arXiv:astro-ph/0505132v4 13 Mar 2007

Anti-de Sitter curvature radius constrained by quasars in brane-world scenarios

R. da Rocha^∗ IFGW, Universidade Estadual de Campinas, CP 6165, 13083-970 Campinas, SP, Brazil.

C. H. Coimbra-Araújo^† Departamento de Astronomia, Universidade de São Paulo, 05508-900 São Paulo, SP, Brazil. and IFGW, Universidade Estadual de Campinas, CP 6165, 13083-970 Campinas, SP, Brazil.

I. T. Pedron^‡ Universidade Estadual do Oeste do Paraná, CP 91, 85960-000, Marechal Cândido Rondon, PR, Brazil

This paper is intended to investigate the luminosity due to accretion of gas in supermassive black holes (SMBHs) in the center of quasars, using a brane-world scenario naturally endowed with extra dimensions, whereon theories formulated introduce corrections in the field equations at high energies. SMBHs possess the necessary highly energetic environment for the introduction of these corrections, which are shown to produce small deviations in all SMBH properties and, consequently, corrections in the accretion theory that supports quasars radiative processes. The radiative flux observed from quasars indicates these deviations, from which the magnitude of the AdS5 bulk curvature radius, and consequently the extra dimension compactification radius is estimated.

PACS numbers: 02.40.Ky, 04.20.-q, 11.25.-w

I. INTRODUCTION

Investigations concerning extra dimensions have been had considerable activity recently, and have been motivated by possible extra dimensions arising within a TeV scale for quantum gravity. The idea that the universe is trapped on a membrane in some higher-dimensional spacetime may explain why gravity is so weak, and could be tested at high-energy particle accelerators. In this context, the observable universe can be described by a 1 + 3 manifold, the so-called brane, embedded in a spacetime with 1 + 3 + δ dimensions, denominated bulk, where δ is the number of extra dimensions. The idea of extra dimensions dates back to the 1890s, when Heinrich R. Hertz [1] and Luther P. Eisenhart [2] dextrously proposed the trajectories of a general conservative system in classical dynamics can be put into a one-to-one correspondence with the geodesics of a suitable Riemannian manifold in one higher dimension [3]. Thereafter in the 1920s, the second attempt to include extra dimensions in a physical theory was made by Theodor Kaluza and Oskar Klein [4, 5]. They suggested a unification of electromagnetism and gravity into a geometrical formulation, involving one extra dimension that, when compactified, makes a unique formalism that unravels the Lorentz and the U(1) gauge symmetry of electromagnetism simultaneously.

In spite of the possible existence of extra dimensions, they still remain up to now unaccessible to experiments. Kaluza-Klein (KK) and string theories indicate the introduction of compact extra dimensions [6] of small radii of size of the order of the Planck scale, l_P ∼ 10^{−33} cm. Those unaccessed dimensions can also be as large as millimeters, implying deviations of the Newton’s law of gravity at these scales, and the highest energy particle accelerators extend our range of sight to include the weak and strong forces down to small scales, around 10-15 mm. Below about 1 mm, objects may be gravitating in more dimensions. The electromagnetic, weak and strong forces, as well as all the matter in the universe, would be trapped on a brane with three spatial dimensions. Only gravitons would be able to leave the surface and move throughout the full volume [7, 8, 9, 10].

At low energies, gravity is localized on the brane and general relativity is recovered, but at high energies, significant

∗Electronic address: roldao@ifi.unicamp.br †Electronic address: carlos@astro.iag.usp.br ‡Electronic address: thmar@vn.com.br

changes are introduced in gravitational dynamics, forcing general relativity to break down to be overcome by a quantum gravity theory [11]. A plausible reason for the gravitational force appear to be so weak can be its dilution in possibly existing extra dimensions related to a bulk, where p-branes [7, 8, 9, 10, 12, 13] are embedded. p-branes [14, 15] are good candidates for brane-worlds because they possess gauge symmetries [8, 9, 10] and automatically incorporate a quantum theory of gravity. The gauge symmetry arises from open strings, which can collide to form a closed string that can leak into the higher-dimensional bulk. The simplest excitation modes of these closed strings correspond precisely to gravitons [16].

It has been suggested the existence of infinite extra dimensions [17, 18], where particles in the bulk can be detectable in low energy as 4-dimensional fields [19]. Also, an alternative scenario can be achieved using 5-dimensional theories over manifolds endowed with the Randall-Sundrum metric (RS), which induces a volcano barrier-shaped effective potential for gravitons around the brane [20]. The corresponding spectrum of gravitational perturbations has a massless bound state on the brane, and a continuum of bulk modes with suppressed couplings to brane fields. These bulk modes introduce small corrections at short distances, and the introduction of more compact dimensions does not affect the localization of matter fields. However, true localization takes place only for massless fields [21], and in the massive case the bound state becomes metastable, being able to leak into the extra space. This is shown to be exactly the case for astrophysical massive objects, where highly energetic stars and the process of gravitational collapse, which can originate black holes, leads to deviations from the 4D general relativity problem.

We can explore the idea that, if black holes and specially the supermassive black holes (SMBHs) present in the nucleus of galaxies and quasars, do cause deviations from the 4D general relativity, these corrections should cause a small deviation in all SMBH properties. Consequently, corrections in the accretion theory that supports quasars radiative processes. The radiative flux observed from quasars can then indicate these deviations and the AdS_5 bulk curvature radius.

In order to the article to be as self-contained as possible, in the first three Sections we make a brief review about field equations on the brane. Although the description of black hole theory on the brane is relatively well known, there are still some inconsistencies. One of them is the apparent discrepancy between the perturbation of the Schwarzschild form, coming from the correction in the gravitational potential that arises from KK modes in RS formalism, and the large bulk curvature radius, which is computed via quasar observations.

It is also shown an observational constraint between the given perturbation in the Schwarzschild metric and the Schwarzschild radius on the brane, showing the magnitude of the AdS_5 bulk curvature radius, and subsequently the extra dimension compactification radius. By a gedanken experiment concerning quasar luminosity, we obtain as a result a large bulk curvature radius, and consequently a compactification radius k ≈ 10^{−14}cm. This can indicate remarkable guidelines in the future compactification scale investigations.

