arXiv:astro-ph/0511591 v1 19 Nov 2005

TeVeS Cosmology : Covariant formalism for the background evolution and linear perturbation theory

Constantinos Skordis Astrophysics, University of Oxford, Keble Road, Oxford OX1 3RH, United Kingdom and Perimeter Institute, Waterloo, Ontario N2L 2Y5, Canada.^∗ (Dated: November 19, 2005)

A relativistic theory of gravity has recently been proposed by Bekenstein, where gravity is mediated by a tensor, a vector and a scalar field, thus called TeVeS. The theory aims at modifying gravity in such a way as to reproduce Milgrom’s MOdified Newtonian Dynamics (MOND) in the weak field, non-relativistic limit, which provides a framework to solve the missing mass problem in galaxies without invoking dark matter. In this paper I apply a covariant approach to formulate the cosmological equations for this theory, for both the background and linear perturbations. I derive the necessary perturbed equations for scalar, vector and tensor modes without adhering to a particular gauge. Special gauges are considered in the appendix.

Contents

I. Introduction 3

II. Fundamentals of TeVeS 5 A. Preliminaries 5 B. The action principle 5 C. The field equations 6 D. Fluids 7 E. Transformation of connections 8

III. Robertson-Walker cosmology 8 A. Preliminaries 8 1. Covariant description of Robertson-Walker geometry : geodesic congruences, metrics and projectors 8 2. Relations between the scale factors and between the conformal static metrics 9 3. Connections 10 B. The field equations 10 1. The fluid tensors and evolution equations 10 2. The constraint equation 11 3. The scalar field equation 11 4. The Lagrange multiplier 11 5. The generalized Einstein equations 11 C. Choosing a coordinate system 12 D. Effective Friedman equation and relative densities 13

IV. Perturbation theory 13 A. Perturbations of the gravitational variables 13 1. Scalar field perturbation 13 2. Metric perturbations 13 3. Vector field perturbations 14 4. Perturbation of the timelike vector constraint 15 5. Relating Einstein-Hilbert and matter frame metric perturbations 15 B. Perturbations of the fluid 15 1. Perturbations of the fluid tensors 15 2. Perturbing the timelike constraint on the fluid velocity 16 3. Perturbing the fluid source tensors 16

∗Electronic address: cskordis@perimeterinstitute.ca

C. Perturbed field equations 16 1. The perturbed fluid equations of motion 16 2. Perturbed Constraint equation 17 3. Perturbed scalar field equation 17 4. Perturbed vector field equation 17 5. Perturbed Lagrange multiplier 18 6. Perturbed generalized Einstein equations 18

V. Irreducible decomposition of metric perturbations 21 A. Harmonic mode decomposition 21 1. Einstein metric decomposition 21 2. Vector field decomposition 21 3. Matter metric decomposition 21 4. Relations bewteen different frame variables 21 5. Fluid velocity field decomposition 22 6. Fluid shear decomposition 22 B. Gauge non-fixed equations for the scalar modes 22 1. Fluid equations 22 2. Scalar field equation 22 3. Vector field equation 23 4. Generalized Einstein equations 23 C. Gauge non-fixed equations for the vector modes 23 1. Fluid equation 24 2. Vector field equation 24 3. Generalized Einstein equations 24 D. Equations for the tensor modes 24

VI. Summary 25

Acknowledgements 25

A. Any unit timelike vector field is geodesic in an FLRW universe 25

B. Gauge choices 26 1. Gauge transformations 26 2. Conformal Newtonian gauge 27 a. Fluid equations 28 b. Scalar field equation 28 c. Vector field equation 28 d. Generalized Einstein equations 28 3. Conformal synchronous gauge 29 a. Fluid equations 29 b. Scalar field equation 29 c. Vector Bekenstein equation 29 d. Generalized Einstein equations 30 4. α-gauge 30 a. Fluid equations 30 b. Scalar field equation 30 c. Vector field equation 31 d. Generalized Einstein equations 31

C. Specifics of the perturbations of the Einstein tensor 31

References 32

I. INTRODUCTION

Bekenstein has recently proposed a relativistic theory of gravity where gravity is mediated by a tensor, a vector and a scalar field, thus called TeVeS [1], aiming at explaining the missing mass problem.

The missing mass problem is the longest standing problem of modern cosmology. It spans a wide range of scales, from galaxies to the cosmic microwave background. The problem is easy to state : the observed mass coming from all visible matter at the scales of interest, cannot account for the Newtonian (or General Relativistic) gravitational force observed acting on the same objects. The problem has a long history [2], and manifests as discrepancies in the rotation curves of galaxies, motions of clusters of galaxies, gravitational lensing, and the absence of strong damping of linear perturbations on very large scales, to name a few.

One could imagine that this missing mass is composed of baryons in objects other than stars, for example jupiter size planets or brown dwarves, collectively called MACHOS, or baryonic dark matter. These objects cannot be seen because they do not emmit light of their own. However microlensing studies did not detect the abundunce needed for these objects to make up for the missing mass [3]. Moreover the abundances of elements predicted by Big Bang Nucleosynthesis (BBN) give a matter density far below the needed mass density [4].

