arXiv:astro-ph/0504576 v2 14 Nov 2005

Stability properties of some perfect fluid cosmological models

Vittorio Gorini^{1,2}, Alexander Kamenshchik^{1,3,4}, Ugo Moschella^{1,2}, Vincent Pasquier^5, Alexei Starobinsky^4

1Dipartimento di Scienze Fisiche e Mathematiche, Università dell’Insubria, Via Valleggio 11, 22100 Como, Italy 2INFN,sez. di Milano, Via Celoria 16, 20133 Milano, Italy 3Dipartimento di Fisica, Università di Bologna and INFN, via Irnerio 46, 40126 Bologna, Italy 4L.D. Landau Institute for Theoretical Physics, Russian Academy of Sciences, Kosygin str. 2, 119334 Moscow, Russia 5Service de Physique Théorique, C.E. Saclay, 91191 Gif-sur-Yvette, France

Abstract

Flat FRW perfect fluid cosmologies can be reproduced as particular solutions of suitable field theoretical models. Here we investigate the stability of perfect fluid model trajectories with respect to sets of trajectories of the corresponding field models having generic initial conditions. It is shown that the trajectories of barotropic perfect fluid models and those of the Chaplygin gas model are stable. The total probability to reach the Chaplygin gas regime early enough to achieve a matter dominated stage having a realistic duration is calculated for a scalar field model assuming a natural measure in the space of initial conditions taken near a cosmological singularity. An example is presented of a two-fluid cosmological model where the stability is partially absent.

1 Introduction

The discovery of the phenomenon of cosmic acceleration [1, 2] has stimulated an intense activity directed to the construction of new cosmological models based on different microscopical models of dark energy producing this acceleration, in particular, those unifying dark matter and dark energy (see, e.g., the reviews [3, 4, 5]).

It is well-known that for isotropic flat Friedmann-Robertson-Walker (FRW) cosmological models, for a given dependence of the cosmological scale factor a(t) on time t, it is always possible to construct a potential U (ϕ) for a minimally coupled scalar field ϕ which reproduces this cosmological evolution exactly (see, e.g., [6, 7]). A similar statement holds also for tachyon matter (for a detailed analysis and examples see [8]). If one has an exact solution arising in a FRW universe filled with a perfect fluid, one can always implicitly (and often explicitly as well) find a scalar field or tachyon model which reproduces this evolution provided suitable initial conditions are imposed [6, 8]. However, it is necessary to emphasize that the correspondence between perfect fluid, scalar field and tachyon cosmological models has a very limited character and amounts precisely to the existence of identical solutions obtained thanks to a special choice of initial conditions. If one moves away from these conditions, the dynamics of a scalar field FRW model can be very different from that of a corresponding perfect fluid model or of a model with tachyon matter.

In spite of the existence of a vast variety of scalar field, tachyon [9, 10, 11, 12, 13, 14, 8], k-essence [15] and other field-theoretical cosmological models, models based on perfect fluids still retain their own attractive features due to their simplicity and a smaller number of parameters.

Consider, for example, the Chaplygin gas cosmological model introduced in [16] and further developed in [17, 18, 19, 20]. This model is the simplest one unifying dark matter and dark energy in a FRW background. It is based on the equation of state p = − A ρ , (1)

where A is a positive constant. In what follows, we shall consider only the Chaplygin gas cosmological model with ρ ≥ √ A which is equivalent to the energy dominance requirement that |p| ≤ ρ. The Chaplygin gas with ρ < √ A was considered elsewhere [21, 22]. (While this latter case is obviously not apt to the unification of dark energy and dark matter, it could be useful in the context of phantom cosmology [22]).

It was shown in [16] that the Chaplygin gas cosmological dynamics can be reproduced using the scalar field model with the standard kinetic term^1_2 ϕ_{,μ}ϕ^{,μ} and the potential

U (ϕ) = 1 2 √ A ( cosh 3ϕ + 1 cosh 3ϕ ) (2) (throughout the paper, we use the Landau-Lifshitz sign conventions, in particular, the space-time signature (+ − −−), and units in which c = h̄ = 8πG/3 = 1, then A = ρ^2_{min} ≪ 1). This representation is unique up to a constant shift of ϕ. However, the opposite is not true: not any (and in fact only one) FRW solution for a minimally coupled scalar field with the standard kinetic term and the potential (2) satisfies the relation (1). Thus, there arises the problem of stability of dynamical trajectories of the FRW Chaplygin gas model with respect to the family of trajectories of the scalar field FRW model with the potential (2).

It has also been noticed that the cosmological model based on Sen’s effective Lagrangian of tachyon matter [9] L = −V (T ) √ 1 − T_{,μ}T^{,μ} (3) with the potential V (T ) = √ A exactly coincides with the Chaplygin gas model [11]. This shows that the representation (2) is not the only possible microscopical model for the Chaplygin gas if the assumption of the standard (minimal) kinetic term is dropped. Moreover, remarkably, the tachyon representation of the Chaplygin gas has no extra solutions with a time-like gradient: all solutions of the model (3) with T_{,μ}T^{,μ} > 0 satisfy the equation of state (1).