This article is organized as follows: in Section 2, Einstein field equations, written in terms of the Weyl tensor, the tensor splittings on the brane and Codazzi equations, are used to derive a field equation on the brane. In Section 3 we derive a suitable expression for this field equations, supposing the conservation of energy in the brane and the Israel-Darmois junction conditions. In Section 4, a Schwarzschild black hole on the brane is investigated in this context, and in Section 5 the range of the AdS_5 curvature radii due to theory of accretion in quasars is computed, together with the extra dimension compactification radius. Finally we present in Appendix some geometrical features concerning the Weyl tensor, after proposing in the Concluding Remarks, two alternative perspectives, respectively cohomological, concerning Penrose’s twistor theory [22, 23, 24], and geometrical, using brane-world scenarios over nonorientable manifolds in order to circumvent all the formal prerequisites necessary to approach the arising questions of the present formalism.

II. FIELD EQUATIONS ON THE BRANE

In what follows, we adopt natural units, where c = 1 and G = 1, where c denotes the light speed and G the gravitational constant. In this section we present and discuss the mathematical preliminaries necessary to explore the cosmological theory of black holes and quasars in brane-world scenarios constraining the AdS_5 universe radius. For a complete exposition about arbitrary manifolds and fiber bundles, see, e.g, [25, 26, 27, 28, 29]. Hereon {e_μ}, μ = 0, 1, 2, 3 [{e_A}, A = 0, 1, 2, 3, 4] denotes a basis for the tangent space T_xM at a point x in M, where M denotes the manifold modelling a brane embedded in a bulk. Naturally the cotangent space at x has an orthonormal basis {θ^μ} [{θ^A}] such that θ^μ(e_ν ) = δ^μ_ν . If we choose a local coordinate chart, it is possible to represent e_A = ∂/∂x^A ≡ ∂_A and θ^A = dx^A. Given the extrinsic curvature K = K_{AB} θ^A ∧ θ^B , it is possible to project the bulk curvature on the brane.

Take n = n^Ae_A a vector orthogonal to T_xM and let y be the Gaussian coordinate orthogonal to the T_xM, on the brane at x, indicating how much an observer upheave out the brane into the bulk. In particular we have n_AdX^A = dy. A vector v = v^Ae_A in the bulk is split in components in the brane and orthogonal to the brane, respectively as v = v^μe_μ + ye_4 = (v^μ, y). Since the bulk is endowed with a non-degenerate bilinear symmetric form g that can be written in a coordinate basis, where e^A := dx^A, e_A = ∂/∂x^A, as g = g_{AB} dx^A ⊗ dx^B , the components of the metric on the brane and on the bulk are hereon denoted respectively by g_{AB} and^{(5)}g_{AB}, and related by [30] (5)g_{AB} = g_{AB} + n_An_B . (1) The Gauss equation, relating curvatures in a 5-dimensional spacetime projected in a 4-dimensional one, can be written as [25, 30, 31]:

R^A_{BCD} =^{(5)}R^E_{F GH} g^A_E g^F_B g^G_C g^H_D + K^A_C K_{BD} − K^A_DK_{BC}

=^{(5)}R^E_{F GH} (^{(5)}g^A_E − n_E n^A)(^{(5)}g^F_B − n^F n_B )(^{(5)}g^G_C − n^Gn_C )(^{(5)}g^H_D − n_Dn^H ) + K^A_C K_{BD} − K^A_DK_{BC}(2) Now it arises, from the antisymmetry of the first two and the last two indices of the Riemann tensor, that all but the terms (5)R^E_{F GH}^{(5)}g^A_E^{(5)}g^F_B^{(5)}g^G_C^{(5)}g^H_D + K^A_C K_{BD} − K^A_DK_{BC} (3) survive in Eq.(2) when we contract the Riemann tensor indices in order to obtain the Ricci scalar. We then consider, without loss of generality in what follows that R^A_{BCD} =^{(5)}R^A_{BCD} + K^A_C K_{BD} − K^A_DK_{BC} .

Contracting the indices and left multiplying by g^C_A, the components of the Ricci form in the bulk are derived R_{BD} = (^{(5)}g^C_A − n^C n_A)^{(5)}R^A_{BCD} + (Tr K)K_{BD} − K^C_D K_{BC} + g^C_AR^A_{BCD}n^An^B , (4) and, in the brane, we have:

R_{μν} =^{(5)}R_{BD}g^B_μg^D_ν −^{(5)}R^A_{BCD}n^C n_Ag^B_μg^D_ν + (Tr K)K_{μν} − K^C_ν K_{μC} . (5) Using eq.(4), the Ricci scalar is calculated from the following equation:

R = g^{BD}R_{BD} =^{(5)}R −^{(5)}R_{BD}n^B n^D −^{(5)}R^A_{BCD}n_An^{C (5)}g^{BD} + (Tr K)^2 − K^{BC} K_{BC} + R^A_{BCD}n_An^B n^C n^D (6) Expressing g^{BD} = g^B_μg^D_ν g^{μν} yields

