arXiv:astro-ph/0510441 v2 1 Dec 2005

Inflation models and observation

Laila Alabidi and David H. Lyth Physics Department, Lancaster University,LA1 4YB

We consider small-field models which invoke the usual framework for the effective field theory, and large-field models which go beyond that. Present and future possibilities for discriminating between the models are assessed, on the assumption that the primordial curvature perturbation is generated during inflation. With PLANCK data, the theoretical and observational uncertainties on the spectral index will be comparable, providing useful discrimination between small-field models. Further discrimination between models may come later through the tensor fraction, the running of the spectral index and non-gaussianity. The prediction for the trispectrum in a generic multi-field inflation model is given for the first time.

I. INTRODUCTION

If the primordial curvature perturbation is generated during inflation, observation constrains the height and shape of the inflationary potential. We consider various possibilities for the form for the potential, seeing to what extent present and future observation can distinguish between them. We cover most of the forms that have been proposed, though our citations are far from exhaustive.

In Section II we recall estimates for the number of efolds occurring after the observable Universe leaves the horizon, which has to be specified before a model can be constrained. In Section III we recall the formulas giving the spectral tilt and the tensor fraction generated during single-component inflation. We give the present observational constraints on these quantities as well as future projections, and we plot the region of the r-n plane corresponding to small-field models. In Section IV we recall the usual framework for effective field theory, and in V we consider small-field models based on that framework. In Section VI we consider Natural Inflation along with its limiting case V ∝ ϕ^2. We also consider the multi-field extension of that case, recalling and extending for that purpose the multi-field formulas for the tilt, the tensor fraction and the non-gaussianity. In Section VIII we see how the models might fare after PLANCK data is available and we conclude in Section IX.

II. THE NUMBER OF e-FOLDS

Observation provides a direct constraint on inflation only after the observable Universe leaves the horizon. We may call inflation during this era ‘observable inflation’ to distinguish it from the possibly very large amount of inflation occurring earlier. In order to make predictions, we need the number N (k) of e-folds of slow-roll inflation, remaining after a scale k leaves the horizon, where k is the coordinate wavenumber corresponding to physical wavenumber k/a.^1 The biggest scale of interest is roughly k = a_0H_0 (where H ≡ ȧ/a is the Hubble parameter and the subscript denotes the present) and we denote N (a_0H_0) by simply N . While cosmological scales leave the horizon we assume almost-exponential inflation giving

N (k) = N − ln(k/a_0H_0). (2.1)

To determine N one needs to know something about the history of the Universe between the end of slow-roll inflation and the onset of nucleosynthesis. To be precise, assuming Einstein gravity, one needs the pressure P as a function of the energy density ρ. There is also a weak dependence on the value of the Hubble parameter during inflation, equivalent with Einstein gravity to the height of the inflationary potential.

Assume first radiation domination (P = ρ/3) from the end of inflation to the onset of nucleosynthesis. Then

N = 61 − ln ( 10^{16} GeV V^{1/4} ) . (2.2)

Here V is the inflationary potential, which for the present purpose can be taken to be constant.

Scales of cosmological interest correspond to

0 ≲ ln k a_0H_0

≲ 14 , (2.3)

where the upper limit is the scale enclosing matter with mass 10^6M_⊙. They have to leave the horizon during inflation which gives the lower bound N ≳ 14. Observation requires V^{1/4} ≲ 10^{16} GeV and the onset of nucleosynthesis at temperature T ≃ 1 MeV requires V^{1/4} ≳ 1 MeV, which places the last term of Eq. (2.2) in the range 0 to −40.

Now we consider other possibilities for P (ρ). The biggest reasonable pressure [3] is P = ρ, corresponding to domination by the kinetic term of a scalar field (kination). If kination dominates from the end of inflation to

1 Standard results about early-universe cosmology and observation are described for instance in [1, 2].

the onset of nucleosynthesis, the above estimate of N is increased by^1_3 ln(V^{1/4}/1 MeV) < 14. If instead there is matter domination (P = 0) during that era, the estimate is decreased by the same amount.

Finally, we consider the possibility that significant inflation occurs after slow-roll ends. The most plausible way of arranging this is to invoke one or more bouts of Thermal Inflation [4], taking place at a relatively low energy scale. Each bout would reduce the estimate N by 10 or so.

From this discussion, we learn that in principle, N might in principle be anywhere in the range

14 < N < 75 . (2.4)

On the other hand, most early Universe scenarios give 0 < P < ρ/3, and most of the models of inflation that we shall discuss give V near the top of its allowed range. In that case, taking V at the very top, we have 47 < N < 62 corresponding to

N = 54 ± 7 , (2.5)

and a fractional uncertainty ΔN N = 0.13 . (2.6)

Taking instead V^{1/4} ∼ 10^{10} GeV (which corresponds to H ∼ TeV and is the lowest value usually considered) we have N = 34 ± 7 and a fractional error ΔN/N = 0.20.

This discussion leads to a very important conclusion. For any reasonable inflation scale, and post-inflation pressure in the standard range 0 < P < ρ/3, the fractional error in N is of order 10 to 20%. As we shall see, the corresponding uncertainties in the predictions are of the same order in a wide range of models.

III. PREDICTION AND OBSERVATION

A. Slow-roll inflation

We assume Einstein gravity, and take the fields to be canonically normalized. Until Section VII take the slowrolling inflaton to have a single component. During inflation, the potential V (ϕ) depends only on the inflaton field ϕ. It is supposed that the field equation

ϕ̈ + 3Hϕ̇ + V^′ = 0 (3.1)

is well-approximated by

3Hϕ̇ = −V^′ , (3.2)

and that the energy density 3M^2_PH^2 = V +^1_2 ϕ̇^2 is slowly varying on the Hubble timescale. (We are defining M_P = (8πG)^{−1/2} = 2.4 × 10^{18} GeV.) These conditions imply

3M^2_PH^2 ≃ V . (3.3) and the flatness conditions ϵ ≪ 1 |η| ≪ 1 , (3.4) where ϵ ≡ 1 2 M^2_P(V^′/V )^2 (3.5)

η ≡ M^2_PV^{′′}/V (3.6)

Conversely, slow-roll inflation can usually take place on any portion of the potential satisfying the flatness conditions. In the slow-roll approximation ϵ is slowly varying;

H^{−1}ϵ̇ = 2ϵ(2ϵ − η) . (3.7)

For future reference we note that ϵ̇ is positive if ln V is concave-downward and negative if ln V is concaveupward.

To obtain the predictions, one needs the field value ϕ(k) when a given scale leaves the horizon. From Eqs. (3.3) and (3.2) it is related to the number of e-folds by dN (k)/dϕ = M^{−2}_P V /V^′ and we focus on the biggest scale k = a_0H_0. When this scale leaves the horizon, the field value ϕ_∗ is given by

N = M^{−2}_P ∫_{ϕ∗} ϕ_{end} ( V V^′ ) dϕ = M^{−1}_P ∫_{ϕ∗} ϕ_{end} dϕ √ 2ϵ(ϕ) , (3.8)

where ϕ_{end} is the value at the end of slow-roll inflation and a star denotes horizon exit for the biggest scale. If ln V is concave-downward, ϵ increases with time. Then the value of N will typically be insensitive to ϕ_{end}, making the model more predictive. The only exception to this rule that arises in practice is the potential V = V_0 −^1_2 m^2ϕ^2 with V_0 dominating.

In Figure 1 we plot in the log r-n plane the line η = 2ϵ, to the left of which log V is concave-downward, and the line η = 0, to the left of which V itself is concavedownward. For r ≲ 10^{−2} these lines practically coincide. In Figure 2 we plot the same lines in the r-n plane.

In the vacuum, V = 0. We shall consider both nonhybrid models, where the inflationary value of V is generated almost entirely by the displacement of the inflaton field from its vacuum, and hybrid models where it is generated almost entirely by the displacement of some other (waterfall) field. In non-hybrid models, ϵ increases with time and inflation ends when one of the flatness conditions fails, after which ϕ goes to its vacuum expectation value (vev). In some hybrid models, ϵ decreases with time (log V concave-upward), and inflation ends only when the waterfall field is destabilized. In other hybrid inflation models, ϵ increases with time (log V concave-downward), and slow-roll inflation may end before the waterfall field is destabilized through the failure of one of the flatness conditions. If that happens, a few more e-folds of inflation can take place while the inflaton oscillates about its vev (locked inflation [5]), until the amplitude of the oscillation becomes low enough to destabilize the waterfall field.

B. The curvature perturbation

The vacuum fluctuation of the inflaton generates a practically gaussian perturbation, with spectrum P_ϕ(k) = (H_k/2π)^2 where the subscript k indicates horizon exit k = aH. This perturbation generates at horizon exit a practically gaussian time-independent contribution to the curvature perturbation with spectrum [6]

P_ζ = 1 24π^2M^4_P V ϵ . (3.9)

Subsequently, the perturbations of additional light fields may generate an additional contribution to the curvature perturbation, which come to dominate so that the inflaton contribution is irrelevant. In that case the only constraint on the form of the slow-roll inflaton potential is that Eq. (3.9) is below the observed value. Here we suppose that instead Eq. (3.9) gives the dominant value.

Assuming that η is slowly varying, the spectral tilt n − 1 ≡ d ln P_ζ /d ln k is given by [7]

n − 1 = 2η − 6ϵ . (3.10)

(We will refer to the tilt n − 1 instead of to the spectral index n since more direct physical significance.)

