arXiv:astro-ph/0504560 v2 2 Jun 2005

LMU-ASC 36/05 MPP-2005-37

B-Inflation

Alexey Anisimov ‡

Max-Planck-Institut für Physik, Fohringer Ring 6, D-80805, Munich, Germany and Institute of Theoretical and Experimental Physics, 117218, B.Cheremushkinskaya 25, Moscow, Russia

Eugeny Babichev §

Max-Planck-Institut für Physik, Fohringer Ring 6, D-80805, Munich, Germany and Institute for Nuclear Research of the Russian Academy of Sciences, 60th October Anniversary Prospect 7a, 117312 Moscow, Russia

Alexander Vikman ‖

Arnold-Sommerfeld-Center for Theoretical Physics, Department für Physik, Ludwig-Maximilians-Universität München, Theresienstr. 37, D-80333, Munich, Germany

PACS numbers: 98.80.Cq

Abstract. We propose a novel model of inflation based on a large class of covariant effective actions containing only the second derivatives of a scalar field. The initial conditions leading to the inflationary solutions in this model are rather generic. The graceful exit from the inflationary regime is natural once the first order derivative terms are included.

‡ anisimov@mppmu.mpg.de § babichev@mppmu.mpg.de ‖ vikman@theorie.physik.uni-muenchen.de

1. Introduction

Inflationary paradigm has dominated cosmology since long ago and recently its predictions have attained excellent observational evidence. However at present there exists no preferred concrete inflationary scenario based on a convincing realistic high energy physics model. It is therefore interesting to explore every single theoretical possibility which leads to inflation along with specific predictions.

In the standard chaotic inflation scenario [1] the massive inflaton field rolls down its potential. If its initial amplitude is much larger than Planck mass M_{P l}, the Hubble friction is large and inflaton field is in the "slow-roll" regime where its potential energy dominates over its kinetic energy. In this case the energy density during "slow-roll" is nearly a constant and the equation of state is nearly that of the cosmological constant. The exit from such inflationary regime occurs when the Hubble parameter becomes of order of inflaton mass. When this happens the inflaton field starts to behave as ordinary matter and later decays into light particles. This simple model describes current observations rather well. There are numerous examples which develop this idea further [2]. The predictions of all these models are quite similar, so that even the recent accurate measurements [3] did not put too much pressure on the viability of most of these models. Probably the most serious constraint is the presently unobserved and, thus, necessarily small fraction of isocurvature fluctuations in the primordial spectrum. These fluctuations generically arise in multi-field models. The other constraint comes from the nongaussianity in the primordial spectrum [4]. Future experiments on the detection of the gravitational background radiation [5] left after inflation may impose further significant constraints on the inflationary models [6].

Most of the inflationary models can be classified as potential induced, i.e. inflation is driven by the potential terms in the Lagrangian of a scalar field. This is, however, not the only theoretical approach to implement the inflation. There is a distinct possibility that the inflationary regime was induced by the kinetic energy. The kinetic terms, of course, have to be of a nonstandard form, since for models with standard kinetic terms and without potential the universe is always decelerating. It is, however, possible to implement an inflationary evolution of the early Universe if one assumes a nonstandard Lagrangian. A novel way to generate an inflationary regime using the above approach, has been proposed in [7] and dubbed "k-inflation". The Lagrangian in this model was taken in the form of expansion in orders of the standard kinetic term X =^1_2 (∂_μϕ)^2: L = K(ϕ)X + L(ϕ)X^2 + ... = p(ϕ, X). (1) The system described by the Lagrangian of this form was shown to dynamically enter the inflationary regime starting from rather generic initial conditions. There is an analog of a "slow-roll" regime, where the systems has an adiabatically changing, nearly de Sitter equation of state. The model possesses the energy-momentum tensor of the same structure as for the perfect fluid with the energy density ε and the pressure p. Therefore the hydro-dynamical intuition is useful for the analysis. At the end of kinflation the equation of state w = p/ε changes dynamically from w ≃ −1 to the

"ultra-hard" equation of state w = 1 . Thus, exit from k-inflation occurs in a natural graceful manner.

In this paper we propose a new model for inflation where the Lagrangian depends only on the second derivatives of a scalar field. The simplest scalar that can be built from a scalar field ϕ and its second covariant derivatives is the D’Alembert operator acting on ϕ. We will restrict ourselves to this case. In fact, a large class of Lagrangians of the form L = Q(□ϕ), (2) where Q(□ϕ) is a convex function, will be shown to drive an inflationary evolution of the universe from rather generic initial conditions. This theory has to be viewed as an effective field theory where the first derivative terms are suppressed. One can, for example, suppose that in the Lagrangian (1) the functions K(ϕ) and L(ϕ) vanish in some limiting cases. Then the higher order derivative terms may dominate the dynamics of the system for some period of its evolution. The Lagrangians of this type were also considered in [9, 10] in various contexts¶.

We will dub this model analogously to k-inflation as "Box-inflation" or for simplicity "B-inflation". The system described by this "truncated" Lagrangian does not have an exit from inflation, so after discussing the properties of this system during the inflationary stage we propose simple modifications of the model which provide a graceful exit from B-inflation. One natural way to implement this exit is to revive the kinetic terms which depend on ϕ and X. For the proposed modifications, the system will generically exit to the state with w ≃ 0. This is similar to the graceful exit in the case of chaotic inflation. The perturbation theory for the B-inflation as well as a detailed analysis of the observational consequences will be developed elsewhere [12].