It is known that the Chaplygin gas model has serious problems with linear perturbations on the FRW background: analysis shows that it has a wrong transfer function for matter perturbations [23] and a too low value of high multipole temperature anisotropy [24, 25, 26]. Account of non-linear effects, while leading to some new features, is not sufficient to save the simple Chaplygin gas model [27]. Nevertheless, we believe that in spite of this failure, meaning only that this model is too simplified to describe the real Universe, the very idea of dark matter and dark energy unification remains alive. Models with a more complicated effective equation of state resulting in a lower value for the sound velocity at recent times may avoid this difficulty. In particular, such models may be based on Lagrangians of the type (3) but with different dependence on T_{,μ}T^{,μ} [28]. Also, non-adiabatic perturbations in the Chaplygin gas [29] and more general models [30] open a new possibility to cure this problem. Thus, it seems to us reasonable to share the hope, expressed by Bilic et al [27], that “the Chaplygin gas model is not so much wrong as incomplete”. For this reason, in this paper we restrict ourselves to the FRW background in order to investigate if the Chaplygin gas model has problems already at this level, as was recently claimed in [31].

It is tempting to conceive that the appearance of the Chaplygin gas in cosmology has a microscopic origin and represents some remnant of a more fundamental theory (see, for example, [32, 33]), while it is difficult to imagine that the scalar field model with potential (2) has a special meaning. However, just this scalar field representation of the Chaplygin gas model was used in [31]. Here a numerical study was performed of the problem of stability of the Chaplygin gas model trajectories in the framework of a wider set of trajectories of the scalar field model (2). This numerical analysis was used to draw the conclusion that these trajectories are unstable, which was interpreted as a new and very serious problem for the Chaplygin gas cosmology arising already at the level of background solutions. As we have already noted above, the scalar field model (2) is neither unique, nor a fundamental representation of matter with the Chaplygin gas model equation of state. So, the problem of stability of the Chaplygin gas model trajectories with respect to the set of trajectories of this model cannot serve as a touchstone for the validity of the Chaplygin gas model as a candidate for a model unifying dark energy and dark matter. In particular, there is no such problem at all for the tachyon representation (3).

However, the problem of stability of trajectories of perfect fluid models with respect to a set of trajectories of underlying field-theoretical models is of interest by its own. That is why we study this problem analytically in this paper. It will be shown that the Chaplygin gas model cosmological evolution is stable with respect to small deviations, considered in the linear approximation. Then we consider other perfect fluid models and their scalar field and tachyon “relatives” and show that the linear stability of perfect fluid trajectories is a non-trivial phenomenon which does not always occur.

The method to study stability of perfect fluid trajectories is the following one. We introduce a parameter measuring the deviation of a scalar field or tachyon model trajectory from the corresponding perfect fluid trajectory and then study the time evolution of this parameter in the neighbourhood of the perfect fluid trajectory in the linear approximation (namely, to first order in the parameter). In Sec. II this method will be applied to different perfect fluid models in the regime in which deviations between scalar field and perfect fluid trajectories are small and, therefore, can indeed be treated to first order. Section III will be devoted to the detailed study of the Chaplygin gas model. Here we shall abandon the hypothesis of small linear deviations. The total probability to reach the Chaplygin gas regime early enough to achieve a matter dominated stage having a realistic duration will be calculated for a scalar field model assuming a natural measure in the space of initial conditions taken near a cosmological singularity. It will be shown that the Chaplygin gas trajectory is rather stable not only in a local but also in a global sense.

2 Linear analysis of the stability of perfect fluid cosmologies

The first model that we investigate is the Chaplygin gas. We introduce the parameter x ≡ ρp + A, (4) which is equal to zero for the Chaplygin gas cosmological trajectory. Now, consider the scalar field model with the potential (2). For this model, the Einstein equations for a FRW space-time with the zero spatial curvature have the form

h^2 ≡ ( ȧ(t) a(t) )_2

= ρ = ϕ̇2 2 + U (ϕ), (5)

ḣ = − 3 2 (ρ + p) , p = ϕ̇2 2 − U (ϕ). (6) Substituting the expressions (5) and (6) into the formula (4), one gets x = ϕ̇^4 4 − U^2(ϕ) + A. (7)

The time derivative of x is

ẋ = ϕ̈ϕ̇^3 − 2U U^′ϕ̇, (8)

where U^′ ≡ dU/dϕ. Using the Klein-Gordon and Friedmann equations, one has

ϕ̈ = −3 √ ϕ̇2 2 + Uϕ̇ − U^′. (9)

Substituting (9) into Eq. (8), we obtain

ẋ = −3ϕ̇^4 √ ϕ̇2 2 + U − ϕ̇^3U^′ − 2U U^′ϕ̇. (10)

Now, using Eq. (7), we can express the time derivative of the scalar field as ϕ̇ = − √ 2(U^2 − A + x)^{1/4} = − √ 2 ( A 4 tanh^2 3ϕ + x )_{1/4} . (11)

Substituting this expression together with the explicit form of the potential (2) into Eq. (10), we get the expression for the time derivative ẋ as a function of the field ϕ and the parameter x. Precisely:

ẋ = −3(A tanh^2 3ϕ + 4x) × [ 1 2 √ A ( cosh 3ϕ + 1 cosh 3ϕ ) + ( A 4 tanh^2 3ϕ + x )_{1/2}]1/2

−3 √ 2A sinh^3 3ϕ cosh^2 3ϕ ( A 4 tanh^2 3ϕ + x )_{3/4}

+ 3 √ 2A 2 sinh^3 3ϕ cosh^2 3ϕ ( cosh 3ϕ + 1 cosh 3ϕ ) ( A 4 tanh^2 3ϕ + x )_{1/4} . (12)

We write down the leading term of the expansion of the right-hand side of Eq. (12) in the neighborhood of the point x = 0, disregarding terms of order higher than one: ẋ = − 3A^{1/4}(5 sinh^2 3ϕ + 6) 2(cosh 3ϕ)^{3/2} x + o(x). (13)

The sign of the coefficient of the linear term in x is negative. Therefore, trajectories of the Chaplygin gas cosmological model, if considered as a subset of trajectories of the scalar field model (2), are stable.