In Eqs. (3.9) and (3.10) the potential and its derivatives are to be evaluated at horizon exit for the scale k under consideration. We shall evaluate them at the single scale k = a_0H_0, corresponding to ϕ_∗ given by Eq. (3.8). For the forms of the potential that we consider, this is good enough at least with present data. (As we see later future observation might detect the scale dependence of n (running). We are not considering the running mass model, which gives strong running of n that is already constrained by present observations [9, 10].)

The spectrum is measured with good accuracy as P_ζ = (4.9×10^{−5})^2, which with the prediction Eq. (3.9) requires

V^{1/4} ϵ^{1/4} = 0.027M_P = 6.6 × 10^{16} GeV . (3.11)

At present, measurements of the tilt are consistent with zero. Taking the tensor fraction r to be negligible, which is the prediction of a wide class of models, a fit using WMAP CMB data and the SDSS galaxy survey [11] gives

n = 0.980 ± 0.020 . (3.12)

A fit using instead WMAP CMB data and the 2dFGRS galaxy survey gives [12]

n = 0.956 ± 0.020 . (3.13)

A fit using WMAP and BOOMERANG CMB data and the SDSS and 2dFGRS galaxy surveys gives [13]

n = 0.950 ± 0.020 . (3.14)

These bounds are all at 68% confidence level, and all three of them are compatible at this level. For the purpose of illustrating our method we use the results of the first group, for n and also for the tensor fraction that we come to next.

C. The tensor fraction

The prediction for the tensor fraction is^2 r = ( V^{1/4} 3.3 × 10^{16} GeV )4 , (3.15)

which with the cmb normalization (3.11) is equivalent to

r = 16ϵ . (3.16)

Another expression for r involves the field variation. Scales on which the tensor can be observed leave the horizon during about 4 e-folds, starting with the exit of the scale k = a_0H_0. During such a brief era ϵ will be practically constant. From Eqs. (3.15) and (3.8), it follows that the variation Δϕ_4 during the four e-folds is related to r by [14] r = ( Δϕ_4 √ 2M_P

)_2

. (3.17)

If ϵ is continuously increasing with time (log V concavedownward), Eqs. (3.17), (3.15), and (3.8) give the strong bound [15], r < 8 N^2 ( Δϕ_N M_P

)_2

= 0.0032 ( 50 N )_2 ( Δϕ_N M_P

)_2 , (3.18)

where Δϕ_N is the total field variation. As we remarked earlier, the condition that ϵ be continuously increasing usually ensures also that N is practically independent of ϕ_{end}. We shall refer to models with Δϕ_N < M_P as small-field models, and the rest as large-field models.

In Figure 1, the two curved lines divide the log r-n plane into three regions, according to whether V and log V are concave-upward or concave-downward while cosmological scales leave the horizon. To the right of the rightmost line ln V is concave-upward while to the left of the leftmost line V is concave-downward. If the concaveupward -downward behaviour persists till the end of slowroll inflation, the right-hand region is inhabited exclusively by hybrid inflation models, since otherwise inflation would never end.

2 We are adopting the currently-favoured definition using the spectra. An earlier definition using the CMB quadrupole corresponded to r = 12.4ϵ.

Still assuming that the concave-upward or -downward characterisation persists after cosmological scales leave the horizon, Figure 1 shows (taking N = 50) the smallfield region defined by Δϕ_N < M_P as well as a reduced small-field region defined by Δϕ_N < 0.1M_P. (In the right-hand area where Eq. (3.17) applies, we have assumed that Δϕ_4 ∼ Δϕ_N , otherwise the small-field region shrinks.) As we shall see, for inflation models invoking the usual framework of effective field theory, the small-field condition Δϕ_N < M_P usually has to be satisfied by some orders of magnitude. The only exception is if the inflaton is a modulus field, but even there Δϕ_N /M_P is usually well below 1. In Figure 1 we show how the ‘small-field’ region shrinks if it is defined instead by Δϕ_N < 0.1M_P.^3

In Figure 2 we repeat the plot of Figure 1 using a linear scale for r. This is the plot usually seen in the literature, but it loses important information because a region of very small r is invisible. Following [16] the three regions are usually labeled, from left to right, ‘small-field’, ‘largefield’ and ‘hybrid’, but the first labeling is inappropriate since the bound (3.18) makes the small-field part of the left-hand region invisible in the linear plot. Also, hybrid models are not confined to the third region.^4

Now we come to observational constraints involving r. If r floats in a fit to data, n should also float since no known inflation model gives negligible tilt with a significant tensor fraction. At present observation gives something like r < 0.5, 95% confidence level. From Eq. (3.15) this requires

V^{1/4} ≲ 3 × 10^{16} GeV . (3.19)

One can also plot the allowed region in the r-n plane. This is shown in Figure 3 for the data analysis that we are using.

Absent a detection, the bound on r will come down dramatically in the future. Data from PLANCK [18] will give r ≲ 0.05. Clover [19] will give something like r < 10^{−2} and the eventual limit may be [20] something like r < 10^{−4}. Values of r as low is this have not previously been contemplated in connection with constraints on models of inflation. In the following we will be showing some model predictions in the log r-n plane.

The condition r > 10^{−4} for the tilt to be eventually observable is equivalent to V^{1/4} > 3 × 10^{−15}. As far as the formula (2.2) is concerned, this is practically at the top of the allowed range. We conclude that for models giving an observable tensor fraction, the estimate (2.5) of

3 The small- large-field terminology was originally introduced in [16] using the older definition of the Planck scale m^2_P = 8πM^2_P. Defining the small-field regime by Δϕ_N < m_P it would expand up to r = 0.08, but as we have just noted effective field theory models in practice satisfy Δϕ_N < M_P rather well.

4 Some time after the first version of the present paper was released, [17] appeared. It gives both the r-n plot and the log r-n plot, but the bounds (3.17) and (3.18) are not noted.

FIG. 1: The large-field region corresponding to ΔϕN > MP is shaded in dark grey. The region corresponding instead to ΔϕN > 0.1MP is lightly shaded. To be eventually observable r should be above the black horizontal line.

FIG. 2: Figure 1 is plotted on a linear scale.

N will hold if 0 < P < ρ/3 between the end of inflation and nucleosynthesis.

Finally, we note that for small-field models, the tilt if it is big enough to observe will be accurately given by

n − 1 = 2η . (3.20)

This means that for small-field models, the tilt measures the second derivative of the potential. A concave-upward potential corresponds to positive tilt and a concavedownward potential to negative tilt.

IV. EFFECTIVE FIELD THEORY

In the usual applications of field theory the relevant scalar fields are close to the fixed point of the relevant symmetries. By ‘close’ we mean that the distance to the

FIG. 3: The curved lines are the Natural Inflation predictions for N = 20 and N = 75, and the horizontal lines are the corresponding multi-component Chaotic Inflation predictions. The junction of each pair of lines corresponds to single-component Chaotic Inflation. The regions allowed by observation with various assumptions are taken from [21].

origin in field space is much less than the ultra-violet cutoff Λ_{UV} of the effective field theory under consideration. Starting with some fields and a symmetry group, the action is usually supposed to contain all possible terms not forbidden by the symmetry, including non-renormalizable terms. The coefficients of non-renormalizable terms have by definition negative energy dimension. These coefficients parameterize physics beyond the cutoff Λ_{UV}, and as discussed for instance in [22] they are usually supposed to be of order 1 in units of the cutoff.

The cutoff presumably cannot be bigger than M_P. If it is smaller, the effective field theory might be obtained by integrating out some heavy fields in an effective theory with a bigger cutoff. Then a definite contribution to the coefficients of the non-renormalizable terms can be calculated, which hopefully will be dominant. If instead Λ_{UV} ∼ M_P, there is presently no good way of estimating these coefficients.

The non-renormalizable terms are negligible in most of the usual applications of field theory, but in some situations one or more low-order non-renormalizable terms may be significant. If the presence of some nonrenormalizable term is unwelcome, a symmetry might be invoked to forbid or suppress it. Alternatively an argument from string theory or some setup with large extra dimensions might be invoked.

This is the usual setup for effective field theory, normally employed when considering what future colliders and detectors might find as well as in many discussions of the early Universe. Of course one is free instead to write down a lagrangian which does the job in hand without providing any justification for terms which have been omitted (apart from the requirement that they are not effectively generated by quantum effects). That is the view usually taken in for instance discussions of alternative gravity theories involving one or more scalar fields.

Both points of view have been taken in connection with inflation model-building; the usual setup for effective field theory, and the view that the required lagrangian need not be justified. When considering small-field inflation models one usually takes the former, as reviewed for instance in [1, 15, 23]. Its virtue, here as in other contexts, is that the possibilities for model-building are relatively constrained so that one can exhibit some fairly well-defined examples.

Whichever view one takes, the energy density should be below the cutoff;

V^{1/4} < Λ_{UV} . (4.1)

In most of the models that we encounter, V^{1/4} is not many orders of magnitude below its maximum value 3 × 10^{16} GeV which requires that Λ_{UV} is not too far below that value. In the context of Einstein gravity Λ_{UV} cannot exceed M_P. Following the usual practice we focus on the maximum value Λ_{UV} ∼ M_P which turns out to be advantageous for inflation model-building.

