arXiv:astro-ph/0509676 v2 31 Mar 2006

Dynamics and Non–Gaussianity in the Weak–Dissipative Warm Inflation Scenario

S. Gupta Institute of Cosmology and Gravitation, University of Portsmouth, Portsmouth, PO1 2EG, United Kingdom^∗ (Dated: March 31, 2006)

We calculate the general solutions for a warm inflationary scenario with weak dissipation, reviewing the dissipative dynamics of the two-fluid system, and calculate the bispectrum of the gravitational field fluctuations generated in the case where dissipation of the vacuum potential during inflation is the mechanism for structure formation, but is the sub–dominant effect in the dynamics of the scalar field during slow–roll. The bispectrum is non–zero because of the self–interaction of the scalar field. We compare the predictions with both those of standard, or ‘supercooled’, inflationary models, and warm inflation models with strong dissipation and consider the detectability of these levels of non–Gaussianity in the bispectrum of the cosmic microwave background. We find that the levels of non–Gaussianity for warm and supercooled inflation are an order of magnitude different.

PACS numbers: 98.80.Cq, 98.70.Vc, 98.80.Es

I. INTRODUCTION

The standard model of Hot Big Bang, or Friedmann-Robertson-Walker, cosmology with a simple, single–field supercooled inflationary phase, is highly supported by large scale structure [1], cosmic microwave background [2] and weak lensing [3] observations, where supercooled inflation describes inflation without interactions between fields. It is the most popular and developed model for use in parameter estimation, using the general assumption that the resulting perturbation spectrum is close–to scale free and Gaussian. The scenario has long been known, however, to contain a small but non–zero non–Gaussian effect due to the self–interaction of the inflaton field. This signal was quantified in its contribution to the bispectrum statistic in [4], neglecting the effect of parametric amplification at inflation exit [5, 6].

The challenge remains to make inflation, and cosmological parameter estimation using inflation, self–consistent, and to constrain parameters within every physically likely inflationary scenario. Warm Inflation [7] describes the set of models where the presence of interactions between fields during slow–roll is included in the analysis of inflation. The dynamics and observational consequences of warm inflation have been explored in several recent papers [8, 9, 10, 11, 12]. The production of radiation from the dissipation of the scalar field potential, which results from the presence of interactions, can lead to scenarios with levels of radiation density which are approximately stable. It has been shown that inflation can occur in the presence of a thermal component to the energy in the Universe. Several viable mechanisms for implementing such dissipation during inflation have been proposed in [13, 14, 15, 16]. The popular standard, or supercooled, inflation scenario is one of the limiting cases of warm inflation. In that case there is no radiation present either due to a lack of radiation production or due to the levels of radiation produced being redshifted away in the exponential expansion of the Universe during inflation.

A second limiting case for the warm inflation scenario is inflation with strong dissipation where the interaction terms are greater in magnitude than the Hubble friction term of standard slow–roll inflation. In [7, 17, 18, 19] and [9] solutions for the equation of motion of the scalar field have been calculated for the case of strong dissipation during inflation. There is a further limiting possibility out of this set of models, the weak dissipation scenario [20, 21, 22] where a constant radiation component is created from dissipation which is the sub–dominant effect in the dynamics of the inflaton during slow–roll.

In this paper we will present an analysis of the fluid dynamics of warm inflation which includes a more complete derivation of the energy constraints on warm inflation than has been previously outlined (i.e. in [20]). The solutions for the equations of motion of the scalar field and its spectrum of perturbations are then calculated for warm inflation with weak dissipation for polynomial potentials. In Section III of the paper we use the solutions to provide an estimate of non–Gaussianity of the perturbations from warm inflation with weak dissipation which can be compared with the predictions for strong dissipation which are quantified in [9] for various warm inflationary potentials, and with the predictions for supercooled inflation calculated in [4]. Consistency tests of the form of the fluctuations generated together with accurate predictions of non–Gaussianity should be an important tool in discriminating between structure

∗sujata.gupta@port.ac.uk

formation theories. We will conclude in Section V with a discussion on the validity of these analyses in the wake of a recent preheating calculation for supercooled inflation [23] which suggests that the non–Gaussianity from standard supercooled inflation has been previously greatly underestimated and may be of a level already ruled out by high resolution astrophysical data.