Next we calculate the rate of convergence of scalar field model trajectories to the Chaplygin gas solution x = 0. For the Chaplygin gas the value of the Hubble parameter is h = A^{1/4} √ cosh 3ϕ. (14) Thus, the relation between the coefficient γ from the equation

ẋ = −γx + o(x) (15)

and the Hubble parameter is the following: γ h = 3 2 ( 5 + 1 cosh^2 3ϕ ) (16) and hence 7.5 ≤ γ h ≤ 9. (17)

Thus, the Chaplygin gas behaviour is quickly achieved once |x|^<∼ A.

For the tachyon matter representation (3) of the Chaplygin gas model (V (T ) = √ A = const), the variable x is identically zero, so there is no problem of stability at all, as has been pointed out above.

We now consider another well known perfect fluid model obeying the barotropic equation of state p = kρ . (18)

A spatially flat FRW universe filled with this fluid expands according to the power law a(t) = a_0t^{23(1+k)} . (19)

The cosmological dynamics (19) can be reproduced in the scalar field model with the standard kinetic term and the potential [35, 8]

U (ϕ) = U_0 exp(3 √ 1 + kϕ). (20)

In order to measure the deviation of a trajectory of the model (18) from that of the model (20), we introduce a variable x as x ≡ p ρ − k. (21) Following the method described above for the Chaplygin gas model, we come to the equation

ẋ = 3 2 √ 2U (1 − (k + x)2)( √ 1 + k − √ 1 + k + x) = − 3 2 √ 2U (1 − k)x + o(x) (22)

and see that the perfect fluid trajectory is stable in this case, too.

For the power-law evolution (19) h = √ 2U 1 − k (23) and γ h = 3 2 (1 − k). (24)

Thus, we have a convergence of trajectories of the scalar field model to that of the perfect fluid model, whose rapidity depends on the value of k.

It is known that in the case of negative pressure k < 0, the cosmological evolution given by Eq. (19) can be reproduced in the framework of the tachyon model (3) [12, 13, 14] with the potential

V (T ) = 4 √ −k 9(1 + k)T^2

. (25)

Using the known expression for the tachyon energy density and pressure ρ = V (T ) √ 1 − Ṫ^2

, (26) p = −V (T ) √ 1 − Ṫ^2, (27) one can easily see that x = −(1 − Ṫ^2) − k. (28) Using the tachyon field equation

T̈ + 3 √ V (1 − Ṫ^2)^{3/4}Ṫ + (1 − Ṫ^2) V,_T V = 0, (29)

one can show that ẋ = − 1 − k (1 + k)T x + o(x), (30)

and, hence, the perfect fluid trajectory (19) is stable with respect to the tachyon model having the potential (25). As far as the case k > 0 is concerned, it was shown in [8] that the dynamics of the perfect fluid model can be reproduced in the framework of the Born-Infeld action of the type

L = W (T ) √ T_{,μ}T^{,μ} − 1, (31)

with the potential

W (T ) = 4 √ k 9(1 + k)T^2

. (32)

A similar analysis shows that the trajectory (19) is stable also with respect to the set of trajectories of the model (31), (32).

The value of the Hubble parameter for these simple tachyon models is h = 2 3 √ 1 + kT (33)

and, hence, γ h = 3(1 − k) 2 √ 1 + k

. (34)

Thus, the rate of convergence depends on the value of the parameter k. Note that in contrast to formula (24), the relation^γ_h in (34) is not bounded above and tends to infinity when k → −1.

We now consider a more complicated family of cosmological models. In paper [8], a two-fluid cosmological model was studied. One of this fluids is merely a cosmological constant p = −ρ = −Λ, while the second fluid obeys the equation of state p = kρ, where −1 < k < 1. The cosmological evolution of the model is described by the formula

a(t) = a_0 ( sinh 3 √ Λ(1 + k)t 2 )_{2/[3(1+k)]}

. (35)

It has been shown in [8] that the cosmological dynamics (35) can be reproduced in the scalar field model with the standard kinetic term and the potential

U (ϕ) = Λ ( 1 + 1 − k 2 sinh^2 3 √ 1 + kϕ 2 ) , (36)

or in the tachyon model with the potential

V (T ) = Λ sin^2

[_3 2 √ Λ(1 + k)T ]

× √ 1 − (1 + k) cos^2 [ 3 2 √ Λ(1 + k)T ] . (37)

The parameter defining a deviation of the cosmological dynamics of the fieldtheoretical models (36), (37) from the two-fluid behaviour (35) looks as follows: x = p + Λ ρ − Λ − k. (38) For the scalar field model with the potential (36), the time derivative of the parameter x in the neighbourhood of the point x = 0 is ẋ = − 3 √ Λ(1 − k) 2 cosh^3 √ 1+kϕ 2 [ cosh^2 3 √ 1 + kϕ 2 − 1 + k 1 − k ] x + o(x). (39)

One can see that in the case k < 0, the coefficient of x in the right-hand side of Eq. (39) is always negative. Hence, the trajectory (35) is stable. If the parameter k is positive, the trajectory (35) is stable for ϕ > 2 3 √ 1 + k arccosh √ 1 + k 1 − k (40)

and is unstable when the condition (40) is not satisfied. Thus, the trajectory (35) becomes unstable close to the de Sitter point ϕ = 0, ϕ̇ = 0, ȧ/a = √ Λ. The condition (40) could be also rewritten as

Ω_Λ < 1 − k 1 + k

, (41)

where Ω_Λ denotes, as usual, the ratio of the cosmological constant to the general energy density in two-fluid model.