Rg_{μν} =^{(5)}Rg_{BD}g^B_μg^D_ν −^{(5)}R_{BD}n^B n^Dg_{μν} −^{(5)}R^A_{BCD}n_An^C g^B_μg^D_ν + [(Tr K)^2 − (Tr K^2)]g_{μν} . (7) From eqs.(5) and (7), the tensor G_{μν} := R_{μν} −^1_2 Rg_{μν} is given by: G_{μν} = (_{(5)} R_{BD} − 1 2 (5)Rg_{BD} ) g^B_μg^D_ν + 1 2 (5)R_{BD}n^B n^Dg_{μν} + 1 2 (5)R^A_C n_An^C g_{μν} −^{(5)}R^A_{BCD}n_An^C g^B_μg^D_ν − 1 2 (5)R^A_{BCD}n^B n^C n^Dn_Ag_{μν} + (Tr K)K_{μν} − K^C_ν K_{μC} − 1 2 g_{μν} ( (Tr K)^2 − (Tr K^2) ) . (8) Since g_{BD} =^{(5)}g_{BD} − n_B n_D, then G_{μν} = (_{(5)} R_{BD} − 1 2 (5)R^{(5)}g_{BD} ) g^B_μg^D_ν +^{(5)}R_{BD}n^B n^Dg_{μν} + 1 2 (5)R^A_C n_An^C g_{μν} −^{(5)}R^A_{BCD}n_An^C g^B_μ g^D_ν − 1 2 (5)R^A_{BCD}n^B n^C n^Dn_Ag_{μν} + (Tr K)K_{μν} − K^C_ν K_{μC} − 1 2 g_{μν} ((Tr K)^2 − (Tr K^2)). (9) Using Einstein equations [30], it is possible to write (5)G_{AB} = − 1 2 Λ_5^{(5)}g_{AB} + κ^2_5^{(5)}T_{AB}, (10) where Λ_5 denotes the cosmological constant in the bulk, which prevents gravity from leaking into the extra dimension at low energies. The field equations on the brane can be written as G_{μν} = − 1 2 Λ_5g_{μν} + κ^2_5^{(5)}T_{μν} +^{(5)}R_{BD}n^B n^Dg_{μν} + 1 2 (5)R^A_C n_An^C g_{μν} −^{(5)}R^A_{BCD}n_An^C g^B_μg^D_ν − 1 2 (5)R^A_{BCD}n^Bn^C n^Dn_Ag_{μν} + (Tr K)K_{μν} − K^C_ν K_{μC} − 1 2 g_{μν} ((Tr K)^2 − (Tr K^2)). (11) where κ_5 = 8πG_5. The Riemann tensor can be expressed as a combination of the Weyl tensor, the Ricci tensor and the Ricci scalar, as^{(5)}R^A_{BCD} =^{(5)}C^A_{BCD} +^{(5)}D^A_{BCD}, where^{(5)}C^A_{BCD} denotes the Weyl tensor and^{(5)}D^A_{BCD} can be written as [32]

(5)D^A_{BCD} = 2 3 (_{(5)} g^A_C^{(5)}R_{DB} −^{(5)}g^A_D^{(5)}R_{CB} −^{(5)}g_{BC}^{(5)}R^A_D +^{(5)}g_{BD}^{(5)}R^A_C )

− 1 6 (_{(5)}

g^A_C^{(5)}g_{BD} −^{(5)}g^A_D^{(5)}g_{BC}

)_{(5)}

R. (12)

III. ENERGY CONSERVATION AND JUNCTION CONDITIONS

From eqs.(11) and (12) it follows that G_{μν} = − 1 2 Λ_5g_{μν} + 2 3 κ^2_5

[_{(5)} T_{AB}g^A_μg^B_ν + (_{(5)} T_{AB}n^An^B − 1 4 (Tr^{(5)}T ) ) g_{μν} ]

+(Tr K)K_{μν} − K^C_ν K_{μC} + 1 2 g_{μν} [(Tr K)^2 − (Tr K^2)] − E_{μν} . (13)

The term E_{μν} is the projection of the bulk Weyl tensor on the brane:

E_{μν} =^{(5)}C_{ACBD}n^C n^Dg^A_μg^B_ν . (14)

Now, the curvature factors are to be expressed in terms of momentum-energy tensors. This can be done using two conditions: the Israel-Darmois junction conditions and the Z_2-symmetry. This last one physically asserts that, when one approaches the brane from one side and go through it, she emerges into a bulk that looks the same, but with the normal vector direction reversed, n → −n, meaning a mirror condition. In more formal terms, taking another basis {v_A} of the bulk, it is well known that the exterior product among elements of each basis {e_A} and {v_A} are related by v_0 ∧ v_1 ∧ · · · ∧ v_4 = det(v^B_A ) e_0 ∧ e_1 ∧ · · · ∧ e_4, where v_A = v^B_A e_B . The number det(v^B_A ) is positive [negative] if the bases {e_A} and {v_A} have the same [opposite] orientation, where the orientation in the bulk is defined as a choice in Z_2 of equivalence classes of bases in the bulk (or also in the brane). Any tangent vector space has only two orientation possibilities, depending of the signal of det(v^B_A ), and any homomorphism given by e_A → F e_A, satisfying det(F^B_A ) > 0, does not change the tangent space orientation. Then the mirror condition means the orientation over T_xM is changed. It is worth to emphasize that such mirror transformations are trivially achieved in bulks described by non-orientable manifolds, like the Möbius strip, for instance. In this case it is possible to achieve mirror transformations without puncturing the surface, by means of the parallel transport of a normal vector field, over a closed path. In this sense, after parallel transporting the vector, normal to the surface, over a closed path, it points in the opposite direction and, despite reversing the normal vector direction, the related observer is on the another side of the brane. The formalism of brane world scenarios on non-orientable manifolds are beyond the scope of the present paper.

The Israel-Darmois conditions [34, 35, 36, 37, 38] are obtained assuming that in the bulk field equations,

(5)G_{AB} = − 1 2 Λ_5^{(5)}g_{AB} + κ^2_5^{(5)}T_{AB}, (15)

the momentum-energy tensor^{(5)}T_{AB} is a sum of a bulk intrinsic momentum-energy tensor and a brane momentumenergy tensor integrated in a brane neighbour region (from y = −ϵ to y = +ϵ, where y is the coordinate representing the bulk from the brane). The Israel-Darmois conditions are given by

g^+_{μν} − g^−_{μν} = 0, K^+_{μν} − K^−_{μν} = −κ^2_5 ( T^{brane} μν − 1 3 T^{brane}g_{μν} ) , (16)

where T^{brane} = (Tr T^{brane}_{μν} ). The term T^{brane}_{μν} is the description of the momentum-energy tensor of the brane by an inhabitant of the bulk. In order to write T^{brane}_{μν} using entities realized by an inhabitant in the brane, we use

T^{brane} μν = T_{μν} − λg_{μν} , (17) where λ is defined as the tension on the brane. The second assumption is the Z_2-symmetry, resulting in the conditions K^+_{μν} = −K^−_{μν} = K_{μν} . Substituting these expressions in the Israel-Darmois conditions it follows that K_{μν} = − 1 2 κ^2_5 ( T_{μν} + 1 3 (λ − T )g_{μν} ) . (18)