In the effective field theory approach, the tree-level potential is expanded as a power series in the fields keeping only a few low-order terms. If the symmetries relevant for the inflaton are not spontaneously broken, the fixed point lies on the trajectory and V^′ vanishes there. In any case, assuming that V^′ vanishes at some point and choosing that as the origin, the power series expansion for the tree-level potential is

V = V_0 ± 1 2 m^2ϕ^2 + M ϕ^3 + 1 4 λϕ^4 + ∞∑ d=5 λ_dΛ^{4−d}_{UV} ϕ^d , (4.2)

with a symmetry often forbidding all odd terms. The coefficients can have either sign but λ and λ_d are usually taken to be positive and we are adopting the convention that m^2 is positive. If the non-renormalizable couplings λ_d are of order 1, we need

ϕ ≪ Λ_{UV} , (4.3)

for this series to be under control. Then, barring a cancellation between terms, V_0 has to dominate and the flatness conditions limit the magnitude of each term.

For the non-renormalizable terms, |η| ≪ 1 with Eqs. (3.15) and (3.17) requires [1] |λ_d| ≪ 10^{−8} ( Λ_{UV} M_P )_{d−4} ( 3 × 10^{16} GeV V^{1/4} )_{2(d−4)} . (4.4)

For a given V this constraint is loosest with our adopted value Λ_{UV} ∼ M_P.^5 It is then compatible with |λ_d| ∼ 1 for all values of d for a low inflation scale V^{1/4} <

5 This constraint is stronger than Eq. (3.19) if Λ_{UV} /M_P > (3 × 10^{16} GeV/M_P)^{(2d−4)/(d−4)}.

3 × 10^{10} GeV. More generally it is incompatible with |λ_d| ∼ 1 only for the first few values, provided that V^{1/4} is significantly below its maximum possible value. To forbid the first few values one can invoke a discrete symmetry.

For the quadratic and quartic terms, |η| ≪ 1 requires [1] (using in the second case also Eqs. (3.15) and (3.17))

m^2M^2_P ≪ V (4.5) |λ| ≲ 10^{−14} . (4.6)

The second constraint is satisfied in a supersymmetric theory if ϕ is taken to be what is called a flat direction. (Flat directions can also be present in nonsupersymmetric conformal field theory [24].) Regarding the first constraint, if the mass in a globally supersymmetric theory is set to zero, supergravity generates [25] a value^6

m^2 ∼ V /M^2_P , (4.7)

giving a contribution |η| ∼ 1. That this marginally violates the flatness condition has been called the η problem. It may be solved either by modest fine-tuning or by going to a non-generic supergravity theory. More generally, it is possible [27, 28] to control the mass by making the inflaton a pseudo-Nambu-Goldstone boson.

The condition on the mass becomes problematic if one supposes that the inflaton is a fermion condensate in a generic non-supersymmetric field theory. In such a theory one expects m roughly of order Λ_{UV}, whereas the condition on the mass together with V < Λ^4_{UV} gives

m^2 Λ^2_{UV} ≪ V M^2_PΛ^2_{UV}

≲ 10^{−4} ( V^{1/4} 3 × 10^{16} GeV )2 . (4.8)

This discussion, based on Eq. (4.2) with the expectation |λ_d| ∼ 1, is appropriate for typical fields. According to string theory there are likely to be special fields (moduli) whose potential is of the form

V (ϕ) = V_0f(ϕ/M_P) , (4.9)

with f and its low derivatives roughly of order 1 at a typical point in the range 0 < ϕ < M_P. Expanded about a given point, this gives non-renormalizable terms with coefficients of order ±V_0/M^4_P. Taking the point to be a maximum or a minimum so that the expansion has the form (4.2)

m^2 ∼ V_0/M^2_P . (4.10)

In the simplest setup, m ∼ TeV corresponding to V^{1/4}_0 ∼ 10^{10} GeV but that is not supposed to be mandatory.

6 If there are large extra dimensions this assumes that the inflaton and the source of supersymmetry breaking live on different branes. Otherwise [26] m^2 is bigger by a factor (Λ_{UV} /M_P)^2.

There is usually supposed to be more than one modulus. If the effective field theory is supersymmetric, the moduli come in pairs (usually taken as components of a complex field) of which one, the ‘axion’ is a PNGB whose potential is periodic with (from Eq. (4.9)) a period of order M_P.

V. SMALL-FIELD MODELS

In this section we deal with models of inflation based on the effective field theory approach of the last section. To keep the non-renormalizable terms under control we limit the inflaton field to the range 0 < ϕ < M_P, making the models automatically small-field models.

A. New and modular inflation

We first suppose that inflation takes place near the origin which is a maximum of the potential, as shown in Figure 4. Inflation taking place near a maximum is an attractive possibility because eternal inflation can take place very close to the maximum, providing a natural initial condition for the subsequent slow roll [15, 29, 30].

This type of model is usually taken to be non-hybrid, so that the vev ⟨ϕ⟩ is the minimum corresponding to V = 0, and inflation ends with the failure of slow-roll at ϕ_{end} ∼ ⟨ϕ⟩ < M_P. The reason is that one usually thinks of the maximum as the fixed point of symmetries, which means that one would be dealing with inverted hybrid inflation [31], as opposed to ordinary hybrid inflation where the field is moving towards a fixed point. Inverted hybrid inflation is more difficult to arrange than ordinary hybrid inflation, especially in the context of supersymmetry. On the other hand, it can be that the origin is not a fixed point, in which case this type of model can be an ordinary hybrid inflation model. To keep things simple we take this kind of inflation to be non-hybrid though the key results still hold if it is hybrid.

We shall take ϕ_{end} < M_P to keep within the effective field theory framework of the last section. Since Δϕ_N < ϕ_{end} we then deal with a small-field model, and usually Δϕ_N ∼ ϕ_{end}.

If ϕ_{end} is far below M_P we shall call this setup New Inflation after the first viable inflation model [32]. If ϕ_{end} is not very far below M_P we will call it modular inflation, since it is most plausible realised by invoking the potential (4.9). Modular inflation was discussed for instance in [33, 34, 35, 36].^7 If there is more than one modulus, modular inflation should take place near a point in the space of the moduli where the potential is an extremum with

7 A different way of using moduli to inflate is described in [37] but the prediction for the spectral tilt depends on details of the model which were not specified.

FIG. 4: New inflation, modular inflation, etc. FIG. 5: F - and D-term inflation, mutated hybrid, D-branes etc.

FIG. 6: Tree-level hybrid etc. FIG. 7: Dynamical supersymmetry breaking, D-branes etc.

FIG. 8: Natural/chaotic inflation

respect to all of them, which may be difficult to arrange. Also, the trajectory may lie in the space of two or more moduli, corresponding in general to a multi-component inflation model with non-canonical normalization. Here we focus on the case where the trajectory is mainly in the direction of one modulus (taken to be canonically normalized) as for instance in [35]. (For an example of the opposite case see [38].)

The potential (4.9) typically gives roughly ϵ ∼ |η| ∼ 1, but the idea is that one gets lucky so that the flatness conditions (3.4) are marginally satisfied.^8 The extent to which string theory allows modular inflation without finetuning is the subject of intense investigation at present, as for example in [35].

Considering both New and Modular inflation, let us suppose that one term dominates (4.2) at least while cos-

8 In particular, m^2 is supposed to be significantly smaller than V_0/M^2_P (see Eq. (4.10)). If instead one supposes that m^2 is actually quite a bit bigger than V_0/M^2_P, the modulus becomes a candidate for the waterfall field in hybrid inflation [39]. The term modular inflation is not taken to cover that case.

mological scales are leaving the horizon;

V = V_0 [ 1 − ( ϕ μ )_p + · · · ] , (5.1)

We consider first the case that the dominant term is the leading one;

V = V_0 − 1 2 m^2ϕ^2 + · · · (5.2)

= V_0 [ 1 − 1 2 |η_0| ϕ^2 M^2_P + · · · ] , (5.3)

where η_0 < 0 is the value of η at the maximum. The spectral tilt is n − 1 = 2η_0 so that observation requires |η_0| ≲ 0.03.

To achieve a vev ⟨ϕ⟩ ≲ M_P, the potential (5.3) must steepen sharply after cosmological scales leave the horizon. This would be expected for modular inflation (though there is no strong reason to expect the quadratic term to dominate in that case) and it can be arranged for New Inflation as in [28, 40] (see also [41] for a hybrid model). As a crude approximation, suppose that the quadratic term dominates until inflation ends at ϕ_{end} ≲ M_P. Then one finds

ϕ_∗ = ϕ_{end} exp(−N (1 − n)/2) , (5.4)

and [15]^9

r = 2 ( ϕ_{end} M_P

)_2

(1 − n)^2e^{−N(1−n)} . (5.5)

The maximum of this function is below the bound (3.18) (by a factor e^{−2}), consistent with log V being concavedownward.The prediction r(n) is plotted in Figure 12 for ϕ_{end} = M_P and N = 50. Since ϕ_{end} is actually expected to be significantly smaller we conclude that r is unlikely to be observable.

This model, with the quadratic term dominating, is reasonable only if n ≲ 1 − 1/N ≲ 0.98. Otherwise, from Eq. (5.4), the quadratic term would have to dominate higher-order terms, up until practically the point where those terms become so important that they steepen the potential causing an immediate end to inflation. Such an abrupt transition is clearly unreasonable in the context of non-hybrid inflation.