As regards the tachyon model (37), using expressions (26),(27) and (29), after cumbersome but straightforward calculations we come to the following equation:

ẋ = 3 [ 2k(1 − k) + (k + 1)2 cos^2

[_3 2 √ Λ(1 + k)T ] sin^2

[_3 2 √ Λ(1 + k)T ]]

2 sin

[_3 2 √ Λ(1 + k)T ] × [ (1 − k) − (1 + k) cos^2

[_3 2 √ Λ(1 + k)T ]] x+o(x). (42)

If k < 0, the denominator of the coefficient of x at the right-hand side of Eq. (42) is positive while the numerator is negative at

cos^2 [ 3 2 √ Λ(1 + k)T ] > 1 2 + √ 1 4 + 2k(1 − k) (k + 1)^2

(43)

or at

cos^2 [ 3 2 √ Λ(1 + k)T ] < 1 2 − √ 1 4 + 2k(1 − k) (k + 1)^2

. (44)

Thus, the perfect fluid model trajectory (35) will be stable if either one of the conditions (43) or (44) is satisfied. If k < 5 − 4 √ 2 7 , (45)

then trajectory (35) is stable for any value of the tachyon field T .

In the case k > 0, the numerator of the coefficient of x in the left-hand side of Eq. (42) is always positive and the denominator is negative if

cos^2 [ 3 2 √ Λ(1 + k)T ] > 1 − k 1 + k

. (46)

Thus, the perfect fluid trajectory is unstable in the vicinity of the de Sitter point cos [_3 2 √ Λ(1 + k)T ] = 0, Ṫ = 0, ȧ/a = √ Λ. For the tachyon two-fluid model we have h = √ Λ sin (_3 2 √ Λ(1 + k)T

) (47)

and γ h = 3 ( (2k(1 − k) + (1 + k)2 cos^2

(_3 2 √ Λ(1 + k)T ) sin^2

(_3 2 √ Λ(1 + k)T ))

2 ( ((1 + k) cos^2

(_3 2 √ Λ(1 + k)T ) − (1 − k) ) ) (48) and different regimes of convergence are possible depending on values of k, Λ and T .

3 Analysis of a large class of initial conditions for the Chaplygin gas

In this section we go beyond the linear analysis, developed in the preceding section, of the small deviations of the trajectories of scalar field and tachyon cosmological models from the trajectories of the corresponding perfect fluid models. For the most interesting case of the Chaplygin gas, we consider a broad variety of initial conditions for the corresponding scalar field model. However, in order to obtain definite results, we need first to specify which models are compared to each other. For realistic cosmological models describing not only the present Universe, but the early Universe too, one has to include radiation. So, a possible perfect fluid model is the two component one consisting of the Chaplygin gas and radiation (p_γ = ρ_γ /3); we neglect baryons here. But with which scalar field model should we compare it with? If we want to introduce a minimally coupled scalar field ϕ with the standard kinetic term and some potential U (ϕ) which models the Chaplygin gas only (so that the comparison model is scalar field + radiation), this potential should be very peculiar: it becomes strongly divergent at some finite value of ϕ.

Indeed, though in this case we cannot obtain an exact form of this potential, we can study its asymptotic behavior for ρ, ρ_γ ≫ √ A and match it to the potential (2) valid for ρ ≫ ρ_γ . In the former regime, the Chaplygin gas may be well approximated by dust-like matter. So, let us consider a scalar field which mimics only dust in a universe filled with dust and radiation. As usual, the scalar field potential is U = 1 2 (ρ − p) = C 2a^3

, (49)

where C is a constant describing the amount of dust. Then

ϕ̇^2 = ρ + p = C a^3

, (50) or, ϕ̇^2 = ( dϕ da )_2

ȧ^2 a^2 a^2, (51)

where the squared Hubble parameter is defined from the Friedmann equation which contains both dust and radiation:

ȧ^2 a^2 = C a^3 + D a^4

. (52)

Substituting (52) into Eqs. (50), (51), one obtains dϕ da = 1 √ a(a + a_{eq}) , (53)

where a_{eq} ≡ D C (54)

is the value of the scale factor when dust and radiation have equal energy densities. Introducing a new variable

a = a_{eq} sinh^2 χ, (55) one can integrate Eq. (53) obtaining

ϕ = 2χ + ϕ_0 = 2arcsinh √ a a_{eq} + ϕ_0. (56)

Inverting the relation (56), one has

a = a_{eq} sinh^2 ϕ − ϕ_0 2 . (57)

Substituting into Eq. (49), it gives the potential which as announced before strongly diverges at ϕ = ϕ_0

U (ϕ) = C 2a^3_{eq} sinh^{6 ϕ−ϕ0}_2

. (58)