2. The Model

We will first consider the action containing the D’Alembert operator □ ≡ g_{μν} ∇^μ∇^ν (where ∇^μ is the covariant derivative) acting on a scalar field ϕ minimally coupled to gravity:

S ≡ S_g + S_ϕ = ∫ d^4x √ −g [ −M^2_{P l} R 2 + M^2M^2_{P l} Q ( □ϕ M^2M_{P l} )] . (3)

Here Q is an arbitrary convex function (Q^{′′} ≥ const > 0, later we will see that this inequality is important). We will only consider the case when Q(0) = 0 in order not to have the cosmological constant being inserted by hand. This underlines the fact that the inflationary regime in our model is a result of dynamics of the system. In addition it is natural to assume that the system is symmetric with respect to the Z_2 transformations ϕ → −ϕ. Thus we can take only even functions Q into consideration. The scale M, at

¶ Note that, despite of similarities with the model from Ref. [10], our system does not have any potential and cannot be reduced to the noninteracting two field model [11] as it was done in the reference above. Thus the physical content of our model is completely different from that of Ref. [10].

this point, is an arbitrary parameter. For the purposes of this paper its value is not very important. We will leave the question of the value of this scale for a future discussion. The “strange” choice of combination of masses for the Q–term is due to the following reason. Writing the action S_ϕ as a Taylor series in (□ϕ) we find:

S_ϕ = ∫ d^4x √ −g [ Q^{′′}(0) 2M^2

(□ϕ)^2 +

Q^{(4)}(0) 4! (□ϕ)^4 M^2_{P l}M^6 + ... ] . (4)

Now we can see that the initial choice of combination of masses leads to a simple form of the first non-zero term in Taylor expansion of action S_ϕ. Let us mention that, in general, we will not rely on the expansion (4). There is another reason for choosing the combination M^2M_{pl} in (3). Since the action is invariant under the “shift” symmetry ϕ → ϕ + ϕ_0, where ϕ_0 is an arbitrary constant, the energy density is insensitive to the value of ϕ. It is, however, sensitive to the values of derivatives of ϕ. Thus it is natural to make the □-operator dimensionless using one scale, whereas the value of the field ϕ is made dimensionless with some other scale. The scale M can be viewed as the physical cutoff scale in our model. The other scale with which ϕ is made dimensionless we are free to choose at our convenience. We will choose this scale to be a Planck scale. With this choice, it follows from the Friedmann equation that the Hubble parameter is naturally measured in units of M.

Let us return to Eq. (3) and perform the following substitution: ϕ → M_{P l}ϕ, x^μ → M^{−1}x^μ. (5) Note that the space-time coordinates and the Hubble parameter H are made dimensionless with the same scale. The operator □ is also dimensionless in the new variables due to the relation □_x → M^2□_x. Thus the action (3) can be written in terms of the new dimensionless variables as:

S ≡ S_g + S_ϕ = ( M_{P l} M )_2 ∫ d^4x √ −g [ − R 2 + Q (□ϕ) ] . (6)

We will further use a different action:

S ≡ S_g + S_ϕ = ∫ d^4x √ −g [ − R 2 + Q (□ϕ) ] , (7)

because the overall factor (M_{P l}/M)^2 is irrelevant for the classical evolution. This form of action is useful for further numerical analysis, since everything is dimensionless. To recover physical values of the Hubble parameter, energy density etc. from our numerical results one has to perform a straightforward inverse procedure ε → M^2_{P l}M^2ε, H → MH, t → M^{−1}t, ... (8) where dots represent the rest of the physical parameters which are relevant for our model. In this paper we will work with the dimensionless variables defined in Eq. (5) and action (7) keeping the same notations for them as we had for dimensionfull variables. This will be assumed in every expression unless specified otherwise.

2.1. General formalism

The equation of motion for the system described by the action (7) can be obtained by the variation of S over ϕ: δS_ϕ δϕ ≡ Q^{′′}□^2ϕ + Q^{′′′} (∇_μ□ϕ) (∇^μ□ϕ) = 0, (9)

where (^′) means a derivative taken with respect to □ϕ. It is convenient to rewrite Eq. (9) in the following form:

□B = − [ln Q^{′′}(B)]^′ (∇_μB) (∇^μB) , □ϕ = B. (10) This form will be useful for the further analysis. The system (10) is hyperbolic for an arbitrary function Q(B), thus, the Cauchy problem is well posed. In particular, this means that the solutions obtained for the ideal homogeneous and isotropic Friedmann universe are stable with respect to high frequency cosmological perturbations^+.

The energy-momentum tensor corresponding to the action (7) is T^Q_{μν} ≡ 2 √ −g δS_ϕ δg^{μν} = g_{μν} [ Q^′□ϕ − Q + Q^{′′} (∇_λϕ) ( ∇^λ□ϕ )] − − Q^{′′} [(∇_μϕ) (∇_ν □ϕ) + (∇_ν ϕ) (∇_μ□ϕ)] , (11) It is worthwhile noting that the Energy-Momentum Tensor (EMT) does not have the structure of EMT of a perfect fluid.

2.2. Dynamics in the Friedmann Universe

As usual in inflationary cosmology, let us consider the cosmological evolution of the system for spatially flat Friedmann universe with the metric ds^2 = dt^2 − a^2(t)dx^2. (12) The system of the equations of motion (9) can be written for this background in the following normal form dḂ dt = − 3HḂ − [ln Q^{′′}(B)]^′ Ḃ^2, dB dt = Ḃ, (13) dϕ̇ dt = − 3Hϕ̇ + B, where H = ȧ/a. The first two equations integrate out to give Q^{′′}(B)Ḃ = const a^3(t)

→ 0. (14)

In particular case of Q(B) = B^2/2, the last expression yields that B converges to some constant value B_∗ which is not necessary equal to zero. It is precisely this

+ It is instructive to compare this situation with that for general "k-essence/ inflation” models where requirements of stability provide restrictions on the possible Lagrangians (see [7, 8]).

peculiar fact that leads to inflation in the model under consideration. In this case the energy-momentum tensor (11) has a late time asymptotic of a Λ term. Namely it is T_{μν} = g_{μν} B^2_∗ /2. One can expect that for a convex function Q(B) with the curvature Q^{′′} restricted from below the asymptotic behavior is similar. Below we will see that this guess is correct and will discuss the underlying reason for that.