The popular approach to solving the missing mass problem, is to posit a matter component which does not interact with electromagnetic radiation and therefore cannot be detected by observing photons at various frequencies. Even though it cannot be seen directly, its presence is evident from the pull of gravity. Thus one attributes the extra gravitational force observed, to a ”dark matter” component whose abundance is required to greatly exceed the visible matter abundance. Dark matter candidates have been traditionally split [5] into ”hot dark matter” and ”cold dark matter”, although an intermediate possibility, namely ”warm dark matter” is sometimes being considered.

The earliest possibility considered for a dark matter candidate was a massive neutrino [6, 7], since neutrinos are particles which are known to exist as well as being very weakly interacting. However, massive neutrinos cannot be the dominant form of the dark matter. If the dark matter is composed of massive neutrinos then their mass must be at most 30 − 70eV for reasonable values of the Hubble constant, if they are not to overclose the universe [6]. On the other hand the Tremaine-Gunn inequality [8] gives a lower bound on the neutrino mass if neutrinos are to be bounded gravitationally within some radius. For example for dwarf spheroidal galaxies, their mass should be greater than ∼ 300 − 400eV which is well above the cosmologically allowed mass range. Finally the recent Mainz and Troisk experiments from tritium beta decay, combined with neutrino oscillation experiments give an upper limit for the neutrino mass of around 2.2 − 2.5eV [9]. Massive neutrinos are therefore ruled out as a dark matter candidate capable of solving the missing mass problem.

Cold dark matter, is composed of very massive slowly moving and weakly interacting particles. A plethora of such particles generically arises in particle physics models beyond the standard model quite naturally. The list of canditates is very long, ranging from light particles [10], supersymmetric particles [11], to Kalutza-Klein modes [12] and many more exotic objects. This subject (see [13] for a nice recent review) has been studied in great depth and has been shown to agree with observations to a very good degree. Still, the actual nature of cold dark matter is left to speculation at the present time.

The alternative approach is to point the finger to the laws of motion, or the gravitational field itself. This path was initially followed by Milgrom [14] who proposed that for accelerations smaller than some acceleration scale a_0, gravity departs from Newtonian gravity (which is still valid for large accelerations), in such a way as to explain the flat rotation curves of galaxies. It was thus dubbed Modified Newtonian Dynamycs (MOND). Alternatively it was shown that one can cast a modified dynamics theory into a modified gravity theory which provides essentially the same phenomenology [15], although it might be possible that the two are not entirely equivalent [16]. Other modified gravity theories beyond the MOND paradigm have also been proposed [17] but I do not consider them further in this paper.

While MOND was successful as a simple phenomenological model in describing rotation curves, it had other serious problems. Taken at face value, it violates conservation of momentum, energy and angular momentum [14]. This though stems from the fact that it is not a theory but rather an empirical law. Bekenstein and Milgrom have found a non-relativistic self-consistent realization of MOND, based on an aquadratic Lagrangian, thus called AQUAL [15]. However being non-relativistic, the theory could not make clear predictions about cosmological scales, for example the cosmic microwave background (CMB) or the formation of linear structure (the relativistic AQUAL proposed in the same paper suffered from acausal propagation of small perturbations).

Nevertheless, even in the absence of a consistent relativistic MOND theory, several authors have tried to squeeze a cosmology out of MOND. Some authors based their calculations on general relativity to conclude that MOND is not compatible with cosmological observations [18], a not so robust conclusion; the correct conclusion would have been that a baryonic, dark matter free universe, evolving under Einstein gravity cannot fit the cosmological observations. In other words they have shown the missing mass problem on cosmological scales. Nevertheless, those studies showed that relativistic MOND theories would have to give spectra very similar to dark matter cosmologies, if they are to be considered as serious competitors. Given that relativistic MOND theories such as TeVeS have generically more parameters, this would tend to favour dark matter cosmologies when tests such as bayesian evidence are performed, unless their likelihood is strongly peaked about a very small region in parameter space, which is still an open question.

Other authors [19] used GR to make predictions for early universe cosmology (for example the CMB) where MOND effects were argued to be negligible and then used heuristic arguments to make predictions about the growth of linear/non-linear structure. As [20] have shown, their CMB predictions are indeed compatible with the robust TeVeS calculations for some range of parameters, but can be quite different in other cases [21]. The matter power spectrum predictions exhibit a similar behaviour: the baryonic oscillations which were thought to be a MOND prediction, can be absent in TeVeS, just like in dark matter cosmology.

Lue and Starkmann [22] assumed that Birkhoffs theorem would be satisfied in a relativistic MOND theory. If that is true one can then build a cosmology out of MOND, in the same way one can derive the Friedmann equation in the matter era out of Newtonian gravity. What they found was that the growth rate of perturbations in the matter era in this MOND-like cosmology is slower than in GR cosmology with dark matter. Therefore if MOND is to be the limit of a relativistic theory which can successfully fit cosmological observations, it MUST violate Birkhoff’s theorem. Indeed, TeVeS theory does violate Birkhoff’s theorem; not only are spherically symmetric solutions not necessarily static, even the static solutions are not unique [23]. The bottomline is that to make robust cosmological predictions, consistent relativistic MOND theories are needed.