On the other hand, if the Chaplygin gas dominates over radiation (ρ ≫ ρ_γ ), the potential U (ϕ) should have the form (2). Let us match the expressions (2) and (58) at the matter dominated stage ρ ≫ √ A, ρ ≫ ρ_γ . The energy density of the Chaplygin gas has the following dependence on a(t): ρ = √ A + C^2/a^6 where the constant C is the same as in Eq. (52). Let Ω_γ ≪ 1 be the radiation energy density at the “present” moment a = a_0, ρ = ρ_0 = √ A/0.7, ȧ/a = H_0 = √ ρ_0, i.e., at the moment when |p_{tot}|/ρ_{tot} has the same value 0.7 as in the standard ΛCDM model with Ω_m = 0.3, Ω_Λ = 0.7. Then

C^2 a^6_0

= ρ^2_0 − A ≈ 0.43A , D = Ω_γ ρ_0a^4_0 , (59) a_{eq} a_0 ≡ 1 1 + z_{eq} = Ω_γ ρ_0 √ ρ^2_0 − A

≈ 1.83Ω_γ . (60)

In the region 1 ≪ ϕ ≪ ϕ_0,

U (ϕ) = 1 4 √ A e^{3ϕ} = 32C a^3_{eq} e^{3ϕ−3ϕ0} , (61)

where the first expression for U (ϕ) is the asymptote of (2) for ϕ ≫ 1, while the second one is the asymptote of (58) for ϕ_0 − ϕ ≫ 1. Therefore,

e^{3ϕ0} =

128C a^3_{eq} √ A ≈ 13.8 Ω^3_γ

, ϕ_0 ≈ | ln Ω_γ | + 0.87 ≫ 1 . (62)

Thus, inclusion of radiation drastically changes the scalar field potential from having an exponential growth at infinity to having a pole at finite value of ϕ.

If, on the other hand, we choose to model both the Chaplygin gas and radiation by one scalar field, then U (ϕ) is regular for finite ϕ, but the model itself becomes artificial since, in particular, it misses the fact that radiation has a non-zero entropy. Also, in that case we would investigate the stability of a fluid model different from the original Chaplygin gas one. Note once more that no such ambiguity arises in the case of the tachyon representation (3) of the Chaplygin gas.

So, to present methods able to deal with the case of large deviations between trajectories of fluid and field models, and to get quantitative results about the probability measure of favourable trajectories, we restrict ourselves to the case of the pure Chaplygin gas model compared to the scalar field model with the potential (2), both applied up to arbitrary large curvatures. It is less complete from the physical point of view, but more well defined instead.

Then, the second step is to decide which solutions of the scalar field model we consider as favourable ones. A natural choice for this toy model is to choose all those solutions for which the Chaplygin gas attractor has been already reached by the moment of the matter-radiation equality in the real Universe z = z_{eq} ≈ 3450 (the value from the WMAP data [34] is used here). In particular, it may be reached earlier. Note that the redshift z ∼ 1 should correspond to the moment when ρ ∼ √ A. We consider the case x ≫ A which is typical at sufficiently early time near the singularity. In this regime, the kinetic energy of the scalar field much exceeds its potential energy. Then a(t) ∝ t^{1/3} , ϕ = ± √ 2 3 ln 1 t + const . (63) Thus, for |ϕ| ≫ 1, the potential U (ϕ) decreases ∝ exp(3|ϕ|) ∝ t^{−√2} in the course of expansion, if ϕ and ϕ̇ have opposite signs (in the opposite case U (ϕ) even increases ∝ t^{√2}), i.e., more slowly than the kinetic energy which is ∝ t^{−2}. Therefore, U generically becomes of the order of the kinetic energy at some characteristic moment of time t = t_U .

If |ϕ_U | ≡ |ϕ(t_U )| ≫ 1 at this moment, the long dust-like ’tracking’ regime follows with a(t) ∝ t^{2/3} , ϕ = ± 2 3 ln 1 t + const = ∓ ln a + const, U = ϕ̇2 2 . (64)

The latter regime just represents the behaviour of the Chaplygin gas model for large ρ. Thus, for generic initial conditions defined at some sufficiently large redshift z ≫ z_{eq} ≈ 3450 (the value from the WMAP data [34] is used here for the redshift z_{eq} of the matter-radiation equality), the only necessary and sufficient condition for the scalar field model to reach the Chaplygin gas trajectory at a redshift exceeding z_{eq} is |ϕ_U | > ln z_{eq} ≈ 8 (65)

(recall that ϕ is measured in units of (3/8πG)^{1/2}). The quantity ϕ_0 where the potential U diverges in Eq. (58) is of order of ln z_{eq} , too. Also, notice that in the case x ≪ −A, the potential energy is much higher than the kinetic energy. A simple analysis of the Klein-Gordon equation shows that in this case the scalar field ϕ is in the fast rolling regime and, after a Hubble time interval ∼ h^{−1}, it has no alternative but to follow the tracking attractor (64) arriving again at the

Chaplygin-like regime. It is clear that, for natural initial conditions defined near a cosmological singularity when ρ is of the order of unity (i.e., of the Planck value in usual units), this condition is satisfied for an open set of initial conditions with non-zero measure, being therefore generic. It is instructive to compare the value (65) to a similar quantity which arises in the theory of chaotic inflation: an initial value of a homogeneous inflaton scalar field with a polynomial potential at the beginning of inflation which is required to have more than 60 e-folds of inflation. For the simplest case U = m^2ϕ^2/2, the standard expression for the number of e-folds leads to |ϕ_{in}| > (^4_3 · 60)^{1/2} ≈ 9. Thus, condition (65) is even less restrictive than the one which is assumed in the chaotic inflationary scenario. On the other hand, two of the three specific initial conditions (taken at the redshift z ∼ 10^5) studied in [31] do not satisfy (65). The third one – their case (a) – does satisfy (65) and embodies a model where the Chaplygin gas behaviour is valid from sufficiently early time. In [31], it was considered as a bad one for the Chaplygin gas model stability because it does not satisfy the final condition ρ ∼ √ A at z = 0. However, for given initial values of ϕ and ϕ̇, the redshift z may not be taken arbitrarily; it should be counted back in time from the present moment when z = 0, as has been pointed out above. With this re-interpretation and proper normalization of z, this case becomes favorable for the Chaplygin gas model stability.

