arXiv:astro-ph/0510386 v1 13 Oct 2005

Lorentz Invariance Breakdown and Constraints from Big-Bang Nucleosynthesis

G. Lambiase^{a,b} aDipartimento di Fisica ”E.R. Caianiello” Universitá di Salerno, 84081 Baronissi (Sa), Italy, bINFN - Gruppo Collegato di Salerno, Italy.

The Standard Model Extension formulated by Colladay and Kostelecký is reviewed in the framework of the^4He primordial abundance. Upper bounds on coefficients for the Lorentz violation are derived using the present observational data.

Many attempts aimed to construct a quantum theory of gravity have shown that spacetime might have a non trivial topology at the Planck scale. However, the difficulties to build up a complete theory of quantum gravity have motivated the development of semiclassical approaches in which CPT and Lorentz invariance breakdown occur at the level of effective theory. As suggested by Kostelecký and Samuel [1,2], a departure from Lorentz invariance could manifest itself as an effect of non-locality in string theory: The interactions among tensor fields give rise to non-zero expectation values for the Lorentz tensors that induce spontaneously broken Lorentz symmetry. The general effective field theory describing these Lorentz and CPT violations is the Standard Model Extension (SME) [3]. This model, along with the usual SM and gravitational Lagrangian, includes all possible coordinate-invariant terms constructed with SM, gravitational fields, and violating Lorentz symmetry [4].

The aim of this paper is to derive, in the framework of Big-Bang Nucleosynthesis (BBN), bounds on parameters of SME. BBN is a cornerstone of standard cosmology: with cosmic background radiation, it provides a strong evidence that during the early phases - i.e. between a fraction of seconds (∼ 0.01 s) and few hundred seconds after the BB - the Universe was hot and dense. BBN describes the sequence of nuclear reactions leading to the synthesis of light elements. Our analysis follows the paper by Bernstein, Brown and Feinberg [5], in which the model of helium synthesis in the early Universe is discussed. During the BBN phase, the geometry of the expanding early Universe is described by the Friedman-Robertson-Walker (FRW) metric ds^2 = dt^2 − a^2(t)(dX^2 + dY^2 + dZ^2). a(t) is the scale factor (the spatial curvature has been taken equal to zero). The dynamical equation for the evolution of the scale factor is H^2 =^{8πG}_3 ρ, where H = ȧ/a is the Hubble parameter. The corrections to General Relativity discussed by Kostelecký and Bluhm [4] are not considered here.

As shown by Kostelecký and Lehnert [6], the dispersion relation of relativistic fermions is given by

p^μp_μ − m^2 = −2c^{μν}p_μp_ν + 2a^μp_μ + 2a_μc^{μν}p_ν − c_{μν}c^{μσ} p^ν p_σ − a^2 − 2me_μp^μ + e_μe_ν p^μp^ν + P^2 + A^2 (1)

±2 √ (V_μA^μ)^2 − V^2A^2 + (P T^{μν} − ST̃^{μν} )(−2V_μA_ν + T_{μα}T^α_ν) + 10(T^{αβ}T_{αβ})^2 + 9(T^μ_αT^{αν})^2 .

where ± signs take care of the fermion helicities, and

V^μ = p^μ + c^{μν}p_ν − a^μ , A^μ = d^{μν}p_ν − b^μ , S = e^μp_μ − m , P = f^μp_μ ,