Up to now the system under consideration is purely kinetic because neither equation of motion (9) nor the energy-momentum tensor (11) explicitly depend on ϕ. Thus, in the case of the spatially flat Friedmann universe, the only relevant dynamical variables are (ϕ̇, Ḃ, B). In order to complete the description of the cosmological dynamics of this system we need the Friedmann equation. As we have already mentioned the energymomentum tensor (11) does not have the algebraic structure of a perfect fluid one. Nevertheless in the homogeneous and isotropic case of the Friedmann universe the only non-vanishing components are diagonal and one can formally consider the energymomentum tensor as if it were of a perfect fluid. (Note, however,that the difference between these structures is important for the consideration of the more subtle questions like cosmological perturbations). Thus we can formally define the energy density ε and pressure p as:

ε ≡ T^0_0 = (Q^′B − Q) − Q^{′′}ϕ̇Ḃ, (15) p ≡ − 1 3 T^i_i = −(Q^′B − Q) − Q^{′′}ϕ̇Ḃ. Using these definitions we can write the Friedmann equation in the familiar form

H^2 = ε 3 = 1 3 [ Q^′(B)B − Q(B) − Q^{′′}(B)ϕ̇Ḃ ] . (16)

The equation of motion (13) and the Friedmann equation (16) yield the self consistent minimal set of equations which determines the cosmological evolution of the whole system – scalar field ϕ + Gravity represented by a(t). We will later refer to this case as the self-consistent case. The system is of the third order and the phase space is (ϕ̇, Ḃ, B). As it follows from the Friedmann equation (16) the energy density ε is restricted to be nonnegative. This provides the inequality (Q^′B − Q) ≥ Q^{′′}ϕ̇Ḃ which defines the region in the phase space (ϕ̇, Ḃ, B) where the cosmological evolution is allowed (see Fig. 1).

One can see from Eq. (15) that the contributions to the energy density and the pressure of a system can be divided into two parts: i) part (Q^′B − Q) which corresponds to the “cosmological-term” contribution since this term enters the expressions for ε and p with different signs; ii) part −Q^{′′}ϕ̇Ḃ corresponding to “ultra-hard” contribution. Note, that the “cosmological-term” part depends only on B while “ultra-hard” part depends on B, ϕ̇ and Ḃ. The presence of the cosmological-term-like part in the expressions for ε and p is a peculiar characteristic of the Lagrangian Q(□ϕ). In order to obtain a positive “cosmological-term” contribution to the energy density we should take only such functions into consideration for which (Q^′B − Q) ≥ 0. The last inequality is always true for convex functions Q(B). In this case the effective equation of state w ≡ p/ε is restricted to be less than one. It is worthwhile noting that in the quarters of the phase space where ϕ̇Ḃ ≥ 0 the system is in phantom [13] regime: w ≤ −1.

PSfrag replacements

Figure 1. Here we plot a spherical region around the origin of the phase space (ϕ̇, Ḃ, B). The colored volume represents the region where energy density ε is negative. The surface of this volume which does not belong to the surface of the depicted sphere is the surface of zero energy density ε = 0. Note that this forbidden regions are in the quarters of the (ϕ̇, Ḃ) plane where the ϕ̇Ḃ ≥ 0 and consequently w ≤ −1. The red curves represent the two fixed lines given by Eq. (17).

The system of equations (13) where the Hubble parameter is expressed through the dynamical variables (ϕ̇, Ḃ, B) via the Friedmann equation, possesses two kinds of fixed points. Namely a trivial one: (ϕ̇, Ḃ, B) = (0, 0, 0) which is of no interest for our purposes and a nontrivial set of fixed points which form the two curves given by the equations Ḃ = 0, B = B_∗, ϕ̇_∗ = B^∗ 3H(B_∗) = B_∗ √ 3(Q^′(B_∗)B_∗ − Q(B_∗))

. (17)

Note that at each of these fixed points except B_∗ = 0 the system is in the exact de Sitter inflationary regime. Further we will always assume that B_∗ ≠ 0.

Let us now investigate the character of these fixed points. First we linearize the system (13) around a given fixed point corresponding to a particular B_∗. The linearized system is dḂ dt = − 3H_∗Ḃ, dδB dt = Ḃ, (18)

PSfrag replacements

Figure 2. The evolution of the dimensionless parameters ϕ and B is plotted versus dimensionless time t. Function Q(B) is chosen to be B^2/2. The initial values are ϕ̇ = 0.1, B = 0.1, Ḃ = −0.025

dδϕ̇ dt = − 3H_∗δϕ̇ + [1 − 3H_∗γ] δB + γḂ, where we have defined γ = Q^{′′}(B_∗)ϕ̇^2_∗ 2H_∗ , (19)

and used δḂ = Ḃ. One can find the eigenvalues corresponding to the matrix of the linearized system:

λ_1 = 0, λ_{2,3} = −3H_∗. (20)

Because of the vanishing λ_1 the Lyapunov theorem is not applicable to the problem and we have to investigate the stability of the system in another way. Despite the failure of the linear analysis to prove the stability it is interesting to find a solution of the linearized problem. The first two equations of the system (18) do not depend on the δϕ̇ and one can integrate them separately. The solutions are Ḃ = Ḃ_0 exp (−3H_∗t),

δB = δB_0 +

Ḃ_0 3H_∗ [1 − exp (−3H_∗t)] , (21)

PSfrag replacements

Figure 3. The evolution of the energy density ε, pressure p and the equation of state w = p/ε is shown on this plot. Function Q(B) is chosen to be B^2/2. The initial values are ϕ̇ = 0.1, B = 0.1, Ḃ = −0.025. The system quickly evolves into a nearly de Sitter regime.

where Ḃ_0, δB_0 = B_0 − B_∗ are initial values for the linearized problem. From these solutions it is clear that the stability in the usual sense cannot be established because the system is degenerate and the fixed points form a curve. Thus one can expect that after a small deviation from a given fixed point B_∗ the system does not return to the same point B_∗ but rather to a new point B_{∗∗}. The natural question which arises is whether the new point B_{∗∗} is close to the original one. In fact from Eq. (21) we obtain the late time asymptotic

B_{∗∗} = B_0 +

Ḃ_0 3H_∗ . (22)

Therefore δB_∗ = B_{∗∗} − B_∗ = δB_0 + Ḃ_0/3H_∗ and for Ḃ_0/3H_∗ ≪ 1 this deviation is approximately equal to the initial deviation: δB_∗ ≃ δB_0. However, as one can directly prove the linearized solution for δϕ̇ does not converge to the fixed point δϕ̇ = 0, if the point of linearization B_∗ does not coincide with late time asymptotic B_{∗∗}. But if we linearize the system around the value of the late time asymptotic B_0 + Ḃ_0/3H_∗, then the solution for δϕ̇ is δϕ̇ = [ δϕ̇_0 + tḂ_0(2γ − 3H_∗) ] exp (−3H_∗t). (23)