Relativistic MOND realizations were constructed to overcome the acausal propagation of relativistic AQUAL typically based on two metrics which are conformally related via a scalar field. Phase coupling gravitation (PCG) [24, 25, 26] is one such example. However the PCG parameters that could provide good MOND phenomenology were ruled out by solar system tests. Moreover, just like relativistic AQUAL, PCG cannot provide the observed gravitational lensing from visible matter alone. Part of the problem is the conformal relation between the two metrics [27, 28]. One can generalized this relation to a disformal one [29] by including an additive tensor in the transformation, not related to the two metrics, for example build out of the gradient of a scalar field. However it was soon realized that any generalized scalar-tensor gravitation theory, even with a disformal relation between the two metrics in the theory, would produce less bending of light than GR and thus could not be used as a basis for relativistic MOND [30].

Sanders stratified theory [31] manages to solve the lensing problem. Instead of using just a scalar field to disformally relate the two metrics in the theory, a vector field is used. The vector field in Sanders stratified theory is however nondynamical, which contradicts the spirit of general covariance. This was solved by Bekenstein, who made the Sanders field dynamical by including an action for it (which is a special case of Jacobson-Mattingly [32] Einstein-Ether theory action). The resulting theory was called Tensor Vector Scalar (TeVeS) [1] gravitational theory, and was shown to provide MOND and Newtonian limits in the weak field non-relativistic limit, and was devoid of acausal propagation of perturbations.

Ultimately, as every physical theory, TeVeS has to face astrophysical and cosmological observations on every scale. Some strong lensing studies have already been performed [33]. The theory was also confronted with observations from our own galaxy [34]. Alternatively one can test the theory with large scale structure observations or the Cosmic Microwave Background, both of which require the propagation of linear perturbations about a Friedman-Lemaître- Robertson-Walker(FLRW) background. A first study in this direction has already been carried out [20]. The subject of the present work, deals with the formulation of linear perturbation theory in TeVeS, generalizing the equations given in [20] to include curved spatial hypersurfaces, multiple gauges and all perturbation modes (scalar, vector and tensor modes). This opens up a whole new series of observational tests that can be performed on TeVeS, involving the largest scales in the universe.

This paper is organized as follows. In the first section I give a short overview of the TeVeS theory, focusing on the action and the field equations. At the same time I introduce a somewhat simpler notation than the original TeVeS paper [1] which can simplify both the actions and the field equations. Relativistic fluids are then introduced which are of particular importance to cosmology. The section concludes with the transformation of connections between the two frames associated with the theory.

In the second section, I lay down a covariant formulation of the FLRW cosmology. The covariant equations are derived on the basis of the symmetries of the FLRW spacetime. A short discussion of the effective Friedmann equation follows, focussing on the time variation of the effective gravitational coupling strength, and the definition of the relative fluid densities. A specific choice of a coordinate system relevant to calculations for Cosmic Microwave Backround (CMB) anisotropies and large scale structure power spectrum, is given in the end.

The third section takes on linear perturbations about the FLRW cosmology. The relevant tensors are perturbed covariantly, without adhering to a particular gauge, or perturbation mode. Thus the final perturbed equations contain scalar, vector and tensor perturbations. The use of the covariant approach is important due to the non-uniqueness of connections, which depend on which metric is used. Since the transformation of connections is derived in a covariant fashion, the final perturbed equations can be derived unambiguously. This section also gives relations of the perturbed metrics in the two frames.

In the fourth section, I take the perturbed field equations derived in the third section, and split them into irreducible parts by seperating out the scalar, vector and tensor perturbation modes. The resulting equations are still in a gauge non-fixed form, which makes it straightforward to check that they are indeed gauge invariant as expected.

Finally the paper concludes in section six, where a summary is given of the results.

The reader will also find useful the appendices. In particular appendix-B gives the perturbed equations for scalar modes in three different gauges while appendix-C gives a lot of intermediate steps in the derivation of the perturbed Einstein tensor. These steps were not included in the main part of the paper, to make it more readable, but are very useful to have when following the calculations.

Through out the paper I will use a signature +2 metric, and the curvature conventions of Misner,Thorne & Wheeler [42]. Greek indices are abstract tensor indices with no respect to any coordinate system. When writing tensor components in a particular coordinate system, Latin indices are used for the spatial part of the tensor with a ”hat” on the index, while ^0 is used for the temporal part of the tensor. I will also use units such that the speed of light, Planck’s constant divided by 2π and Boltzmann’s constant are all equal to unity.