T^{μν} = 1 2 g^{μν}_ρp^ρ − H^{μν} 2 , T̃^{μν} = 1 2 ε^{μναβ}T_{αβ} . All coefficients violate particle Lorentz invariance, and may be flavor depending. Besides, a_μ, b_μ, e_μ, f_μ, g_{λμν} break CPT. As in [7], we assume that the only non-vanishing coefficients are c_{μν} (where c_{μν} η^{μν} = 0). Due to the symmetries of the FRW metric, we also assume that: a) The spatial coefficients c_{ij} are isotropic, c_{ij} ≃ c δ_{ij} , where c ≃ c_{XX} ≃ c_{Y Y} ≃ c_{ZZ} (c = c_{00}/3). b) The off-diagonal elements of the coefficients c_{μν} vanish, i.e. c_{0i} = 0, i = X, Y, Z. We therefore get p ≃ A √ E^2 − m̃^2, where A ≡ ( 1 +^{8c00}_3 )_{1/2} , and m̃ = m (1 − c_{00}). Moreover, we choose as conventional the photon sector [10], thus E_γ = k.

The energy density of relativistic particles (T ≫ m, μ, where μ is the chemical potential) filling up the early Universe is given by ρ =^{gs}_{(2π)3} ∫ E n_E d^3p [8], where g_s represent the degeneracy factors for particle species involved (g_γ = 2, g_e = 4, g_ν = 2), and n_E is the number density of particles. Since c^{e,ν}_{00} ≪ 1, the total energy density can be written as ρ = ρ_b + ρ_f ≃ ρ^{(0)} + ρ^{(LIV )}, where ρ^{(0)} =^{π2}_{30} gT^4 is the standard energy density, and

ρ^{(LIV )} = π^2 30 [ 7 2 c^e_{00} g_e + 21 2 c^ν_{00} g_ν ] T^4 . (2) g ≡ g_b +^7_8 g_F =^{43}_4 (g_F = g_e + 3g_ν = 10) is the effective number of degrees of freedom (it is implicitly assumed that muon and tau neutrinos have a small mass compared to the effective temperature, and that no other massless species are present).

The formation of the primordial^4He occurs at the early time when the temperature of the Universe was T ∼ 100 MeV and the energy and number density were dominated by relativistic particles: leptons (electrons, positrons, neutrinos) and photons. At this stage of the Universe evolution, the smattering of neutrons and protons does not contribute in a relevant way to the total energy density. All these particles are in thermal equilibrium owing to their rapid collisions. Besides, protons and neutrons are kept in thermal equilibrium by their interactions with leptons

ν_e + n ←→ p + e^− (3) e^+ + n ←→ p + ν̄_e (4) n ←→ p + e^− + ν̄_e (5)

To estimate the neutron abundance in the expanding Universe, one has to compute the conversion rate of protons into neutrons, λ_{pn}(T ), and its inverse λ_{np}(T ). At enough high temperature, the weak interaction rate is given by

Λ(T ) = λ_{np}(T ) + λ_{pn}(T ) . (6)

λ_{np} and λ_{pn} are related by λ_{np}(T ) = e^{−Q/T} λ_{pn}(T ), with Q = m̃_n − m̃_p. λ_{np}(T ) is expressed as the sum of the rates associated to the individual processes (3)-(5) λ_{np} = λ_{n+νe→p+e}− + λ_{n+e}+_{→p+ν̄e} + λ_{n→p+e}−_{+ν̄e} . (7) During the freeze-out period, the following approximations can be done [5]: 1. The temperatures involved are the same, i.e. T_ν = T_e = T_γ = T . 2. The temperature T is low with respect to the typical energies E that contribute to the integrals entering in the definition of the rates. One then replaces the Fermi-Dirac distribution with the Boltzmann distribution, n_E ≃ e^{−E/T} . 3. The electron mass m_e can be neglected as compared with the electron and neutrino energies, i.e. m_e ≪ E_e, E_ν.

The processes (3)-(5) are described by weak interactions which involve the gauge boson W as mediator. According to the SME’s prescription [3], the interaction npW may be described in terms of an effective weak gauge theory in

which p and n are arranged in the doublet ( n p ) . For the n-p sector, one has a coefficient for the Lorentz invariance

corresponding to the Left-doublet ( n p ) L , and one coefficient corresponding to each Right-component, n_R and p_R.

