arXiv:astro-ph/0509328 v3 14 Dec 2005

astro-ph/0509328

Cosmological Evolution of Hessence Dark Energy and Avoidance of the Big Rip

Hao Wei^∗ Institute of Theoretical Physics, Chinese Academy of Sciences, P.O. Box 2735, Beijing 100080, China Graduate School of the Chinese Academy of Sciences, Beijing 100039, China

Rong-Gen Cai^† Institute of Theoretical Physics, Chinese Academy of Sciences, P.O. Box 2735, Beijing 100080, China

ABSTRACT Recently, many dark energy models whose equation-of-state parameter can cross the phantom divide wde = −1 have been proposed. In a previous paper [Class. Quant. Grav. 22, 3189 (2005); hep-th/0501160], we suggest such a model named hessence, in which a non-canonical complex scalar field plays the role of dark energy. In this work, the cosmological evolution of the hessence dark energy is investigated. We consider two cases: one is the hessnece field with an exponential potential, and the other is with a (inverse) power law potential. We separately investigate the dynamical system with four different interaction forms between hessence and background perfect fluid. It is found that the big rip never appears in the hessence model, even in the most general case, beyond particular potentials and interaction forms.

PACS numbers: 98.80.Cq, 98.80.-k, 45.30.+s

∗Electronic address: haowei@itp.ac.cn † Electronic address: cairg@itp.ac.cn

I. INTRODUCTION

Dark energy [1] has been one of the focuses in modern cosmology since the discovery of accelerated expansion of the universe [2, 3, 4, 5, 6, 40]. The simplest candidate of dark energy is a tiny positive cosmological constant. As an alternative to the cosmological constant, some dynamical scalar field models have been proposed, such as quintessence [7, 43], phantom [8, 9, 10, 41], k-essence [11] etc. In the observational cosmology of dark energy, equation-of-state parameter (EoS) w_{de} ≡ p_{de}/ρ_{de} plays a central role, where p_{de} and ρ_{de} are the pressure and energy density of dark energy respectively. The most important difference between cosmological constant and dynamical scalar fields is that the EoS of the former is always a constant, −1, while the EoS of the latter can be variable during the evolution of the universe.

Recently, by fitting the SNe Ia data, marginal evidence for w_{de}(z) < −1 at z < 0.2 has been found [12]. In addition, many best-fits of the present value of w_{de} are less than −1 in various data fittings with different parameterizations (see [13] for a recent review). The present data seem to slightly favor an evolving dark energy with w_{de} being below −1 around present epoch from w_{de} > −1 in the near past [14]. Obviously, the EoS w_{de} cannot cross the so-called phantom divide w_{de} = −1 for quintessence or phantom alone. Some efforts [15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28] have been made to build dark energy model whose EoS can cross the phantom divide. Here we mention some of them, such as the geometric approach (brane or string) [18], holographic dark energy [19, 20], and scalar-tensor theory (esp. non-minimal coupled scalar field to gravity) [27, 42], etc.

Although some variants of k-essence [11] look possible to give a promising solution to cross the phantom divide, a no-go theorem, shown in [21], shatters this kind of hopes: it is impossible to cross the phantom divide w_{de} = −1, provided that the following conditions are satisfied: (i) classical level, (ii) general relativity is valid, (iii) single real scalar field, (iv) arbitrary Lagrangian density p (φ, X), where X ≡ 1 2 g^{μν} ∂_μφ∂_ν φ is the kinetic energy term, (v) p (φ, X) is continuous function and is differentiable enough, and (vi) the scalar field is minimal coupled to gravity. Thus, to implement the transition from w_{de} > −1 to w_{de} < −1 or vice versa, it is necessary to give up at least one of conditions mentioned above.

Obviously, the simplest way to get around this no-go theorem is to consider a model with two real scalar fields, i.e. to break the third condition. Feng, Wang and Zhang in [14] proposed a so-called quintom model which is a hybrid of quintessence and phantom (so the name quintom). Naively, one may consider a Lagrangian density [14, 22, 23, 24] L_{quintom} = 1 2 (∂_μϕ_1)^2 − 1 2 (∂_μϕ_2)^2 − V (ϕ_1, ϕ_2), (1)

where ϕ_1 and ϕ_2 are two real scalar fields and play the roles of quintessence and phantom respectively. Considering a spatially flat Friedmann-Robertson-Walker (FRW) universe and assuming the scalar fields ϕ_1 and ϕ_2 are homogeneous, one obtains the effective pressure and energy density for the quintom p_{quintom} = 1 2 ϕ̇^2_1 − 1 2 ϕ̇^2 − V (ϕ_1, ϕ_2), ρ_{quintom} = 1 2 ϕ̇^2_1 − 1 2 ϕ̇^2 + V (ϕ_1, ϕ_2), (2)

respectively. The corresponding effective EoS is given by w_{quintom} = ϕ̇2_1 − ϕ̇2 − 2V (ϕ_1, ϕ_2) ϕ̇2_1 − ϕ̇2 + 2V (ϕ_1, ϕ_2) . (3)

It is easy to see that w_{quintom} ≥ −1 when ϕ̇^2_1 ≥ ϕ̇^2 while w_{quintom} < −1 when ϕ̇^2_1 < ϕ̇^2. The cosmological evolutions of the quintom model without direct coupling between ϕ_1 and ϕ_2, i.e. V (ϕ_1, ϕ_2) = V_{ϕ1} + V_{ϕ2} ≡ V_{ϕ10} exp(−λ_{ϕ1} κϕ_1) + V_{ϕ2 0} exp(−λ_{ϕ2} κϕ_2), and with a special interaction between ϕ_1 and ϕ_2, i.e. V (ϕ_1, ϕ_2) = V_{ϕ1} + V_{ϕ2} + V_{int} and V_{int} ∼ (V_{ϕ1} V_{ϕ2} )^{1/2}, were studied by Guo et al [22] and Zhang et al [23], respectively. They showed that the transition from w_{quintom} > −1 to w_{quintom} < −1 or vice versa is possible in this type of quintom model.

In [28], by a new view of quintom dark energy, we proposed a novel non-canonical complex scalar field, which was named “hessence”, to play the role of quintom. In the hessence model, the phantom-like role is played by the so-called internal motion θ̇, where θ is the internal degree of freedom of hessence. The transition from w_h > −1 to w_h < −1 or vice versa is also possible in the hessence model [28]. We will briefly present the main points of hessence model in Sec. II.

The main aim of this work is to investigate the cosmological evolution of hessence dark energy. We consider the hessence and background perfect fluid as a dynamical system [29]. By the phase-space analysis, we find that some stable attractors can exist, which are either scaling solutions or hessencedominated solutions with EoS (w_h and w_{eff} ) larger than or equal to −1. No phantom-like late time attractors with EoS less than −1 exist. This result is very different from the quintom model considered in [22, 23], where the phantom-dominated solution is the unique late time attractor. If the universe is attracted into the unique phantom-dominated attractor with EoS less than −1, it will undergo a superaccelerated expansion (i.e. Ḣ > 0) forever and the big rip is inevitable [9] (see also [16, 30, 39]). On the contrary, in the hessence model, EoS less than −1 is transient. Eventually, it will come back to quintessence-like attractors whose EoS is larger than −1 or asymptotically to de Sitter attractor whose EoS is a constant −1. Therefore, the big rip will not appear in the hessence model.