Another step is to use the results above in order to develop the extrinsic curvatures terms in eq.(13):

(Tr K)K_{μν} − K^C_ν K_{μC} = 1 4 κ^4_5 ( T T_{μν} − T^C_ν T_{μC} ) , (19)

obviously implying that

(Tr K)^2 − (Tr K^2) = 1 4 κ^4_5 ( (Tr T )^2 − (Tr T^2) ) . (20)

From eqs.(19) and (20) it follows that

(Tr K)K_{μν} − K^C_ν K_{μC} + 1 2 g_{μν} ((Tr K)^2 − (Tr K^2)) = 1 4 κ^4_5 [ T T_{μν} − T^C_ν T_{μC} + 1 2 g_{μν} ((Tr T )^2 − (Tr T^2)) ] . (21)

Substituting eq.(21) in eq.(13), we obtain the following equation for the fields in the brane: G_{μν} = − 1 2 Λ_5g_{μν} + 2 3 κ^2_5

[_{(5)} T_{AB}g^A_μg^B_ν + (_{(5)} T_{AB}n^An^B − 1 4 (Tr^{(5)}T ) ) g_{μν} ]

+ 1 4 κ^4_5 [ T T_{μν} − T^C_ν T_{μC} + 1 2 g_{μν} ((Tr T )^2 − (Tr T^2)) ] − E_{μν} . (22)

This equation can be further simplified if the momentum-energy conservation law is valid on the brane, i.e., T^{;ν}_{μν} = 0. (23)

An expression for T^{;ν}_{μν} in terms of^{(5)}T_{AB} can be found by combining the following equations, respectively describing the field equations in the bulk, the Israel-Darmois junction conditions and the Gauss-Codazzi equations:

(5)G_{AB} = −Λ^{(5)}_5 g_{AB} + κ^2_5^{(5)}T_{AB}, (24) K_{μν} = − 1 2 κ^2_5 [ T_{μν} + 1 3 (λ − T )g_{μν} ] , (25)

K^B_{A ;B} − K_{;A} =^{(5)}R_{BC} g^B_An^C . (26) Performing the covariant derivative of the curvatures and using eq.(25) it follows that

K^{;ν}_{μν} − K^{;ν} = − 1 2 κ^2_5T^{;ν}_{μν} , (27)

and using eq.(26) it follows that

(5)R_{AB} g^A_ν n^B = K^A_{ν ;A} − K_{;ν} . (28) But from eq.(24), the expression

(5)R_{AB} = −Λ^{(5)}_5 g_{AB} + κ^2_5^{(5)}T_{AB} + 1 2 (5)g_{AB}^{(5)}R (29)

holds, which implies that

K^A_{ν ;A} − K_{;ν} = ( −Λ^{(5)}_5 g_{AB} + κ^{2 (5)}_5 T_{AB} + 1 2 (5)g_{AB}^{(5)}R ) g_{Aν} n_B . (30)

Now, introducing eq.(1) in eq.(30) and attempting for the fact that the projections of the Ricci tensors in the n^A direction are zero, we get from eq.(27)

T^A_{μ ;A} = −2^{(5)}T_{AB}g^A_μ n^B . (31)

Assuming that T^A_{μ ;A} = 0 in the brane, it is immediate that^{(5)}T_{AB} = 0. This means the bulk is in complete vacuum and the particles are in fact on the brane. Now, the field equations reduce to G_{μν} = − 1 2 Λ_5g_{μν} + 1 4 κ^4_5 [ T T_{μν} − T^C_ν T_{μC} + 1 2 g_{μν} ((Tr T )^2 − (Tr T^2)) ] − E_{μν} , (32)

showing the contribution of the bulk on the brane is only due to the Weyl tensor.

IV. BLACK HOLES ON THE BRANE

The Bianchi identities, applied to the Einstein field equations found in the last section, are expressed as G^{;ν}_{μν} = 0, which implies that E^{;ν}_{μν} − S^{;ν}_{μν} = 0, where

S_{μν} := 1 4 κ^4_5 [ T T_{μν} − T^C_ν T_{μC} + 1 2 g_{μν} ((Tr T )^2 − (Tr T^2)) ] . (33)

A vacuum on the brane, where T_{μν} = 0 outside a black hole, implies that

E^{;ν}_{μν} = 0. (34)

Eqs.(34) are referred to the non-local conservation equations. Other useful equations for the black hole case are G_{μν} = − 1 2 Λ_5g_{μν} − E_{μν} , R = R^μ_μ = 0 = E^μ_μ. (35)

The Weyl term E_{μν} carries an imprint of high-energy effects sourcing KK modes. It means that highly energetic stars and the process of gravitational collapse, and naturally black holes, lead to deviations from the 4D general relativity problem. This occurs basically because the gravitational collapse unavoidably produces energies high enough to make these corrections significant. From the brane-observer viewpoint, the KK corrections in E_{μν} are nonlocal, since they incorporate 5D gravity wave modes. These nonlocal corrections cannot be determined purely from data on the brane [39]. In the perturbative analysis of Randall-Sundrum (RS) brane, KK modes generate a correction in the gravitational potential V (r) = GM/r, which is given by [40] V (r) ≈ GM r ( 1 + 2l^2 3r^2 ) . (36)

The KK modes that generate this correction are responsible for a nonzero E_{μν} . This term carries the modification to the weak-field field equations, as we have already seen. The RS metric is in general expressed as (5)ds^2 = e^{−2k|y|}g_{μν} dx^μdx^ν + dy^2, 0 ≤ y ≤ πr_c (37) where k^2 = 3/(2l^2), l denotes the bulk curvature radius, k is a scale of order the Planck scale, r_c is the compactification radius and the term e^{−2|y|/l} is called the the warp factor [40], which reflects the confinement role of the bulk cosmological constant Λ_5, preventing gravity from leaking into the extra dimension at low energies.

