arXiv:astro-ph/0505018 v1 2 May 2005

May 2, 2005 12:39 WSPC/INSTRUCTION FILE QuarkStars˙IJMPD

International Journal of Modern Physics D © World Scientific Publishing Company

RIGIDLY ROTATING STRANGE QUARK STAR

İHSAN YILMAZ

Çanakkale Onsekiz Mart University, Arts and Sciences Faculty, Department of Physics, Terzioğlu Campus, 17100 Çanakkale, Turkey Çanakkale Onsekiz Mart University, Astrophysics Research Center, 17100 Çanakkale, Turkey iyilmaz@comu.edu.tr

HÜSNÜ BAYSAL Çanakkale Onsekiz Mart University, Arts and Sciences Faculty, Department of Mathematics, Terzioğlu Campus, 17100 Çanakkale, Turkey Çanakkale Onsekiz Mart University, Astrophysics Research Center, 17100 Çanakkale, Turkey hbaysal@comu.edu.tr

Received Day Month Year Revised Day Month Year

In this article, we study rotating strange quark star in the context of general relativity. For this purpose we consider perfect fluid model composed of strange quark matter with electromagnetic field in the Gödel Universe which has rigid rotation. We solve Einstein’s field equations by using equation of state for strange quark matter. Also, we discuss the features of obtained solutions.

Keywords: Strange quark star; Gödel universe; electromagnetic field.

1. Introduction

The possibility of the existence of quark matter dates back to early seventies. Bodmer remarked that matter consisting of deconfined up, down and strange quarks could be the absolute ground state of matter at zero pressure and temperature.^1 If this is true then objects made of such matter, so-called ”strange star”, could exist.^2 There are several proposed mechanisms for formation of quark stars. Quark stars are expected to form during the collapse of the core a massive star after supernova explosion as a result of a first or second order phase transition, resulting in deconfined quark matter.^3 In the region where the temperature is low and the density is high enough that hadrons are crushed into quark matter, there is a whole family of color superconducting phases. Color superconducting quark matter may well occur naturally in the universe, in the cold dense cores of compact (neutron) stars.^4 So, the proto-neutron star core or the neutron star core is a favorable environment for the conversion of ordinary matter to strange quark matter. Another possibility for strange star formation is that some neutron star in low-mass X-ray binaries can accrete sufficient mass to undergo a phase transition to become a strange star. Such 1

2 İ. Yılmaz and H. Baysal

a possibility is also supported by unusual hard X-ray burster.^5 Typically, strange quark matter is modeled with an equation of state (EOS) based on the phenomenological bag model of quark matter^6–^7, in which quark confinement is described by an energy term proportional to the volume.^8

In this model, quarks are though as degenerate Fermi gases, which exist only in a region of space endowed with a vacuum energy density B_c (called as the bag constant). Also, in the framework of this model the quark matter is composed of massless u, d quarks, massive s quarks and electrons. This bag model EOS is characterized by three parameters: the strong interaction coupling constant α_c, the bag constant B_c and the mass m_s of the s quark. The dependence of stellar properties on the bag constant is much stronger than that on α_c and m_s.

In a simplified version of the bag model, assuming quarks are massless and non interacting, we then have quark pressure p_q = ρ_q /3 (ρ_q is the quark energy density); the total energy density is ρ = ρ_q + B_c but total pressure is p = p_q − B_c. One therefore get EOS for strange matter, p = 1 3 (ρ − 4B_c). (1)

Equation (1) is essentially the equation of state of a gas of massless particles with correction due to the QCD trace anomaly and perturbative interaction. In recent years, it has been reported that a candidate for a quark star may have been observed. According to deep Chandra LETG +HRC-S observations, Drake et al. suggested that X-ray source RXJ1856.5-3754 may be a quark star.^9 Sotani et al. have studied the possibilities for obtaining information about the equation of state for quark matter by using observational data on gravitational waves.^{10} Harko and Cheng have studied collapsing strange quark matter in the spherical symmetric space times.^{11} Because every star rotates a little and has a magnetic field^{12} it will be interesting to study strange quark stars with electro-magnetic field in the rotating models.