The plan of this paper is as follows. In Sec. II, we will briefly present the main points of the hessence model. In Sec. III, we give out the equations of the dynamical system of hessence with/without interaction to background perfect fluid for the most general case. That is, we leave the potential of hessence and the interaction form undetermined. We will investigate the dynamical system for the models with exponential and (inverse) power law potentials in Sec. IV and Sec. V, respectively. In each case with different potential, we consider four different interaction forms between hessence and background perfect fluid. The first one corresponds to the case without interaction, i.e. the interaction term is zero. The other three forms are taken to be the most familiar interaction ones considered in the literature. In all these cases, we find that no phantom-like late time attractors with EoS less than −1 exist. In Sec. VI, we will show the big rip will not appear in a general case beyond the above considered cases. Finally, brief conclusion and discussions are given in Sec. VII.

We use the units h̄ = c = 1, κ^2 ≡ 8πG and adopt the metric convention as (+, −, −, −) throughout this paper.

II. HESSENCE DARK ENERGY

Following [28], we consider a non-canonical complex scalar field as the dark energy, namely hessence,

Φ = ϕ_1 + iϕ_2, (4)

with a Lagrangian density

L_h = 1 4 [ (∂_μΦ)^2 + (∂_μΦ^∗)^2 ] − U (Φ^2 + Φ^{∗2}) = 1 2 [ (∂_μϕ)^2 − ϕ^2(∂_μθ)^2 ] − V (ϕ), (5) where we have introduced two new variables (ϕ, θ) to describe the hessence, i.e.

ϕ_1 = ϕ cosh θ, ϕ_2 = ϕ sinh θ, (6)

which are defined by

ϕ^2 = ϕ^2_1 − ϕ^2, coth θ = ϕ_1 ϕ_2

. (7)

Considering a spatially flat FRW universe with scale factor a(t) and assuming ϕ and θ are homogeneous, from Eq. (5) we obtain the equations of motion for ϕ and θ,

ϕ̈ + 3Hϕ̇ + ϕθ̇^2 + V_{,ϕ} = 0, (8)

ϕ^2θ̈ + (2ϕϕ̇ + 3Hϕ^2)θ̇ = 0, (9)

where H ≡ ȧ/a is the Hubble parameter, a dot and the subscript “_{,ϕ}” denote the derivatives with respect to cosmic time t and ϕ, respectively. The pressure and energy density of the hessence are

p_h = 1 2 ( ϕ̇^2 − ϕ^2θ̇^2 ) − V (ϕ), ρ_h = 1 2 ( ϕ̇^2 − ϕ^2θ̇^2 ) + V (ϕ), (10)

respectively. Eq. (9) implies

Q = a^3ϕ^2θ̇ = const. (11) which is associated with the total conserved charge within the physical volume due to the internal symmetry [28]. It turns out θ̇ = Q a^3ϕ^2

. (12)

Substituting this into Eqs. (8) and (10), we can recast them as

ϕ̈ + 3Hϕ̇ + Q^2 a^6ϕ^3

+ V_{,ϕ} = 0, (13)

p_h = 1 2 ϕ̇^2 − Q^2 2a^6ϕ^2 − V (ϕ), ρ_h = 1 2 ϕ̇^2 − Q^2 2a^6ϕ^2

+ V (ϕ). (14)

It is worth noting that Eq. (13) is equivalent to the energy conservation equation of hessence ρ̇_h + 3H (ρ_h + p_h) = 0. The Friedmann equation and Raychaudhuri equation are given by, respectively,

H^2 = κ^2 3 (ρ_h + ρ_m) , (15)

Ḣ = − κ^2 2 (ρ_h + ρ_m + p_h + p_m) , (16)

where p_m and ρ_m are the pressure and energy density of background matter, respectively. The EoS of hessence w_h ≡ p_h/ρ_h. It is easy to see that w_h ≥ −1 when ϕ̇^2 ≥ Q^2/(a^6ϕ^2) while w_h < −1 when ϕ̇2 < Q2/(a6ϕ2). The transition occurs when ϕ̇2 = Q2/(a6ϕ2).

There are other interesting points in the hessence model, such as the avoidance of Q-ball formation, the novel possibility of anti-dark energy, the possible relation between hessence and Chaplygin gas, etc. We refer to the original paper [28] for more details.

III. DYNAMICAL SYSTEM OF HESSENCE WITH/WITHOUT INTERACTION TO

BACKGROUND PERFECT FLUID

Now, we generalize the original hessence model [28] to a more extensive case. We consider a universe containing both hessence dark energy and background matter. The background matter is described by a perfect fluid with barotropic equation of state

p_m = w_mρ_m ≡ (γ − 1)ρ_m, (17)

where the so-called barotropic index γ is a constant and satisfies 0 < γ ≤ 2. In particular, γ = 1 and 4/3 correspond to dust matter and radiation, respectively.

We assume the hessence and background matter interact through an interaction term C, according to

ρ̇_h + 3H (ρ_h + p_h) = −C, (18) ρ̇_m + 3H (ρ_m + p_m) = C, (19)

which preserves the total energy conservation equation ρ̇_{tot} + 3H (ρ_{tot} + p_{tot}) = 0. Clearly, C = 0 corresponds to no interaction between hessence and background matter. It is worth noting that Eq. (13) should be changed when C ≠ 0, a new term due to C will appear in the right hand side. Since θ is the internal degree of freedom [28], Eqs. (9), (11) and (12) still hold. The hessence interacts to external matter only through ϕ. Thus, the equation of motion of ϕ should be changed by the interaction.

Following [31, 32, 33], we introduce following dimensionless variables x ≡ κϕ̇ √ 6H , y ≡ κ √ V √ 3H , z ≡ κ √ ρ_m √ 3H , u ≡ √ 6 κϕ , v ≡ κ √ 6H Q a^3ϕ

. (20)

By the help of Eqs. (14)–(16), the evolution equations (18) and (19) can then be rewritten as a dynamical system:

x^′ = 3x ( x^2 − v^2 + γ 2 z^2 − 1 ) − uv^2 − κV_{,ϕ} √ 6H^2

− C_1, (21)

y^′ = 3y ( x^2 − v^2 + γ 2 z^2 ) + κ 2 √ 3H V_{,ϕ} √ V ϕ̇ H , (22)

z^′ = 3z ( x^2 − v^2 + γ 2 z^2 − γ 2 ) + C_2, (23)

u^′ = −xu^2, (24)

v^′ = 3v ( x^2 − v^2 + γ 2 z^2 − 1 ) − xuv, (25) where

C_1 ≡ κC √ 6H^2ϕ̇

, C_2 ≡ κC 2 √ 3H^2 √ ρ_m , (26)

a prime denotes derivative with respect to the so-called e-folding time N ≡ ln a, and we have used − Ḣ H^2 = 3 ( x^2 − v^2 + γ 2 z^2 ) . (27)

The Friedmann constraint equation (15) becomes

x^2 + y^2 + z^2 − v^2 = 1. (28)

The fractional energy densities of hessence and background matter are given by

Ω_h = x^2 + y^2 − v^2, Ω_m = z^2, (29)

respectively. The EoS of hessence and the effective EoS of the whole system are

w_h = p_h ρ_h = x^2 − v^2 − y^2 x^2 − v^2 + y^2 , w_{eff} = p_h + p_m ρ_h + ρ_m

= x^2 − v^2 − y^2 + (γ − 1)z^2, (30)

respectively. One can see that w_h ≥ −1 as x^2 ≥ v^2, while w_h < −1 as x^2 < v^2. Finally, it is worth noting that y ≥ 0 and z ≥ 0 by definition, and in what follows, we only consider the case of expanding universe with H > 0.