All of this assumes that the quadratic term dominates when cosmological scales leave the horizon. The situation is quite different if we assume instead that a higher-order term has become dominant by that time. This case has

9 Even if we allow ϕ_{end} ≫ M_P , one cannot expect the potential (5.3) to control the end of inflation. This is because slow-roll inflation with that potential would continue up to practically ϕ = ⟨ϕ⟩. The additional terms generating ⟨ϕ⟩ will surely come in earlier, giving a shape more like the one in Figure 8 that we shall be discussing as a large-field model.

often been considered as for instance in [42], and for modular inflation in [36]. Adopting it, we arrive at Eq. (5.1) with p ≥ 3. Inflation ends at ϕ_{end} ≲ μ, and to have a small-field model we will take μ ≲ M_P. Then N = 1 p(p − 2) ( μ M_P

)_2 ( μ ϕ_∗ )_{p−2} [ 1 − ( ϕ_∗ ϕ_{end} )_{p−2}]

≃ 1 p(p − 2) ( μ M_P

)_2 ( μ ϕ_∗ )_{p−2} . (5.6)

The final equality holds because we are requiring ϕ_∗/ϕ_{end} appreciably less than 1, for the reason discussed earlier in connection with the quadratic potential. This gives, independently of μ,

n = 1 − p − 1 p − 2 2 N . (5.7)

The absolute constraint N < 75 implies n < 0.987. This prediction is plotted against N in Figure 9 for p = 3, 4 and the limiting case p → ∞. We see that p = 3 is disfavoured by observation, and that for all p observation provides a significant lower bound on N . Adopting the reasonable range (2.5) the prediction becomes

n = 1 − (0.037 ± 0.005) p − 1 p − 2 . (5.8)

This prediction is in the range n < 0.967.

We have been assuming that a single power in Eq. (5.1) dominates, which may be unreasonable for modular inflation. But even if a single power does not dominate, Eq. (5.1) could well be a useful approximation for the relevant values of ϕ, with some non-integral p. Certainly, the specific models of [35] give the small negative tilt and the high inflation scale which is the characteristic of that approximation. Treating p > 3 as a continuous variable, the allowed region in the p-N plane is shown in Figure 10. Taking N = 54 ± 7, we plot n(p) in Figure 11.

The cmb normalization (3.11) corresponds to a tensor fraction

r = 8 ( μ M_p )^{2p}_{p−2} p^2(p(p − 2))^{−2}(^{p−1p−2} )N^{−2}(^{p−1p−2} ) . (5.9)

Taking N = 50, this prediction is plotted in Figure 12 for μ = M_P. We see that r is too small ever to observe.

In all of this we focused on the case p > 3. Allowing instead p − 2 to be quite small, the first line of Eq. (5.6) should generally be used. Then, taking ϕ_{end} ≃ M_P, the prediction for r(n) will interpolate between the p = 2 and p > 3 curves in Figure 12. As with the quadratic potential, the model makes sense (as a non-hybrid one) only if n ≲ 0.98 since otherwise ϕ_{end}/ϕ_∗ would be very close to 1.

B. F - and D-term inflation

In a supergravity theory the potential has two parts, called the F term and the D term. They are con-

FIG. 9: The prediction (5.7) for different p. The bold full line is the limit |p| → ∞. Above it from top down are the lines p = 0, −2 and −4, and below it from bottom up are the lines p = 3, 4 and 5. The observational bounds from [11] are indicated.

FIG. 10: The regions excluded by the observational bounds from [11], for the parameter p in the prediction (5.7).

FIG. 11: The prediction (5.7) for N = 54 ± 7.

structed from three functions, called the superpotential, the Kahler potential and the gauge-kinetic function. There is also a possible constant contribution to the Dterm called a Fayet-Iliopoulos term.^{10} With the simplest (minimal) Kahler potential and gauge-kinetic function, simple forms for the superpotential can be written down which at tree-level are perfectly flat, and can give either F -term [43] or D-term [44] inflation. The loop correction then dominates [45, 46], leading to a hybrid inflation model. To ensure that the one-loop correction is a good approximation the renormalization scale Q should be chosen to be of order ϕ.

In a non-supersymmetric theory the loop correction would generate a term λϕ^4 ln(ϕ/Q); it was invoked in the original New Inflation model [32] and it practically corresponds to (5.1) with p = 4. In a globally supersymmetric theory with soft supersymmetry breaking, the loop correction corresponds to a running mass term m^2ϕ^2 ln(ϕ/Q). Taken as an approximation to supergravity, this gives a running-mass model of inflation [47], whose observational signature is discussed elsewhere [9, 10].

The case at hand corresponds (as an approximation to supergravity) to a globally supersymmetric theory with spontaneous supersymmetry breaking, with the loop correction coming from the waterfall field in a hybrid inflation model. Assuming ϕ ≫ ϕ_{end}, the potential is

V = V_0 [ 1 + g^2 8π^2 ln ϕ Q ] , (5.10)

where g ≲ 1 is the coupling of ϕ to the waterfall field. With Q ≃ ϕ, V_0 dominates and V^′/V = g^2/8π^2ϕ. The shape of this potential is illustrated in Figure 5. The integral Eq. (3.8) is again be dominated by the endpoint ϕ_∗, so that the tilt is given by Eq. (5.7) with p = 0 as n − 1 = −1/N . The observational bound is shown in Figure 9. For this case, the normalization (3.11) gives a tensor fraction r = 1 2π^2 g^2 N = 0.0011 ( 50 N )_2 g^2 . (5.11)

For g = 1 this prediction is shown in Figure 12. We see that r will never be observable if g is much below 1.

Although these predictions are clean, they may not be realistic. Even within the setup we have described, there is a regime of parameter space where ϕ is close to ϕ_{end} so that the coefficient of the log in Eq. (5.10) is reduced [48]. Much more seriously, the potential (5.10) gives

ϕ_∗ = √ N 4π^2 gM_P . (5.12)

10 We invoke at most one gauge-kinetic function and one Fayet- Iliopoulos term, those quantities appearing only in the D-term inflation model.

FIG. 12: The two upper lines are the ones shown in Figures 1 and 2, which separate the three regimes. The shaded regions give the prediction for natural inflation and multi-component chaotic inflation with N = 54 ± 7. Single-component chaotic inflation corresponds to the intersection of these two regions. The other predictions are calculated with N = 50, and they represent upper bounds obtained by setting μ, ϕ∗ or ϕend equal to MP , as described in the text. These are the four labeled curves, the cross which corresponds to the D/F -term potential (5.10) and the star which corresponds to the exponential potential (5.14). To be eventually observable, r should be above the horizontal line.

Unless the coupling is very small, this is only marginally a small-field model. A very small coupling is reasonable for the F -term case, but not for the D-term case.

If the coupling is not very small, the minimal forms for the Kahler and gauge-kinetic functions cannot be justified at all [43, 49], while the simple form for the superpotential requires an almost exact global symmetry which is usually considered implausible. For these reasons, the tree-level potential is unlikely to be precisely flat in that case. Including it could significantly alter the shape of the potential [48], possibly generating a maximum [15, 50]. In that case, after re-defining the origin as the maximum, Eq. (5.1) may be an adequate approximate for some effective p ≳ 3. In any case, one expects that these F - and D-term inflation models will give n < 1 corresponding to a concave-downward potential.

Before leaving F - and D-term inflation, we remark on their theoretical status. In both cases, the scale of inflation is related to the vev Λ of the waterfall field by

V_0 = g^2Λ^4, and the cmb normalization determines the latter independently of g;

Λ = ( 50 N )_{1/2} × 6 × 10^{15} GeV . (5.13)

(This is equivalent to the fact that Eq. (5.11) contains a factor g^2.) In the case of F -term inflation, the waterfall field can be identified with a GUT Higgs field. Then Λ should be essentially the unification scale deduced from observation, which is 2 to 3 × 10^{16} GeV. Considering the theoretical uncertainties the agreement is satisfactory, making F -term inflation one of the few inflation models which relate the observed value of P_ζ to parameters of particle physics. In the case of D-term inflation, Λ is the normalization of the Fayet-Iliopoulos term. It is related to the string energy scale, but the relation depends on the version of string theory that is relevant [51, 52].

C. More concave-downward potentials

Next we consider the potential (5.1), but with p < 0 to give the shape of Figure 5. Within the context of the setup described in Section IV, this potential can be generated by mutated hybrid inflation [31, 53, 54]. In mutated hybrid inflation the potential is supposed to have negligible variation in the ϕ direction with all other fields fixed at the origin, but there is supposed to be a coupling with some heavy field. At each ϕ this field is fixed at the instantaneous minimum of its potential (integrated out), so that the potential V (ϕ) during inflation in fact has significant variation. The potential typically is of the form (5.1) with p < 0, with integral values of |p| favoured but not mandatory.^{11} With integral p < 0, a potential of the form (5.1) has also been suggested in N = 2 supergravity [55] and in D-brane cosmology [56].

The predictions are given by the same formulas (5.7) and (5.9) as for p > 2, taking again ϕ and ϕ_{end} to be sufficiently well-separated. The allowed region in the p- N plane is shown in Figure 10. The prediction n(N ) is shown in Figure 9 for p = −1, −2 and −3. The observations do not constrain p, but they do constrain N significantly. For N = 54±7 the prediction n(p) is shown in Figure 11. The prediction r(n) with μ = M_P is shown in Figure 12.

Another concave-downward potential is

V ≃ V_0(1 − e^{−qϕ/MP} ) . (5.14)

This potential has the shape in Figure 7, and it may be generated by a kinetic term passing through zero [44], giving q = √ 2. The same form can arise in non-Einstein gravity inflation [1] with q = √ 2/3. This case is actually on the border of the small-field regime, corresponding to Δϕ_N ∼ M_P, but the kinetic term and the non-Einstein mechanisms both fall outside the framework we set out at in Section IV. The prediction for the spectral tilt is given by Eq. (5.7) with p = ∞ as n − 1 = −2/N . The prediction for r is

r = 8 q^2N^2 ∼ 8 N^2

, (5.15)

which should be observable as shown in Figure 12. A similar form has been derived for the potential of a modulus [57], which gives the same prediction for n but negligible r < 10^{−9}.