The combination of these coefficients leads to the coefficients c^n_{μν} for n, c^p_{μν} for p, and c^{np}_{μν} for the vertex npW [11]. c^n_{μν} and c^p_{μν} enter also in the propagators of n and p, respectively. For the lepton sector e-ν_e, c^e_{μν} and c^{νe}_{μν} enter in the propagators of e and ν_e, respectively, whereas c^e_{μν} enter in the vertex eν_eW .

The interaction rate for the process (3) is [12]

dλ_{n+νe→p+e}− = ⟨|M|^2⟩ 2m̃_n d^3p_e (2π)^32E_e d^3p_{νe} (2π)^32E_{νe} d^3p_p (2π)^32E_p

(2π)^4δ^{(4)}(p_n + p_{νe} − p_p − p_e) n_{Eν} (1 − n_{Ee} ) , (8)

where M = ( g_w 8M_W )_2

[ū_pΩ^μu_n][ū_eΣ_μv_{νe} ] , (9)

Ω^μ = (γ^μ + c^{μν}_{np}γ_ν )(c_V − c_Aγ^5), Σ^μ = (γ^μ + c^{μν}_e γ_ν )(1 − γ^5). In (9), we used the fact that the transferred momentum q^μ = p^μ_n − p^μ_p satisfies the condition q^2 ≪ M^2_W , thus the boson propagator is iη_{μν} M^{−2}_W (corrections induced by the Lorentz violating (anti-symmetric) coefficients (k^A_{ϕϕ})^{μν} [13] are discarded).

In the nucleosynthesis phase, the energy recoil of nucleons can be neglected [5], i.e. p^μ_n = (m_n, 0), p^μ_p = (m_p, 0). After lengthy computations, Eq. (8) becomes

λ_{n+νe→p+e}− = ÃA^3_eA^3_{νe} T^5 I_y , I_y = ∫_∞ y ϵ (ϵ − Q^′)^2 √ ϵ^2 − y^2 n_{ϵ−Q}′ (1 − n_ϵ) dϵ ,

y = m̃_e T , Q^′ = m̃_n − m̃_p T , Ã = A(1 + B) , A = g^2_V + 3g^2_A 2π^3

= 1.02 × 10^{−47}eV^{−4} ,

B = c^e_{00} + c^{νe}_{00} +

2(g^2_V + g^2_A) g^2_V + 3g^2_A

(c^n_{00} + c^p_{00}) +

2(g^2_V − g^2_A) g^2_V + 3g^2_A

(c^e_{00} + c^{np}_{00} ) .

In a similar way, one derives

λ_{n+e}+_{→p+ν̄e} = Ã A^3_eA^3_{νe} T^5 J_y , J_y = ∫_∞ y ϵ (ϵ + Q^′)^2 √ ϵ^2 − y^2 n_ϵ(1 − n_{ϵ+Q}′ ) dϵ . (10)

Finally, for the neutron decay n → p + e^− + ν̄_e one obtains τ = λ^{−1}_{n→p+e− +ν̄e} = (887 + O(c^{e,νe,p,n}_{00} )) sec. In computing Λ we shall neglect λ_{n→p+e}−_{+ν̄e} since n may be considered stable during the BBN phase [5]. The approximations 1. − 3. imply λ_{n+e}+_{→p+ν̄e} = λ_{n+νe→p+e}− . The rate (10) can be written as

λ_{n+e}+_{→p+ν̄e} = λ^{(0)}_{n+e+→p+ν̄e} + λ^{(LIV )}_{n+e+ →p+ν̄e} , (11)

where λ^{(0)}_{n+e+→p+ν̄e} = AT^3(4!T^2 + 2 × 3!QT + 2!Q^2) is the standard result [5], and λ^{(LIV )} n+e^+→p+ν̄_e = 4A T

3Q^2 [ 4! ( c^e_{00} + c^{νe}_{00} + B 4 ) T 2 Q^2

+ 2 3! ( c^e_{00} + c^{νe}_{00} + B 4 + Q_m 4Q ) T Q + 2! ( c^e_{00} + c^{νe}_{00} + B 4 + Q_m 2Q )] . Here Q_m = m_pc^p_{00} − m_nc^n_{00}. From (6) and (7), it follows Λ(T ) ≃ 2λ_{np} = Λ^{(0)} + Λ^{(LIV )} (Λ^{(α)} = 4 λ^{(α)}_{n+e+→p+ν̄e} ).