It is easy to see that Eqs. (21)–(25) become an autonomous system when the potential V (ϕ) is chosen to be an exponential or (inverse) power law potential and the interaction term C is chosen to be a suitable form. Indeed, we will consider the model with an exponential or (inverse) power law potential in Sec. IV and Sec. V, respectively. In each model with different potential, we consider four cases with different interaction forms between hessence and background perfect fluid. The first case is the one without interaction, i.e. C = 0. The other three cases are taken as the most familiar interaction terms extensively considered in the literature:

Case (I) C = 0,

Case (II) C = ακρ_mϕ̇, Case (III) C = 3βHρ_{tot} = 3βH (ρ_h + ρ_m) , Case (IV) C = 3ηHρ_m,

where α, β and η are dimensionless constants. The interaction form Case (II) arises from, for instance, string theory or scalar-tensor theory (including Brans-Dicke theory) [33, 34, 35]. The interaction forms Case (III) [36] and Case (IV) [37] are phenomenally proposed to alleviate the coincidence problem.

In the next two sections, we first obtain the critical points (x̄, ȳ, z̄, ū, v̄) of the autonomous system by imposing the conditions x̄^′ = ȳ^′ = z̄^′ = ū^′ = v̄^′ = 0. Of course, they are subject to the Friedmann constraint, i.e. x̄^2 + ȳ^2 + z̄^2 − v̄^2 = 1. We then discuss the existence and stability of these critical points. An attractor is one of the stable critical points of the autonomous system.

IV. MODEL WITH EXPONENTIAL POTENTIAL

In this section, we consider the hessence model with an exponential potential

V (ϕ) = V_0 e^{−λκϕ}, (31)

where λ is a dimensionless constant. Without loss of generality, we choose λ to be positive, since we can make it positive through field redefinition ϕ → −ϕ if λ is negative. In this case, Eqs. (21)–(25) become

x^′ = 3x ( x^2 − v^2 + γ 2 z^2 − 1 ) − uv^2 + √ 3 2 λy^2 − C_1, (32)

y^′ = 3y ( x^2 − v^2 + γ 2 z^2 ) − √ 3 2 λxy, (33) z^′ = 3z ( x^2 − v^2 + γ 2 z^2 − γ 2 ) + C_2, (34)

u^′ = −xu^2, (35)

v^′ = 3v ( x^2 − v^2 + γ 2 z^2 − 1 ) − xuv, (36) where C_1 and C_2 are defined by Eq. (26) and depend on the interaction form C. In the following subsections, we will consider different interaction forms C mentioned in the end of Sec. III.

To study the stability of the critical points of Eqs. (32)–(36), we substitute linear perturbations x → x̄ + δx, y → ȳ + δy, z → z̄ + δz, u → ū + δu, and v → v̄ + δv about the critical point (x̄, ȳ, z̄, ū, v̄) into Eqs. (32)–(36) and linearize them. Note that these critical points must satisfy the Friedmann constraint, ȳ ≥ 0, z̄ ≥ 0 and requirement of x̄, ȳ, z̄, ū, v̄ all being real. Because of the Friedmann constraint (28), there are only four independent evolution equations: δx^′ = − [ 3ȳ^2 + 3 ( 1 − γ 2 ) z̄^2 + 2ūx̄ ] δx + (√ 6λ − 6x̄ − 2ū ) ȳδy + [3 (γ − 2) x̄ − 2ū] z̄δz − ( x̄^2 + ȳ^2 + z̄^2 − 1 ) δu − δC_1, (37) δy^′ = − √ 3 2 λȳδx + 3 [ 1 − 3ȳ^2 + ( γ 2 − 1 ) z̄^2 − λ √ 6 x̄ ] δy + 3 (γ − 2) ȳz̄δz, (38) δz^′ = −6ȳz̄δy + 3 [( 1 − γ 2 ) − ȳ^2 + 3 (γ 2 − 1 ) z̄^2 ] δz + δC_2, (39) δu^′ = −ū^2δx − 2x̄ūδu, (40) where δC_1 and δC_2 are the linear perturbations coming from C_1 and C_2, respectively. The four eigenvalues of the coefficient matrix of the above equations determine the stability of the critical point.

A. Case (I) C = 0

C = 0 means no interaction between hessence and background matter. In this case, one has C_1 = C_2 = 0. It is easy to find out all critical points (x̄, ȳ, z̄, ū, v̄) of the autonomous system (32)–(36). They are required to be real and satisfy the Friedmann constraint and ȳ ≥ 0, z̄ ≥ 0. We present them in Table I. Next we consider the stabilities of these critical points. In this case, δC_1 = δC_2 = 0. Substituting δC_1, δC_2 and the critical point (x̄, ȳ, z̄, ū, v̄) into Eqs. (37)–(40), we find that Points (E.I.1), (E.I.2), (E.I.3) and (E.I.4) are always unstable, while Point (E.I.5) and Point (E.I.6) exist and are stable under condition λ > √ 3γ and λ < √ 3γ, respectively.

The late time attractor (E.I.5) has

Ω_h = 3γ λ^2

, Ω_m = 1 − 3γ λ^2

, w_h = −1 + γ, w_{eff} = −1 + γ, (41)

which is a scaling solution. The late time attractor (E.I.6) has

Ω_h = 1, Ω_m = 0, w_h = −1 + λ^2 3 , w_{eff} = −1 + λ^2 3 , (42)

which is a hessence-dominated solution. Note that their EoS are all larger than −1.

Label Critical Point (x̄, ȳ, z̄, ū, v̄)

E.I.1 x̄^2 ≥ 1, 0, 0, 0, ± √ x̄^2 − 1

E.I.2 0, 0, 1, any, 0

E.I.3 ±1, 0, 0, 0, 0

E.I.4^{√6}_λ , 0, 0, 0, ±

√_6 λ2 − 1 E.I.5

√_3 2 γ λ , √_{3γ} λ2 −^{3γ2}_{2λ2} , √ 1 −^{3γ}_{λ2} , 0, 0

E.I.6^{λ√}_6 , √ 1 −^{λ2}_6 , 0, 0, 0

TABLE I: Critical points for Case (I) C = 0 in the model with exponential potential.

B. Case (II) C = ακρmϕ̇

In this case, C_1 =

√_3

2 αz^2 and C_2 =

√_3

2 αxz. The physically reasonable critical points of the autonomous system (32)–(36) are summarized in Table II. Next let us consider the stability of these critical

points. In this case, δC_1 = √ 6αz̄δz and δC_2 =

√_3 2 αz̄δx + √_3 2 αx̄δz. Substituting δC_1, δC_2 and the critical point (x̄, ȳ, z̄, ū, v̄) into Eqs. (37)–(40), we find that Point (E.II.1) exists and is stable under

condition α < 0 and x̄ > max { 1,^{√6}_λ ,

√_3 2 γ−2 α } ; Point (E.II.2p) exists and is stable under condition α < √_3 2 (γ − 2) and λ > √ 6; Point (E.II.2m) is always unstable; Point (E.II.3) exists and is stable under

condition λ > √ 6γ(2 − γ) and

√_3 2 (γ−2) < α < √_3

2 (2−γ) and^{−λ−} √_{λ2−6γ(2−γ)} 2 < α <^{−λ+} √_{λ2−6γ(2−γ)} 2 ; Point (E.II.4) exists and is stable under condition λ < √ 6 and α < (_γ 2 − 1 ) λ; Point (E.II.5) exists and

is stable under condition 0 > α > max {√_3 2 (γ − 2), (_γ 2 − 1 ) λ } ; Point (E.II.6) exists and is stable in

a suitable parameter-space [38]; and Point (E.II.7) exists and is stable under condition λ < √ 6 and α <^{3γ}_λ − λ. The corresponding Ω_h, Ω_m, w_h and w_{eff} of the attractors are presented in Table II as well . Again, we see that their EoS of hessence and effective EoS are always larger than −1 [note that in Point (E.II.6), α(λ + α) + 3γ > 0 and α + λ > 0 are required by the existence of its corresponding ȳ and z̄, respectively]. This implies that the big rip singularity will not appear in this case.