Thus we prove that in the linear approximation the solutions converge to the curves formed by the fixed points (17). The validity of the linearized solutions can be numerically confirmed for the appropriately chosen initial data. The numerical calculation reveals the following picture. The generic evolution for ϕ, ϕ̇, B and Ḃ is shown in Fig. 2. One can see from Fig. 3 that, indeed, the asymptotic solution is inflationary. The initial conditions which lead to this sort of behavior are rather general. The system reaches the inflationary regime relatively quickly (see Fig. 4) and will stay there forever if nothing else is added to the action (3). Of course, in the real world there has to be a mechanism to exit from this inflationary regime. This will modify the evolution shown in Figs. 2 and 3. We will propose a natural modification and discuss

PSfrag replacements

Figure 4. Here we plot the equation of state w versus number of e-folds N for various initial data. The function Q(B) is chosen to be^1_2 B^2. The initial date are: for the red curve: ϕ̇ = 0.1, B = 0.08, Ḃ = −0.05, for the black curve: ϕ̇ = 2, B = 0.05, Ḃ = −0.05 for the blue one: ϕ̇ = 0.03, B = 0.5, Ḃ = 1. The equation of state w evolves to the nearly de Sitter value w = −1 within approximately one e-fold.

the details of the graceful exit in the next section, while below we will complete the study of the system described by (3).

2.3. The Behavior of (ε, p) Trajectories

In order to develop intuition it is useful to consider the trajectories of the system in (ε, p) plot. A state of the system is not uniquely described by a point in the (ε, p) plot. As we have already mentioned, to solve the full system of the equations (Friedmann equation (16) and equation of motion (13) one has to specify the following initial conditions: ϕ̇_0, B_0 and Ḃ_0. In fact, we can replace these initial conditions by specifying the initial energy density ε_0, the initial pressure p_0 and the initial angle of the (ε, p) – trajectory: tan θ = dp/dε = ṗ/ε̇. It is worthwhile noting that if our system had a perfect fluid like EMT, then the introduced angle θ would be closely connected to the adiabatic speed of sound: tan θ = c^2_s . From the stability requirements it would follow tan θ ≥ 0. Our system is free from this restriction due to the hyperbolicity of the system (10). Using the equation of motion (13) we can rewrite the formula for the initial angle in the following form

tan θ = 1 − B 3Hϕ̇ . (24)

Note that the Eq. (24) along with the continuity equation

ε̇ = −3H(ε + p), (25)

uniquely define the angle θ. One can easily check that (ϕ̇, Ḃ, B) → (ε, p, θ) is one-to-one correspondence for all finite initial values except when ϕ̇_0 = 0.

PSfrag replacements

Figure 5. Here we plot the (ε, p)-trajectories originating from a point where the universe is decelerating. The blue region cannot be reached by the system.

Figure 5 represents trajectories starting with different initial angles θ_0 at the same point (ε_0, p_0) which is located in the region (p_0 > −ε_0/3), where the universe is decelerating. Let us analyze the behavior of the trajectories. First we notice that in virtue of the continuity equation (25) a trajectory can be vertical only at the point of the crossing of the ”phantom divide" p = −ε ∗. Namely, by the crossing from the nonphantom side we have θ = 3π/2, and by the crossing from the phantom side θ = π/2. If the system has a de Sitter solution as a late time asymptotic, then θ = 0 by approaching from the phantom side and θ = π otherwise, as it follows from Eq. (17). On the other hand from Eq. (24) we find that tan θ = 1 can be achieved with finite values of the dynamical variables only if B = 0. While from the definition (15) of the energy density we have p = ε in this case. Thus the line p = ε corresponding to the ultra-hard equation of state is the only possible place in the (ε, p) plot where tan θ can be equal to one along with the values (ϕ̇, B, Ḃ) being finite. Therefore all trajectories reaching the ultrahard line p = ε at ε ≠ 0 have the ultra-hard line as a tangent line at this point. It is clear that the trajectories have the angle 5/4π when touching the ultra-hard line. If a trajectory touches this line away from the origin (ε, p) = (0, 0) then Ḃϕ̇ ≠ 0 and

∗ The possibility of a transition through the phantom divide was discussed e.g. in Refs. [14, 11, 10]

the only possibility for a further evolution is to reflect in the direction of the smaller ε. Immediately after the reflection the trajectory can only increase its angle. The angle is now bounded from below with θ = 5/4π and bounded from above by θ = 3/2π. Thus, moving downwards the trajectory increases its angle and inevitably crosses the phantom divide. If we take into account that the angle θ must be a continuous function, we find that all trajectories which cross the phantom divide and which have the initial angle θ < π must reflect from the ultra-hard line. Another possibility to have tan θ = 1 corresponds to infinite values of Ḃ and ϕ̇. This is a limiting case which is shown by the green line in Fig. (5). For the trajectories with the initial angles large than θ = 5/4π the angles are bounded from below and from above and the trajectories are evolving downwards. Thus, they must cross the phantom divide in any case. Considering a limit of the trajectories which touch the ultra-hard line we find that there must exist a critical trajectory which goes to the (ε, p) = (0, 0). For a further consideration of it is convenient to introduce the critical angle θ_{cr} = θ_{cr}(ε_0, p_0) which corresponds to the critical trajectory having the late time asymptotic: ε → 0, p → 0 as t → ∞. This critical trajectory is shown in red in Fig. 5. Then all the trajectories can be divided into three subclasses.

The first subclass contains trajectories with the initial angles π/2 < θ < θ_{cr}. The properties of these trajectories are the following: they go upwards, (if p_0 < 0 intersect the axis p = 0 at some point), then reflect from the line p = ε at the angle 5π/4. After that they again intersect the axis p = 0 and go to the phantom regime crossing p = −ε at the angle 3π/2. Finally, these trajectories approach the de Sitter regime p = −ε.

