arXiv:astro-ph/0505121 v1 6 May 2005

Acceleration of the universe with a simple trigonometric potential

Narayan Banerjee^1 Sudipta Das^2 Relativity and Cosmology Research Centre, Department of Physics, Jadavpur University, Calcutta - 700 032, India

PACS Nos.: 98.80 Hw

Abstract

In this paper, we investigate the quintessence model with a minimally coupled scalar field in the context of recent supernovae observations. By choosing a particular form of the deceleration parameter q , which gives an early deceleration and late time acceleration for dust dominated model, we show that this sign flip in q can be obtained by a simple trigonometric potential. The early matter dominated model expands with q = 1/2 as desired and enters a negative q phase quite late during the evolution.

1 INTRODUCTION

Over the last few years, there are growing evidences in favour of the scenario that the universe at present is expanding with an acceleration. The supernovae project [1] and also the Maxima [2] and Boomerang [3] data on cosmic microwave background (CMB) strongly suggest this acceleration. The very recent WMAP data [4] also seem to confirm this. This result is indeed counter-intuitive, as gravity holds matter together and it might be expected that in the absence of any exotic field, the universe should be decelerating. As this acceleration could be brought about by an effective negative pressure, the first choice of candidate for this ‘dark energy’ had been the ‘cosmological constant’ or a time varying cosmological parameter Λ(t). Due to wellknown reasons, Λ has fallen from grace (for an excellent uptodate review, see [5],[6]). A scalar field with a positive definite potential can indeed give rise to an effective negative pressure if the potential term dominates over the kinetic term. The pressure to density ratio for the scalar field, as required by the supernovae observations, is given as w_ϕ < −^2_3 (See ref [7] and references therein). This source of energy is called the quintessence matter (Q-matter). In this context, non-minimally coupled scalar fields had been investigated thoroughly to check if they could drive an accelerated expansion [8]. Brans-Dicke’s scalar field appears to generate sufficient acceleration

1E-mail: narayan@juphys.ernet.in 2E-mail:dassudiptadas@rediffmail.com

in the matter era, but it has its problems in the earlier evolution [9]. A viscous fluid along with a Q-matter could also be a useful candidate and this appears to solve the coincidence problem also [10]. This coincidence problem, i.e, why the Q-matter dominates only recently, was tackled in the so called tracker solutions [11] where the scalar field energy density runs parallel to the matter energy density from below through the evolution and gets to dominate only during later stages. Very recently Chaplygin gas, which has a nonlinear contribution of the energy density to the dynamics of the model, has also been invoked [12]. Most of these models do exhibit an accelerated expansion in the matter-dominated regime.

It deserves mention that the same model should have a deceleration in the early phase of matter era in order to provide a perfect ambience for structure formation. Furthermore, the accelerated phase is perhaps only a very recent one. There are observational evidences too that beyond a certain value of the redshift (z ∼ 1.7), our universe had been going through a decelerated expansion [13]. This indication is indeed reassuring, as the formation of structure in the universe is better supported by a decelerating model. This is because local inhomogeneities will grow and become stable from the seeds of density fluctuation only if the force field is attractive.

Amendola [14] has argued that all the required structure formation and other relevant observations regarding the supernovae could well be explained even if the alleged acceleration of universe started quite a long time back, even beyond z = 5. However, this work also shows that the model requires both an accelerated and a decelerated phase of expansion. But a more recent work by Padmanabhan and Roychowdhury [15] shows a striking result. It indicates that if we take the complete data set, i.e, acceleration upto a certain z and deceleration beyond that (i.e, for higher z), then only this conclusion of the change of signature of the deceleration parameter holds. On the other hand, the individual data sets of the high and low redshift supernovae may well be consistent with a decelerating universe without any ‘dark energy’.

So indeed we are in need of some form of fields which governs the dynamics in such a way that the deceleration parameter becomes negative well into the matter era. One such Q-matter had been given by Sen and Sethi [16] where they include a potential which is a ‘double exponential’ of the scalar field. They obtained a scale factor which is a sine hyperbolic function of time in the matter dominated regime. The deceleration parameter (q) indeed has a sign flip and with a little fine-tuning, the scale factor can grow during the early stages as t^{2/3} which is indeed the usual solution for the Einstein equations for a flat FRW spacetime for pressureless dust.