Label Critical Point (x̄, ȳ, z̄, ū, v̄) Ωh Ωm wh wef f

E.II.1 x̄^2 ≥ 1, 0, 0, 0, ± √ x̄^2 − 1 1 0 1 1

E.II.2p +1, 0, 0, 0, 0 1 0 1 1

E.II.2m −1, 0, 0, 0, 0 — — — —

E.II.3

√_2 3 α γ−2 , 0, √ 1 −^{2α2}_{3(γ−2)2} , 0, 0^{2α2}_{3(γ−2)2} 1 −^{2α2}_{3(γ−2)2} 1 −1 + γ +^{2α2}_{3(2−γ)}

E.II.4^{√6}_λ , 0, 0, 0, ±

√_6

λ2 − 1 1 0 1 1

E.II.5

√_3 2 γ−2 α , 0, 0, 0, ±

√_{3(γ−2)2} 2α2 − 1 1 0 1 1

E.II.6

√_3 2 γ λ+α , √_{2α2−3(γ−2)γ+2αλ} 2(α+λ)2 , √_{λ(λ+α)−3γ} (λ+α)2 , 0, 0 α(λ+α)+3γ (λ+α)2 λ(λ+α)−3γ (λ+α)2 −1 + 3γ2 α(λ+α)+3γ −1 + γλ α+λ E.II.7^λ√_6 , √ 1 −^{λ2}_6 , 0, 0, 0 1 0 −1 +^{λ2}_3 −1 +^{λ2}_3

TABLE II: Critical points for Case (II) C = ακρmϕ̇ in the model with exponential potential.

C. Case (III) C = 3βHρtot = 3βH (ρh + ρm)

In this case, C_1 =^3_2 βx^{−1} and C_2 =^3_2 βz^{−1}. The physically reasonable critical points of the autonomous system (32)–(36) are presented in Table III, where

r_3 ≡ √ 1 + 4β 2 − γ . (43)

Points (E.III.4), (E.III.5) and (E.III.6) are the three real solutions of 2 γ x̄ ( λ √ 6 − x̄ ) ( γ − √ 2 3 λx̄ ) = β, (44)

ȳ^2 = ( 2 γ − 1 ) x̄^2 − √ 2 3 λ γ x̄ + 1, (45)

z̄^2 = 2 γ ( −x̄^2 + λ √ 6 x̄ ) , (46)

with ū = v̄ = 0 and requiring ȳ ≥ 0, z̄ ≥ 0 by definition. Although the real roots of the Eqs. (44)–(46) are easy to obtain, we do not present them here, since they are long in length. Note that Point (E.III.3) exists only when β > 0 and γ > 2, which is beyond the range 0 < γ ≤ 2.

Next, we consider the stabilities of these critical points. In this case, δC_1 = −^3_2 βx̄^{−2}δx and δC_2 = −^3_2 βz̄^{−2}δz. Substituting δC_1, δC_2 and the critical point (x̄, ȳ, z̄, ū, v̄) into Eqs. (37)–(40), we see that Points (E.III.1p), (E.III.1m) and (E.III.2m) are always unstable, while Point (E.III.2p) exists and is stable under condition 0 > β > (γ − 2)/4 and λ > [12 + 3(1 + r_3)(−2 + γ)] / ( 2 √ 3 √ 1 − r_3 ) . Points (E.III.4), (E.III.5) and (E.III.6) exist and are stable in proper parameter-space [38].

The late time attractor (E.III.2p) has

Ω_h = 1 2 (1 − r_3) , Ω_m = 1 2 (1 + r_3) , w_h = 1, w_{eff} = 1 + 1 2 (γ − 2) (1 + r_3) , (47)

which is a scaling solution. The late time attractors (E.III.4), (E.III.5) and (E.III.6) have

Ω_h = x̄^2 + ȳ^2, Ω_m = z̄^2, w_h = −1 +

2x̄^2 x̄^2 + ȳ^2 , w_{eff} = −1 + √ 2 3 λx̄. (48) They are all scaling solutions. It is easy to see that their EoS of hessence and effective EoS are all larger than −1 [note that 0 < γ ≤ 2 and 0 < r_3 < 1 for Point (E.III.2p), while x̄ ≥ 0 is required by Eq. (46) for Points (E.III.4), (E.III.5) and (E.III.6)].

Label Critical Point (x̄, ȳ, z̄, ū, v̄)

E.III.1p

[_1 2 (1 + r3 ) ]_{1/2} , 0,

[_1 2 (1 − r3 ) ]_{1/2} , 0, 0

E.III.1m −

[_1 2 (1 + r3 ) ]_{1/2} , 0,

[_1 2 (1 − r3 ) ]_{1/2} , 0, 0

E.III.2p

[_1 2 (1 − r3 ) ]_{1/2} , 0,

[_1 2 (1 + r3 ) ]_{1/2} , 0, 0

E.III.2m −

[_1 2 (1 − r3 ) ]_{1/2} , 0,

[_1 2 (1 + r3 ) ]_{1/2} , 0, 0

E.III.3^{√6}_λ , √_β 2 , √_β −2+γ , 0, ± √ −1 +^{βγ}_{−4+2γ} +^6_{λ2}

Note: For Points (E.III.4), (E.III.5) and (E.III.6), see text

TABLE III: Critical points for Case (III) C = 3βHρtot = 3βH (ρh + ρm) in the model with exponential potential.

r3 is given in Eq. (43).

D. Case (IV) C = 3ηHρm

In this case, C_1 =^3_2 ηx^{−1}z^2 and C_2 =^3_2 ηz. We show the physically reasonable critical points of the autonomous system (32)–(36) in Table IV, where

r_y ≡ √ −3γ^3 + 6γ^2(1 + η) − 3γη(4 + η) + 2η(3η + λ^2) 2γλ^2 , (49)

r_z ≡ √ (γ − η)λ^2 − 3(γ − η)^2 γλ^2 . (50)

To study the stability of these critical points, we obtain δC_1 = −^3_2 ηx̄^{−2}z̄^2δx + 3ηx̄^{−1}z̄δz and δC_2 =^3_2 ηδz by linearizing C_1 and C_2. Substituting δC_1, δC_2 and the critical point (x̄, ȳ, z̄, ū, v̄) into Eqs. (37)–(40), we find that Point (E.IV.1) exists and is stable under condition η < −2 + γ and x̄ > max { 1,^{√6}_λ } ; Point

(E.IV.2p) exists and is stable under condition 0 > η > γ − 2 and λ >

√_3 2 (γ − η) √_{γ−2} η ; Point (E.IV.2m)

is always unstable; Point (E.IV.3p) exists and is stable under condition η < γ − 2 and λ > √ 6; Point (E.IV.3m) is always unstable; Point (E.IV.4) exists and is stable under condition η < γ − 2 and λ < √ 6; Point (E.IV.5) exists and is stable under condition η < γ and λ < min {√ 6, √ 3(γ − η) } ; and Point (E.IV.6) exists and is stable in proper parameter-space [38].