The second subclass contains trajectories with the initial angle θ_{cr} < θ < 5π/4. In this case trajectories go directly to p = −ε, approaching this line as t → ∞ but never crossing it. This happens because these trajectories are moving downward towards the phantom divide with the angle bounded from above by 5/4π. A trajectory cannot have this limiting angle because it evolves away from the ultra-hard line and in that case the 5/4π angle corresponds to an infinite ϕ̇ or Ḃ.

And, finally, the third subclass contains the trajectories with the initial angle 5π/4 < θ < 3π/2. These curves intersect p = −ε at the angle 3π/2 going to the phantom regime and then approach the inflationary regime p = −ε.

Figure 6 shows trajectories which begin in the phantom regime (ε_0 + p_0 < 0) with different initial angles θ_0. In this case the analysis is analogous to the previous case. The whole set of trajectories also can be divided into three subclasses as in the case of the “ordinary” initial conditions ( p_0 > −ε_0/3). The critical angle θ_{cr} is also defined as the initial angle of the trajectory which approaches ε = 0, p = 0 as t → ∞. The critical trajectory is shown in red in the Fig. 6. The first subclass consists of trajectories with initial angles θ_{cr} < θ < π/2. In this case trajectories intersect p = −ε at the angle π/2. Then one arrives to the situation which was described by the first subclass in (ε_0 + p_0 > 0) case. The second subclass is the trajectories, which start with the angles π/4 < θ < θ_{cr}. The trajectories intersect the line p = −ε and then one starts from the conditions described in the second subclass of (ε_0 + p_0 > 0) case. The third subclass

PSfrag replacements

Figure 6. Here we plot the (ε, p)-trajectories originating from a point where the universe undergoes a super-acceleration stage. The blue region cannot be reached by the system.

is the set of trajectories with the initial angles −π/2 < θ < π/4. These are the curves which directly start to approach the inflationary regime p = −ε.

By the analysis performed in this subsection we confirm our result that the system generically approaches the de Sitter regime p_∗ = −ε_∗. The only exceptions are the critical trajectories (shown in red), in this case ε_∗ = 0. However as we have shown for each point (ε_0, p_0) there is only one solution corresponding to the critical curve. Thus the solutions which do not lead to the late time de Sitter regime have a zero measure.

2.4. Stability of the system

It is well known (see, for example, recent papers [15]) that higher derivative theories possess ghost (or phantom). The presence of a ghost degree of freedom in a dynamical system leads usually to various concerns about classical and quantum stability of such a system [16]. While the detailed investigation of the relevancy of all these problems regarding our model is under way [12] we would like, perhaps, to make a few comments on these issues below.

First of all, let us briefly discuss the classical stability of the model. In the above analysis we have studied the dynamics governed by the homogeneous equations of motion only. It was shown that the solutions of these equations are stable with respect to the perturbations in the initial conditions. However, showing that solution of the homogeneous equations is stable is not enough for cosmological applications. Even disregarding the perturbations of the metric, one has to worry about the classical stability of this solution of the partial differential equations in 3 + 1 space-time. Regarding this issue we can note that the equations in our model are hyperbolic. Therefore the Cauchy problem is well posed. This means that the dependence of the solutions on the initial conditions is continuous and exponential instabilities are excluded. Thus, possible classical instabilities, if any, are not as dramatic as it is for systems which may flip from hyperbolic type to elliptic type in the course of the dynamical evolution. If one includes the perturbations of the metric, the problem becomes even more involved and the further analysis is needed.

Finally, one may also worry about quantum instability due to the one graviton exchange between the ghost degree of freedom and the Standard Model particles. While during inflation the argument from [16] is not applicable, after the exit the residual ghost may pose such problem. There is no doubt, that weakly coupled ghost degree of freedom leads to the vacuum instability. However, if the ghost couples strongly to a regular scalar field in a particular way, which is the case in our model, the argument based on the evaluation of the creation rate of Standard Model particles out of vacuum is not reliable anymore. This issue certainly deserves further investigation.

3. Exit Mechanism

Every realistic inflationary scenario needs to have a natural exit mechanism. In this part we will modify our model in order to have an exit from the inflationary regime. Let us return to the action (3) and add a first–order derivative term. It can be, for example, the first term from the Lagrangian (1). Thus we shall consider the following action for the scalar field: S = ∫ d^4x √ −g [ K ( ϕ M_{P l} ) (∇_μϕ)^2 2 + M^2M^2_{P l} Q ( □ϕ M^2M_{P l} )] . (26)

This choice has been widely discussed as an effective approach in string theory [17] and its simplicity facilitates further analysis. In a cosmological context such a term was considered in [7, 8].

To simplify the analysis of the system we again use the dimensionless variables defined according to (5). The overall factor (M_{P l}/M)^2 is irrelevant for the classical analysis and we can use the following action instead: S = ∫ d^4x √ −g [K(ϕ)X + Q(□ϕ)] , (27) where X depends on the dimensionless quantities x^μ and ϕ as usual X =^1_2 (∇_μϕ)^2.

The implementation of the exit from the inflationary regime is based on the following idea. We assume that there are two regions of ϕ: one is a Q-dominated region, where |K(ϕ)| ≪ 1, so that the first term in (27) does not influence the dynamics; and another is the region where the term K(ϕ)X influences the dynamics significantly in such a way that the system exits from the inflationary regime. We will call this region the K + Q-region. Starting from Q-region, the system will enter the inflationary regime in a way very similar to that discussed in the previous section. Then during inflation the value of ϕ is changing as ϕ(t) = ϕ_0 + ϕ̇_∗t (where |ϕ̇_∗| ≠ 0 according to Eq. (17)), and the system may come eventually to the K + Q-region. For example, if K(ϕ) → 0 for ϕ → −∞ and K(ϕ) → ∞ for ϕ → +∞, then starting from inflation in the region of large negative ϕ with ϕ̇_∗ > 0, our system will eventually come to the K + Q-region, where we expect the system to exit from the inflation. During the evolution, the contribution to the action which comes from the K-term grows during the inflationary regime whereas the contribution from the Q-term remains almost the same. Therefore we can roughly estimate the time when inflation ends: ϕ̇^2_∗|K(ϕ_e)| ≃ Q(B_∗) where ϕ_e = ϕ_0 + ϕ̇_∗t_e. The number of e-foldings during the inflationary regime is given by N ≃ H_∗ |ϕ_0 − ϕ_e| |ϕ̇_∗| . (28)

Below we will find the necessary conditions on the function K(ϕ) in order to have an exit from the inflationary regime, and will show that a large class of functions K(ϕ) has the desired properties.