II. THE BACKGROUND DYNAMICS OF THE 2–FLUID SYSTEM DURING WARM INFLATION

In warm inflation, as is the case in supercooled inflation, the presence of the scalar field dominates the dynamics of the system. The energy density and energy pressure of the scalar field have the form:

ρ_ϕ = ϕ̇2 2 + V (ϕ) (1)

p_ϕ = ϕ̇2 2 − V (ϕ), (2) with V ≫ ϕ̇^2/2. The potential energy of the scalar field dominates the system. The equation of motion of the scalar field can also be represented by the scalar field energy being divided into two fluids. The first fluid, representing the dynamical part of the scalar field, has an energy pressure equal to its energy density. The second fluid, representing the greater part of the energy, has an energy pressure equal to −1× its energy density. Interactions and dissipation of the scalar field during slow–roll are, in this analysis, modelled by a constant cross–section dissipation term. So the equation of motion of the scalar field during warm inflation has the form

ϕ̈ + 3Hϕ̇ + Γϕ̇ + V^′(ϕ) = 0, (3)

where the overdots represent time derivatives, H =^Ṙ is the Hubble parameter; R(t) is the cosmic expansion factor. Γ is a friction term which incorporates the interactions of the scalar field with an environment of particles, as warm inflation models inflation occurring in a heat bath (see e.g. [24]). Γ does not represent the inflaton decay rate at the end of inflation in the supercooled case, which would be modelled by rapid oscillations of the inflaton field at the base of the inflaton potential.

To analyse the evolution of the energies in the system as a result of the constant radiation production during this scenario of inflation we require a 2-fluid model. We label the two fluids in the following calculations with the subscripts α = {ϕ, r} corresponding to the scalar field energy density and the radiation energy density. The stress– energy conservation equations of the scalar field and of the radiation must contain an energy transfer term, Q_α, between the fluids.

ρ̇_α = −3H(ρ_α + p_α) + Q_α, (4)

such that ∑ α Q_α = 0. From Eq.(1) and Eq.(2)

ρ̇_ϕ = −3Hϕ̇^2 + Q_ϕ, (5)

= ∂ρ_ϕ ∂ϕ ϕ̇. (6)

The equation of motion Eq.(3) substituted into Eq.(5) together with the slow–roll assumption of inflation ϕ̈ ≪ ϕ̇ gives the form of the energy transfer term.

Thus

ρ̇_r = −4Hρ_r + Γϕ̇^2. (7)

The evolution equation of the inflaton reduces to dϕ dt = − 1 3H + Γ dV (ϕ) dϕ (8)

FIG. 1: Evolution with efold of inflation, N, of scalar field Ωϕ and radiation Ωr energy densities for Γ/H = 10^{−5}.

and the slow–roll condition to (3H + Γ)|ϕ̇| ≫ |ϕ̈|.

The dissipation causes radiation to be produced continuously from conversion of scalar field vacuum energy. In a preliminary work leading to the development of the warm inflation scenario [20], comparing temperature and thermalization scales with the Hubble scale during inflation it was shown that a dissipative component as small as Γ >∼ 10^{−5}H was adequate to realise T > H.

We have evolved the fluid interactions of Eqs.(5-7) with a numerical simulation, where the dynamic part of the scalar field energy makes up 1% of the total inflaton energy. The figure demonstrates that once the system is in the state ρ̇_r ∼ 0, it remains in this state until the slow–roll conditions are violated.

In this paper, expressions will be obtained which apply to the weak dissipative regime, Γ ≪ H, so that the dominant friction term in the equation of motion is due to the Hubble expansion, and Eq.(8) is further reduced to dϕ dt = − V^′ 3H , (9)

while the radiation temperature resulting from weak dissipation, T > H, means that we are dealing with a thermalized system in every efold of inflation.

We can now evolve the behaviour of the inflaton in the weak dissipative warm inflation regime for a range of polynomial potentials.

Focussing first on the background dynamics of the inflaton field in this regime, we start with this general form for the potential:

V (ϕ) = λ n! ϕ^n (10)

in the region 0 < ϕ < M where M is M_{GUT} = 10^{14}GeV. Solving Eq.(9) for these potentials leads to, for n ≠ 2

ϕ(t) = M [ M^{n−2}(n − 2) (n − 1)! λt 3H + 1 ]_− 1_{n−2} (11)

and for n = 2

ϕ(t) = M exp [ − λ 3H t ] . (12)

III. THE EVOLUTION OF INFLATON PERTURBATIONS DURING WARM INFLATION

We assume that the production of radiation during inflation will influence the seeds of density fluctuations, and we hold that this will apply when the temperature during inflation is greater than the Hubble parameter, T > H, and that in these bounds the thermal fluctuations of the scalar field must dominate over the quantum fluctuations.