For illustrative purposes, we have performed some numerical calculations integrating Eqs. (5) and (9). We have studied the most interesting case of the transition to the Chaplygin gas behavior in the regime fρ ≫ √ A. In these conditions, the Chaplygin gas behavior is practically indistinguishable from the dust like one. We plot the time dependence of the quantity x/h^4 which is equal to w + A/h^4 where w ≡ p/ρ is the equation of state parameter. Thus, it just reduces to w in the most interesting regime ρ ≫ √ A. This quantity is equal to 1 in the kinetic dominated regime and to −1 in the potential dominated regime with ρ ≫ √ A. On the other hand, the condition |x/ρ^2| ≪ 1 is just the condition that we are close to the Chaplygin gas behavior for any ρ.

The ”realistic” value of A is given by the condition ρ_{min} = √ A = 0.7H^2_0 where H_0 is the Hubble constant. The value H_0 = 70 km s^{−1} Mpc^{−1} corresponds to H_0 = 3.5 · 10^{−61} in our units. Therefore, A ≈ 10^{−242}, while natural initial conditions have to be placed somewhere near t ∼ 1. In order to avoid long numerical runs, we propose the following scheme. Let us rescale time to t̃ = 10^{53}t, the energy density to ρ̃ = 10^{−106}ρ and x̃ = 10^{−212}x. This means that time is measured in units of ∼ 1.56 × 10^{10} s, i.e., roughly 100 times less than the matter-radiation energy equality moment. Then the rescaled value of A is 10^{212} × 10^{−242} = 10^{−30}. All tildas are omitted below.

Now let us take different initial conditions for ϕ and ϕ̇ on the circle h = ȧ/a = 1 at the initial moment chosen conventionally at t_0 = 1 , (strictly speaking, this time moment should be shifted by some amount less than 1 depending on initial conditions to get an initial singularity strictly at t = 0, but it is not important for t ≫ 1).

The initial conditions which we consider are the following ones: a)ϕ̇_0 = 0, U_0 = 1, ϕ_0 = 11.98;

b)ϕ̇_0 = 1, U_0 = 0.5, ϕ_0 = 11.51; c)ϕ̇_0 = −1, U_0 = 0.5, ϕ_0 = 11.51; d)ϕ̇_0 = 1.342, U_0 = 0.1, ϕ_0 = 11.21; e)ϕ̇_0 = −1.342, U_0 = 0.1, ϕ_0 = 11.21; f)ϕ̇_0 = 1.378, U_0 = 0.05, ϕ_0 = 10.98; g)ϕ̇_0 = −1.378, U_0 = 0.05, ϕ_0 = 10.98.

For all the above cases we have made a run up to t = 1000 to show that the Chaplygin gas behavior (|x|/ρ^2 becomes much less than 1) has been reached by t ∼ 100, i.e., just when the matter dominated stage begins in the real Universe. The dependence of x/h^4 is plotted in Fig. 1. For all the cases we have calculated also the value of the scalar field ϕ_U at the moment t_U which is approximately equal to 100 for the cases a)-f). The corresponding values of ϕ_U are the following ones:

a)ϕ_U = 8.416; b)ϕ_U = 8.422; c)ϕ_U = 8.389; d)ϕ_U = 8.425; e)ϕ_U = 8.287; f)ϕ_U = 8.429.

Apparently, all these values satisfy the criterion (65). The case g) represents the borderline where the condition (65) is saturated. In this case the moment t_U ≈ 130 and ϕ_U = 8.015. Thus, it is not possible to take initial values of U_0 smaller than 0.05 for ϕ̇_0 < 0.

Therefore, we see that with these ”late” initial conditions, it is enough to have a sufficiently large ϕ_0 or U (ϕ_0) to get a long dust-like stage described by the Chaplygin gas. It will be shown below that for ”natural” initial conditions defined at the Planck scale, this requirement may be further relaxed. In other words, the earlier we take an initial moment, the larger is the ”good” region in the space of initial conditions.

In Fig. 2 we have plotted all seven cases on the time range smaller than 1000, displaying some additional details of the time evolution of the value of x/h^4. It is clearly seen that, for ϕ̇_0 > 0 (cases b),d) and f)), transition from the kinetic-dominated stage x/h^4 = w = 1 to the Chaplygin-like matter dominated stage x/h^4 = w ≈ 0 goes through a short transient potential-dominated regime x/h^4 = w = −1.

We now return to the calculation of a measure of initial conditions near a cosmological singularity leading to a sufficiently long matter dominated stage described by the scalar field model (2) of the Chaplygin gas. To be concrete, now we introduce two different probability measures in the space of initial conditions. These measures are to be fixed on the basis of some additional (usually physical) assumptions. Depending on different assumptions, the probability of a set of initial conditions may appear both large and small for the same dynamical problem. For instance, in the case of a massive scalar field in a closed FRW universe, the probability to have a long quasi-de Sitter (inflationary) stage is very small if a natural measure in the space of initial conditions is defined at the moment of the maximal expansion of a non-singular solution with a bounce [36], while it is close to unity if initial conditions are defined at the Planck energy density of the scalar field before (or just at) the beginning of an expanding inflationary stage [37] (see also [38, 39]).