Recently, there have been many studies about rotating quark stars. Bulik et al. studied slowly rotating strange stars.^{13} Gondek-Rosińska and Kluźniak have examined maximum orbital frequencies for rotating quark stars and neutron stars.^{14} Gondek-Rosińska et al. have studied emission of gravitational waves of rotating strange quark stars.^{15}

It is well known that the concept of a rotating model with vanishing expansion and shear appeared with the advent of Gödel’s Universe.^{16}. It is not random that we have chosen Gödel’s model as a example model. Because Gödel’s model has many fascinating features. Indeed, the inherent rotation of this model only one interesting aspect. Even more intriguing is the lack of a global time ordering and the existence of closed time like world lines giving rise to the possibility of time travel. Such causal problems emerge also in other exact solutions of Einstein’s field equation, such as Kerr space-time. However, Gödel’s model has the advantage that it is of rather compact form and most calculations can be carried out analytically.

Rigidly Rotating Strange Quark Star 3

Also, this model is geodesically complete, it doesn’t contain any singularities or horizons.^{17}–^{19}

Further more there is emerging field of experimental cosmology in the Laboratory. In particular, the examination of wave phenomena in curved space-times is a focus of research. For example, optical analogues of black holes have been proposed by studying light propagation in moving media or sound propagation in condensed matter systems. In this context, Gödel universe can shed some light on this problem, since the existence of closed time like world lines curtails the expectation of a globally valid experimental analogue.^{20}

Since Gödel’s discovery, many authors (Rebouças and Tiomno^{21}, Yavuz and Baysal^{22}, Baysal et al.^{23}) have tried to find new exact solutions of field equations for the various matters in the Gödel model.

In the present paper, we will study rigidly rotating strange matter with electromagnetic field. Thus we will consider perfect fluid model composed of strange quark matter with electromagnetic field in the Gödel’s model. Also, this model may be useful to detect strange stars by using Sagnac effect of Gödel’s model which is presented by Kajari et al.^{20}

The paper is outlined as follows. In Sec.2, the Einstein Field Equations are obtained for perfect fluid composed of strange quark matter with electromagnetic field in the Gödel model. In Sec.3, we get some exact solutions for the Einstein Field Equations. In Sec.4, the results of obtained solutions are discussed.

2. Field Equations

We consider the stationary Gödel line-element in the form Rebouças and Tiomno^{21}

ds^2 = (dt + Hdy)^2 − D^2dy^2 − dx^2 − dz^2, (2)

where D and H are functions of x alone.

We rewrite Eq. (2) in cylindrical coordinates as

ds^2 = dt^2 + 2H(r)dϕdt − G(r)dϕ^2 − dr^2 − dz^2, (3)

where

G(r) = D^2 − H^2, H(r) = 2 √ 2 m sinh^2 ( mr 2 ) , (4) D(r) = 2 m sinh (mr 2 ) cosh ( mr 2 ) . Introducing the tetrad θ^a (a = 1, 2, 3, 4) as

θ^1 = dx, θ^2 = D(x)dy, θ^3 = dz, θ^4 = dt + H(x)dy, (5)

the metric (2) can be expressed in the simple form (θ^a = e^{(a)}_idx^i)

ds^2 = η_{ab}θ^aθ^b = (θ^4)^2 − (θ^1)^2 − (θ^2)^2 − (θ^3)^2, (6)

4 İ. Yılmaz and H. Baysal

where η_{ab} = diag(−1, −1, −1, 1) are tetrad components of the metric tensor g_{ik}. Eq. (5) gives e^{(1)}_1 = e^{(3)}_3 = e^{(4)}_4 = 1, e^{(2)}_2 = D, e^{(4)}_2 = H.

Then, if e^i_{(a)} is defined by e^{(a)}_ie^i_{(b)} = δ^a_b we find e^1_{(1)} = e^3_{(3)} = e^4_{(4)} = 1, e^2_{(2)} = 1/D, e^4_{(2)} = −H/D.

The Ricci coefficients of rotation are defined by γ^a_{bc} = −e^{(a)}_{i;k}e^i_{(b)}e^k_{(c)}.

where semicolon denotes covariant derivative. From above equations we obtain the nonvanishing Ricci rotation coefficients

γ^1_{24} = −γ^2_{14} = γ^4_{12} = γ^1_{42} = −γ^4_{21} = γ^2_{41} = H^′ 2D , γ^1_{22} = γ^2_{12} = − D^′ D From here on we shall use a prime to denote partial derivative with respect to x and in what follows all quantities will be referred to the tetrad frame.