11 Mutated hybrid inflation can also give (5.1) with p > 1 though less typically. The assumption that the potential has negligible variation in the ϕ direction is not mandatory. Such variation could generate a maximum for the potential, giving a situation similar to the one that we described after Eq. (5.12).

D. Concave-upward potentials

Next we consider the original hybrid inflation potential [58],

V = V_0 + 1 2 m^2ϕ^2 (5.16)

= V_0 ( 1 + 1 2 η_0 ϕ^2 M^2_P ) , (5.17)

It is supposed that η_0 ≪ 1, so that inflation ends only when the waterfall field responsible for V_0 is destabilized. The constant term V_0 dominates for ϕ/M_P ≪ η^{−1}_0 . In that regime, ϕ_∗ = ϕ_{end} exp[^1_2 (n − 1)N ]. This gives

n − 1 = 2η_0 > 0 . (5.18)

which might be indistinguishable from 1. The tensor fraction is

r = 2 ( ϕ_∗ M_P

)_2

(n − 1)^2 . (5.19)

Working within the framework of Section IV we need ϕ_∗ < M_P. As shown in Figure 12, the tensor fraction might be observable within this regime.

The original hybrid inflation model makes good contact with field theory beyond the Standard Model. In contrast with the other potentials we consider, the inflation scale V_0 can be quite low, which would reduce N . (Happily, the predictions for the spectral tilt is independent of N .) In the context of supersymmetry V^{1/4}_0 ∼ 10^{10} GeV is a natural choice [39], with η_0 not too small so that m ∼ TeV. The parameter space model is limited however, by the requirement that the loop correction from the waterfall field be negligible [59]. Supersymmetric hybrid inflation of any kind is impossible with V^{1/4}_0 ∼ TeV which is desirable for instance [60, 61] in the presence of extra dimensions. (See however [62] for a non-supersymmetric hybrid inflation model with V^{1/4} ∼ TeV, which can generate baryon number as well.)

Next we consider the potential

V = V_0 [ 1 + ( ϕ μ )_p + · · · ] , (5.20)

with the constant term dominating and p ≥ 2 or p < 0. For these values of p the potential has the shape shown respectively in Figures 6 and 8. An integer p ≥ 3 would correspond [63, 64] to a higher-order term dominating, and non-integral values p > 2 can be motivated as an approximation (cf. the discussion in connection with Eq. (5.1)) or possibly from mutated hybrid inflation. Negative integral values of p could correspond to dynamical supersymmetry breaking [65], or to D-brane cosmology [56].

In all of these cases, inflation can occur only in a limited region ϕ < ϕ_{max}, where ϕ_{max} corresponds to η ∼ 1, and it is not clear how the field is supposed to arrive in that region. The integral Eq. (3.8) is dominated by the endpoint ϕ_{end} if it is sufficiently well separated from ϕ_∗. Then the spectral tilt and tensor fraction are given by Eqs. (5.7) and (5.9), with the replacement N → N_{max}−N where N_{max} is the maximum number of e-folds. Barring fine-tuning one expects N_{max} ≫ N , which probably will make the spectral tilt and the tensor fraction too small to observe.

There remains the case of potentials (5.1) and (5.20) in the range 0 < p < 2, which looks unlikely in the context of field theory. For the record, if ϕ_{end} and ϕ are sufficiently well separated, (5.7) and (5.9) apply for the potential (5.20), while for the potential (5.1) these equations apply with N → N_{max} − N .

VI. SINGLE-COMPONENT NATURAL/CHAOTIC INFLATION

A. The single-component case

Now we consider large-field models, corresponding to Δϕ_N > M_P. These lie outside the effective field theory framework described in Section IV.

Most discussions of the large-field case adopt a ‘chaotic inflation’ potential

V ∝ ϕ^p , (6.1)

with p an even integer. (The term ‘chaotic’ is used because the potential was first introduced [66] as the simplest one which would support what Linde called a chaotic initial condition.) With such a potential, ϕ_∗ ≃ √ 2N pM_P, and ϕ_{end} ∼ M_P. With this form of the potential V^′/V ∝ 1/ϕ making log V concave-downward. The integral (3.8) is practically independent of ϕ_{end} leading to the predictions n = − 2 + p 2N (6.2) r = 4p N . (6.3)

Observation rules out p ≥ 4, but marginally allows p = 2. In Figure 3 we show the prediction for p = 2, with 20 < N < 75. Using the reasonable range (2.5) it becomes

n = −0.037 ± 0.005 (6.4) r = 0.15 ± 0.02 (6.5)

We show this prediction in Figure 12.

Before continuing we address the following point. In a non-supersymmetric theory, where V is part of the lagrangian, one is free to specify the potential (6.1) even though it goes beyond the effective field theory framework of Section IV. But in the context of supergravity, where V (taking it to come from the F term) has to be constructed from the Kahler potential and the superpotential one might wonder whether a given form is possible at all. That this is so has been demonstrated for V ∝ ϕ^2 by writing down explicit forms for the Kahler potential and superpotential [67, 68, 69], and similar constructions would surely work for any power. Thus, the status of the potential V ∝ ϕ^p in supergravity is the same as in a non-supersymmetric field theory.^{12}

The potential V ∝ ϕ^2 may be better motivated if it is considered as an approximation to a sinusoidal potential near a minimum. Such a potential was dubbed Natural Inflation by the people who first considered it [70].^{13} To achieve inflation the period of the potential has to be much bigger than M_P, but proposals have been made [28, 71, 72] which motivate such a large period.^{14} The first two of these go beyond the framework of Section IV by invoking non-trivial extra dimensions, while the last stays within it by making the field ϕ correspond to a path in field space which winds many times around the fixed point.

The sinusoidal potential can be written

V = V_0 sin^2( √ |η_0|/2ϕ/M_P) , (6.6)

and is plotted in Figure 8. Provided that |η_0| ≪ 1, the potential supports inflation until η ∼ ϵ ∼ 1. From Eq. (3.8), sin (√ η_0 2 ϕ_∗ M_P ) ≃ √ 1 1 + η_0 e^{−Nη0} , (6.7)

leading to ϵ = 1 2N 2N |η_0| e^{2N|η0|} − 1 (6.8)

η = ϵ − |η_0| . (6.9)

From these expressions one can read off n − 1 and r. At fixed N the prediction depends on the parameter |η_0|. The results for N = 20 and N = 75 are shown in Figure

12 The supergravity proposals of [68, 69] declare that there is a shift symmetry ϕ → ϕ+ const, which is broken by a specific superpotential chosen to give V =^1_2 m^2 ϕ^2 (up to a small correction). This is conceptually the same as declaring, in a nonsupersymmetric theory, that there is a shift symmetry broken only by V =^1_2 m^2 ϕ^2 itself; in both cases a similar declaration could be made to justify any desired potential (which in the case of supergravity can be constructed from a Kahler potential and a superpotential). The supergravity proposals of [68, 69] have an additional complication though, that the chosen form of the superpotential corresponds to an exact global U (1) symmetry acting on a field different from ϕ. That symmetry presumably is broken and it is not clear how the breaking might affect the model.

13 The potential is periodic because ϕ is supposed to be a PNGB.

The Natural Inflation potential is flat enough for inflation, only because the period is taken to be much bigger than M_P. The small-field PNGB models mentioned earlier [27, 28] use different potentials.

14 In [73] it is stated that these proposals generate literally a potential V ∝ ϕ^2 , corresponding (with fixed N ) to a point in the r-n plane. In fact the sinusoidal potential corresponds to a line as we are about to see.

3, and the result for the reasonable range (2.5) is shown in Figure 12. We see in the latter figure that as n goes more negative we move from the regime V^{′′}(ϕ_∗) > 0 into the regime V^{′′}(ϕ_∗) < 0. Note though that the requirement |η_0| ≪ 1 always makes this a large-field model (Δϕ_N > 0); we see again that the labeling of the left-hand region in Figures 1 and 2 as ‘small-field’ is inappropriate.

VII. MULTI-COMPONENT CHAOTIC INFLATION

So far in this paper we dealt only with singlecomponent slow-roll inflation, where the inflationary trajectory is essentially unique; it is either the only possible one in the space of the scalar fields, or else is one of a family of straight-line trajectories which are equivalent during inflation. An important example of the latter case is a potential V (ϕ), with

ϕ^2 = K∑ i=1 ϕ^2_i . (7.1)

We take the ϕ_i to be canonically normalized, making the radial field ϕ also canonically normalized along each direction. Each direction corresponds to a possible inflationary trajectory, but an SO(K) symmetry leaves ϕ^2 invariant and transforms the trajectories into each other.

For a multi-component slow-roll model, there is a family of possible curved trajectories in the space of two or more fields, which we refer to as components of the inflaton. The potential is supposed to satisfy flatness conditions analogous to Eq. (3.4)

ϵ_i ≪ 1 |η_{ij}| ≪ 1 , (7.2)

where ϵ_i ≡ 1 2 M^2_P ( ∂V /∂ϕ_i V )_2 (7.3)

η_{ij} ≡ M^2_P ∂^2V /∂ϕ_i∂ϕ_j V . (7.4)

The field equation for each field ϕ_i is supposed to be wellapproximated by 3Hϕ̇_i = −∂V /∂ϕ_i, so that the possible inflationary trajectories are the lines of steepest descent of the potential. The set of all fields satisfying these conditions may be called the set of light fields.