Concerning the anti-de Sitter (AdS_5) bulk, the cosmological constant can be written as Λ_5 = −6/l^2, where l is the curvature radius of AdS_5. The brane is localized at y = 0, where the metric recovers the usual aspect. Therefore, a particular manner to express the vacuum field equations in the brane given by eq.(35) is

E_{μν} = −R_{μν} , (38)

where the bulk cosmological constant is incorporated to the warp factor in the metric. One can use a Taylor expansion in order to probe properties of a static black hole on the brane [41], and for a vacuum brane metric, g_{μν} (x, y) = g_{μν} (x, 0) − E_{μν} (x, 0)y^2 − 2 l E_{μν} (x, 0)y^3 + 1 12 ( □E_{μν} − 32 l^2 E_{μν} + 2R_{μανβ} E^{αβ} + 6E^α_μ E_{αν} ) y=0 y^4 + · · ·

where □ denotes the usual d’Alembertian. It shows in particular that the propagating effect of 5D gravity arises only at the fourth order of the expansion. For a static spherical metric on the brane given by g_{μν} dx^μdx^ν = −F (r)dt^2 + dr^2 H(r) + r^2dΩ^2, (39)

the projected Weyl term on the brane is given by the expressions

E_{00} = F r ( H^′ − 1 − H r ) , E_{rr} = − 1 rH ( F^′ F − 1 − H r ) , E_{θθ} = −1 + H + r 2 H ( F^′ F + H^′ H ) . (40)

Note that in eq.(39) the metric is led to the Schwarzschild one, if F (r) equals H(r). The exact determination of these radial functions remains an open problem in black hole theory on the brane [39].

These components allow one to evaluate the metric coefficients in eq.(39). The area of the 5D horizon is determined by g_{θθ}. Defining ψ(r) as the deviation from a Schwarzschild form H, i.e.,

H(r) = 1 − 2M r + ψ(r), (41)

where M is constant, yields

g_{θθ}(r, y) = r^2 + ψ^′ ( 1 + 2 l y ) y^2 + 1 6r^2 [ ψ^′ + 1 2 (1 + ψ^′)(rψ^′ − ψ)^′ ] y^4 + · · · (42)

It shows how ψ and its derivatives determine the change in the area of the horizon along the extra dimension. For a large black hole, with horizon scale r ≫ l, we have from eq.(36) that ψ ≈ − 4Ml^2 3r^3

, (43)

that shall be used to estimate the AdS_5 bulk curvature radius due to observational luminosities of quasars, that is the same as to the supermassive black holes accreting gas.

V. LUMINOSITY IN QUASARS AND ADS CURVATURE RADIUS

The observation of quasars (QSOs) in X-ray band can constrain the measure of the AdS_5 bulk curvature radius l, and indicate how the bulk is curled, from its geometrical and topological features. QSOs are astrophysical objects that can be found at large astronomical distances (redshifts z > 1). For gedanken experiment involving a static black hole being accreted, in a simple model, the accretion eficiency η is given by η = M 6R_{Sbrane}

, (44)

where R_{Sbrane} is the Schwarzschild radius corrected for the case of brane-world. The luminosity L due to accretion in a black hole, that generates a quasar, is given by L = ηṀ, (45)

where Ṁ denotes the accretion rate and depends on some specific model of accretion. In order to estimate R_{Sbrane}, fix H(r) = 0 in eq.(41), resulting in 1 − 2M R_{Sbrane} − 4Ml^2 3R^3_{Sbrane}

= 0. (46)

The above solution for R_{Sbrane} is relatively straightforward to be found in terms of the curvature radius l. It is then possible to find an expression for the luminosity L in terms of the radius of curvature L(l) = η(l)Ṁ. (47) Having observational values for the luminosity L, it is possible to estimate a value for l, given a black hole accretion model. As usual, denoting M_⊙ = 10^{33} g the mass of the sun, for a tipical supermassive black hole of 10^9M_⊙ in a massive quasar, a spherical accretion model as the Bondi-Hoyle model [42] gives Ṁ ∼ 800M_⊙ yr^{−1}. Supposing the quasar radiates in Eddington limit, given by (see, e.g., [43])

L(l) = L_{Edd} = 1.26 × 10^{45} ( M 10^7M_⊙ ) erg s^{−1} (48)

for a quasar with a supermassive black hole of 10^9M_⊙, the luminosity is given by L ∼ 10^{47} erg s^{−1}. The accretion efficiency, in this case, is given by η(l) ∼ 10^{−2} or, from eq.(44), R_{Sbrane}(l) ∼ 10M. Estimating R_{Sbrane}(l) in terms of l is equivalent to estimate the curvature radius of the AdS_5 bulk. Substituting the result above in eq.(41) gives ψ ≈ −0.8, with respect to a SMBH with mass of magnitude 10^9M_⊙. In the first approximation given by eq.(43) the AdS_5 curvature radius is l ∼ 25M. It accords to the WMAP observational results [44], since it agrees with the possibility of an approximately flat universe at large scales.

Now we are able to determine the order of the extra dimension compactification scale k, since it is closely related to the AdS_5 bulk curvature radius [40] by the expression k^2 = 3/(2l^2), leading to k ≈ 10^{−2}/M, where it must be emphasized M denotes a SMBH mass. This can be useful for the future accelerators experiments in order to impose limits on the investigation range of the extra dimension compactification radius, among other branches of applications.

VI. CONCLUDING REMARKS

The outcomes presented in the last Sections points basically for two possible conclusions. On the one hand, the AdS_5 bulk curvature radius, and consequently the extra dimension compactification radius, is determinated from quasar luminosity observations. On the other hand, the approximation given by eq.(43), proposed by a lot of authors, is not a so good solution in order to describe a Schwarzschild black hole on the brane. In fact, for the approximation adopted, g_{θθ} in eq.(42) decreases as one moves off the brane. This is consistent with a pancake-like shape of the horizon. However, the correct horizon shape is the tubular one, in Gaussian normal coordinates (see, e.g., [45]). Thus a simple brane-based approach, while giving useful insights, does not lead to a very realistic black hole solution. Indeed, up to this moment, there is no known solution representing a realistic black hole localized on the brane, which is stable and does not present any naked singularity [39]. This remains a key open question on nonlinear brane-world gravity. Some applications in astrophysics [60] and particle physics [61], involving extensions of the present paper, are presented [60, 61].