The Ricci tensor R_{ab} = η^{cd}R_{cadb} has, in the tetrad frame defined by Eq. (5), the non vanishing components

R_{24} = − 1 2 ( H^′ D )_′ , R_{44} = − 1 2 ( H^′ D )_2 , (7)

R_{11} = R_{22} = D^{′′} D − 1 2 ( H^′ D )_2 . The spacetime has a constant rotation vector, that is,

ω^a = 1 2 ϵ^{abcd}ω_{bc}u_d = (0, 0, Ω, 0) , Ω = H^′ 2D . (8)

The energy momentum tensor with electromagnetic field is given by^{11} T_{ab} = (ρ + p) u_au_b − pg_{ab} − ( F_{ac}F_b^c − 1 4 η_{ab}F_{cd}F^{cd} ) . (9)

Here ρ = ρ_q + B_c is the energy density and p = p_q − B_c is pressure. The unit timelike vector u^a describes the four-velocity vector of the matter. We shall use the comoving coordinates and therefore, the tetrad components u_a are u_a = δ^4_a = (0, 0, 0, 1) and u_au^a = 1. (10) Let us describe our electromagnetic tensor F_{ab} by setting F_{43} = −F_{34} = −E, F_{12} = −F_{21} = B.

Rigidly Rotating Strange Quark Star 5

The electromagnetic field, in source-free case, should satisfy the Maxwell equations which, in tetrad frame, take the form F^{ab}_{|b} + γ^a_{cb}F^{cb} + γ^d_{cd}F^{ac} = 0, (11) F_{ab|c} + 2F_{d[c}γ^d_{ab]} = 0, (12) where the brackets mean total antisymmetrization and the bar denotes the tetrad components of covariant derivatives.

Maxwell’s equations (11) and (12) for a Gödel-type metric (2) reduce to

E_{,3} + ( H^′ D ) B = 0, (13) B_{,3} − ( H^′ D ) E = 0. (14)

Since H^′/D = 2Ω, Eqs. (13) and (14) have the general solution E = E_0 sin[2Ω(z − z_0)], B = E_0 cos[2Ω(z − z_0)], (15) where E_0 and z_0 are arbitrary constants.

The electromagnetic energy momentum tensor has a nonvanishing components

T_{11} = T_{22} = −T_{33} = T_{44} = 1 2 E^2_0. (16)

The Einstein field equations are R_{ab} = − ( T_{ab} − 1 2 T η_{ab} ) , (17)

where T = η^{ab}T_{ab}. We use geometrized unit so that 8πG = c = 1. Thus, from Eqs. (9), (16) and (17) we obtain R_{11} = R_{22} =^1_2 ( ρ_q − p_q + 2B_c + E^2_0 ) , (18) R_{33} = 0 =^1_2 ( ρ_q − p_q + 2B_c − E^2_0 ) , (19) R_{44} =^1_2 ( ρ_q + 3p_q − 2B_c + E^2_0 ) , (20) R_{24} = 0. (21)

3. Solutions of the field equations The equation R_{24} = 0, according to Eq. (7), implies H^′ D = constant = 2Ω. (22)

From Eqs. (7) and (18)-(22) we obtain

ρ_q = Ω^2 + 1 2 E^2_0 − B_c (23)

p_q = Ω^2 − 1 2 E^2_0 + B_c (24) D^{′′} D = 2Ω^2 − E^2_0 (25)

6 İ. Yılmaz and H. Baysal

If we use EOS Eq. (1) for quark matter, from Eqs. (23) and (24) we get

Ω^2 = E^2_o − 2B_c. (26)

Substituting (26) in Eqs. (15) and (23)-(25) we have E = √ Ω^2 + 2B_c sin[2Ω(z − z_0)], (27) B = √ Ω^2 + 2B_c cos[2Ω(z − z_0)], (28)

ρ_q = 3 2 E^2_0 − 3B_c, (29)

p_q = 1 2 E^2_0 − B_c, (30) D^{′′} D = E^2_0 − 4B_c. (31)

The positivity of the density ρ (ρ = ρ_q + B_c) and the pressure p (p = p_q − B_c) are ensured when E^2_o > 4B_c. This leads to the following ordinary differential equation D^{′′} − ( E^2_0 − 4B_c ) D = 0. (32)

Integrating Eq. (32), we get D = a ( e^{mx} − be^{−mx} ) , (33)

where a and b are arbitrary constants and m^2 = E^2_0 − 4B_c > 0. Inserting Eq. (33) in (22) and integrating, we get H = 2Ωa m ( e^{mx} + be^{−mx} ) + H_o (34)

where clearly H_o is an arbitrary constant.