In order to treat the fluctuations of the inflaton field δϕ(x, t), we utilise the same stochastic approach which has been used in the calculations of non–Gaussianity which have been carried out for strong dissipative warm inflation and supercooled inflation [4, 9]. And also corresponding to the approach of [9] and [4] the effect of the self–interaction of the scalar field is treated preferentially above the back–reaction on the Hubble constant. It is assumed that the fluctuations are small — the full inflaton field is expressed as ϕ(x, t) = ϕ_0(t) + δϕ(x, t) with ϕ_0 being the homogeneous coarse–grained averaged field, δϕ(x, t) ≪ ϕ_0(t), the scale over which the average is taken being larger than any scale of cosmological interest. From this the equation of motion for the full inflaton field with fluctuations emerges as dϕ(x, t) dt = 1 3H [ e^{−2Ht}∇^2ϕ(x, t) − V^′(ϕ(x, t)) + η(x, t) ] , (13)

where η(x, t) is a Gaussian noise term modelling thermal fluctuations with a magnitude (k_F T /2π^2)^{12} [19] from the inflaton effectively sitting in a heat bath. k_F is the wavenumber of a perturbation as it exits the inflationary causal horizon.

The fluctuation–dissipation theorem determines the properties of the noise, as in [9]. With respect to physical coordinates and in momentum space, these properties, modelled in the simplest case are

⟨η⟩ = 0 (14)

⟨η(k, t)η(k^′, t^′)⟩ = 2ΓT (2π)^3δ^{(3)}(k − k^′)δ(t − t^′). (15)

The choice of physical coordinates arises since we are interested in the evolution of the inflaton mode while they are sub–horizon scale and the heat bath controls the fluctuations.

In order to calculate the predicted bispectrum from Eq.(13), the inflaton fluctuations must be expanded to first and second order: δϕ(x, t) = δϕ_1(x, t) + δϕ_2(x, t), where δϕ_1 = O(δϕ) and δϕ_2 = O(δϕ^2).

We will follow the modes through their fluctuations inside the horizon, and through freeze–out at each scale of fluctuation. On this scale comparative energetics control the scalar perturbation. We treat the physical modes adiabatically with respect to the characteristic macroscopic time scale, the Hubble time ∼ 1/H. Therefore it is sensible to use physical and not comoving momenta:

k_{phys} = k_{com}e^{−Ht}. (16)

The evolution of each mode can be integrated through steps of Hubble time ∼ 1/H, and the combination of Hubble time–steps will result in the complete solution. Hereafter for physical momenta the notation will have no subscripts k_{phys} ≡ k, and magnitudes will be denoted without boldfacing as k ≡ |k|.

Within each efold of inflation, inside the horizon: d dt (δϕ_1(k, t)) = 1 3H [−k^2δϕ_1(k, t) − V^{′′}(ϕ_o(t))δϕ_1(k, t) +η(k, t)] (17) d dt (δϕ_2(k, t)) = 1 3H [−k^2δϕ_2(k, t) − V^{′′}(ϕ_o(t))δϕ_2(k, t) − 1 2 V^{′′′}(ϕ_o(t))δϕ_1(k, t)^2]. (18)

Dividing cosmic time into successive time intervals of order 1/H, t_n − t_{n−1} = 1/H, the solutions of Eqs. (17) and (18) for t_{n−1} < t < t_n are respectively δϕ_1(k, t) = A(k, t − t_{n−1}) ∫_t t_{n−1} dt^′ η(k, t^′) 3H A(k, t^′ − t_{n−1})^{−1} +A(k, t − t_{n−1})δϕ_1(ke^{−H(tn −tn−1 )}, t_{n−1}) (19) δϕ_2(k, t) = A(k, t − t_{n−1}) ∫_t t_{n−1} dt^′ B(t^′) [∫ dp^3 (2π)^3 δϕ_1(p, t^′)δϕ_1(k − p, t^′) ] A(k, t^′ − t_{n−1})^{−1} +A(k, t − t_{n−1})δϕ_2(ke^{−H(tn −tn−1)}, t_{n−1}) , (20) where