However, the points discussed in the present paper sheds new light on the theory of supermassive black holes in brane-world scenarios, since it exhibits a constraint involving quasars luminosity and the AdS_5 curvature radius, in order to find a suitable black hole solution. If the brane-world models are to be correct, the quasars luminosity does contain a smoke gun signature to estimate the right correction of the term ψ in eq.(41), and the correct fixed value to the AdS_5 curvature radius l.

One interesting remark is that the AdS_5 influence on the brane is totally due to the Weyl tensor, related to the bulk geometry. From the geometric viewpoint, it carries intrinsic modifications in the black hole accretion mechanism. Some alternative directions to approach the present formalism can be pointed out, trying to encompass the questions related to this article. The first one arises from the fact that, since after Witten proved general relativity is a renormalizable quantum system in (1+2) dimensions [46], a lot of interesting motivations to investigate the AdS_5 spacetime have been arising, in the light of the generalization of the gravity gauge theory in (1+2) dimensions to higher ones [33]. The first attempt was to enlarge the Poincaré group of symmetries, supposing an AdS group symmetry [47], which contains the Poincaré group. Also, the AdS/CFT correspondence asserts that a maximal supersymmetric Yang-Mills theory in 4-dimensional Minkowski-spacetime is equivalent to a type IIB closed superstring theory [7, 50, 51, 52, 53, 54, 55, 56]. The 10-dimensional arena for the type IIB superstring theory is then described by the product manifold S^5× AdS_5, and so our future investigations are directed towards brane-world scenarios and AdS_5 spacetime and their possible relationships with supersymmetric theories.

Other two possible directions to find black hole solutions in a brane-world scenario involve respectively the cohomological and geometrical aspects of the brane and the bulk. On the one hand, nowadays the search for a brane-world scenario is based on an orientable manifold describing the bulk. The Z_2-symmetry in the brane, known as the mirror symmetry, describes a change in the orientation when one passes through the brane, from one side to the other side of the brane. It can be interpreted by a non-homomorphic ‘puncture’ map on the brane, which can be led to a homomorphic map, if one supposes that the brane is non-orientable [33]. For instance, considering the non-orientable Möbius strip, the parallel transport of a normal vector on a closed path makes the vector reverse the sign after returning to the initial point over the strip. Up to our knowledge, there is no investigation about branes in non-orientable manifolds, which certainly can bring some novelty in this open research field. On the another hand, the Weyl tensor has been more formally investigated by its increasing importance concerning symplectic geometry and twistor fibrations, which are closely related to open problems in quantum gravity [48, 49]. It is known that the set of all compatible complex structures on the tangent spaces of the bulk M has twistor structure, by considering a canonical almost complex structure induced by a symplectic connection on M. The integrability equation of the almost complex structure appears in terms of the curvature and it agrees with the vanishing of the Weyl curvature tensor, related to conformal flatness. It proposes a close relation between the investigations on symplectic connections and that of twistor spaces [57], and the recent developments in string theory [58, 59]. More comments concerning such structures are beyond the scope of the present paper.

VII. ACKNOWLEDGEMENTS

The authors are grateful to Prof. Paul K. Townsend for his comments and suggestions, to Prof. Roy Maartens for his patience and clearing up expositions concerning branes, to Julio Hoff M. da Silva for pointing out some missing points, and specially to Dr. Ricardo A. Mosna for his careful reading of the manuscript and enlightening suggestions.

Appendix: some useful properties of the Weyl tensor

The curvature tensor can be decomposed into the part which depends on the Ricci curvature, and the Weyl tensor. Considering a manifold of dimension n, when n > 3 the second part can be non-zero. In a conformal change of the spacetime metric g, the Weyl tensor is invariant, and it is also called conformal tensor. A necessary condition for a Riemannian manifold to be conformally flat is that the Weyl tensor vanish. Moreover, the Weyl tensor is identically null if and only if the metric is locally conformal to the standard Euclidean metric.

The Weyl curvature tensor is defined as being the traceless component of the Riemann curvature tensor. In other words, it is a tensor that has the same symmetries as the Riemann curvature tensor with the extra condition that its Ricci curvature must vanish [30].

In dimensions two and three the Weyl curvature tensor vanishes identically. The Weyl tensor can be obtained from the full curvature tensor by subtracting out various traces. This is most easily done by writing the Riemann tensor as a (0,4) valent tensor, by contracting with the metric. The (0,4) valent Weyl tensor is then written as W = R − 1 n − 2 (Ric − s n g) ∘ g − s 2n(n − 1) g ∘ g where Ric denotes the Ricci tensor, R denotes the scalar curvature, and g ∘ h denotes the Kulkarni-Nomizu product of two arbitrary metrics g and h: (g ∘ h)(u, v, w, z) := g(u, w)h(v, z) + h(u, w)g(v, z) − g(u, z)h(v, w) − g(v, w)h(u, z). The ordinary (1,3) valent Weyl tensor is then given by contracting the above with the inverse of the metric. The Ricci tensor describes the local gravitational field of the nearby matter. The long-range gravitational field, namely gravitational waves and tidal forces, propagates through the Weyl conformal curvature tensor. It is well known that spacetime, at least locally, can be split in spacelike surfaces plus time, if a timelike vector field n, tangent to the worldline of a given observer, is chosen. The splitting of the gravitational field into its local and nonlocal components is shown in the following decomposition of the Riemann tensor R_{abcd} = C_{abcd} + 1 2 (g_{ac}R_{bd} + g_{bd}R_{ac} − g_{bc}R_{ad} − g_{ad}R_{bc}) + 1 6 R(g_{ac}g_{bd} − g_{ad}g_{bc}), (49) where C_{abcd} denotes the components of the Weyl tensor, which presents all the symmetries of the Riemann tensor and also C^c_{acb} = 0. Relative to the fundamental observers, the Weyl tensor decomposes further into its irreducible parts according to C_{abcd} = (g_{abqp}g_{cdsr} − η_{abqp}η_{cdsr})n_q n_sE^{pr} + (η_{abqp}g_{cdsr} + g_{abqp}η_{cdsr})u_q u_sH^{pr} (50) where g_{abcd} := g_{ac}g_{bd} − g_{ad}g_{bc} [62, 63]. The symmetric and trace-free components E_{ab} and H_{ab} are known as the electric and magnetic Weyl components and they are given by E_{ab} = C_{acbd}u^cu^d and H_{ab} =^1_2 ϵ^{cd}_a C_{cdbe}u^e, with E_{ab}u^b = 0 = H_{ab}u^b. The electric part of the Weyl tensor is associated with the tidal field. The magnetic component is associated with gravitational waves [64]. Of course, both tensors are required if gravitational waves are to exist. The Weyl tensor represents the part of the curvature that is not determined locally by matter. The dynamics of the Weyl field is not entirely arbitrary because the Riemann tensor satisfies the Bianchi identities, that when contracted take the form [62] ∇C_{abcd} = ∇_{[b}R_{a]c} + 1 6 g_{c[b}∇_{a]}R. (51)