The energy density and the pressure coming from the additional term in the action K(ϕ)X give the following contribution to the energy density and the pressure of Q-part of Lagrangian (Eq. (15)):

ε_1 = p_1 = K(ϕ)X, (29)

where subscript^{′′}1^{′′} reflects the fact that the term under consideration contains no higher order derivatives. The equations of motion (10) become

□B = − [ln Q^{′′}(B)]^′ (∇_μB)^2 + (Q^{′′}(B))^{−1} [ K(ϕ)B + 1 2 K^′(ϕ) (∇_μϕ)^2 ] , □ϕ = B. (30) For simplicity we assume Q(B) = B^2/2 in the further analysis, since there is no qualitative difference between this choice and other convex functions Q(B). The equation of motion (30) simplifies to □B = K(ϕ)B + 1 2 K^′(ϕ) (∇_μϕ)^2 , □ϕ = B. (31) These equations of motion have the structure similar to the usual Klein-Gordon equation. In particular the first term on the right hand side plays the role of a mass term for the field B. Using this analogy we come to the conclusion that in order to avoid a tachyonic instability we have to assume that K(ϕ) < 0. For the Friedmann universe the system of equations (31) takes the following form B̈ + 3HḂ = −m^2(ϕ)B − m(ϕ)m^′(ϕ)ϕ̇^2, (32) ϕ̈ + 3Hϕ̇ = B, (33)

where we have introduced the effective mass m^2(ϕ) ≡ −K(ϕ). When the r.h.s. of Eq. (32) becomes large enough then inflation ends. The value of ϕ where the evolution changes significantly can be estimated by a comparison of the friction term in (32) and the “mass term”, m^2(ϕ)B. When H ∼ m(ϕ) (34) the field B becomes massive and starts to oscillate and, thus, inflation ends. This is in fact quite similar to the exit from inflation in “standard” potential induced scenarios.

While the behavior of the system in the transition regime between the boxdominating phase and the oscillating phase is difficult to study analytically, it is possible to describe the system in the asymptotic oscillating regime. Our further analysis is based on the book [18] chapter 4. Introducing the rescaled fields u ≡ aB, v = aϕ and the conformal time η = ∫ dt/a, we can rewrite the system (32),(33) in the following form: u^{′′} + ( m^2a^2 − a^{′′} a ) u = − v^2 a m dm dϕ , v^{′′} − a^{′′} a v = u, (35) where the prime denotes the derivative with respect to η. The term on the right hand side in the first of these equations rapidly decays in the expanding Friedmann universe. Following the book [18] we find that if |a^{′′}/a^3| ∼ H^2 ≫ m^2 the first term in the brackets can be neglected as well and the approximate solution corresponds to the frozen field B = B_∗. This is exactly the inflationary solution obtained in the previous section. In our problem the effective mass m(ϕ) is growing with time, whereas the Hubble constant changes only slightly. As the mass becomes larger than the Hubble parameter H ∼ H_∗ we can neglect the second term inside the brackets in Eq. (35). The WKB solution of the simplified equation written in terms of B is then B ∝ a^{−3/2} 1 √ m(ϕ) sin [∫ m(ϕ)dt ] . (36)

This solution is valid in the case of a slowly varying mass m(ϕ(t)), i.e. if (ma)^′_η m^2a^2

≪ 1. (37) Going back from the conformal time units to a cosmic time the above inequality becomes ṁ m^2 + H m ≪ 1. (38)

Since H ≪ m already, the first term in (38) is also much less then one. From the equation (32) it follows that

ϕ̇ = 1

a^3 ∫ dtBa^3 ∝ −a^{−3/2}m^{−3/2}(ϕ) cos [∫ m(ϕ)dt ] . (39)

Estimating the energy density we obtain ε ∝ B^2 2 − Ḃϕ̇ − m^2ϕ̇^2 2 ∝ 1 a^3

. (40)

The neglected next-to-leading terms we have neglected are of the order of H(t)a^{−3}(t) and are oscillating. Since H(t) is a decreasing function of time and we average over fast oscillations these terms, indeed, quickly become subdominant. One can also estimate that the pressure behaves as

p ∝ −a^{−3} cos [ 2 ∫ m(ϕ)dt ] . (41)

After averaging over fast oscillations one obtains that ⟨p⟩ = 0. Thus our system has a dust-like behavior after the inflation is over.

Now we are ready to formulate the conditions for K(ϕ) in order to obtain the exit from inflation using the action (27):i) K(ϕ) < 0; ii) there should exist the region of ϕ where |K(ϕ)| ≪ 1; iii) Eq. (34) must have a solution at some ϕ_e, where the value of H is taken as it were in the inflationary regime. The last condition means, in particular, that for a function K(ϕ) bounded below, the presence of the exit in the model depends on the value of B (and consequently on the value of H_{inf} ) during the inflation. Below we study numerically two examples of the function K(ϕ) to illustrate some generalities of the proposed exit mechanism ♯.

The exit from the inflation which we have constructed still has to be complemented by a reheating mechanism, which would produce radiation after the end of inflation. Since the residue component has a dust-like behavior after inflation ends, the mechanism which converts its energy into radiation is the same as in the standard inflationary scenarios: we need to couple the oscillating field (in our case it can be B instead of the inflaton field) to some scalar fields χ through, for instance, an interaction term Bχ^2/Λ where B and χ have dimension three and one respectively, and Λ can be a Planck or a somewhat lower scale. Such an interacting term would lead to an energy density transfer from the massive “field” B to the radiation-like particles via, for example, the narrow (or broad) parametric resonance. We will discuss the details in the forthcoming paper [12].

3.1. Numerical examples

First we consider the case

K(ϕ) = −e^ϕ. (42)

We shall see below that the exit from the inflationary regime in this case is sharp in comparison with the next example. This may be important for generation of the curvature fluctuations. This will, however, be discussed in [12].