The corresponding Ω_h, Ω_m, w_h and w_{eff} of the attractors are presented in Table IV as well. Once again, we see that their EoS of hessence and effective EoS are all larger than −1 [note that η < 0 is required by the existence of its corresponding x̄ for Point (E.IV.2p), while γ − η > 0 is required by Eq. (50) for Point (E.IV.6)].

Label Critical Point (x̄, ȳ, z̄, ū, v̄) Ωh Ωm wh wef f

E.IV.1 x̄^2 ≥ 1, 0, 0, 0, ± √ x̄^2 − 1 1 0 1 1

E.IV.2p √_η γ−2 , 0, √ 1 −^η_{γ−2} , 0, 0^η_{γ−2} 1 −^η_{γ−2} 1 −1 + γ − η

E.IV.2m − √_η γ−2 , 0, √ 1 −^η_{γ−2} , 0, 0 — — — —

E.IV.3p +1, 0, 0, 0, 0 1 0 1 1

E.IV.3m −1, 0, 0, 0, 0 — — — —

E.IV.4^{√6}_λ , 0, 0, 0, ±

√_6

λ2 − 1 1 0 1 1

E.IV.5^λ√_6 , √ 1 −^{λ2}_6 , 0, 0, 0 1 0 −1 +^{λ2}_3 −1 +^{λ2}_3

E.IV.6

√_3 2 γ−η λ , ry , rz , 0, 0 1 − r^2_z r^2_z −1 +^{3(γ−η)2}_{λ2 (1−r2z )} −1 + γ − η

TABLE IV: Critical points for Case (IV) C = 3ηHρm in the model with exponential potential. ry and rz are

given in Eqs. (49) and (50), respectively.

V. MODEL WITH (INVERSE) POWER LAW POTENTIAL

In this section, we consider the hessence model with a (inverse) power law potential

V (ϕ) = V_0 (κϕ)^n , (51) where n is a dimensionless constant. V (ϕ) is a power law potential when n > 0 while it is an inverse power law potential when n < 0. In this case, Eqs. (21)–(25) become

x^′ = 3x ( x^2 − v^2 + γ 2 z^2 − 1 ) − uv^2 − n 2 uy^2 − C_1, (52)

y^′ = 3y ( x^2 − v^2 + γ 2 z^2 ) + n 2 uxy, (53) z^′ = 3z ( x^2 − v^2 + γ 2 z^2 − γ 2 ) + C_2, (54)

u^′ = −xu^2, (55)

v^′ = 3v ( x^2 − v^2 + γ 2 z^2 − 1 ) − xuv, (56) where C_1 and C_2 are defined in Eq. (26) and depend on interaction form C. In the following subsections, we will consider four interaction forms C given in the end of Sec. III.

To study the stability of the critical points of Eqs. (52)–(56), we substitute linear perturbations x → x̄ + δx, y → ȳ + δy, z → z̄ + δz, u → ū + δu, and v → v̄ + δv about the critical point (x̄, ȳ, z̄, ū, v̄) into Eqs. (52)–(56) and linearize them. Note that these critical points must satisfy the Friedmann constraint, ȳ ≥ 0, z̄ ≥ 0 and requirement of x̄, ȳ, z̄, ū, v̄ all being real. Because of the Friedmann constraint (28), there are only four independent evolution equations: δx^′ = { 3 [( γ 2 − 1 ) z̄^2 − ȳ^2 ] − 2ūx̄ } δx − [6x̄ȳ + (2 + n) ūȳ] δy + [3 (γ − 2) x̄ − 2ū] z̄δz − [ x̄^2 + ( 1 + n 2 ) ȳ^2 + z̄^2 − 1 ] δu − δC_1, (57) δy^′ = n 2 ȳūδx + 3 [ 1 − 3ȳ^2 + ( γ 2 − 1 ) z̄^2 + n 6 ūx̄ ] δy + 3 (γ − 2) ȳz̄δz + n 2 x̄ȳδu, (58) δz^′ = −6ȳz̄δy + { (γ − 2) z̄ + 3 [( 1 − γ 2 ) − ȳ^2 + ( γ 2 − 1 ) z̄^2 ]} δz + δC_2, (59) δu^′ = −ū^2δx − 2x̄ūδu, (60) where δC_1 and δC_2 are the linear perturbations coming from C_1 and C_2, respectively. Again, the four eigenvalues of the coefficient matrix of the above equations determine the stability of the critical points.

A. Case (I) C = 0

In this case, C_1 = C_2 = 0, namely there is no interaction between hessence and background matter. It is easy to find out all critical points (x̄, ȳ, z̄, ū, v̄) of the autonomous system (52)–(56). We present them in Table V. Checking the eigenvalues of Eqs.(57)-(60), we find that Points (P.I.1), (P.I.2), and (P.I.4) are always unstable, while Point (P.I.3) is always stable. The unique late time attractor (P.I.3) has

Ω_h = 1, Ω_m = 0, w_h = −1, w_{eff} = −1, (61)

which is a hessence-dominated solution and it is an asymptotical de Sitter attractor.

Label Critical Point (x̄, ȳ, z̄, ū, v̄)

P.I.1 x̄^2 ≥ 1, 0, 0, 0, ± √ x̄^2 − 1

P.I.2 0, 0, 1, any, 0

P.I.3 0, 1, 0, 0, 0

P.I.4 ±1, 0, 0, 0, 0

TABLE V: Critical points for Case (I) C = 0 in the model with (inverse) power law potential.

B. Case (II) C = ακρmϕ̇

In this case, C_1 =

√_3 2 αz^2 and C_2 =

√_3

2 αxz. We summarize the physically reasonable critical points of the autonomous system (52)–(56) in Table VI. Next, we consider the stabilities of these critical points.

In this case, δC_1 = √ 6αz̄δz and δC_2 =

√_3 2 αz̄δx + √_3 2 αx̄δz. The four eigenvalues of the coefficient matrix of Eqs. (57)–(60) tell us that Points (P.II.1), (P.II.2), (P.II.3) and (P.II.4) are always unstable, while Point (P.II.5) is always stable. The unique late time attractor (P.II.5) has

Ω_h = 1, Ω_m = 0, w_h = −1, w_{eff} = −1, (62)

which is a hessence-dominated solution and it is an asymptotical de Sitter attractor.

Label Critical Point (x̄, ȳ, z̄, ū, v̄)

P.II.1 x̄^2 ≥ 1, 0, 0, 0, ± √ x̄^2 − 1

P.II.2 ±1, 0, 0, 0, 0

P.II.3

√_2 3 α γ−2 , 0, √ 1 −^{2α2}_{3(γ−2)2} , 0, 0

P.II.4

√_3 2 γ−2 α , 0, 0, 0, ± √ −1 +^{3(γ−2)2}_{2α2}

P.II.5 0, 1, 0, 0, 0

TABLE VI: Critical points for Case (II) C = ακρmϕ̇ in the model with (inverse) power law potential.