A(k, t) = exp [ − ∫_t t_o ( k^2 3H + V^{′′}(ϕ_o(t^′)) 3H ) dt^′ ] (21)

B(t) = − V^{′′′}(ϕ_o(t)) 3H . (22)

IV. THE WARM INFLATION BISPECTRUM

Single field inflation models broadly predict Gaussian primordial density fluctuations. Multiple field inflation models may lead to a non–Gaussian distribution (e.g. chi–squared). When second–order effects are taken into account, however, there are corrections to these general predictions. There is a resulting non–Gaussian signal in the cosmic microwave background radiation (CMB), the magnitude of which varies depending upon the self-interaction of the inflaton field [4, 25, 26].

A perfect Gaussian distribution would imply that the perturbations in the energy density have no connected correlations higher than the 2–point correlation function in real and Fourier space.

We will now calculate the bispectrum statistic, the three–point correlation function of the density perturbation distribution in Fourier space. This quantity simply translates to the harmonic bispectrum of the CMB [27].

The leading order contribution to this three-point correlation function comes from two first-order and one secondorder fluctuation as

⟨δϕ(k_1, t)δϕ(k_2, t)δϕ(k_3, t)⟩ = A(k_3, t − t_{60} − 1/H)

∫_{t60} t_{60−1/H} A^{−1}(k_3, t^′ − t_{60} − 1/H)B(t^′) [∫ dp^3 (2π)^3

⟨δϕ_1(k_1, t_1)δϕ_1(p, t^′)⟩⟨δϕ_1(k_2, t_2)δϕ_1(k_3 − p, t^′)⟩ ]

+A(k_3, t − t_{60} − 1/H)⟨δϕ_1(k_1, t_{60})δϕ_1(k_2, t_{60}) δϕ_2(k_3e^{−1}, t_{60} − 1/H)⟩ +(k_1 ↔ k_3)) + (k_2 ↔ k_3)). (23)

Thus Eq. (23) becomes ⟨δϕ(k_1, t)δϕ(k_2, t)δϕ(k_3, t)⟩ ≈ B(t_{60})Δt_F [∫ dp^3 (2π)^3

⟨δϕ_1(k_1, t_1)δϕ_1(p, t^′)⟩⟨δϕ_1(k_2, t_2)δϕ_1(k_3 − p, t^′)⟩

+(k_1 ↔ k_3)) + (k_2 ↔ k_3)] . (24)

It is possible to write a general expression for the bispectrum for slow roll, single field, supercooled inflation models as well as for the set of warm inflation models in terms of products of power spectra and a prefactor, A_{inf}, which depends upon the interactions during inflation, on the shape of the inflationary potential and upon the shape of the triangles used to measure the bispectrum statistic.

⟨Φ(k_1)Φ(k_2)Φ(k_3)⟩ = A_{inf}(2π)^3δ^3(k_1 + k_2 + k_3) [P_Φ(k_1)P_Φ(k_2) + perms ] (25)

The relation between the scalar field fluctuation and the gravitational field has the simple form (from [28])

Φ(k) = − 3 5 H ϕ̇ δϕ(k), (26) thus A_{inf} calculated using equilateral bispectrum triangles for a weakly dissipative warm inflation regime is

A^{weak}_{inf} = − 10 3 ( ϕ̇ H ) [ V^{′′′}(ϕ_o(t_F )) 3H ] , (27)

which, plugging in the temperature T calculated using the relation ρ_r = ( g_∗π^2/30 ) T^4, where g_∗ is the number of relativistic fields ∼ 150, and taking into account the relation between the radiation energy density and the scalar field potential ρ_ϕ ≃ V (ϕ), given in Eq.(10), and the CMB amplitude, given by

δ_H = 2 5 H ϕ̇ δϕ , (28) which, from CMB results of the Wilkinson Microwave Anisotropy Probe, is δ_H = 1.94 × 10^{−5} [29, 30, 31], gives for a quartic potential a value of A^{weak}_{inf} = 7.65 × 10^{−3}. Our derivation of A_{inf} mirrors the derivation of this value, the coefficient of the bispectrum of the scalar field gravitational potential, and also the coefficient of the bispectrum of the CMB in the Sachs–Wolfe region, of [9].