II. FUNDAMENTALS OF TEVES

A. Preliminaries

TeVeS theory is a bimetric theory where gravity is mediated by a tensor field g̃_{μν} with associated metric-compatible connection ~∇_μ and well defined inverse g̃^{μν} such that g̃^{μρ}g̃_{ρν} = δ^μ_ν, a timelike (dual) vector field A_μ such that g̃^{μν} A_μA_ν = −1, and a scalar field ϕ. Matter is required to obey the weak equivalence principle, which means that there is a metric g_{μν} with associated metric-compatible connection ∇_μ, universal to all matter fields, such that test particles follow its geodesics. The tensor field g̃_{μν} will be called the Einstein-Hilbert frame metric (see below) while g_{μν} the matter frame metric.

The relation between the four above tensor fields (when the field equations are satisfied) is

g_{μν} = e^{−2ϕ}g̃_{μν} − 2 sinh(2ϕ)A_μA_ν (1)

with inverse

g^{μν} = e^{2ϕ}g̃^{μν} + 2 sinh(2ϕ)A^μA^ν (2)

where A^μ = g̃^{μν} A_ν .

B. The action principle

The theory is based on an action S, which splits as S = S_g + S_A + S_ϕ + S_m, where S_g ,S_A,S_ϕ and S_m are the actions for g̃_{μν}, vector field A_μ, scalar field ϕ and matter respectively.

The action for g̃_{μν} , A_μ and ϕ is most easily written in the Einstein-Hilbert frame, and is such that S_g is of Einstein-Hilbert form

S_g = 1 16πG ∫ d^4x √ −g̃ R̃, (3) where g̃ and R̃ are the determinant and scalar curvature of g̃_{μν} respectively and G is the bare gravitational constant. Due to the complicated nature of the equations, the numerical value of G will not be the measured value of Newton’s constant as measured on Earth. The precice relation between them depends on the spherically symmetric solution which apart from depending on the arbitrary function V (see below), is also not unique [1, 23].

The action for the vector field A_μ is given by

S_A = − 1 32πG ∫ d^4x √ −g̃ [ K_B F_{μν} F^{μν} − 2λ(A_μA^μ + 1)] , (4)

where F_{μν} = 2 ~∇_{[μ}A_{ν]}, F^{μν} = g̃^{μα}g̃^{νβ}F_{αβ}, λ is a Lagrange multiplier ensuring the timelike constraint on A_μ and K_B is a dimensionless constant.

The action for the scalar field ϕ is given by

S_ϕ = − 1 16πG ∫ d^4x √ −g̃ [ μ (g̃^{μν} − A^μA^ν) ~∇_μϕ ~∇_νϕ + V (μ) ] (5) where μ is a non-dynamical dimensionless scalar field, and V (μ) is an arbitrary function. The arbitrary function V is related to Bekenstein’s function F as

V (μ) = 1 16πℓ^2 μ^2F (μ) = 4πG^2 ℓ^2 σ^4_BF (Gσ^2_B), (6)

where μ = 8πGσ^2_B, σ_B being Bekenstein’s auxiliary scalar field. Note that I have absorbed Bekenstein’s constant k_B into my definition of the function V .

The matter is coupled only to the matter frame metric g_{μν} and thus its action is of the form S_m[g, χ^A, ∂χ^A] = ∫ d^4x √ −g L[g, χ^A, ∂χ^A] (7) for some generic collection of matter fields χ^A.

C. The field equations

Variation of the action w.r.t the matter frame metric gives the matter stress-energy tensor as usual by δS_m = − 1 2 ∫ d^4x √ −g T_{μν} δg^{μν} . (8) where T_{μν} is the standard matter stress-energy tensor.

Variation of the action with respect to the three gravitational fields gives the field equations in the Einstein-Hilbert frame.

The field equations for g̃_{μν} are given by [43]

G̃_{μν} = Y_{μν} + 8πGS_{μν} (9)

where G̃_{μν} is the Einstein tensor of g̃_{μν} the tensors Y_{μν} and S_{μν} are given by Y_{μν} = μ [ ~∇_μϕ ~∇_νϕ − 2A^α ~∇_αϕA_{(μ} ~∇_{ν)}ϕ ] + 1 2 (μV^′ − V ) g̃_{μν} − λA_μA_ν +K_B [ F^α_μF_{αν} − 1 4 F_{αβ}F^{αβ}g̃_{μν} ] (10) and S_{μν} = T_{μν} + 2(1 − e^{−4ϕ})A^λT_{λ(μ}A_{ν)} (11)

respectively, where V^′ ≡^{dV}_{dμ} .

The field equations for the vector field A_μ are

K_B ~∇_μF^μ_ν = −λA_ν − μA^μ ~∇_μϕ ~∇_νϕ + 8πGj_ν (12)

where the current j_μ is given by

j_μ = (1 − e^{−4ϕ})A^λT_{λμ} (13)

The Lagrange multiplier is not arbitrary but can be calculated by contracting (12) with A^μ and is given by

λ = K_B A_ν ~∇_μF^{μν} + μA^μA^ν ~∇_μϕ ~∇_νϕ − 8πG A^μj_μ (14)

Inserting the above equation in (12) one gets alternative field equations for the vector field as

[δ^α_ν + A^αA_ν] [ K_B ~∇_μF^μ_α + μA^μ ~∇_μϕ ~∇_αϕ − 8πG j_α ] = 0 (15) which do not explicitely include the Lagrange multiplier.