Thus we find the Gödel-type metrics in ”Cartesian” coordinates (x, y, z) taking b = H_o = 0, a = 1/ √ 2,

ds^2 = [ dt + √ 2Ω m e^{mx}dy ]_2 − 1 2 e^{2mx}dy^2 − dx^2 − dz^2 (35)

To rewrite this metric in the cylindrical coordinates, consider the following coordinate transformation

e^{mx} = e^{mr} cos^{2 ϕ}_2 + e^{−mr} sin^{2 ϕ}_2 , ye^{mx} =^{√2}_m (e^{mr} − e^{−mr} ) sin^ϕ_2 cos^ϕ_2 , tan [_ϕ 2 + (^{t−t′})_2 ] = e^{−mr} tan^ϕ_2 , z = z^′ where |^{t−t′}_2 | <^π_2 .

Rigidly Rotating Strange Quark Star 7

Under this transformation, the metric (35) becomes

ds^2 = ( dt^′ + 4Ω m^2 sinh mr 2 dϕ )_2 − dr^2 − 1 m^2 sinh^2 (mr) dϕ^2 − dz^{′2} (36)

that is ds^2 = dt^{′2} + 2H(r)dϕdt − G(r)dϕ^2 − dr^2 − dz^{′2}, (37) where G(r) = 4 m^2 sinh^2 ( mr 2 ) [ 1 + ( 1 − 4Ω^2 m^2 ) sinh^2 (mr 2 )] (38)

4. Concluding Remarks

In the paper, we have considered solutions of the Einstein field equations for Gödeltype metrics Eq. (2) and the energy-momentum tensor is described by strange quark matter with an electromagnetic field.

It has been seen from Eqs. (23) and (24) that while electromagnetic field increases density of strange quark star, it decreases the pressure. Also, electromagnetic field of strange quark star depends on rotation and Bag constant (see Eqs. (27) and (28)).

If E^2_o = 4B_c, we get pressureless strange quark star solutions with electromagnetic field (see Eqs. (30) and (31)). In this case, at the surface of star, as p → 0, we have ρ → 4B_c. If we consider that the typical values of the bag constant is of order B_c = 57M eV /fm^3 ≈ 10^{15}g/cm^3, we get the energy density of strange quark stars as ρ ≈ 5 × 10^{14}g/cm^3 which coincides with the result of Witten^2 after neutron matter-quark matter phase transition (which is supposed to take place in the dense core of neutron stars).

To examine causality, consider Eq. (38). If G(r) becomes negative, the condition for existence of closed timelike curves reads r > R_G = 2 m ln ( m + 2Ω √ 4Ω^2 − m^2 ) (39)

where R_G denotes the radius observer’s ’causal region’. Obviously the limiting case in which the noncausal region disappears occurs when m = 2Ω which makes R_G = ∞.

In order to gain some insight into this feature, it is useful to consider infinitesimal light cones at different spatial points. Fig.1 depicts such an arrangement. The cylindrical coordinates (t, r, ϕ, z) are embedded for illustration in a Cartesian frame (t, x = r cos ϕ, y = r sin ϕ, z) and the third spatial coordinate z is suppressed in the Fig.1.

The middle circle of critical radius R_G separates domains of different causal behavior. At the critical Gödel radius R_G, represented by middle circle, the light

8 İ. Yılmaz and H. Baysal

Fig. 1. Light cones in Gödel’s model represented in the z = 0 plane.^{20}

cones are tangential to the plane of constant coordinate time t. This circle of radius R_G is a light like curve. Outside this critical radius the inclination of the light cones increases further and allows the existence of closed time like curves, as shown by the outer circle in Fig. 1. It is this peculiar feature of the causal structure which permits to connect two arbitrary events of spacetime by a time like curve, irrespectively of their ordering in the chosen coordinate time t.