To estimate the primordial mass fraction of^4He we employ the expression [14]

Y_p = λ ( 2x(t_f ) 1 + x(t_f ) ) , (12)

where λ = e^{−(tn−tf )/τ} , t_f and t_n are the time of freeze-out of the weak interactions and of the nucleosynthesis, respectively, and x(t_f ) = exp[−Q/T (t_f )] is the neutron to proton equilibrium ratio. λ(t_f ) is the fraction of neutrons that in the time t ∈ [t_f , t_n] decays into protons. At the radiation era [14,5], T (t) ∼ (t/sec)^{−1/2} MeV, one obtains the deviation from the fractional mass Y_p due to the variation of the freezing temperature T_f δY_p = Y_p [( 1 − Y_p 2λ ) ln ( 2λ Y_p − 1 ) − 2t_f τ ] δT_f T_f . (13)

In (13) we set δT_n = δT (t_n) = 0 being T_n fixed by the deuterium binding energy [15]. From Λ ≃ H = √_{8πG} 3 ρ, one derives the freeze-out temperature T = T_f ( 1 +^{δTf}_{Tf} ) , where T_f ∼ 0.6 MeV, and δT_f T_f ≃ −1.83 c^e_{00} − 1.7 c^{νe}_{00} + 6.5 × 10^{−3}c^{np}_{00} + 236.16 c^n_{00} − 236, 61 c^p_{00} . (14)

Estimations on mass fraction Y_p of baryons converted to^4He during BBN are reported in Table I. By using Y_p = 0.2476 and |δY_p| < 10^{−4}, Eq. (13) gives | | | δT_f T_f | | | < 4.7 × 10^{−4} . (15)

Eqs. (14) and (15) lead to upper bounds on coefficients for the Lorentz violation

|c^e_{00} + 0.93 c^{νe}_{00} − 3.5 × 10^{−3}c^{np}_{00} + 129.3 c^p_{00} − 129.05 c^n_{00}| < 2.56 × 10^{−4} .

Acknowledgments. It is a pleasure to thank V.A. Kostelecký for discussions and valuable remarks, D.F. Torres for comments, and A. Iorio for reading the paper. Research supported by PRIN 2004.

[1] V.A. Kostelecký, S. Samuel, Phys. Rev. D 39, 683 (1989); Phys. Rev. Lett. 63, 224 (1989).

TABLE I. Values of Yp and δYp . Yp δYp Ref. 0.2476 ± 0.0010 [17] 0.2452 ± 0.0015 [18] 0.2429 ± 0.0009 [19] 0.2479 ± 0.0004 [20] 0.238 ± 0.002 [21] 0.244 ± 0.002 [22] 0.234 ± 0.003 [23]

[2] V.A. Kostelecký, R. Potting, Nucl. Phys. B 359, 545 (1991).

[3] D. Colladay, V.A. Kostelecký, Phys. Rev. D 58, 116002 (1998); Phys. Rev. D 55, 6760 (1997). [4] V.A. Kostelecký, Phys. Rev. D 69, 105009 (2004). V.A. Kostelecký, hep-ph/0403088. R. Bluhm, V.A. Kostelecký, Phys.

Rev. D 71, 065008 (2005).

[5] J. Bernstein, L.S. Brown, G. Feinberg, Rev. Mod. Phys. 61, 25 (1989).