Then, field equations for the Weyl tensor are simulated by Bianchi identitites, determining the part of the spacetime curvature that depends on the matter distribution at other points [62]. Eq.(51) splits into a set of two propagation and two constraint equations, which gives the evolution of the electric and magnetic Weyl components [65].

[1] Hertz H, Die Prinzipien der Mechanik in neuen Zusammenhange, J. Barth, Leipzig 1894. [2] Eisenhart L P, Dynamical trajectories and geodesics, Ann. Math. 30 (2) 591-606 (1929). [3] Barut A O, Geometry and Physics, Non-Newtonian Forms of Dynamics, Bibliopolis, Napoli 1989. [4] Kaluza T, Zum Unitätsproblem in der Physik, Sitzungsberichte Preussische Akademie Wissenschaften Phys. Math., K1, 966-972, (1921), Communicated to Einstein in 1919. Also found in English translation in O’Raifeartaigh L, (ed.), The Dawning of Gauge Theory, Princeton University Press, Princeton 1997, pp. 53-58.

[5] Klein O, Quantentheorie fünfdimensionale Relativitätstheorie, Z. Phys. 37, 895-906 (1926). [6] Duff M J, Nilsson B E W, and Pope C N, Kaluza-Klein supergravity, Phys. Rep. 130, 1-142 (1986). [7] Green M B, Schwarz J H, and Witten E, Superstring Theory, vols. I & II, Cambridge Univ. Press, Cambridge 1987. [8] Dienes K R, String theory and the path to unification: a review of recent developments, Phys. Rep. 287, 447-525 (1997) [hep-th/9602045].

[9] Kaku M, Strings, Conformal Fields and M-theory, Springer-Verlag, New York 2000.

[10] Kiritsis E, Introduction to Superstring Theory, Leuven Notes in Math. and Theor. Phys. 9, Leuven Univ. Press, Leuven 1997 [hep-ph/9709062].

[11] Rovelli C, Loop quantum gravity, Living Rev. Rel. 1, 1-34 (1998) [gr-qc/9710008].

[12] Barceló C and Visser M, Brane surgery: energy conditions, traversable wormholes, and voids, Nucl. Phys. B584, 415-435 (2000).

[13] Townsend P K, Brane surgery, Nucl. Phys. B Proc. Suppl., 58, 163-175 (1997) [hep-th/9609217]. [14] Ivanova T, Octonions, self-duality and strings, Phys. Lett. B315, 277-282 (1993).

[15] Tachibana H and Imaeda K, Octonions, superstrings and ten-dimensional spinors, Nuovo Cimento B104, 91-106 (1989). [16] Deligne P et al. (eds.), Quantum Fields and Strings: a Course for Mathematicians, Vols. I & II, AMS/IAS, Providence 1999.

[17] Akama K, Pregeometry in Lecture Notes in Physics, 176, Gauge Theory and Gravitation, Kikkawa K and Nakanishi N, and Nariai H (eds.), Proceedings, Nara 1982 pp. 267-271 Springer-Verlag, Berlin 1983, also available in ‘An early proposal of brane world’ [hep-th/0001113].

[18] Rubakov V A and Shaposhnikov M E, Do we live inside a domain wall, Phys. Lett. B125, 136-138 (1983). [19] Dvali G and Shifman M, Domain walls in strongly coupled theories, Phys. Lett. B396, 64-67 (1997) [hep-th/9612128]. [20] Lykken J and Randall L, The shape of gravity, JHEP 06, 014 (2000) [hep-th/9908076].

[21] Gregory R, Rubakov V A, and Sibiryakov S M, Brane worlds: the gravity of escaping matter, Class. Quantum Grav. 17, 4437-4449 (2000) [hep-th/0003109].

[22] Penrose R, Twistor algebra, J. Math. Phys. 8, 345-358 (1967).

[23] Penrose R and Rindler W, Spinors and Spacetime, vol.II: Spinor and Twistor Methods in Spacetime Geometry, Cambridge Univ. Press, Cambridge 1986.

[24] da Rocha R and Vaz Jr. J, Twistors, generalizations and exceptional structures, Proc. of Science, WC2004, 022 (2004) [math-ph/0412037].

[25] Frankel T, The Geometry of Physics: an Introduction, 2^{nd} ed., Cambridge Univ. Press, Cambridge 2004. [26] Nakahara M, Geometry, Topology and Physics, 2^{nd} ed., Institute of Physics Publishing, Bristol 2004. [27] Kobayashi S and Nomizu K, Foundations of Differential Geometry, vol. I, Interscience Publishers, New York 1963. [28] Mosna R A and Rodrigues Jr. W A, The bundles of algebraic and Dirac-Hestenes spinor fields, J. Math. Phys. 45, 2945-2966 (2004) [math-ph/0212033].

[29] Rodrigues Jr. W A, da Rocha R, and Vaz Jr. J, Hidden consequence of active local Lorentz invariance, Int. J. Geom. Meth.

Mod. Phys., 2 (2), 305-357 (2005) [math-ph/0501064].