In the present work, we adopt the following strategy. We choose a form of q as a function of the scale factor a so that it has the desired property of a signature flip. Then with this input, the scalar field and the required potential are found out. It turns out that a fairly simple trigonometric potential does the needful. The origin of the scalar potential, however, cannot be indicated. Surely this is not the ideal way to find out the dynamics of the universe, as here the dynamics is assumed and then the fields are found out without any reference to the origin of the field. But in the absence of more rigorous ways, this kind of investigations collectively might finally indicate towards the path where one really has to search. This ‘reverse’ way of investigations had earlier been used extensively by Ellis and Madsen [17] for finding out the potential driving inflation, i.e, an accelerated phase of the universe at a very early stage of its evolution.

2 Results

For a spatially flat Robertson-Walker spacetime

ds^2 = dt^2 − a^2(t)[dr^2 + r^2dΩ^2], (1)

the deceleration parameter q is given by q = − äa ȧ^2 (2) where a is the scale factor of the universe and is a function of the cosmic time ‘t’ alone. In order to get a model consistent with observations, one needs an expanding universe, i.e, a positive Hubble parameter H =^ȧ throughout the evolution, but a deceleration parameter q, unlike being a positive constant throughout the matter era at q = 1/2 as believed until the recent observations, should be a function of the scale factor ( or that of t ). Furthermore, this functional dependence should be such that q undergoes a transition from its positive phase to a negative one in the matter dominated period itself. It is thus imperative that the scale factor cannot have a simple power-law behaviour. If a ∼ t^n, the universe will have an accelerated or a decelerated expansion for n > 1 or n < 1 respectively throughout the period.

In the quest for a varying q consistent with observations, in the same line as that floated by Ellis and Madsen, we propose the relation q = − ä/a ȧ^2/a^2 = −1 − pa^p 1 + a^p

, (3)

where p is a constant. It is found that for a certain range of negative values of p, this works remarkably well.

The equation (3) integrates to yield H = ȧ a = A(1 + a^p) (4)

where A is an arbitrary constant of integration. A is taken to be positive, which ensures the positivity of the Hubble parameter (the expansion of the universe is never denied!) irrespective of the signature or value of the constant p.

It is found that for values of p between -2 and -1, the model shows exactly the behaviour which is desired (as shown in Figure 1).

In what follows, we work out the problem completely for p = −3/2, for which the model works with a non minimally coupled scalar field with a potential expressed as a simple trigonometric function of the scalar field.

As the interest is in a matter dominated universe, the fluid is taken in the form of a pressureless dust. The Einstein equations for the space-time given by equation (1) are, 3 ȧ^2 a^2

= ρ + 1 2 ϕ̇^2 + V (ϕ), (5) 2 ä a + ȧ^2 a^2 = − 1 2 ϕ̇^2 + V (ϕ) (6)

Figure 1: Plot of q vs. z for spatially flat dust dominated R-W model.

where ρ is the density of matter, ϕ is the scalar field and V (ϕ) is a scalar potential. The wave equation for the scalar field is

ϕ̈ + 3ȧ a ϕ̇ + V^′(ϕ) = 0 (7)

In all equations an overhead dot implies differentiation w.r.t. time and a prime is that w.r.t. the scalar field ϕ. The matter conservation equation, which can in fact be obtained from these three equations in view of the Bianchi identity, yields ρ = ρ_0 a^3

, (8)

ρ_0 being a constant. So we have three equations to solve for four unknowns.

We assume the deceleration parameter as given in equation (3), which can be integrated twice to give H = ȧ/a as in equation (4) and the scale factor as

a = [e^{−Apt} − 1]^{− 1p} (9)

Now, the system of equations (5), (6) and (7) is closed with the assumption of equation (3) or equivalently equation (4). So in order to solve the system completely, the parameter ‘p’ should have a fixed value. We choose p = −^3_2 , as it yields q = 0.5 for a very low value of^a_{a0} , where a_0 is the present value of the scale factor. The physical motivation for choosing this value of q for early matter dominated epoch is that for a spatially flat FRW model with p = 0 without any Q-matter indeed has q = 0.5 and that the transition from radiation to matter dominated epoch for this value of q is well studied [18].