The field equation for the scalar field ϕ is ~∇_μΓ^μ = 8πGJ (16) where Γ^μ = μ (g̃^{μν} − A^μA^ν ) ~∇_νϕ (17) and where the scalar source J is given by J = e^{−2ϕ} [ g^{μν} + 2e^{−2ϕ}A^μA^ν ] T_{μν} (18) Apart from the field equations above, TeVeS theory has two constraint equations which are as follows. The first constraint is nothing but the timelike constraint on the vector field, g̃^{μν} A_μA_μ = −1. (19) which is found by varying the action with respect to the Lagrange multiplier λ. The second constraint, fixes the non-dynamical scalar field μ in terms of the other fields of the theory. It is given by (g̃^{μν} − A^μA^ν ) ~∇_μϕ ~∇_νϕ = −V^′ (20) which is found by varying the action with respect to μ. The second constraint equation must be inverted to find μ as a function of g̃^{μν} , A^μ and ϕ. Therefore the arbitrary function V and its derivatives are nothing but functions of kinetic terms for ϕ, contracted with g̃^{μν} and A^μ.

D. Fluids The stress-energy tensor of a fluid with density ρ, pressure P , velocity u^μ = g^{μν} u_ν and shear Σ_{μν} is T_{μν} = (ρ + P )u_μu_ν + P g_{μν} + Σ_{μν}. (21) The velocity vector field is normalized with respect to the matter frame metric as g^{μν} u_μu_ν = u^μu_μ = −1 while the shear obeys the two conditions g^{μν} Σ_{μν} = 0 and u^μΣ_{μν} = 0.

Using (11) one obtains the contribution of the fluid stress-energy tensor to the generalized Einstein equations as S_{μν} = (ρ + P ) [ u_μu_ν + 2(1 − e^{−4ϕ})A^αu_αu_{(μ}A_{ν)} ] + P [g_{μν} + 4 sinh(2ϕ)A_μA_ν] +Σ_{μν} + 2(1 − e^{−4ϕ})A^λΣ_{λ(μ}A_{ν)} (22) Similarly equation (13) gives the contribution of the fluid stress-energy tensor to the vector field equations as j_ν = (1 − e^{−4ϕ}) [(ρ + P )A^μu_μ u_ν + A^μΣ_{μν} ] + 2 sinh(2ϕ)P A_ν (23) Finally the contribution of the fluid stress-energy tensor to the scalar field equation is obtained from (18) as J = e^{−2ϕ} [ P − ρ + 2e^{−2ϕ}(ρ + P )(A^μu_μ)^2 + 2e^{−2ϕ}A^μA^ν Σ_{μν} ] (24) The fluid evolution equations are obtained as usual from ∇_μT^μ_ν = 0, where T^μ_ν = g^{μρ}T_{ρν} . Using (21) and expanding, gives u_νu^μ∇_μ(ρ + P ) + (ρ + P )u_ν∇_μu^μ + (ρ + P )u^μ∇_μu_ν + ∇_ν P + ∇_μΣ^μ_ν = 0 (25) where Σ^μ_ν = g^{μρ}Σ_{ρν} . Contracting (25) with u^ν gives the energy ”conservation” equation as u^μ∇_μρ + (ρ + P )∇_μu^μ = 0, (26) and subtracting (26) from (25) yields the momentum transfer equation as (ρ + P )u^μ∇_μu_ν + (δ^μ_ν + u_νu^μ) ∇_μP + ∇_μΣ^μ_ν = 0. (27)

E. Transformation of connections

I conlude this section by considering the transformation of connections from ~∇_μ to ∇_μ and vice versa. This will come out to be very useful below, particularly in linear perturbation theory.

Consider two metrics g_{μν} and g̃_{μν} on a manifold M , with connections ∇_μ and ~∇_μ respectively (not necessarily the two metrics of the TeVeS theory). The connections are required to agree on scalars, i.e. ∇_μf = ~∇_μf for any f ∈ C^∞(M ). Acting on any form u_μ ∈ T^∗M , the connections are related by

~∇_μu_ν = ∇_μu_ν − D^λ_{μν} u_λ (28)

where the connection tensor D^λ_{μν} is given by D^λ_{μν} = 1 2 g^{λρ} ( ~∇_μg_{ρν} + ~∇_νg_{ρμ} − ~∇_ρg_{μν} ) (29)

Using the metric relations (1) and (2) in (29) one gets for TeVeS

D^α_{μν} = 2δ^α_{(μ} ~∇_{ν)}ϕ − [ g_{μν} + 2e^{2ϕ}A_μA_ν ] g^{αβ} ~∇_βϕ + 4A^αA_{(μ} ~∇_{ν)}ϕ