For the choice (42) the inflationary regime starts for large negative ϕ. There are two possible sets of initial conditions: ϕ̇_∗ < 0 and ϕ̇_∗ > 0. If ϕ̇_∗ > 0 then ϕ grows

♯ It is worthwhile noting that the discussed exit mechanism reveals some similarities with Ref. [19]

PSfrag replacements

Figure 7. Dynamics for the system K(ϕ) = − exp ϕ, Q = B^2/2. Initial values were ϕ = −20, ϕ̇ = ϕ̇_∗ = √ 2/3, B = 10, Ḃ = 0.

as ϕ = ϕ_0 + ϕ̇_∗t in the inflationary regime and the term −X e^ϕ becomes more and more important and eventually drives the system into a state where the parameter w oscillates as shown in Figs. 7 and 8. The time average of these oscillations is w ≃ 0, i.e. the system after the exit has a dust-like equation of state. The behavior of the system for t → ∞ can be described by Eqs. (32) and (33) with m ≃ e^{ϕe/2}, where ϕ_e can be roughly estimated using Eq. (34). The energy and pressure are given by Eqs. (40) and (41). In the case of ϕ̇_∗ < 0 there is no exit from the inflationary regime for the chosen function K(ϕ).

As the second example, we take K(ϕ) = − 1 ϕ^2 + α^2

, (43)

where α is some constant. There are several differences in the dynamics in comparison with the previous example. First of all, for the choice (43) the inflationary regime is recovered for ϕ → +∞ as well as for ϕ → −∞. Another difference is that the exit in this example does not necessarily happen, because for sufficiently large B_∗ the first term in (27) is not “strong” enough to drive the system out of inflation. The maximum value of B_∗ that still allows an exit can be estimated using Eq. (34), B^{max}_∗ ∼ α^{−1}. The evolution of a system for B_∗ < B^{max}_∗ is shown in Figs. 9 and 10. In addition the exit from inflationary stage in this case is milder than in the previous example. This is because the function (43) is more widely spread than the function (42). Asymptotically

PSfrag replacements

Figure 8. Energy density, pressure and equation of state for the system K(ϕ) = − exp ϕ, Q = B^2/2. Initial values were ϕ = −20, ϕ̇ = ϕ̇_∗ = √ 2/3, B = 10, Ḃ = 0.

we have ϕ_e → 0 as t → ∞, so the system arrives to the solution (36) with m ≃ 1/α.

4. Summary

In this work we have introduced a new inflationary scenario where inflation is driven by a scalar field without a potential. We have shown that a very simple Lagrangian, which

PSfrag replacements

Figure 9. Dynamics of the system with K(ϕ) = −(ϕ^2 + 0.5)^{−1}, Q = B^2/2. Initial values are ϕ = −100, ϕ̇ = ϕ̇_∗ = √ 2/3, B = 1, Ḃ = 0

is a function of the second derivatives only, naturally yields an inflationary solution. The initial conditions which lead to inflation are generic. The inflationary solution is manifestly stable with respect to the cosmological perturbations.

We have proposed a mechanism of the graceful exit from the inflationary regime into a dust-like state with w ≃ 0. In order to generate radiation, the usual mechanism of reheating similar to that in the “standard” inflationary models can be applied to our model. The detailed analysis of reheating, cosmological perturbations and observational consequences will be given elsewhere [12].

Acknowledgements

We are grateful to Viatcheslav Mukhanov for many illuminating discussions. We also thank Sergei Winitzki for a number of valuable comments on the manuscript. The work of E.B. was supported by the Deutsche Forschungsgemeinschaft within the Emmy Noether program and the Russian Foundation for Basic Research, grant 04-02-16757-a.

B-Inflation 21

PSfrag replacements

Figure 10. Energy density, pressure and equation of state for the system K(ϕ) = −(ϕ^2 + 0.5)^{−1}, Q = B^2/2. Initial values are ϕ = −100, ϕ̇ = ϕ̇_∗ = √ 2/3, B = 1, Ḃ = 0

References

[1] A. D. Linde, “A New Inflationary Universe Scenario: A Possible Solution Of The Horizon, Flatness, Homogeneity, Isotropy And Primordial Monopole Problems”, Phys.Lett. B108 (1982) 389 [2] A. Linde, “Hybrid Inflation”, Phys.Rev.D49 (1994) 748; K. Freese, J. A. Frieman, A. Olinto, “Natural Inflation With Pseudo - Nambu-Goldstone Bosons”, Phys.Rev.Lett.65:(1990) 3233; F. Lucchin, S. Matarrese, “Power Law Inflation”, Phys.Rev.D32 (1985) 1316; L. Randall, M. Soljacic, A. H. Guth, “Supernatural Inflation: Inflation From Supersymmetry With No (Very)

B-Inflation 22

Small Parameters”, Nucl.Phys. B472 (1996) 377; P. Binetruy, G.R. Dvali,“D Term Inflation”, Phys.Lett. B388 (1996) 241;

[3] WMAP Collaboration (D.N. Spergel et al.), Astrophys.J.Suppl. 148:175 (2003); G. Hinshaw et al., Astrophys.J.Suppl.148:135 (2003); Astrophys.J.Suppl.148:233 (2003); H.V. Peiris et al., Astrophys. J.Suppl.148:213 (2003) [4] E. Komatsu et al., Astrophys.J.Suppl.148:119-134,2003 [5] B. Allen, J. D. Romano, “Detecting A Stochastic Background Of Gravitational Radiation: Signal Processing Strategies And Sensitivities”, Phys.Rev. D59:102001 (1999) [6] L. Knox, Y.-S. Song, “A Limit On The Detectability Of The Energy Scale Of Inflation”, Phys.Rev.Lett. 89:011303 (2002); M. Kesden, A. Cooray, M. Kamionkowski, “Separation of Gravitational-Wave and Cosmic-Shear Contributions to Cosmic Microwave Background Polarization”, Phys. Rev. Lett. 89:011304 (2002), [Preprint astro-ph/0202434]; K. Sigurdson, A. Cooray, ”Cosmic 21-cm Delensing of Microwave Background Polarization and the Minimum Detectable Energy Scale of Inflation”, astro-ph/0502549.