[6] V.A. Kostelecký, R. Lehnert, Phys. Rev. D 63, 065088 (2001). R. Lehnert, J. Math. Phys. 45, 3399 (2004). [7] D. Colladay, V.A. Kostelecký, Phys. Lett. B 511, 209 (2001).

[8] In computing the energy density ρ we take into account results of [9]. There it is shown that the formalism of statistical mechanics in the presence of Lorentz breakdown is the same as for conventional statistical mechanics. The same holds for the laws of thermodynamics, although the specific expectation values of thermodynamical quantities may be modified owing to corrections induced by coefficients breaking Lorentz symmetry.

[9] D. Colladay, P. McDonald, Phys. Rev. D 70, 125007 (2004).

[10] As discussed in literature [16], a suitable redefinition of coordinates and fields allows to move the Lorentz invariance parameters from a sector to another sector. One may choose to take a sector as conventional, and shift all the Lorentz violation coefficients in the remaining sectors. We assume the photon sector as conventional.

[11] In the SME, the Lagrangian density for quarks is constructed by adding to the usual SM the most general CPT-violating terms [3], which encode the coefficients (cQ)μνAB , (cU )μνAB and (cD)μνAB (A, B = 1, 2, 3). The coefficients (cQ)μνAB fix the propagator and the interactions with gauge fields of left-handed quarks, while (cU )μνAB , and (cD)μνAB fix the propagator and the interactions of right-handed quarks. The combination of the coefficients (cQ)μν11 and (cU )μν11 enters in the propagator of the quark u, while (cQ)μν11 and (cD )μν11 enter in the propagator of the quark d. The propagators of bounded states of quarks (constituting neutrons and protons) contain combinations of these coefficients. In the effective weak gauge theory, we denote them with c^p_{μν} and c^n_{μν} . Moreover, the vertex of the interaction duW (hence npW ) is controlled by the coefficients (cQ)μν11. We set (cQ)μν11 ≡ c^{np}_{μν} .

[12] A comment is in order. The available phase space for the final fermion state is [7] dΠ = d^3p/(2π)^3 2EN(p). In computing the cross sections or decay rates, the normalization factors N(p) cancels out with ones coming from the transition probability ⟨|M|^2⟩, once the completeness relations of spinors are used. A boost of dΠ to another inertial frame is typically non trivial since one has to consider the redefinition of the spinor ψ → (1 − cμ0γ^0γ^μ/2)ψ. Nevertheless, in our context, we are setting c0i = 0, so that the spinor ψ is redefined up to a constant factor, which does not alter the final results.

[13] D.L. Anderson, M. Sher, I. Turan, Phys. Rev. D 70, 016001 (2004). [14] E.W. Kolb, M.S. Turner, The Early Universe, Addison-Wesley Publishing Company, 1989. [15] D.F. Torres, H. Vucetich, A. Plastino, Phys. Rev. Lett. 79, 1588 (1997).

[16] D. Colladay, P. McDonald, J. Math. Phys. 43, 3554 (2002). V.A. Kostelecký, M. Mewes, Phys. Rev. Lett. 87, 251303 (2001); Phys. Rev. D 66, 056005 (2002). V.A. Kostelecký, A.G.M. Pickering, Phys. Rev. Lett. 91, 031801 (2003).

[17] D. Kirkman et al., astro-ph/0302006. [18] Y.I. Izatov et al., Astrophys. J. 527, 757 (1999). [19] Y.I. Izotov, T.X. Thuan, Astrophys. J. 602, 200 (2004). [20] A. Coc et al. Astrophys. J. 600, 544 (2004). [21] B.D. Fields, K.A. Olive, astro-ph/9803297. [22] Y.I. Izotov, T.X. Thuan, Astrophys. J. 500, 188 (1998).

[23] K.A. Olive, E. Skillman, G. Steigman, Astrophys. J. Suppl. 483, 788 (1997).