+ (1 − e^{−4ϕ})A^α ~∇_{(μ}A_{ν)} + (e^{4ϕ} − 1)A_{(μ}F^α_{ν)} + 4 sinh^2(2ϕ)A_{(μ}F^β_{ν)} A_β A^α (30)

whereas with respect to ∇_μ,

D^α_{μν} = 2δ^α_{(μ}∇_{ν)}ϕ − [ g̃_{μν} + (e^{4ϕ} + 1)A_μA_ν ] g̃^{αβ}∇_βϕ + 2(e^{4ϕ} + 1)A^αA_{(μ}∇_{ν)}ϕ

+ (e^{4ϕ} − 1)A^α∇_{(μ}A_{ν)} + (e^{4ϕ} − 1)A_{(μ}F^α_{ν)} (31)

The above transformations can be useful in writing the field equations in purely matter-frame form, or Einsteinframe form, although the result could be very complicated. One should not however use these transformations to write the actions for the three gravitational fields in matter-frame form as the transformations were derived under the assumption that the vector field is unit-timelike which is not valid at the level of the action.

III. ROBERTSON-WALKER COSMOLOGY

In this section I consider the evolution of the background cosmology. The field equations are first found in covariant form, to facilitate an easier transition to the inclusion of linear perturbations. A special coordinate system, common to calculations in cosmology, particularly in cosmological perturbations is introduced at the end of the section.

A. Preliminaries

1. Covariant description of Robertson-Walker geometry : geodesic congruences, metrics and projectors

The background spacetime is assumed to be homogeneous and isotropic meaning that both of the metrics are of Robertson-Walker form. This assumption permits one to construct a smooth congruence of timelike geodesics, which are normal to a hypersurface of spatial homogeneity and isotropy. The words timelike and geodesic imply a metric and a compatible connection. Even though in this theory there are two different metrics (and compatible connections), this is not a problem. The homogeneity and isotropy is a property of the manifold and not the metric, and any of the two metrics may be used to construct such a congruence.

Let the pair (γ̃_{μν} , ~∂_μ) be the Robertson-Walker metric and associated metric-compatible connection in the Einstein- Hilbert frame. One can then identify the vector field A^μ as the unit vector field tangent to the congruence of timelike geodesics mentioned above, for the pair (γ̃_{μν} , ~∂_μ) (see appendix-A). Since by construction A^μ is hypersurface orthogonal, the Frobenious theorem , geodesic equation and unit-timelike condition give

F_{μν} = 0. (32)

Now the Robertson-Walker metric is conformal to the metric of a static spacetime foliated by spaces of constant curvature of radius r_c which will be called the conformal static metric. Minkoswki space (which has an infinite radius of curvature) and Einstein-static space (with positive radius of curvature) are two cases of conformal static metrics. This means that one can write γ̃_{μν} as

γ̃_{μν} = b^2η̃_{μν} , (33)

where b is the scale factor in the Einstein-Hilbert frame and where η̃_{μν} is the conformal static metric mentioned above with ¯∂_μ its associated metric-compatible connection. Similarly the matter frame Robertson-Walker metric γ_{μν} with associated metric-compatible connection ∂_μ, can be written as

γ_{μν} = a^2η_{μν} , (34)

where a is the scale factor in the matter frame and η_{μν} is also a conformal static metric with ^∂_μ being its metriccompatible connection.

Consider now a different unit-timelike geodesic congruence of curves with respect to (η_{μν} , ^∂_μ). Let Ā^μ be the tangent vector field of this congruence assumed to be Killing (this can be accommodated by the symmetries of the static spacetime), which by construction obeys

η_{μν}Ā^μĀ^ν = −1, (35) and Ā^ν ^∂_νĀ_μ = 0 (36)

where Ā_μ = η_{μν}Ā^ν . A further property of Ā^μ is that it is covariantly constant

^∂_μĀ_ν = 0 (37)

which follows from the fact that it is Killing, geodesic and hypersurface orthogonal. Transforming η_{μν} to γ̃_{μν} one finds that Ā^μ is related to A^μ by

A^μ = 1 a e^{ϕ̄}Ā^μ, (38) and A_μ = ae^{−ϕ̄}Ā_μ. (39)

With the help of A^μ or equivalently Ā^μ one can construct two projection tensors, given by s^μ_ν = −A^μA_ν which projects tensors along A^μ and q^μ_ν = δ^μ_ν + A^μA_ν which projects tensors on the hypersurface of homogeneity and isotropy. The two projectors have the property that s^μ_νA^ν = A^μ, q^μ_αq^α_ν = q^μ_ν, and q^μ_νA^ν = 0. Of cource in the case of a FLRW background q^μ_ν = q̄^μ_ν where

q̄^μ_ν = δ^μ_ν + Ā^μĀ_ν (40)

whereas when perturbations are included, q^μ_ν will aquire a perturbed part due to the perturbations coming from A^μ (see perturbation section) while q̄^μ_ν is by definition unperturbed, and the two projectors will not be equal.