V. CONCLUSIONS

We have followed the behaviour of the inflaton field and of radiation during warm inflation in the limit of weak dissipation. We have evolved the scalar field perturbation up to second order and calculated the non–Gaussian signal in the bispectrum statistic which results from the self–interaction of the scalar field. The value we obtain A^{weak}_{inf} = 7.65×10^{−3} is an order of magnitude smaller than the corresponding signal for a quartic inflationary potential for the strong dissipative and cool inflationary scenarios [4, 9].

At the time of the publication of [9] it was believed by the authors that the difference in the prediction for the bispectrum statistics of warm inflation with strong dissipation: A^{strong}_{inf} = 7.44 × 10^{−2}; and the prediction for supercooled inflation: A^{cool}_{inf} = 5.56 × 10^{−2} [4]; would be overwhelmed by a contribution from general relativistic second order perturbation theory of A_{inf} ∼ 1 [32]. However, an energetic analysis of the evolution of second order perturbation theory [33] has since shown that this is not the case.

However, one incentive for the use of the warm inflation model over the supercooled inflation model, the implications of the preheating mechanism on the radiation perturbations, has a new possible observational implication. In [23] it is demonstrated that parametric resonance during preheating can enhance the non-Gaussianity such that A^{cool}_{inf} can easily become as large as ∼ 100. The implication of this for the result of this paper is that the difference between the predictions of Gaussianity for strongly and for weakly dissipative warm inflation may be both significant and observable in the future. Although this will not be distinguishable with the simple observation of the bispectrum with satellite CMB data, the best predicted constraint on this from the upcoming Planck satellite being ΔA_{inf} = 10 [34], the difference between the non–Gaussian signals from the strongly and weakly dissipative warm inflation scenarios might be tested for with others of the many non–Gaussianity statistics i.e. the trispectrum [35] and the two–point correlation of peaks [36].

VI. ACKNOWLEDGEMENTS

Sujata Gupta is funded by PPARC.

[1] S. Cole, W. J. Percival, J. A. Peacock, P. Norberg, C. M. Baugh, C. S. Frenk, I. Baldry, J. Bland-Hawthorn, T. Bridges, R.

Cannon, M. Colless, C. Collins, W. Couch, N.J.G. Cross, G. Dalton, V.R. Eke, R. De Propris, S. P. Driver, G. Efstathiou, R. S. Ellis, K. Glazebrook, C. Jackson, A. Jenkins, O. Lahav, I. Lewis, S. Lumsden, S. Maddox, D. Madgwick, B. A. Peterson, W. Sutherland and K. Taylor (The 2dFGRS Team), Mon. Not. Roy. Astron. Soc. 362 505 (2005)

[2] H.V.Peiris, E.Komatsu, L.Verde, D.N.Spergel, C.L.Bennett, M.Halpern, G.Hinshaw, N.Jarosik, A.Kogut, M.Limon, S.Meyer, L.Page, G.S.Tucker, E.Wollack and E.L.Wright, ApJ. Suppl. 148 213 (2003) [3] C. Heymans, M. L. Brown, M. Barden, J.A.R. Caldwell, K. Jahnke, H. Rix, A. Taylor, S. V. W. Beckwith, E. F. Bell, A.

Borch, B. Haeussler, S. Jogee, D. H. McIntosh, K. Meisenheimer, C. Y. Peng, S. F. Sanchez, R. Somerville, L. Wisotzki and C. Wolf, Mon. Not. Roy. Astron. Soc. 361 160 (2005) [4] A. Gangui, F. Lucchin, S. Matarrese and S. Mollerach, ApJ, 430, 447 (1994) [5] D. Boyanovsky, H. J. de Vega, R. Holman, J. F. J. Salgado, Phys.Rev. D54 7570 (1996); D. Boyanovsky, D. Cormier, H.J.