With p = −^3_2 , equations (5) and (6) are used to eliminate V (ϕ), and ϕ̇ can be calculated to be ϕ̇ = √ 3Aa^{−34} = √ 3A [e^{3At}2 − 1]^12

(10)

The scalar field is found out by integrating equation (10) as, ϕ = 4 √ 3 tan^{−1}(e^{+3At/2} − 1)^{12} , (11)

The potential V (ϕ) can also be calculated from equations (5) and (6) first as a function of time and by the use of equation (11) as a function of ϕ as,

V (ϕ) =

9A^2 2 cot^2( √ 3ϕ 4 ) + 3A^2 (12)

Now one has the complete set of the solutions, a = a(t), ϕ = ϕ(t), ρ = ρ(t) and V = V (ϕ) for p = −3/2. The solutions, when plugged in the field equations, namely (5), (6) and (7), satisfy all of them provided ρ_0 = 3A^2. (13) From equations (5) and (6), we note that the contribution from the quintessence field ϕ towards the density and effective pressure are given as

ρ_ϕ = 1 2 ϕ̇^2 + V (ϕ), (14) and p_ϕ = 1 2 ϕ̇^2 − V (ϕ) (15)

respectively. From these, one can write down the expressions for the dimensionless density parameters Ω_m =^{ρm}_{3H 2} and Ω_ϕ =^{ρϕ}_{3H 2} respectively for the visible matter and the Q-matter.

With p = −3/2, the present model yields

Ω_m =

(1 + z)^3 [1 + (1 + z)^{−3/2}]^2

, (16) and Ω_ϕ = 1 − Ω_m , (17) where z is the redshift parameter given by

1 + z = a_0 a , (18)

a_0 being the present value of the scale factor. Ω_{m0} , the present value of Ω_m, comes out to be 0.25 and Ω_{ϕ0} = 0.75. These values are well within the constraints of 0.2 ≤ Ω_{m0} ≤ 0.8 [19],[5]. Figure 2 shows that Ω_m increases with z, i.e, decreases with the evolution of the universe. Ω_ϕ starts dominating over Ω_m roughly at z = 0.8. At the earlier epoch, i.e, at high z, Ω_ϕ is very small, allowing a conducive matching onto the radiation era for the perfect ambience for nucleosynthesis.

Unlike Newtonian gravity, general relativity ensures that the pressure also contributes in driving the acceleration of the model. From equations (5) and (6), one has ä a = − 1 6 (ρ_t + 3p_t) (19)

where ρ_t and p_t are the total effective density and pressure respectively. If the pressure is connected with the density by the relation p = wρ, (20)

Figure 2: Plot of Ω vs. z.

the model will accelerate ( ä > 0 ) only if

w_t = p_m + p_ϕ ρ_m + ρ_ϕ < − 1 3 . (21)

The subscripts ‘t’, ‘m’ and ‘ϕ’ stand for total, normal fluid distribution and the Q-matter ϕ respectively. For a matter dominated universe, p_m = 0 and hence w_m = 0. This particular model gives

w_ϕ = p_ϕ ρ_ϕ = 1 + (1 + z)^32 −1 − 2(1 + z)^32

(22)

w_t = p_ϕ ρ_ϕ + ρ_m

= −[1 + (1 + z)^{32} ]^{−1} (23)

The evolution of w_t versus z and w_ϕ versus z are shown in figure 3, which indicates that w_t attains the required value of −^1_3 or less only close to z = 0.5. Beyond that, w_t is less negative, and the universe still decelerates.

The value of w_{ϕ0}, i.e, the value of the equation of state parameter for the scalar field at z = 0 as given by the present model and as indicated by figure 3(b) is definitely within the constraint range [19].

We also plot the rate of change of w_t against z ( as shown in figure 4 ). It shows that^{dwt}_{dz} is still negative at the present epoch, but the magnitude of^{dwt}_{dz} is decreasing.

The solution for the scale factor is good enough to allow the density contrast to grow favourably for the formation of large scale structure. Figure (5) shows the growth of linearized density perturbation in this model and evidently indicates that it grows linearly with the scale factor during later stages as expected for the matter dominated epoch [18].