[30] Misner C, Thorne K, and Wheeler J A, Gravitation, Freeman, San Francisco 1973. [31] do Carmo M, Differential Geometry of Curves and Surfaces, Prentice Hall, Upper Saddle River 1976. [32] Shiromizu T, Maeda K, and Sasaki M, The Einstein equations on the 3-brane world, Phys. Rev. D62, 024012 (2000) [gr-qc/9910076].

[33] da Rocha R and Capelas de Oliveira E, The Casimir operator of SO(1,2) and the Pöschl-Teller potential: an AdS approach, Rev. Mex. de Fisica 51 (1), 1-4 (2005).

[34] Israel W, Singular hypersurfaces and thin shells in general relativity, Nuovo Cim. 44B, 1-14 (1966), Errata-ibid 48B [Series 10], 463-463 (1967).

[35] Darmois G, Memorial des sciences mathematiques, Fasticule XXV ch V, Gauthier-Villars, Paris 1927. [36] Lanczos K, Untersuching über ächenhafte verteiliung der materie in der Einsteinschen gravitationstheorie, (1922), unpublished; Flächenhafte verteiliung der materie in der Einsteinschen gravitationstheorie, Ann. Phys. (Leipzig) 74, 518-540 (1924).

[37] Sen N, Über dei grenzbedingungen des schwerefeldes an unstetigkeits ächen, Ann. Phys. (Leipzig) 73, 365-396 (1924). [38] Kofinas G, General brane cosmology with^{(4)}R term in (A)dS5 or Minkowski bulk, JHEP 0008, 034 (2001). [39] Maartens R, Brane-world gravity, Living Rev. Relativity 7, 7 (2004) [gr-qc/0312059].

[40] Randall L and Sundrum R, An alternative to compactification, Phys. Rev. Lett. 83, 4690-4693 (1999) [hep-th/9906064]. [41] Dadhich N, Maartens R, Papadopoulos P, and Rezania V, Black holes on the brane, Phys. Lett. B487, 1-6 (2000) [hep-th/0003061].

[42] Font J A and Ibáñez J M, Non-axisymmetric relativistic Bondi-Hoyle accretion on to a Schwarzschild black hole, Monthly Not. of the Royal Astron. Soc., 298 (3) 835-846 (1998) [astro-ph/9810344].

[43] Shapiro S L and Teukolski S A, Black holes, white dwarfs, and neutron stars, Wiley-Interscience, New York 1983. [44] Spergel D N et al., First year Wilkinson Microwave Anisotropy Probe (WMAP) observations: determination of cosmological parameters, Astrophys. J. Suppl. 148, 175-226 (2003) [astro-ph/0302209].

[45] Giannakis I and Ren H, Possible extensions of the 4D Schwarzschild horizon in the 5D brane world, Phys. Rev. D63, 125017 (2001) [hep-th/0010183].

[46] Witten E, (2 + 1)-dimensional gravity as an exactly soluble system, Nucl. Phys. B311, 46-78 (1988). [47] Troncoso R and Zanelli J, Gauge supergravities in all odd dimensions, Int. J. Theor. Phys. 38, 1181-1206 (1999)

[hep-th/9807029].

[48] Esposito G and Pollifrone G, Twistors and spin 3/2 potentials in quantum gravity, Lect. Notes Pure Appl. Math. 169, 35-44 (1995) [gr-qc/9506058].

[49] Giombi S, Ricci R, Robles-Llana D, and Trancanelli D, A note on twistor gravity amplitudes, JHEP 0407 059 (2004) [hep-th/0405086].

[50] Maldacena J, The large N limit of superconformal field theories and supergravity, Adv. Theor. Math. Phys. 2, 231-252 (1998); Int. J. Theor. Phys. 38 1113-1133 (1999) [hep-th/9711200].

[51] Gubser S S, Klebanov I R, and Polyakov A M, Gauge theory correlators from noncritical string theory, Phys. Lett. B428, 105-114 (1998) [hep-th/9802109].

[52] Witten E, Anti-de Sitter space and holography, Adv. Theor. Math. Phys. 2, 253-291 (1998) [hep-th/9802150]. [53] Aharony O, Gubser S S, Maldacena J, Ooguri H, and Oz Y, Large N string theory and gravity, Phys. Rep. 323, 183-386 (2000) [hep-th/9905111].

[54] Klebanov I R, Introduction to the AdS/CFT correspondence, TASI Lectures 2003 [hep-th/0009139]. [55] d’Hoker E and Freedman D Z, Supersymmetric gauge theories and AdS/CFT correspondence [hep-th/0201253] [56] Petersen J L, Introduction to Maldacena conjecture on AdS/CFT, Int. J. Mod. Phys. A14, 3597-3672 (1999) [hep-th/9902131].

[57] Bengtsson I and Cederwall M, Particles, twistors and division algebras, Nuc. Phys. B302, 81-103 (1988). [58] Berkovits N and Motl L, Cubic twistorial string field theory, JHEP 0004, 056 (2004) [hep-th/0403187]. [59] Berkovits N and Witten E, Conformal supergravity in twistor-string theory, JHEP 0004, 009 (2004) [hep-th/0406051]. [60] da Rocha R and Coimbra-Araújo C H, Variation in the luminosity of Kerr quasars due to an extra dimension in the brane Randall-Sundrum model, JCAP 0512 (2005) 009 [astro-ph/0510318, astro-ph/0509363].

[61] da Rocha R and Coimbra-Araújo C H, Extra dimensions in LHC via mini-black holes: effective Kerr-Newman brane-world effects, Phys. Rev D74 (2006) 055006 [hep-ph/0607027].

[62] Hawking S W and Ellis G F R, The Large Scale Structure of Space-time, Cambridge University Press, Cambridge 1973. [63] Tsagas C G, Electromagnetic fields in curved spacetimes, Class. Quant. Grav. 22, 393-408 (2005) [gr-qc/0407080]. [64] Ellis G F R, General Relativity and Cosmology, Sachs R K (ed.), Academic Press, New York 1971. [65] Ellis G F R, Cargése Lectures in Physics vol. VI Schatzman E (ed.) Gordon and Breach, New York 1973; Ellis G F R and van Elst H, Theoretical and Observational Cosmology, Lachiéze-Rey (ed.) Kluwer, Dordrecht 1999.