de Vega, R. Holman, A. Singh and M. Srednicki, UCSBTH-96-23; CMU-HEP-96-10; DOR-ER/40682-121; PITT-96-2235; LPTHE-96- 40, hep-ph/9609527 (1996) [6] S. A. Ramsey, B. L. Hu, Phys. Rev. D56 678 (1997); Erratum-ibid. D57 3798 (1998); S. A. Ramsey, Doctoral dissertation Nonequilibrium dynamics of quantum fields in inflationary cosmology, gr-qc/0209010 (1997) [7] A. Berera, Phys. Rev. D55, 3346 (1997) [8] A. N. Taylor and A. Berera, Phys. Rev. D62 083517 (2000) [9] S. Gupta, A. Berera, A. F. Heavens and S. Matarrese, Phys. Rev. D66, 043510 (2002) [10] R. H. Brandenberger and M. Yamaguchi, Phys. Rev. D68 023505 (2003) [11] L. M. H. Hall, I. G. Moss and A. Berera, Phys. Rev. D69 083525 (2004); L. M. H. Hall, I. G. Moss and A. Berera, Phys.

Lett. B589 1 (2004) [12] R. Jeannerot and M. Postma, JHEP 0505 071 (2005) [13] I. G. Dymnikova and M. Yu. Khlopov, Grav. Cosmol. Suppl. 4 50 (1998); I. G. Dymnikova and M. Yu. Khlopov, Mod. Phys.

Lett. A15 2305 (2000); I. G. Dymnikova and M. Yu. Khlopov,Cosmological Pattern of Microphysics in the Inflationary Universe, Kluwer Academic Publishers (2004) [14] A. Berera and T. W. Kephart, Phys. Rev. Lett. 83 1084 (1999) [15] A. Berera and R. O. Ramos, Phys. Rev. D63 103509 (2001); A. Berera and R. O. Ramos, Phys. Lett. B567 294 (2003);

A. Berera and R. O. Ramos, Phys. Lett. B607 1 (2005) [16] L. M. H. Hall and I. G. Moss, Phys. Rev. D71 023514 (2005) [17] A. Berera, M. Gleiser and R. O. Ramos, Phys. Rev. D58 123508 (1998) [18] A. Berera, M. Gleiser and R. O. Ramos, Phys. Rev. Lett. 83 264 (1999) [19] A. Berera, Nuclear Phys. B, 585, 666 (2000) [20] A. Berera and L. Z. Fang, Phys. Rev. Lett. 74, 1912 (1995) [21] H. P. de Oliveira and R. O. Ramos, Phys. Rev. D57 741 (1998); H. P. de Oliveira and S. E. Joras, Phys. Rev. D64 063513 (2001) [22] H. P. de Oliveria, Phys. Lett.B526 1 (2002) [23] K. Enqvist, A. Jokinen, A. Mazumdar, T. Multamaki and A. Vaihkonen, Phys. Rev. Lett. 94 161301 (2005) [24] A. Berera and R. O. Ramos, Phys. Rev. D71 023513 (2005) [25] T. Falk, R. Rangarajan and M. Srednicki, ApJLett, 403, 1 (1993) [26] X. Luo, D. N. Schramm, Phys. Rev. Lett., 71, 1124 (1993) [27] L. Wang and M. Kamionkowski, Phys. Rev. D61, 063504 (2000) [28] J. M. Bardeen, Phys. Rev. D22, 1882 (1980) [29] G. F. Smoot, C. L. Bennett, A. Kogut, J. Aymon, C. Backus, G. de Amici, K. Galuk, P. D. Jackson, P. Keegstra, L.

Rokke, L. Tenorio, S. Torres, S. Gulkis, M. G. Hauser, M. A. Janssen, J. C. Mather, R. Weiss, D. T. Wilkinson, E. L. Wright, N. W. Boggess, E. S. Cheng, T. Kelsall, P. Lubin, S. Meyer, S. H. Moseley, T. L. Murdock, R. A. Shafer and R. F. Silverberg, ApJ, 371L, L1 (1991) [30] E. F. Bunn, A. R. Liddle and M. White, Phys. Rev. D54, R5917 (1996) [31] E. F. Bunn and M. White, ApJ 450, 477 (1995) [32] T. Pyne and S. M. Carroll, Phys. Rev. D53, 2920 (1996) [33] K. A. Malik and D. Wands, Class. Quant. Grav. L65-L72 21 (2004) [34] E. Komatsu and D. N. Spergel, Phys. Rev. D63, 063002 (2001) [35] N. Kogo and E. Komatsu, submitted to Phys. Rev. D, astro-ph/0602099 [36] A. F. Heavens and S. Gupta, Mon. Not. Roy. Astron. Soc. 324 960 (2001)