C. Case (III) C = 3βHρtot = 3βH (ρh + ρm)

In this case, C_1 =^3_2 βx^{−1} and C_2 =^3_2 βz^{−1}. The physically reasonable critical points of the autonomous system (52)–(56) are summarized in Table VII. There, r_3 is defined by Eq. (43). Substituting δC_1 = −^3_2 βx̄^{−2}δx, δC_2 = −^3_2 βz̄^{−2}δz, and the critical point (x̄, ȳ, z̄, ū, v̄) into Eqs. (57)–(60), we find that no stable attractor exists in this case.

Label Critical Point (x̄, ȳ, z̄, ū, v̄)

P.III.1p

[_1 2 (1 + r3 ) ]_{1/2} , 0,

[_1 2 (1 − r3 ) ]_{1/2} , 0, 0

P.III.1m −

[_1 2 (1 + r3) ]_{1/2} , 0,

[_1 2 (1 − r3) ]_{1/2} , 0, 0

P.III.2p

[_1 2 (1 − r3 ) ]_{1/2} , 0,

[_1 2 (1 + r3 ) ]_{1/2} , 0, 0

P.III.2m −

[_1 2 (1 − r3) ]_{1/2} , 0,

[_1 2 (1 + r3) ]_{1/2} , 0, 0

TABLE VII: Critical points for Case (III) C = 3βHρtot = 3βH (ρh + ρm) in the model with (inverse) power law

potential. r3 is given in Eq. (43).

D. Case (IV) C = 3ηHρm

In this case, C_1 =^3_2 ηx^{−1}z^2 and C_2 =^3_2 ηz, we have the physically reasonable critical points shown in Table VIII. Substituting δC_1 = −^3_2 ηx̄^{−2}z̄^2δx+3ηx̄^{−1}z̄δz, δC_2 =^3_2 ηδz, and the critical point (x̄, ȳ, z̄, ū, v̄) into Eqs. (57)–(60), the four eigenvalues of the coefficient matrix of the resulting equations tell us that no stable attractor exists as well in this case.

Label Critical Point (x̄, ȳ, z̄, ū, v̄)

P.IV.1 x̄^2 ≥ 1, 0, 0, 0, ± √ x̄^2 − 1

P.IV.2 ± √_η γ−2 , 0, √ 1 −^η_{γ−2} , 0, 0

P.IV.3 ±1, 0, 0, 0, 0

TABLE VIII: Critical points for Case (IV) C = 3ηHρm in the model with (inverse) power law potential.

VI. NO BIG RIP IN HESSENCE MODEL

Obviously, we can see from Sec. IV and Sec. V that w_h and w_{eff} of all stable late time attractors are larger than or equal to −1 for these two particular models with exponential or (inverse) power law potential and the interaction term C is chosen to be four different forms. No phantom-like late time attractor with w_h or w_{eff} less than −1 can exist in the hessence model of dark energy. However, one may wonder whether this observation depends on the forms of potential V (ϕ) and the interaction term C. Therefore, it is interesting to investigate this feature in a general case.

Let us come back to the most general equations system, i.e. Eqs. (21)–(25). Now, we leave V (ϕ) and C undetermined, except for assuming that they can make the equations system closed, in other words, Eqs. (21)–(25) is an autonomous system. The critical point (x̄, ȳ, z̄, ū, v̄) of the autonomous system satisfies x̄^′ = ȳ^′ = z̄^′ = ū^′ = v̄^′ = 0. Of course, they are also subject to the Friedmann constraint, i.e. x̄^2 + ȳ^2 + z̄^2 − v̄^2 = 1. From Eq. (24), ū^′ = 0, we have x̄ū = 0. Substituting this into Eq. (25), v̄^′ = 0, we have either v̄ = 0 or x̄^2 − v̄^2 +^γ_2 z̄^2 − 1 = 0. If the latter holds, from Eq. (29), we have Ω_m = z̄^2 =^2_γ [ 1 − ( x̄^2 − v̄^2 )] . Physics requires Ω_m ≤ 1. Therefore x̄^2 − v̄^2 ≥ 0 is required for the case 0 < γ ≤ 2. We see from Eq. (30) that w_h ≥ −1 in this case. If x̄^2 − v̄^2 +^γ_2 z̄^2 − 1 ≠ 0, we then have v̄ = 0 as mentioned above. Obviously, from Eq. (30), w_h ≥ −1 is inevitable. On the other hand, we can see no big rip in the hessence model as follows. Since x̄^2 − v̄^2 ≥ 0 for both cases mentioned above, we can see from Eq. (27) that Ḣ ≤ 0, which implies w_{eff} ≥ −1, cf. Eq. (16). Therefore, we conclude that w_h ≥ −1 and w_{eff} ≥ −1 always hold for all critical points of the autonomous system (21)–(25). No phantom-like late time attractor with EoS less than −1 can exist. This result is independent of the form of potential V (ϕ) and interaction form C.

Therefore, EoS less than −1 is transient in the hessence model. Eventually, it will go to quintessencelike attractors whose EoS is larger than −1 or asymptotically to de Sitter attractor whose EoS is a constant −1. Thus, the big rip will not appear in the hessence model.

VII. CONCLUSION AND DISCUSSIONS

In this work, the cosmological evolution of hessence dark energy is investigated. We considered two models with exponential and (inverse) power law potentials of hessence respectively, and investigated the dynamical system for the four cases with different interactions between hessence and background perfect fluid. By the phase-space analysis, we find that some stable attractors can exist, which are either scaling solutions or hessence-dominated solutions with EoS larger than or equal to −1. No phantom-like late time attractors with EoS less than −1 can exist. We have shown that this essential result still holds in a general case beyond particular potentials and interaction forms. Thus, the big rip will not appear in the hessence model.

Our result of the hessence model is very different from that of the quintom model studied in [22, 23], where the phantom-dominated solution is the unique late time attractor and the big rip is inevitable. The difference between our result and that of [22, 23] is not due to the interaction between the hessence and background matter, since our conclusion still holds for the case C = 0, that is, the case without the interaction. The difference should be due to the form of the interaction between ϕ_1 and ϕ_2 [cf. Eqs. (4)–(7)]. Guo et al [22] and Zhang et al [23] only studied the cosmological evolution of the quintom model without direct coupling between ϕ_1 and ϕ_2, i.e. V (ϕ_1, ϕ_2) = V_{ϕ1} + V_{ϕ2} ≡ V_{ϕ1 0} exp(−λ_{ϕ1} κϕ_1) + V_{ϕ2 0} exp(−λ_{ϕ2} κϕ_2), and with a special interaction between ϕ_1 and ϕ_2, i.e. V (ϕ_1, ϕ_2) = V_{ϕ1} + V_{ϕ2} + V_{int} and V_{int} ∼ (V_{ϕ1} V_{ϕ2} )^{1/2}, respectively. As pointed out in [28], in the hessence model, the potential is imposed to be the form of V (ϕ), or equivalently, V (ϕ^2_1 − ϕ^2) in terms of ϕ_1 and ϕ_2 [cf. Eqs. (4)–(7)]. Except for the very special case with V (ϕ) ∼ ϕ^2, the two fields ϕ_1 and ϕ_2 are coupled in the general case, and the interaction between ϕ_1 and ϕ_2 is quite complicated, rather than the very special interaction considered in [23].

Another issue is about the fate of our universe. From our result, the present super-acceleration of universe, i.e. Ḣ > 0, is transient and our universe can avoid the fate of big rip. It can either accelerate forever (w_{eff} < −1/3) or come back to deceleration (w_{eff} > −1/3), which is determined by the model parameters.