In the absence of the final form of the quintessence matter, search for the relevant form of potential will continue and the present investigation is one of them. In view of the high degree of non-linearity of Einstein’s equations, exact solutions always play a vital role as piecewise solutions have the problem of proper matching at different interfaces. The present model shows that inspite

Figure 3: Plot of (a) w_t vs. z and (b) w_ϕ vs. z.

Figure 4: Plot of^{dwt}_{dz} vs. z for spatially flat dust dominated R-W model.

Figure 5: Plot of density contrast D vs. a where D =^{ρ−ρ̄}_{ρ̄} .

of the severe constraints imposed by observations, one can still find an exact FRW model which gives values for the relevant parameters like q, w, Ω_ϕ, Ω_m etc. safely within the range given by observations. It also has the merit of having a single analytical expression for q = q(a), which gracefully transits from its positive phase to the negative one and adds to the list of quintessence potentials that serve the purpose of modelling a presently accelerating universe [20]. Definitely the model has problems, particularly that of fine tuning, but infact, all quintessence models have some such problems.

Acknowledgement

This research is partially supported by DAE (India).

References

[1] S. Perlmutter et al, Nature, 391, 51 (1998);

S. Perlmutter et al, Astrophys. J., 483, 565 (1997); S. Perlmutter et al, ibid, 517, 565 (1999); P. M. Garnarich et al, Astrophys. J., 509, 74 (1998); A. G. Reiss et al, Astrophys. J., 116, 1009 (1998).

[2] C. B. Netterfield et al, Astrophys. J., 571, 604 (2002);

A. E. Lange et al, Phys. Rev. D, 63, 042001 (2001); P. de Bernardis et al, Nature, 404, 955 (2000).

[3] A. Balbi et al, Astrophys. J., 545, L1 (2000);

S. Hanany et al, ibid, 545, L5 (2000).

[4] D. N. Spergel et al, astro-ph/0302209;

[5] V. Sahni and A. Starobinsky, Int. J. Mod. Phys. D, 9, 373 (2000);

V. Sahni, Class. Quantum. Grav., 19, 3435 (2002);

[6] T. Padmanabhan, Phys. Rep. (in press), hep-th/0212290.

[7] A. de la Macorra and C. Stephan Otto, Phys. Rev. D, 65, 083520 (2002).

[8] O. Bertolami and P. J. Martins, Phys. Rev. D, 61, 064007 (2000);

N. Banerjee and D. Pavon, Class. Quantum. Grav., 18, 593 (2001); S. Sen and T. Seshadri, gr-qc/0007079;

S. Sen and A. A. Sen, Mod. Phys. Lett. A, 16, 1303(2001); B. Boisseau, G. Esposito-Farese, D. Polarski and A. A.Starobinsky, Phys. Rev. Lett., 85, 2236 (2000);

M. S. Turner and M. White, Phys. Rev. D, 56, R4439 (1997).

[9] N. Banerjee and D. Pavon, Phys. Rev. D, 63, 043504 (2001).

[10] L. P. Chimento, A. S. Jaknbi and D. Pavon, Phys. Rev. D, 62, 063508 (2000).

[11] R. R. Caldwell, R. Dave and P. J. Steinhardt, Phys. Rev. Lett., 80, 1582 (1998).

[12] M. C. Bento, O. Bertolami, A. A. Sen, Phys. Rev. D, 66, 043507 (2002);

M. C. Bento, O. Bertolami, A. A. Sen, Phys., astro-ph/0210468.

[13] A. G. Reiss, astro-ph/0104455.

[14] L. Amendola, Mon. Not. R. Astron. Soc., 342, 221 (2003).

[15] T. Padmanabhan and T. Roychowdhury, Mon. Not. R. Astron. Soc., (in press), astro-ph/0212573.

[16] A. A. Sen and S. Sethi, Phys. Lett. B, 532, 159 (2002).

[17] G. F. R. Ellis and M. Madsen, Class. Quantum Grav., 8, 667 (1991).

[18] P. Coles and F. Lucchin : COSMOLOGY: The origin and evolution of cosmic structure, John Wiley and Sons, Chichester (1995);

A. K. Raychaudhuri, Theoretical Cosmology, Clarendom Press, Oxford (1979); T. Padmanabhan, Structure formation in the universe, Cambridge University Press (1995).

[19] Adam G. Riess et al, astro-ph/0402512 .

[20] V. Sahni, astro-ph/0403324.