While in principle every field satisfying these conditions could be regarded as components of the inflaton, in practice one will include only those fields corresponding to directions in which the slope ∂V /∂ϕ_i is big enough to lead to significant curvature. Light fields corresponding to a smaller slope will have no significant effect during inflation, though they may come into play afterward and be the main source of the curvature perturbation.

To evaluate the curvature perturbation generated by the vacuum fluctuations of the multi-component inflaton, we can use the δN formalism [74, 75, 76, 77, 78] which handles all light fields on an equal footing whether or not they are significant during inflation.^{15} Keeping quadratic terms [77], the time-dependent curvature perturbation smoothed on a given comoving scale a/k is ζ(x, t) = δN (k, ϕ_i(x), ρ(t)) = ∑ i N_iδϕ_i(x) + 1 2 ∑ ij N_{ij} δϕ_iδϕ_j . (7.5) Here, N (k, ϕ_i, ρ) is the number of e-folds, evaluated in an unperturbed universe, from an epoch soon after the smoothing scale leaves the horizon when the fields ϕ_i have specified values, to an epoch when the energy density ρ has a specified value. In the second line, N_i ≡ ∂N/∂ϕ_i and N_{ij} ≡ ∂^2N/∂ϕ_iϕ_j, both evaluated on the unperturbed trajectory. In known cases the first two terms of this expansion in the field perturbations are enough.

These expressions involve the unperturbed inflationary trajectory. It is not determined by the potential during observable inflation, if more than one field is light then. It may be that well before the observable Universe leaves the horizon there is only one relevant light field, leading to an essentially unique trajectory at the classical level. In any case we suppose that somehow the unperturbed trajectory during observable inflation is known.

To evaluate a given Fourier component of ζ(x, t) we can adopt a smoothing scale just a bit shorter than the inverse wavenumber. Thus we may in practice identify k in the above expressions with the wavenumber of the Fourier component.

The field perturbations δϕ_i are generated from the vacuum fluctuation. They are practically gaussian and uncorrelated, and each of them has the spectrum (H_k/2π)^2, where the subscript k denotes the epoch of horizon exit k = aH. At some stage before nucleosynthesis, ζ settles down to a time-independent value, which is constrained by observation. We write down the predictions for ζ, which follow from Eq. (7.5) at any epoch even though we are interested in the regime where ζ has settled down to its final value.

Since the observed ζ is almost gaussian, one or more linear terms must dominate Eq. (7.5) at least eventually, giving the spectrum

P_ζ (k) = ∑ N^2_i (k)(H_k/2π)^2 . (7.6)

15 For the present purpose, which is to evaluate the curvature perturbation at the end of multi-component inflation, one could instead use perturbation theory which reduces the problem to the solution of linear equations. The equations are well-known at first order (see [79] for a review) and progress has recently been made towards their extension to second order [80]. Another formalism for multi-component inflation is presented in [81]. For multi-component chaotic inflation within the slow-roll approximation the δN formalism is preferable, because it gives simple expressions which are valid at both first and second order in perturbation theory.

Using the multi-component slow-roll formalism the spectral tilt is found to be [1, 75] n − 1 = −2ϵ − 2 M^2_PN_iN_i + 2 η_{jk}N_j N_k N_mN_m , . (7.7)

where identical indices are summed over and ϵ = ∑ i ϵ_i is given by Eq. (3.5) with V^′ the gradient of V .

The field basis at horizon exit can be chosen so that one field ϕ points along the inflationary trajectory. Its contribution to Eq. (7.6) is time-independent, and if it dominates the final value one recovers the predictions (3.9), (3.10), and (3.15). The other contributions are initially negligible (almost-exponential inflation being assumed at horizon exit) but may grow to become significant or dominant. The tensor perturbation on the other hand depends only on H_k and is time-independent, which means [1, 2, 75] that the tensor fraction cannot exceed the prediction (3.16);

r ≤ 16ϵ . (7.8)

If the contribution of ϕ dominates, the non-gaussianity of ζ is too small to ever be measurable [82, 83]. Otherwise it may be observable. The likely observables are the bispectrum and trispectrum, which alone are generated by the quadratic expansion (7.1). They are specified respectively by [15] quantities f_{NL} and τ_{NL}. Taking the field perturbations to be perfectly gaussian, which has been justified for the bispectrum [83, 84], and ignoring the scale-dependence of the spectra, the predictions are [77, 85]^{16} − 3 5 f_{NL} = N_iN_{ij}N_j 2 (N_mN_m)^2 + 4AP_ζ Tr N^3 (N_nN_n)^3

(7.9)

τ_{NL} = 2 N_iN_{ij}N_{jk}N_k (N_mN_m)^3 + 16BP_ζ Tr N^4 (N_nN_n)^4

,(7.10)

where A and B are of order 1 on cosmological scales. Present observation [87] gives roughly |f_{NL}| ≲ 100, and absent a detection the eventual bound will be [88] |f_{NL}| ≲ 1. There is at present no bound on τ_{NL} from modern date, and no estimate of the bound that will eventually be possible. (A crude bound from COBE data [15] is |τ_{NL}| < 10^8.)

The shape of the potential of a multi-component inflation model is constrained by these predictions, if ζ is assumed to have reached its final value by the end of inflation. Stewart and collaborators have exhibited some small-field multi-component models [27, 38], along with their prediction for the spectral tilt which depends

16 The general formula for τ_{NL} follows from the special cases in [85] but has not been written down before. The scale-dependence of the spectra is included for f_{NL} in [86].

strongly on the parameters of the potential. We are going to consider instead multi-component chaotic inflation, corresponding to

V = 1 2 K∑ k=1 m^2_i ϕ^2_i . (7.11)

This potential gives uninterrupted slow-roll inflation if the masses are not too unequal [89], and we assume that this is the case.

If the field values are of the same order, inflation ends when ϕ_i ∼ M_P/ √ K ≪ M_P, which can be much less than M_P if there are many fields. Recalling the discussion of Section IV, one might hope that the potential in that case is generically under good control, with nonrenormalizable terms negligible. This general idea was termed Assisted Inflation by those who first considered it [90]. As the authors of [91] point out, whether this is so should be considered case by case. One can see this by considering the case of equal masses, m^2_i = m^2, which gives V = 1 2 m^2ϕ^2 (7.12)

with ϕ^2 given by Eq. (7.1) and inflation taking place at ϕ ≫ M_P. If this potential were exact, there would be a SO(K) symmetry which would forbid the appearance of non-renormalizable terms λ_dϕ^d_i /M^{d−4}_P ; instead there would be terms λ_dϕ^d/M^{d−4}_P which presumably would spoil inflation at ϕ ≫ M_P even though the individual ϕ_i can all be small.

As a specific way of keeping the multi-chaotic potential under control, the authors of [91] suppose that the potential (7.11) is actually an approximation to the sum of sinusoidal potentials, evaluated near the minimum of the potential. They called this N -flation. Such a potential might arise in string theory, as the sum of the potentials of axions which are components of complex moduli, and it is argued that they are under good theoretical control.

Using the δN results, the prediction for Eq. (7.11) is very simple [1]. One finds N (k, ϕ_i, ρ) = 1 4 ∑ ϕ^2_i (k) , (7.13)

independently of the final epoch if it is well after horizon exit.^{17} (Remember that k denotes the epoch of horizon

17 In view of this independence, one does not expect that a significant contribution to the curvature perturbation will be generated at the end of inflation, provided that the end corresponds to a failure of slow roll. The possible generation of a contribution to the curvature perturbation at the end of inflation is discussed in [92, 93].

exit aH = k.) The predictions are

P_ζ = 2N ( H 2π )_2 (7.14)

r = 8/N (7.15)

ϵ = 2 ∑ m^4_i ϕ^2_i ( ∑ m^2_i ϕ^2_i )^2

(7.16) n − 1 = −2ϵ − 1 N . (7.17)

The predictions for P_ζ and r are the same as in the singlecomponent case. The minimum value of ϵ at fixed N and P_ζ is 1/2N and corresponds to equal masses. This reproduces the single-component result n − 1 = −2/N . Making the masses unequal increases ϵ and one cannot calculate an upper bound on ϵ without knowing the regime of parameter space within which continuous slow-roll takes place. Hence, making the masses unequal decreases n − 1 by an unknown amount while leaving r the same. As seen in Figures 3 and 12, this decreases the already-marginal viability of the model when compared with the data that we are using.

Using Eq. (7.13) one finds that the non-gaussianity parameters f_{NL} and τ_{NL} given by Eqs. (7.9) and (7.10) are both much less than 1. This means that f_{NL} (and presumably also τ_{NL}) will never be measurable.^{18} The non-gaussianity parameters have so far been evaluated for just two other multi-component inflation models, those of [38, 95]. Assuming that ζ attains the observed value by the end of inflation the non-gaussianity is again found to be negligible [77] in the case of [38], but it could be significant in the case of [95] if the non-gaussian part of the ζ is generated only after inflation is over [77].

VIII. OUTLOOK

With present data the bounds that we have presented are not very restrictive. One sees from Eqs. (3.12)–(3.14) that it would be quite reasonable to shift the allowed interval for n down by 0.02 or so, which would weaken the constraints on models presented in Figure 9. A downward shift in n would also improve the viability of the largefield models presented in Eq. (3).