ACKNOWLEDGMENTS

HW is grateful to Zong-Kuan Guo, Yun-Song Piao, Bo Feng, Li-Ming Cao, Da-Wei Pang, Yi Zhang, Hui Li, Qi Guo, Hong-Sheng Zhang, Ding-Fang Zeng, Xin Zhang, Ling-Mei Cheng and Fei Wang for helpful discussions. This work was supported in part by a grant from Chinese Academy of Sciences, a grant from NSFC, China (No. 10325525 and No. 90403029), and a grant from the Ministry of Science and Technology of China (No. TG1999075401).

[1] P. J. E. Peebles and B. Ratra, Rev. Mod. Phys. 75, 559 (2003) [astro-ph/0207347];

T. Padmanabhan, Phys. Rept. 380, 235 (2003) [hep-th/0212290]; S. M. Carroll, astro-ph/0310342;

R. Bean, S. Carroll and M. Trodden, astro-ph/0510059;

V. Sahni and A. A. Starobinsky, Int. J. Mod. Phys. D 9, 373 (2000) [astro-ph/9904398]; S. M. Carroll, Living Rev. Rel. 4, 1 (2001) [astro-ph/0004075]; T. Padmanabhan, Curr. Sci. 88, 1057 (2005) [astro-ph/0411044]; S. Weinberg, Rev. Mod. Phys. 61, 1 (1989); S. Nobbenhuis, gr-qc/0411093.

[2] A. G. Riess et al. [Supernova Search Team Collaboration], Astrophys. J. 607, 665 (2004) [astro-ph/0402512].

R. A. Knop et al., [Supernova Cosmology Project Collaboration], Astrophys. J. 598, 102 (2003) [astro-ph/0309368].

[3] A. G. Riess et al. [Supernova Search Team Collaboration], Astron. J. 116, 1009 (1998) [astro-ph/9805201];

S. Perlmutter et al. [Supernova Cosmology Project Collaboration], Astrophys. J. 517, 565 (1999) [astro-ph/9812133].

[4] C. L. Bennett et al., Astrophys. J. Suppl. 148, 1 (2003) [astro-ph/0302207];

D. N. Spergel et al., Astrophys. J. Suppl. 148 175 (2003) [astro-ph/0302209]. [5] M. Tegmark et al. [SDSS Collaboration], Phys. Rev. D 69, 103501 (2004) [astro-ph/0310723];

M. Tegmark et al. [SDSS Collaboration], Astrophys. J. 606, 702 (2004) [astro-ph/0310725]; J. K. Adelman-McCarthy et al. [SDSS Collaboration], astro-ph/0507711;

K. Abazajian et al. [SDSS Collaboration], astro-ph/0410239; astro-ph/0403325; astro-ph/0305492. [6] S. W. Allen, R. W. Schmidt, H. Ebeling, A. C. Fabian and L. van Speybroeck, Mon. Not. Roy. Astron. Soc.

353, 457 (2004) [astro-ph/0405340].

[7] R. R. Caldwell, R. Dave and P. J. Steinhardt, Phys. Rev. Lett. 80, 1582 (1998) [astro-ph/9708069];

C. Wetterich, Nucl. Phys. B 302, 668 (1988);

P. J. E. Peebles and B. Ratra, Astrophys. J. 325, L17 (1988);

P. J. Steinhardt, L. M. Wang and I. Zlatev, Phys. Rev. D 59, 123504 (1999) [astro-ph/9812313]; I. Zlatev and P. J. Steinhardt, Phys. Lett. B 459, 570 (1999) [astro-ph/9906481].

[8] R. R. Caldwell, Phys. Lett. B 545, 23 (2002) [astro-ph/9908168].

[9] R. R. Caldwell, M. Kamionkowski and N. N. Weinberg, Phys. Rev. Lett. 91, 071301 (2003) [astro-ph/0302506]. [10] S. M. Carroll, M. Hoffman and M. Trodden, Phys. Rev. D 68, 023509 (2003) [astro-ph/0301273];

J. M. Cline, S. Y. Jeon and G. D. Moore, Phys. Rev. D 70, 043543 (2004) [hep-ph/0311312].

[11] C. Armendariz-Picon, V. Mukhanov and P. J. Steinhardt, Phys. Rev. Lett. 85, 4438 (2000) [astro-ph/0004134];

C. Armendariz-Picon, V. Mukhanov and P. J. Steinhardt, Phys. Rev. D 63, 103510 (2001) [astro-ph/0006373]; T. Chiba, T. Okabe and M. Yamaguchi, Phys. Rev. D 62, 023511 (2000) [astro-ph/9912463]; M. Malquarti, E. J. Copeland and A. R. Liddle, Phys. Rev. D 68, 023512 (2003) [astro-ph/0304277]; M. Malquarti, E. J. Copeland, A. R. Liddle and M. Trodden, Phys. Rev. D 67, 123503 (2003) [astro-ph/0302279].

[12] D. Huterer and A. Cooray, Phys. Rev. D 71, 023506 (2005) [astro-ph/0404062];

U. Alam, V. Sahni and A. A. Starobinsky, JCAP 0406, 008 (2004) [astro-ph/0403687]; Y. Wang and M. Tegmark, Phys. Rev. D 71, 103513 (2005) [astro-ph/0501351]; R. Lazkoz, S. Nesseris and L. Perivolaropoulos, astro-ph/0503230.

[13] A. Upadhye, M. Ishak and P. J. Steinhardt, Phys. Rev. D 72, 063501 (2005) [astro-ph/0411803]. [14] B. Feng, X. L. Wang and X. M. Zhang, Phys. Lett. B 607, 35 (2005) [astro-ph/0404224]. [15] W. Hu, Phys. Rev. D 71, 047301 (2005) [astro-ph/0410680];

R. R. Caldwell and M. Doran, Phys. Rev. D 72, 043527 (2005) [astro-ph/0501104]; E. Elizalde, S. Nojiri and S. D. Odintsov, Phys. Rev. D 70, 043539 (2004) [hep-th/0405034]; B. McInnes, Nucl. Phys. B 718, 55 (2005) [hep-th/0502209]; H. Stefancic, Phys. Rev. D 71, 124036 (2005) [astro-ph/0504518]; S. Nojiri and S. D. Odintsov, Phys. Rev. D 72, 023003 (2005) [hep-th/0505215].

[16] S. Nojiri, S. D. Odintsov and S. Tsujikawa, Phys. Rev. D 71, 063004 (2005) [hep-th/0501025]. [17] Y. H. Wei and Y. Z. Zhang, Grav. Cosmol. 9, 307 (2003) [astro-ph/0402515];

Y. H. Wei and Y. Tian, Class. Quant. Grav. 21, 5347 (2004) [gr-qc/0405038]; Y. H. Wei, Mod. Phys. Lett. A 20, 1147 (2005) [gr-qc/0410050]; Y. H. Wei, gr-qc/0502077.

[18] R. G. Cai, H. S. Zhang and A. Wang, Commun. Theor. Phys. 44, 948 (2005) [hep-th/0505186];

V. Sahni, astro-ph/0502032;

V. Sahni and Y. Shtanov, JCAP 0311, 014 (2003) [astro-ph/0202346];

I. Y. Aref’eva, A. S. Koshelev and S. Y. Vernov, Phys. Rev. D 72, 064017 (2005) [astro-ph/0507067]. [19] X. Zhang and F. Q. Wu, Phys. Rev. D 72, 043524 (2005) [astro-ph/0506310];

X. Zhang, Int. J. Mod. Phys. D 14, 1597 (2005) [astro-ph/0504586]; B. Wang, Y. g. Gong and E. Abdalla, Phys. Lett. B 624, 141 (2005) [hep-th/0506069].