2. Relations between the scale factors and between the conformal static metrics

A further property of the FLRW spacetime is that any gradient of a scalar function will be in the direction A^μ or equivalently Ā^μ. Thus letting the background value of the scalar field be ϕ̄, its gradient is ~∂_μϕ̄ = − ( L_Aϕ̄ ) A_μ = − ( Āν ~∂_νϕ̄ ) Ā_μ. The same holds for any other scalar field, e.g. the scale factors in the two frames, or the background density and pressure of the fluids etc.

The spatial metric in either frame is obtained using the spatial projector (40) acting on the corresponding metric. Thus in the Einstein-Hilbert frame the spatial metric is q̃_{μν} = γ̃_{μν} + A_μA_ν whereas in the matter frame it is q_{μν} = γ_{μν} + e^{2ϕ̄}A_μA_ν . Equation (1) then implies that the two are conformally related as q_{μν} = e^{−2ϕ̄}q̃_{μν}, which prompts the relation

a = be^{−ϕ̄}. (41) between the two scale factors.

Using (1), (33), (34) and (39) the relation between the two conformal static metrics and Ā_μ is obtained as η_{μν} = η̃_{μν} − (1 − e^{−4ϕ̄})Ā_μĀ_ν , (42) with inverse η^{μν} = η̃^{μν} + (e^{4ϕ̄} − 1)Ā^μĀ^ν . (43)

3. Connections

Let C̄^α_{μν} be the connection tensor for the connection transformation ~∂_μ → ¯∂_μ. Using (29) one gets C̄^α_{μν} = [ −2δ^α_{(μ}Ā_{ν)} + e^{4ϕ̄}η̃_{μν}Ā^α ] L_Ā ln b (44)

Let also Ĉ^α_{μν} the connection tensor which performs the transformation ∂_μ → ^∂_μ. Using (29) one gets Ĉ^α_{μν} = [ −2δ^α_{(μ}Ā_{ν)} + η_{μν}Ā^α ] L_Ā ln a. (45)

The reader is advised not to interprete ∂_μ as a partial derivative. It is a connection which annihilates the metric γ_{μν} , i.e. ∂_αγ_{μν} = 0 without any reference to a coordinate system.

Finally consider the connection tensor Ē^α_{μν} for the connection transformation ¯∂_μ → ^∂_μ. This is the same as ¯∂_μ → ~∂_μ → ∂_μ → ^∂_μ, and therefore Ēα_{μν} = −C̄α_{μν} + Dα_{μν} + Ĉα_{μν} , where Dα_{μν} is the connection tensor in (31) adapted to the Robertson-Walker geometry. Alternatively Ē^α_{μν} is obtained directly from (29), (42), (43) and (37). The final expression is Ē^α_{μν} = −2 ( Ā^β ^∂_βϕ̄ ) Ā^αĀ_μĀ_ν (46)

B. The field equations

Here I consider the field equations adapted to the symmetries of the FLRW spacetime. I do not explicitely consider the vector field equation as it is trivially satisfied.

1. The fluid tensors and evolution equations

Lets first consider the fluid related variables, J, j_μ and S_{μν} . The fluid velocity can be expressed in terms of Ā^μ as u_μ = aĀ_μ and u^μ =^1_a Ā^μ which give A^μu_μ = −e^{ϕ̄}. For the same reasons as above (see appendix-A) the fluid velocity is geodesic, i.e. u^μ∂_μu_ν = 0. The scalar source is then given by (24) as J̄ = e^{−2ϕ̄}(ρ̄ + 3P̄ ) (47) where ρ̄ and P̄ are the FLRW background density and pressure of the fluid. The fluid current is given by (23) as j̄_μ = −2 sinh(2ϕ̄) e^{−ϕ} a ρ̄Ā_μ (48) and the fluid stress-energy tensor in the Einstein-Hilbert frame as S̄_{μν} = a^2 [−(1 − 2e^{−4ϕ})ρ̄Ā_μĀ_ν + P̄ q̄_{μν}] (49)

where q̄_{μν} = η_{μλ}q̄^λ_ν.

Changing connection from ∂_μ to ^∂_μ, the energy conservation equation for the fluid (26) becomes Ā^μ ^∂_μρ̄ + 3ρ̄(1 + w)Ā^μ ^∂_μ ln a = 0. (50) where w is the equation of state parameter such that P̄ = wρ̄. The momentum transfer equation (27) is trivially satisfied.

2. The constraint equation

Consider now the constraint (20) which when adapted to the symmetries of FLRW spacetime gives ( Ā^μ ^∂_μϕ̄

)_2 = 1 2 a^2e^{−2ϕ̄}V^′ (51)

This equation is then inverted to get μ̄ = μ̄(a, ϕ̄, Ā^μ ^∂_μϕ̄).