The situation will change dramatically when the accuracy of the data is improved. Consider first the possibility of discriminating among small-field models, through their prediction for the spectral tilt. Data from PLANCK [18] should give [96] Δn = ±0.007, reducing to Δn = .003

18 After the first version of this paper was released, the prediction for two-component chaotic inflation was calculated [94] using the formalism of [81]. With with ϕ_1 = ϕ_2 and m_2 /m_1 = 9, these authors report that n = 0.93 and f_{NL} = 1.8. In contrast we find for these parameters n = 0.95 and (as just stated) |f_{NL}| ≪ 1. The origin of this discrepancy is not clear.

with the proposed CMBpol [97]. Adding galaxy survey data should give further reduction. Looking at Figure 9, one can distinguish four possibilities, according to the eventual value of n.

a. A value of n ≲ 0.98 This case is very interesting because it is the expected prediction for some of the most reasonable-looking potentials. These are the quadratic potential (5.3), the potential (5.1) with p ≥ 2 (corresponding to new and modular inflation) the same potential with p < 0 (corresponding to mutated hybrid inflation, some D-brane proposals and an N = 2 supergravity proposal), the D/F -term potential (5.10) and the exponential potential (5.14). Regarding the last two as special cases corresponding to p → 0 and p → ∞ we are dealing with the potential

V = V_0 [ 1 − ( ϕ μ )_p] , (8.1)

with μ ≲ M_P and V_0 dominating.

For p = 2, the spectral tilt has the scale-invariant value n = −2V_0/M^2_Pμ^2 provided that this potential is valid on cosmological scales. For all of the other relevant values of p (p ≳ 3 and p ≤ 0) we suppose that the potential is valid also for long enough that it gives Eq. (5.6) for N . Then the spectral tilt depends only on p, being given by Eq. (5.7). Adopting the reasonable range Eq. (2.5), and taking V^{1/4} ≃ 10^{16} GeV which for this type of potential is more or less required by the normalization of the spectrum, this prediction becomes

n − 1 = −(0.037 ± 0.005) p − 1 p − 2 . (8.2)

For the allowed range of p the fraction is bigger than 1/2, and observation requires it to be ≲ 2. We conclude that the theoretical uncertainty in this case is roughly Δn = 0.005, similar to the accuracy promised by PLANCK data.

Since the prediction for n − 1 is proportional to 1/N , the predicted running n^′ ≡ dn/d ln k is

n^′ = (n − 1)/N = − p − 1 p − 2 2 N^2

, , (8.3)

which will be in the range −.0004 to −.0016 or so. The expected accuracy [96] is Δn^′ ∼ 0.003 from PLANCK and Δn^′ = .0017 from CMBpol, and galaxy survey data will reduce these uncertainties. It is therefore possible that the predicted running can be verified.

b. A value 0.98 ≲ n < 1.00. This will indicate a concave-downward potential. If we are dealing with a non-hybrid model the potential cannot have the simple parameterization (5.1) (p > 2 or p < 0).

c. A value of n indistinguishable from 1 This would be compatible both with concave-downward hybrid inflation potentials, and with the original hybrid inflation potential V = V_0 +^1_2 m^2ϕ^2. It would also be compatible with some more complicated models [38, 41], and the poorly-motivated concave-upward potentials of the form (5.20).

d. A value n > 1 This would favour the original hybrid inflation model V = V_0 +^1_2 m^2ϕ^2 or its runningmass version [47]. The concave-upward potential (5.20) could also give n significantly above 1, but not for the most reasonable case N_{tot} >> N . A measurement of the running might provide discrimination between these possibilities.

Now consider the tensor fraction r. PLANCK [18] will give r ≲ 0.05. Clover [19] will give something like r < 10^{−2} and the eventual limit may be [20] something like r < 10^{−4}. We see from Figure 12 that the tensor fraction generated by small-field models is very small. It will not be detectable by PLANCK or Clover, and it will never be detectable if the small-field condition is well-satisfied as would be desirable in the context of the effective field theory framework described in Section IV.

If r is indeed observed by PLANCK or Clover, that would definitely require a large-field model. At present the only large-field models that are under serious consideration and are compatible with observation are Natural Inflation (corresponding to a sinusoidal potential), its limit single-component Chaotic Inflation (corresponding to V ∝ ϕ^2) and multi-component Chaotic Inflation.

Natural Inflation corresponds to a line in the r-n plane, with an endpoint corresponding to single-component Chaotic Inflation. The same statement applies to multicomponent Chaotic Inflation. Single-component Chaotic Inflation corresponds to the point n = 1 − 2/N and r = 8/N , with V^{1/4} not far below 10^{16} GeV. Using the reasonable range Eq. (2.5) the predictions become

n = −0.963 ± 0.005 r = 0.14 ± 0.02 . (8.4)

Both n−1 and r are proportional to 1/N , their fractional uncertainties are given by Eq. (2.6) as roughly 10%. Also, their scale dependence is ∝ 1/ ln k which might eventually be detectable. To agree with observation the parameters of Natural Inflation and multi-component Chaotic Inflation should be chosen so that the prediction is not vastly different from this one.

Finally, it is worth saying again that any detection of the non-gaussianity parameter f_{NL} would rule out all single-component slow-roll inflation models, as well as multi-component Chaotic Inflation, on the hypothesis that the inflaton perturbation generates the curvature perturbation.

IX. CONCLUSION

In this paper we have surveyed most forms of the inflationary potential, which have some motivation in the context of current ideas about field theory beyond the Standard Model of particle physics. Assuming that the inflaton generates the curvature perturbation, we have seen how observation can constrain the parameters for a given form of the potential, or rule it out.

The approach we are taking may be contrasted with the two other lines of inquiry. One of them [98] asks to what extent one may reconstruct the inflationary potential given an essentially unlimited amount of information about the spectrum P_ζ(k), and preferably also about the tensor fraction r(k). The other [99] generates, using ‘flow equations’ a large family of potentials which can satisfy the data, without reference to current ideas about field theory.

Acknowledgments

DHL thanks Andrew Liddle for useful correspondence about the prospects for measuring the tensor fraction, and we thank Andrei Linde for useful comments on an earlier draft. DHL is supported by PPARC grants PPA/G/S/2002/00098, PPA/G/O/2002/00469, PPA/Y/S/2002/00272, PPA/V/S/2003/00104 and EU grant MRTN-CT-2004-503369. LA thanks Lancaster University for the award of the studentship from Dowager Countess Eleanor Peel Trust.

[1] D. H. Lyth and A. Riotto, Phys. Rept. 314, 1 (1999) [2] A. R. Liddle and D. H. Lyth, Cosmological Inflation and Large Scale Structure, (CUP, Cambridge, 2000) [3] A. R. Liddle and S. M. Leach, Phys. Rev. D 68 (2003) 103503 [4] G. Lazarides, C. Panagiotakopoulos and Q. Shafi, Phys.

Rev. Lett. 56 (1986) 557. D. H. Lyth and E. D. Stewart, Phys. Rev. Lett. 75, 201 (1995) D. H. Lyth and E. D. Stewart, Phys. Rev. D 53, 1784 (1996) [5] G. Dvali and S. Kachru, arXiv:hep-th/0309095; K. Dimopoulos and M. Axenides, JCAP 0506 (2005) 008 [6] A. H. Guth and S. Y. Pi, Phys. Rev. Lett. 49 (1982) 1110. S. W. Hawking and I. G. Moss, Nucl. Phys. B 224 (1983) 180. A. A. Starobinsky, Phys. Lett. B 117 (1982) 175. J. M. Bardeen, P. J. Steinhardt and M. S. Turner, Phys. Rev. D 28 (1983) 679.

[7] A. R. Liddle and D. H. Lyth, Phys. Lett. B 291 (1992) 391 [8] A. Kosowsky and M. S. Turner, Phys. Rev. D 52 (1995) 1739.

[9] L. Covi and D. H. Lyth, Mon. Not. Roy. Astron. Soc.

326 (2001) 885.

[10] L. Covi, D. H. Lyth and A. Melchiorri, Phys. Rev. D 67 (2003) 043507; L. Covi, D. H. Lyth, A. Melchiorri and C. J. Odman, Phys. Rev. D 70 (2004) 123521.

[11] U. Seljak et al., Phys. Rev. D 71 (2005) 103515 [12] A. G. Sanchez et al., arXiv:astro-ph/0507583. [13] C. J. MacTavish et al., arXiv:astro-ph/0507503. [14] D. H. Lyth, Phys. Rev. Lett. 78, 1861 (1997) [15] L. Boubekeur and D. H. Lyth, JCAP 0507, 010 (2005) [16] S. Dodelson, W. H. Kinney and E. W. Kolb, Phys. Rev.

D 56 (1997) 3207

[17] W. H. Kinney and A. Riotto, arXiv:astro-ph/0511127.

[18] http://www.rssd.esa.int/SA/PLANCK/include/report
   /redbook/redbook-science.htm

[19] M. Piat and C. Rosset [The BRAIN-CLOVER Collaboration], arXiv:astro-ph/0412590.

[20] M. Amarie, C. Hirata and U. Seljak, arXiv:astro-ph/0508293.

[21] M. Tegmark et al. [SDSS Collaboration], Phys. Rev. D 69 (2004) 103501 [22] S. Weinberg, The Quantum Theory of Fields (Section 12.3, Volume 1), CUP, Cambdridge (1995).

[23] K. Dimopoulos and D. H. Lyth, Phys. Rev. D 69, 123509 (2004) [24] P. H. Frampton and T. Takahashi, Phys. Rev. D 70 (2004) 083530.

[25] For a review and the post-inflation situation see D. H. Lyth and T. Moroi, JHEP 0405 (2004) 004.