[7] C. Armendariz-Picon, T. Damour and V. Mukhanov, “k -Inflation”, Phys.Lett. B 458, 209 (1999); [8] C. Armendariz-Picon, V. Mukhanov and P. J. Steinhardt, “Essentials Of K-Essence” Phys.Rev.

D 63, 103510 (2001) [Preprint astro-ph/0006373]; C. Armendariz-Picon, V. Mukhanov and P. J. Steinhardt, “A Dynamical Solution to the Problem of a Small Cosmological Constant and Late-time Cosmic Acceleration”, Phys.Rev.Lett. 85 (2000) 4438J; Garriga, V. F. Mukhanov, “Perturbations in k-inflation” Phys.Lett.B 458, 219 (1999), [Preprint hep-th/9904176]; T. Chiba, T. Okabe and M. Yamaguchi, “Kinetically Driven Quintessence”, Phys. Rev. D62, 023511 (2000), [Preprint astro-ph/9912463] [9] N. Arkani-Hamed, Hsin-Chia Cheng, M. A. Luty, S. Mukohyama, ”Ghost Condensation And A Consistent Infrared Modification Of Gravity”, JHEP 0405:074 (2004) [Preprint hep-th/0312099]; S. Mukohyama, “ Black Holes In The Ghost Condensate”, Preprint hep-th/0502189; A. Anisimov and A.Vikman, "Classical Stability Of The Ghost Condensate", [Preprint hep-ph/0411089] [10] Ming-zhe Li, Bo Feng, Xin-min Zhang, “A Single Scalar Field Model of Dark Energy With Equation of State Crossing -1.” Preprint hep-ph/0503268.

[11] Dark Energy Constraints From The Cosmic Age And Supernova. Bo Feng, Xiu-Lian Wang, Xin- Min Zhang, Phys.Lett.B607:35-41,(2005), [Preprint astro-ph/0404224] [12] A. Anisimov, E. Babichev, A.Vikman, S. Winizki in preparation [13] R.R. Caldwell, “A Phantom Menace?”, Phys.Lett. B545 (2002) 23, [Preprint astro-ph/9908168];

R.R. Caldwell, ”Phantom Energy And Cosmic Doomsday”, Phys.Rev.Lett. 91 (2003) 071301, [Preprint astro-ph/0302506].

[14] Ujjaini Alam, Varun Sahni, Tarun Deep Saini, A. A. Starobinsky, “ Is There Supernova Evidence For Dark Energy Metamorphosis?”, Mon.Not.Roy.Astron.Soc. 354 (2004) 275,[Preprint astro-ph/0311364]; Ujjaini Alam, Varun Sahni, A. A. Starobinsky, “The Case For Dynamical Dark Energy Revisited” JCAP 0406 (2004) 008,[Preprint astro-ph/0403687]; A. Vikman, "Can Dark Energy Evolve To The Phantom?", Phys.Rev. D71:023515 (2005) [arXiv:astro-ph/0407107]; Robert R. Caldwell, Michael Doran, [Preprint astro-ph/0501104]; Wayne Hu, “Crossing The Phantom Divide: Dark Eenergy Internal Degrees Of Freedom”, Phys.Rev.D71:047301 (2005), [Preprint astro-ph/0410680]; Hao Wei, Rong-Gen Cai, Ding- Fang Zeng, Preprint hep-th/0501160; S. Nojiri, S. Odintsov, Phys.Lett. B562 (2003) 147- 152, [Preprint hep-th/0303117]; S. Nojiri, S. Odintsov, Phys.Rev. D70 (2004) 103522, [Preprint hep-th/0408170]; S. Nojiri, S. Odintsov, S. Tsujikawa, Phys.Rev. D71 (2005) 063004, [Preprint hep-th/0501025]; S. Nojiri, S. Odintsov, M. Sasaki, hep-th/0504052; E. Babichev, V. Dokuchaev, Yu. Eroshenko, Class.Quant.Grav.22:143-154,(2005) [Preprint astro-ph/0407190]; A. A. Andrianov, F. Cannata, A. Y. Kamenshchik, gr-qc/0505087;

[15] C. Deffayet, Jan-Willem Rombouts, “Ghosts, Strong Coupling and Accidental Symmetries in Massive Gravity”, gr-qc/0505134; P. Creminelli, A. Nicolis, M. Papucci, E. Trincherini, “Ghosts in Massive Gravity”, hep-th/0505147; T. Chiba, “Generalized Gravity and a Ghost”,

B-Inflation 23

gr-qc/0502070; A.A. Slavnov, “Hierarchy of massive gauge fields”, hep-th/0505195; A.V. Smilga, “Ghost-free higher-derivative theory”, hep-th/0503213;

[16] J. M. Cline, S. Y. Jeon and G. D. Moore, “The phantom menaced: Constrains on low-energy effective ghosts”, Phys. Rev. D70, 043543 (2004), [Preprint hep-th/0311312]; S. M. Carroll, M. Hoffman and M. Trodden, "Can the dark energy equation-of-state parameter w be less than -1?", Phys. Rev. D 68 023509 (2003), [Preprint astro-ph/0301273].

[17] E. Witten, “Strong Coupling Expansion Of Calabi-Yau Compactification”, Nucl.Phys. B471 (1996) 135; A. Lukas, B. A. Ovrut and D. Waldram, “On the Four-Dimensional Effective Action of Strongly Coupled Heterotic String Theory”, Nucl.Phys. B532 (1998) 43; A. Lukas, B. A. Ovrut, K. S. Stelle and D. Waldram, “The Universe as a Domain Wall”, Phys.Rev. D59 (1999) 086001.

[18] Viatcheslav Mukhanov, Physical Foundations of Cosmology, Cambridge University Press (2005), to appear.

[19] Yun-Song Piao, Yuan-Zhong Zhang, Phys.Rev. D70 (2004) 063513, [Preprint astro-ph/0401231];

Yun-Song Piao, E Zhou, Phys.Rev. D68 (2003) 083515, [Preprint hep-th/0308080];