We calculate the total probability to have condition (65) satisfied for two different assumptions about a measure in the space of initial conditions for ϕ and ϕ̇ on the curve ρ = 1 which corresponds to the Planck energy scale. First, we assume the uniform measure in ϕ, i.e. dμ = dϕ/2ϕ_{max}. (66) For this purpose, we first calculate the total probability of the opposite, undesired case when |ϕ_U | ≤ 8. This clearly requires U ≪ ϕ̇^2 on the curve ρ = 1. During the kinetic dominated regime (63), the undesired interval |ϕ_U | ≤ 8 is shifted either in the positive or in the negative direction (depending on the sign of ϕ̇ in Eq. (63)) keeping its width constant. The maximal value of ϕ on the ρ = 1 curve is ϕ_{max} = ln(1/ √ A)/3 ≈ 93.

Therefore, the total probability of undesired solutions is

P_− = ln z_{eq} ϕ_{max} ≈ 9% , (67)

while the total probability of the opposite, desired case with the condition (65) being satisfied is P_+ = 1 − P_− ≈ 91% . (68) Now, following [37], we take the uniform measure on the curve ρ = 1 itself.

Namely, we introduce the angular parametrization ϕ̇^2 2 = cos^2 α , U (ϕ) = sin^2 α (69)

and assume the measure dμ = dα 2π . (70)

Hence, U^′dϕ = 2 sin α cos αdα. Note that for the massive scalar field considered in [37], the second choice reduces to the first one for |α| ≪ 1 (|ϕ| ≪ ϕ_{max}). In our case, the total probability of undesired solutions reads

P_− = 1 2π ∫ dα dϕ dϕ = 3 2π ∫ dϕ √ U = 1 π √ U_{in,max} . (71) Here, it is taken into account that only small regions around the two points α = 0, π (with U ≪ ϕ̇^2, but |ϕ| ≫ 1 already) contribute. U_{in,max} is the maximal initial value of the potential at the moment t = t_{in} corresponding to H^2 = ρ = 1 (t_{in} = 1/3 for the kinetic dominated regime (63)) for which the condition (65) is not satisfied, so that t_U ≥ t_{eq} ∼ H^{−1}_0 z^{−3/2}_{eq} .

The maximal initial value of U on undesired trajectories is saturated for t_U = t_{eq} and with ϕ and ϕ̇ having the opposite signs. Then U (ϕ(t)) ∼ t^{−2}_{eq} at t = t_{eq}, and it grows as t increases ∼ t^{−√2}. Therefore, U_{in,max} ∼ t^{−2+√2}_{eq} t^− √ 2 in ∼ 10^{−32} (72) and P_− ∼ 10^{−16} , P_+ = 1 − O(10^{−16}) . (73)

Thus, under the second assumption, undesired trajectories have exceedingly small probability. The difference between (67), (68) and (73) illustrates the crucial dependence of total probability values on assumptions made about a measure in the space of initial conditions. However, in both cases, the probability to reach the Chaplygin gas trajectory sufficiently early to have the matter dominated stage in the Universe completely described by the Chaplygin gas model is overwhelming, in sharp contrast with the result of [31].

Thus, not only are the Chaplygin gas trajectories stable with respect to those of the scalar field model with potential (2), but also the probability to reach them sufficiently early is close to unity for natural initial conditions defined near a cosmological singularity.

In conclusion, we have shown that stability of trajectories of perfect fluid cosmological models with respect to sets of trajectories of more complicated field-theoretical models is a property which is not always present, and sometimes it is present only for some pieces of a trajectory under consideration. However, the Chaplygin gas cosmological model provides an example of a model where entire trajectories are stable.

AK and AS were also partially supported by the Russian Foundation for Basic Research, grant No. 05-02-17450, by the Research Programme ”Astronomy” of the Russian Academy of Sciences and by the scientific school grant No. 2338.2003.2 of the Russian Ministry of Education and Science.

References

[1] A. Riess et al. Astron. J. 116, 1009 (1998).

[2] S.J. Perlmutter et al. Astrophys. J. 517, 565 (1999).

[3] V. Sahni and A.A. Starobinsky, Int. J. Mod. Phys. D 9, 373 (2000).

[4] T. Padmanabhan, Phys. Rep. 380, 235 (2003).

[5] P.J.E. Peebles and B. Ratra, Rev.Mod.Phys. 75, 559 (2003).

[6] J.D. Barrow, Phys. Lett. B 235, 40 (1990).

[7] A.A. Starobinsky, JETP Lett. 68, 757 (1998).

[8] V. Gorini, A. Kamenshchik, U. Moschella and V. Pasquier, Phys. Rev. D 69, 123512 (2004).

[9] A. Sen, JHEP, 04, 048 (2002).