In our solutions of Einstein-Maxwell, we succeed in finding a causal rotating strange quark star solution since we have m^2 = E^2_0 − 4B_c > 0, i.e. m^2 < 4Ω^2 (see Eqs. (26) and (32)).

We conclude by noting that closed time like world-lines are not limited to Gödel’s model. They also appear in other exact solutions of Einstein’s field equations for rotating mass distributions. Examples include the rotating Kerr black hole and the van Stockhum rotating dust cylinder.

When m = √ 2Ω, Eq. (36) gives original Gödel model. In this case Eq. (39) becomes r > R_G =^{√2}_Ω ln ( 1 + √ 2 ) . Hence, R_G → ∞ as Ω → 0, which means that the weaker rotation of the model the more ’remote’ the closed timelike curves become. Alternatively, one might say that the faster the Gödel model rotates the smaller its causal region becomes.

When m = 0 (E^2_0 = 4B_c), from Eqs. (22) and (32), we get D = A(x − x_o) and H = ΩA [ (x − x_o)^2 + H_o ] , where A, x_o and H_0 are arbitrary constants. It is easily seen that the metric Eq. (2) with D(x) and H(x) given by above expressions is simply Minkowski space.

Acknowledgements

May 2, 2005 12:39 WSPC/INSTRUCTION FILE QuarkStars˙IJMPD

Rigidly Rotating Strange Quark Star 9

This work was supported by Çanakkale Onsekiz Mart University Research Fund.

References 1. A. R. Bodmer, Phys. Rev. D4, 1601 (1971). 2. E. Witten, Phys. Rev. D4, 272 (1984).

3. K. S. Cheng, Z. G. Dai and T. Lu, Int. J. Mod. Phys. D7, 139 (1998). 4. M. Alford, Ann. Rev. Nucl. Part. Sci. 51, 131 (2001).

5. K. S. Cheng, Z. G. Dai, D. M. Wei and T. Lu, Science 280, 4007 (1998). 6. C. Alcock, E. Farhi and A. Olinto, Astron. J. 310, 261 (1986). 7. P. Haensel, J. L. Zdunik and R. Schaeffer, Astron. Astrophys. 160, 121 (1986). 8. E. Farhi and R. L. Jaffe, Phys. Rev. D30, 2379 (1984). 9. J. J. Drake et al., Astron. J. 572, 996 (2002).

10. H. Sotani, K. Kohri and T. Harada, Phys. Rev. D69, 084008 (2004). 11. T. Harko and K. S. Cheng, Phys. Lett. A266, 249 (2000). 12. M. Demianski, Relativistic Astrophysics (Pergamon Press, 1985). 13. T. Bulik, D. Gondek-Rosińska and W. Kluźniak, Astron. Astrophys. L71, 344 (1999). 14. D. Gondek-Rosińska and W. Kluźniak, ”Maximum Orbital Frequencies For Rotating Quark Stars and Neutron Stars”, astro-ph/0206363.

15. D. Gondek-Rosińska, E. Gourgoulhon and P. Haensel, ”Are Rotating Strange Quark Stars Good Sources of Gravitational Waves”, astro-ph/0311128.

16. K. Gödel, Rev. Mod. Phys. 21, 447 (1949).

17. J. D. Barrow and C. G. Tsagas, Class. Quantum Grav. 21, 1773 (2004). 18. M. Gürses, A. Karasu and Ö. Sarıoğlu, ”Gödel Type of Metrics in Various Dimensions”, hep-th/0312290.

19. W. B. Bonnor, Int. J. Mod. Phys. D12, 1705 (2003).

20. E. Kajari, R. Walser, W. P. Schleich and A. Delgado, ”Sagnac Effect of Gödel’s Universe”, gr-gc/0404032.

21. M. J. Rebouças and J. Tiomno, Phys. Rev. D28, 1251 (1983). 22. İ. Yavuz and H. Baysal, Int. J. Theor. Phys. 33, 2285 (1994). 23. H. Baysal, İ. Yılmaz and İ. Tarhan, Int. J. Mod. Phys. D10, 935 (2001).