois and F. Vernizzi, Phys. Rev. Lett. 95, 091303 [astro-ph/0503416]. [11] G.F.R. Ellis and M. Bruni, Phys. Rev. D40, 1804 (1989).

[12] D.H. Lyth, K.A. Malik, and M. Sasaki, JCAP 0505, 004 (2005) [astro-ph/0411220].

[13] D.H. Lyth and Y. Rodriguez, Phys. Rev. Lett. 95, 121302 (2005) [astro-ph/0504045]; L.E. Allen, S. Gupta, and D. Wands, JCAP 0601, 006 (2006) [astro-ph/0509719].

[14] M. Sasaki and E. Stewart, Prog. Theor. Phys. 95, 71 (1996) [astro-ph/9507001]. [15] G.I. Rigopoulos, E.P.S. Shellard, and B.J.W. van Tent, Phys. Rev. D72, 083507 (2005) [astro-ph/0410486]. [16] G.I. Rigopoulos, E.P.S. Shellard, and B.J.W. van Tent, Phys. Rev. D73, 083522 (2006) [astro-ph/0506704]. [17] G.I. Rigopoulos, E.P.S. Shellard, and B.J.W. van Tent, astro-ph/0511041. [18] J.M. Bardeen, Phys. Rev. D22, 1882 (1980). [19] D.S. Salopek and J.R. Bond, Phys. Rev. D42, 3936 (1990).

[20] G.L. Comer, N. Deruelle, D. Langlois, and J. Parry, Phys. Rev. D49, 2759 (1994); N. Deruelle and D. Langlois, Phys.

Rev. D52, 2007 (1995) [gr-qc/9411040] and references therein; J. Parry, D.S. Salopek, and J.M. Stewart, Phys. Rev. D49, 2872 (1994) [gr-qc/9310020]; I.M. Khalatnikov, A.Yu. Kamenshchik, and A.A. Starobinsky, Class. Quantum Grav. 19, 3845 (2002) [gr-qc/0204045].

[21] A.A. Starobinsky, in Field Theory, Quantum Gravity and Strings, ed. H.J. De Vega and N. Sanchez (Springer, Berlin, 1986), p.107; K. Nakao, Y. Nambu, and M. Sasaki, Progr. Theor. Phys. 80, 1041 (1988); H.E. Kandrup, Phys. Rev. D39, 2245 (1989); D.S. Salopek and J.R. Bond, Phys. Rev. D43, 1005 (1991); J.M. Stewart, Class. Quantum Grav. 8, 909 (1991); H. Casini, R. Montemayor and P. Sisterna, Phys. Rev. D59, 063512 (1999) [gr-qc/9811083]; S. Winitzki and A. Vilenkin, Phys. Rev. D61, 084008 (2000) [gr-qc/9911029]; N. Afshordi and R. Brandenberger, Phys. Rev. D63, 123505 (2001) [gr-qc/0011075]; S. Matarrese, M.A. Musso, and A. Riotto, JCAP 0405, 008 (2004) [hep-th/0311059]; G. Geshnizjani and N. Afshordi, JCAP 0501, 011 (2005) [gr-qc/0405117].

[22] S. Groot Nibbelink and B.J.W. van Tent, hep-ph/0011325.