[26] D. H. Lyth, Phys. Lett. B 419 (1998) 57 [27] J. D. Cohn and E. D. Stewart, Phys. Lett. B 475, 231 (2000).

[28] N. Arkani-Hamed, H. C. Cheng, P. Creminelli and L. Randall, JCAP 0307 (2003) 003.

[29] P. J. Steinhardt, UPR-0198T, Invited talk given at Nuffield Workshop on the Very Early Universe, Cambridge, England, Jun 21 - Jul 9, 1982; A. D. Linde, Print- 82-0554 (CAMBRIDGE); A. Vilenkin, Phys. Rev. D 27 (1983) 2848.

[30] A. D. Linde, Phys. Lett. B 327 (1994) 208 A. Vilenkin, Phys. Rev. Lett. 72 (1994) 3137 [31] D. H. Lyth and E. D. Stewart, Phys. Rev. D 54, 7186 (1996) [32] A. D. Linde, Phys. Lett. B 108, 389 (1982); A. Albrecht and P. J. Steinhardt, Phys. Rev. Lett. 48, 1220 (1982).

[33] A. D. Linde, Phys. Lett. B 132 (1983) 317. [34] P. Binetruy and M. K. Gaillard, Phys. Rev. D 34 (1986) 3069; T. Banks, M. Berkooz, S. H. Shenker, G. W. Moore and P. J. Steinhardt, Phys. Rev. D 52 (1995) 3548.

[35] Z. Lalak, G. G. Ross and S. Sarkar, arXiv:hep-th/0503178; J. J. Blanco-Pillado et al., JHEP 0411 (2004) 063.

[36] G. G. Ross and S. Sarkar, Nucl. Phys. B 461 (1996) 597 J. A. Adams, G. G. Ross and S. Sarkar, Phys. Lett. B 391, 271 (1997) [37] M. K. Gaillard, D. H. Lyth and H. Murayama, Phys.

Rev. D 58 (1998) 123505 [38] K. Kadota and E. D. Stewart, JHEP 0307 (2003) 013. [39] L. Randall, M. Soljacic and A. H. Guth, Nucl. Phys. B 472 (1996) 377; M. Berkooz, M. Dine and T. Volansky, Phys. Rev. D 71 (2005) 103502.

[40] M. Dine and A. Riotto, Phys. Rev. Lett. 79, 2632 (1997) G. German, G. G. Ross and S. Sarkar, Nucl. Phys. B 608 (2001) 423 [41] M. Bastero-Gil and S. F. King, Phys. Lett. B 423 (1998) 27 [42] K. Kumekawa, T. Moroi and T. Yanagida, Prog. Theor.

Phys. 92 (1994) 437 K. I. Izawa, M. Kawasaki and T. Yanagida, Phys. Lett. B 411 (1997) 249 [43] E. J. Copeland, A. R. Liddle, D. H. Lyth, E. D. Stewart and D. Wands, Phys. Rev. D 49 (1994) 6410 [44] E. D. Stewart, Phys. Rev. D 51 (1995) 6847 [45] G. R. Dvali, Q. Shafi and R. K. Schaefer, Phys. Rev.

Lett. 73, 1886 (1994) [46] P. Binetruy and G. R. Dvali, Phys. Lett. B 388 (1996) 241; E. Halyo, Phys. Lett. B 387 (1996) 43.

[47] E. D. Stewart, Phys. Lett. B 391 (1997) 34; E. D. Stewart, Phys. Rev. D 56 (1997) 2019.

[48] B. Kyae and Q. Shafi, arXiv:hep-ph/0504044. [49] D. H. Lyth, Phys. Lett. B 419 (1998) 57. [50] O. Seto and J. Yokoyama, arXiv:hep-ph/0508172. [51] J. R. Espinosa, A. Riotto and G. G. Ross, Nucl. Phys. B 531 (1998) 461 [52] P. Binetruy, G. Dvali, R. Kallosh and A. Van Proeyen, Class. Quant. Grav. 21 (2004) 3137.

[53] E. D. Stewart, Phys. Lett. B 345, 414 (1995) [54] G. Lazarides and C. Panagiotakopoulos, Phys. Rev. D 52 (1995) 559 [55] J. Garcia-Bellido, Phys. Lett. B 418 (1998) 252 [56] C. P. Burgess, J. M. Cline, H. Stoica and F. Quevedo, JHEP 0409 (2004) 033 [57] J. P. Conlon and F. Quevedo, arXiv:hep-th/0509012. [58] A. D. Linde, Phys. Lett. B 259 (1991) 38. [59] D. H. Lyth, Phys. Lett. B 466 (1999) 85 [60] D. H. Lyth, Phys. Lett. B 448 (1999) 191. [61] N. Kaloper and A. D. Linde, Phys. Rev. D 59 (1999) 101303.

[62] E. J. Copeland, D. Lyth, A. Rajantie and M. Trodden, Phys. Rev. D 64 (2001) 043506 [arXiv:hep-ph/0103231].

[63] A. D. Linde, Phys. Rev. D 49 (1994) 748. [64] D. Roberts, A. R. Liddle and D. H. Lyth, Phys. Rev. D 51 (1995) 4122 [65] W. H. Kinney and A. Riotto, Astropart. Phys. 10 (1999) 387 [66] A. D. Linde, Phys. Lett. B 129 (1983) 177 . [67] A. B. Goncharov and A. D. Linde, Phys. Lett. B 139 (1984) 27.

[68] M. Kawasaki, M. Yamaguchi and T. Yanagida, Phys.

Rev. Lett. 85 (2000) 3572 [69] M. Yamaguchi and J. Yokoyama, Phys. Rev. D 63 (2001) 043506 [70] K. Freese, J. A. Frieman and A. V. Olinto, Phys. Rev.

Lett. 65 (1990) 3233; F. C. Adams, J. R. Bond, K. Freese, J. A. Frieman and A. V. Olinto, Phys. Rev. D 47 (1993) 426.

[71] N. Arkani-Hamed, H. C. Cheng, P. Creminelli and L. Randall, Phys. Rev. Lett. 90, 221302 (2003).

[72] J. E. Kim, H. P. Nilles and M. Peloso, JCAP 0501 (2005) 005.

[73] L. A. Boyle, P. J. Steinhardt and N. Turok, arXiv:astro-ph/0507455.

[74] A. A. Starobinsky, JETP Lett. 42 (1985) 152 [Pisma Zh.

Eksp. Teor. Fiz. 42 (1985) 124].

[75] M. Sasaki and E. D. Stewart, Prog. Theor. Phys. 95 (1996) 71 [76] D. H. Lyth, K. A. Malik and M. Sasaki, JCAP 0505 (2005) 004 [77] D. H. Lyth and Y. Rodriguez, arXiv:astro-ph/0504045. [78] M. Sasaki and T. Tanaka, Prog. Theor. Phys. 99, 763 (1998).

[79] B. A. Bassett, S. Tsujikawa and D. Wands, arXiv:astro-ph/0507632.

[80] K. A. Malik, arXiv:astro-ph/0506532.

[81] G. I. Rigopoulos, E. P. S. Shellard and B. W. van Tent, arXiv:astro-ph/0506704.

[82] J. Maldacena, JHEP 0305 (2003) 013 [83] D. Seery and J. E. Lidsey, arXiv:astro-ph/0506056. [84] D. H. Lyth and I. Zaballa, arXiv:astro-ph/0507608. [85] L. Boubekeur and D. H. Lyth, arXiv:astro-ph/0504046. [86] L. E. Allen, S. Gupta and D. Wands, arXiv:astro-ph/0509719.

[87] P. Creminelli, A. Nicolis, L. Senatore, M. Tegmark and M. Zaldarriaga, arXiv:astro-ph/0509029.

[88] N. Bartolo, E. Komatsu, S. Matarrese and A. Riotto, Phys. Rept. 402 (2004) 103 [89] D. Polarski and A. A. Starobinsky, Nucl. Phys. B 385 (1992) 623.

[90] A. R. Liddle, A. Mazumdar and F. E. Schunck, Phys.

Rev. D 58 (1998) 061301 [91] S. Dimopoulos, S. Kachru, J. McGreevy and J. G. Wacker, arXiv:hep-th/0507205.

[92] F. Bernardeau, L. Kofman and J. P. Uzan, Phys. Rev. D 70 (2004) 083004.

[93] D. H. Lyth, arXiv:astro-ph/0510443.

[94] G. I. Rigopoulos, E. P. S. Shellard and B. W. van Tent, arXiv:astro-ph/0511041.

[95] K. Enqvist and A. Vaihkonen, JCAP 0409, 006 (2004) [96] M. Kaplinghat, L. Knox and Y. S. Song, Phys. Rev. Lett.

91 (2003) 241301.

[97] www.mssl.ucl.ac.uk/www_astro/submm/CMBpol1.html [98] H. M. Hodges and G. R. Blumenthal, Phys. Rev. D 42 (1990) 3329; J. E. Lidsey, A. R. Liddle, E. W. Kolb, E. J. Copeland, T. Barreiro and M. Abney, Rev. Mod. Phys. 69 (1997) 373; M. Joy and E. D. Stewart, arXiv:astro-ph/0511476.

[99] M. B. Hoffman and M. S. Turner, Phys. Rev. D 64, 023506 (2001); D. J. Schwarz, C. A. Terrero-Escalante and A. A. Garcia, Phys. Lett. B 517 (2001) 243; W. H. Kinney, Phys. Rev. D 66, 083508 (2002).