[10] G.W. Gibbons, Phys. Lett. B 537, 1 (2002); M. Fairbairn and M.H.G. Tytgat, Phys. Lett. B 546, 1 (2002); S. Mukohyama, Phys. Rev. D 66, 024009 (2002); T. Padmanabhan and T.R. Choudhury, Phys. Rev. D 66, 081301(R)

(2002); M. Sami, P. Chingangbam, T. Qureshi, Phys. Rev. D 66, 043530 (2002); G.N. Felder, L. Kofman, A. Starobinsky, JHEP 0209, 026 (2002); J.S. Bagla, H.K. Jassal and T. Padmanabhan, Phys. Rev. D67, 063504 (2003); G.W. Gibbons, Thoughts on Tachyon Cosmology, hep-th/0301117; M.-B. Causse, A rolling tachyon field for both dark energy and dark halos of galaxies, astro-ph/0312206; B.C. Paul, M. Sami, Phys. Rev. D 70, 027301 (2004); A. Sen, Remarks on tachyon driven cosmology, hep-th/0312153; M.R. Garousi, M. Sami and S. Tsujikawa, Phys. Rev. D 70, 043536 (2004); G. Calcagni, Phys. Rev. D 69, 103508 (2004); J.M. Aguirregabiria and R. Lazkoz, Mod. Phys. Lett. A 19, 927 (2004); J.M. Aguirregabiria and R. Lazkoz, Phys. Rev. D 69, 123502 (2004); R. Herrera, D. Pavon and W. Zimdahl, Gen. Rel. Grav. 36, 2161 (2004); N. Barnaby, JHEP 0407, 025 (2004).

[11] A. Frolov, L. Kofman and A. Starobinsky, Phys. Lett. B 545, 8 (2002).

[12] T. Padmanabhan, Phys. Rev. D 66, 021301(R) (2002).

[13] A. Feinstein, Phys. Rev. D 66, 063511 (2002).

[14] L.W. Abramo, F. Finelli, Phys. Lett. B 575, 165 (2003).

[15] C. Armendariz-Picon, T. Damour and V. Mukhanov, Phys. Lett. B 458, 209 (1999); C. Armendariz-Picon, V. Mukhanov and P.J. Steinhardt, Phys. Rev. Lett. 85, 4438 (2000); C. Armendariz-Picon, V. Mukhanov, P.J. Steinhardt, Phys. Rev. D 63, 103510 (2001); T. Chiba, T. Okabe and M. Yamaguchi, Phys. Rev. D 62, 023511 (2000).

[16] A. Kamenshchik, U. Moschella and V. Pasquier, Phys. Lett. B 511, 265 (2001).

[17] N. Bilic, G.B. Tupper, and R. Violeer, Phys. Lett. B 535, 17 (2002).

[18] J.C. Fabris, S,V.B. Gonsalves and P.E. de Souza, Gen. Rel. Grav. 34, 53 (2002).

[19] M.C. Bento, O. Bertolami and A.A. Sen, Phys. Rev. D 66, 043507 (2002).

[20] V. Gorini, A. Kamenshchik and U. Moschella, Phys. Rev. D 67, 063509 (2003).

[21] I.M. Khalatnikov, Phys. Lett. B 563, 123 (2003); M. Szydlowski and W.

Czaja, Phys. Rev. D 69, 023506 (2004).

[22] M.Bouhmadi-Lopez and J. A. Jimenez Madrid, Escaping the Big Rip?, astro-ph/0404540; N. Bilic, G.B. Tupper and R.D. Viollier, Born-Infeld Phantom Gravastars, astro-ph/0503427.

[23] H.B. Sandvik, M. Tegmark, M. Zaldarriaga, and I. Waga, Phys. Rev. D 69, 123524 (2004).

[24] D. Carturan and F. Finelli, Phys. Rev. D 68, 103501 (2003). [25] L. Amendola, F. Finelli, C. Burigana, and D. Carturan, JCAP 0307, 005 (2003).

[26] R. Bean and O. Dore, Phys. Rev. D 68, 023515 (2003). [27] N. Bilic, R.J. Lindenbaum, G.B. Tupper and R.D. Viollier, JCAP 0411, 008 (2004).

[28] R.J. Scherrer, Phys. Rev. Lett. 93, 011301 (2004).

[29] R.R.R. Reis, I. Waga, M.O. Calvao and S.E. Joras, Phys. Rev. D 68, 061302(R) (2003).

[30] R.R.R. Reis, M. Makler and I. Waga, Class. Quantum Grav. 22, 353 (2005). [31] F. Perrotta, S. Matarrese and M. Torki, Phys. Rev. D 70, 121304(R) (2004). [32] N. Bilic, G.B. Tupper, and R.D. Viollier, Dark Matter, Dark Energy and the Chaplygin Gas, astro-ph/0207423.

[33] V. Gorini, A. Kamenshchik, U. Moschella, and V. Pasquier, The Chaplygin gas as a model for dark energy, gr-qc/0403062.

[34] C.L. Bennett, M. Halpern, G. Hinshaw et al., Astroph. J. Suppl. 148, 1 (2003).

[35] F. Lucchin and S. Matarrese, Phys. Rev. D 32, 1316 (1985). [36] A.A. Starobinsky, Sov. Astron. Lett. 4, 82 (1978).

[37] V.A. Belinsky, L.P. Grishchuk, Ya.B. Zeldovich and I.M. Khalatnikov, Sov.

Phys. - JETP 62, 195 (1985); V.A. Belinsky and I.M. Khalatnikov, Sov. Phys. - JETP 66, 441 (1987).

[38] A.V. Toporensky, Grav. Cosmol. 5, 40 (1999) [gr-qc/9901083]. [39] S.A. Pavluchenko, Phys. Rev. D 67, 103518 (2003).

Figure 1: The dependence of x/h^4 for different initial values ϕ_0 and ϕ̇_0.

Figure 2: The dependence of x/h^4 for different initial values ϕ_0 and ϕ̇_0: some details.