[20] M. Li, Phys. Lett. B 603, 1 (2004) [hep-th/0403127];

Q. G. Huang and M. Li, JCAP 0408, 013 (2004) [astro-ph/0404229]; K. Ke and M. Li, Phys. Lett. B 606, 173 (2005) [hep-th/0407056]; Q. G. Huang and M. Li, JCAP 0503, 001 (2005) [hep-th/0410095].

[21] A. Vikman, Phys. Rev. D 71, 023515 (2005) [astro-ph/0407107].

[22] Z. K. Guo, Y. S. Piao, X. M. Zhang and Y. Z. Zhang, Phys. Lett. B 608, 177 (2005) [astro-ph/0410654]. [23] X. F. Zhang, H. Li, Y. S. Piao and X. M. Zhang, astro-ph/0501652. [24] G. B. Zhao, J. Q. Xia, M. Z. Li, B. Feng and X. M. Zhang, astro-ph/0507482. [25] M. Z. Li, B. Feng and X. M. Zhang, hep-ph/0503268;

A. Anisimov, E. Babichev and A. Vikman, JCAP 0506, 006 (2005) [astro-ph/0504560]. [26] C. G. Huang and H. Y. Guo, astro-ph/0508171. [27] L. Perivolaropoulos, astro-ph/0504582;

M. X. Luo and Q. P. Su, astro-ph/0506093;

F. C. Carvalho and A. Saa, Phys. Rev. D 70, 087302 (2004) [astro-ph/0408013]; V. Faraoni, Phys. Rev. D 70, 044037 (2004) [gr-qc/0407021];

V. Faraoni, E. Gunzig and P. Nardone, Fund. Cosmic Phys. 20, 121 (1999) [gr-qc/9811047]. [28] H. Wei, R. G. Cai and D. F. Zeng, Class. Quant. Grav. 22, 3189 (2005) [hep-th/0501160]. [29] A. A. Coley, gr-qc/9910074;

J. Wainwright and G. F. R. Ellis, Dynamical Systems in Cosmology, Cambridge Univ. Press, Cambridge, 1997;

A. A. Coley, Dynamical Systems and Cosmology, in Series: Astrophysics and Space Science Library, Vol. 291, Springer, 2004.

[30] J. D. Barrow, Class. Quant. Grav. 21, L79 (2004) [gr-qc/0403084];

J. D. Barrow, Class. Quant. Grav. 21, 5619 (2004) [gr-qc/0409062].

[31] E. J. Copeland, A. R. Liddle and D. Wands, Phys. Rev. D 57, 4686 (1998) [gr-qc/9711068]. [32] X. H. Zhai and Y. B. Zhao, gr-qc/0508069;

X. Z. Li, J. G. Hao and D. J. Liu, Class. Quant. Grav. 19, 6049 (2002) [astro-ph/0107171]; X. Z. Li and J. G. Hao, Phys. Rev. D 69, 107303 (2004) [hep-th/0303093]; J. G. Hao and X. Z. Li, Class. Quant. Grav. 21, 4771 (2004) [astro-ph/0408017].

[33] L. Amendola, Phys. Rev. D 60, 043501 (1999) [astro-ph/9904120];

L. Amendola, Phys. Rev. D 62, 043511 (2000) [astro-ph/9908023]; L. Amendola and C. Quercellini, Phys. Rev. D 68, 023514 (2003) [astro-ph/0303228]; L. Amendola and D. Tocchini-Valentini, Phys. Rev. D 64, 043509 (2001) [astro-ph/0011243]; L. Amendola and D. Tocchini-Valentini, Phys. Rev. D 66, 043528 (2002) [astro-ph/0111535]; L. Amendola, C. Quercellini, D. Tocchini-Valentini and A. Pasqui, Astrophys. J. 583, L53 (2003) [astro-ph/0205097].

[34] T. Damour and A. M. Polyakov, Nucl. Phys. B 423, 532 (1994) [hep-th/9401069];

T. Damour and A. M. Polyakov, Gen. Rel. Grav. 26, 1171 (1994) [gr-qc/9411069]; C. Wetterich, Astron. Astrophys. 301, 321 (1995) [hep-th/9408025]; J. R. Ellis, S. Kalara, K. A. Olive and C. Wetterich, Phys. Lett. B 228, 264 (1989); G. Huey, P. J. Steinhardt, B. A. Ovrut and D. Waldram, Phys. Lett. B 476, 379 (2000) [hep-th/0001112]; C. T. Hill and G. G. Ross, Nucl. Phys. B 311, 253 (1988); G. W. Anderson and S. M. Carroll, astro-ph/9711288;

B. Gumjudpai, T. Naskar, M. Sami and S. Tsujikawa, JCAP 0506, 007 (2005) [hep-th/0502191]. [35] H. Wei and R. G. Cai, Phys. Rev. D 71, 043504 (2005) [hep-th/0412045]. [36] Z. K. Guo, R. G. Cai and Y. Z. Zhang, JCAP 0505, 002 (2005) [astro-ph/0412624];

W. Zimdahl and D. Pavon, Phys. Lett. B 521, 133 (2001) [astro-ph/0105479];

L. P. Chimento, A. S. Jakubi, D. Pavon and W. Zimdahl, Phys. Rev. D 67, 083513 (2003) [astro-ph/0303145]. [37] R. G. Cai and A. Wang, JCAP 0503, 002 (2005) [hep-th/0411025];

E. Majerotto, D. Sapone and L. Amendola, astro-ph/0410543.

[38] In fact, the particular parameter-space for the existence and stability of this critical point is considerably involved and verbose. Since our main aim is to point out the fact that it can exist and is stable, the corresponding parameter-space is not necessary to be presented here. One can work it out comfortably by the help of computer, esp. by the help of Mathematica.

[39] P. F. Gonzalez-Diaz, Phys. Rev. D 68, 021303 (2003) [astro-ph/0305559];

P. F. Gonzalez-Diaz, Phys. Lett. B 586, 1 (2004) [astro-ph/0312579].

[40] T. R. Choudhury and T. Padmanabhan, Astron. Astrophys. 429, 807 (2005) [astro-ph/0311622];

H. K. Jassal, J. S. Bagla and T. Padmanabhan, Mon. Not. Roy. Astron. Soc. 356, L11 (2005) [astro-ph/0404378];

H. K. Jassal, J. S. Bagla and T. Padmanabhan, astro-ph/0506748. [41] G. Calcagni, Phys. Rev. D 71, 023511 (2005) [gr-qc/0410027].

[42] B. Boisseau, G. Esposito-Farese, D. Polarski and A. A. Starobinsky, Phys. Rev. Lett. 85, 2236 (2000) [gr-qc/0001066];

G. Esposito-Farese and D. Polarski, Phys. Rev. D 63, 063504 (2001) [gr-qc/0009034]; G. Calcagni, S. Tsujikawa and M. Sami, Class. Quant. Grav. 22, 3977 (2005) [hep-th/0505193].

[43] M. Doran and J. Jaeckel, Phys. Rev. D 66, 043519 (2002) [astro-ph/0203018].