3. The scalar field equation

The vector field (17) adapted to the FLRW symmetries can be rewritten as Γ^μ = −Γ̄A^μ where Γ̄ = A_μΓ^μ = 2μ̄^{eϕ̄}_a (Ā^ρ ^∂_ρϕ̄). Using the above into the scalar field equation, gives a system of two first order equations, which are

Ā^μ ^∂_μΓ̄ = −3(Ā^ρ ^∂_ρ ln b)Γ̄ − 8πGae^{−ϕ̄}J (52) and Ā^ρ ^∂_ρϕ̄ = 1 2μ̄ ae^{−ϕ̄}Γ̄ (53)

The two first order equations can then be combined into a single second-order equation which is

^∂^2ϕ̄ = 1 U [ 3μ̄(Ā^μ ^∂_μ ln b)(Ā^ν ^∂_νϕ̄) + 4πGa^2e^{−2ϕ̄}J̄ ] + ( Ā^μ ^∂_μϕ̄ ) ( Ā^μ ^∂_μϕ̄ − Ā^μ ^∂_μ ln a ) (54)

where

U (μ) = μ̄ + 2

V^′(μ) V^{′′}(μ) (55)

Therefore to have a solution we need U ≠ 0.

4. The Lagrange multiplier

Next in line comes the lagrange multiplier which is given by

λ̄ = 1 2 μ̄V^′ − 16πG sinh(2ϕ̄)ρ̄ (56)

5. The generalized Einstein equations

First lets compute the tensor Ȳ_{μν} . Using (56) in (10) one obtains

Ȳ_{μν} = a^2 { 1 2 e^{2ϕ̄} (μV^′ − V ) η_{μν} + [ cosh(2ϕ̄)μ̄V^′ − sinh(2ϕ̄)V + 8πG ( 1 − e^{−4ϕ̄} ) ρ̄ ] Ā_μĀ_ν } (57)

which when combined with (49) gives the right hand side of the generalized Einstein equations as

Ȳ_{μν} + 8πGS̄_{μν} = a^2 { [ 1 2 e^{2ϕ̄} (μV^′ − V ) + 8πGP̄ ] η_{μν} + [ cosh(2ϕ̄)μ̄V^′ − sinh(2ϕ̄)V + 8πG ( e^{−4ϕ̄}ρ̄ + P̄ ) ] Ā_μĀ_ν } (58)

The conformal relation of the Robertson-Walker metric to the conformal static metric makes it convenient to use conformal transformations to calculate the Einstein tensor Ḡ_{μν} for the Einstein-Hilbert frame metric (33). Now the Ricci tensor of the conformal static metric is simply^{2K}_{r2c} q̄_{μν} where K is an integer taking the value K = 0 for a spacially flat hypersurface (the conformal static space is Minkowski spacetime), K = 1 for a positively curved spatial hypersurface (the conformal static metric is Einstein-static spacetime) and K = −1 for a negatively curved spatial hypersurface.

Then, after performing the conformal transformation the Einstein tensor is found to be Ḡ_{μν} = K r^2_c [ 3e^{−4ϕ̄}Ā_μĀ_ν − q̄_{μν} ] − 2 [¯ ∂_μ ¯∂_ν ln b − (¯ ∂_μ ln b ) (¯ ∂_ν ln b ) − ( η̃^{αβ} ¯∂_α ¯∂_β ln b ) η̃_{μν} ] + η̃^{αβ} (¯ ∂_α ln b ) (¯ ∂_β ln b ) η̃_{μν}. (59)

Changing connection to ^∂_μ and using (42) and (43) gives Ḡ_{μν} = K r^2_c [ 3e^{−4ϕ̄}Ā_μĀ_ν − q̄_{μν} ] +3 ( Ā^α ^∂_α ln b

)_2

Ā_μĀ_ν +2e^{4ϕ}q̄_{μν} [ ^∂^2 ln b− ( Ā^β ^∂_β ln b ) ( 2Ā^α ^∂_αϕ − 1 2 Ā^α ^∂_α ln b ) ] . (60)

Contracting (60) and (58) with Ā^μĀ^ν gives the generalized Friedmann equation as

3(Ā^μ ¯∂_μ ln b)^2 = a^2 [ 1 2 e^{−2ϕ̄} (μV^′ + V ) + e^{−4ϕ̄} ( 8πGρ̄ − 3K r^2_c a^2 )] , (61)

while contracting the same equations with q̄^{μν} gives the generalized Raychandhuri equation as

2 ^∂^2 ln b − 4Ā^α ^∂_αϕĀ^β ^∂_β ln b − (Ā^α ^∂_α ln b)^2 = a^2 [ 1 2 e^{−2ϕ̄} (μV^′ − V ) + e^{−4ϕ̄} ( 8πGP̄ + K r^2_c a^2 )] . (62)

Other contractions give trivially zero.

C. Choosing a coordinate system

A most convenient coordinate system that is commonly used in cosmological perturbation theory is the conformal synchronous coordinate system with t denoting conformal time and x^â the spatial coordinates. There are two choices regarding the frame for which the conformal static metric used above, takes the standard form. Since the connection to matter observables is through matter frame variables, it is more convenient to use the matter frame conformal static metric as taking the standard form, i.e. η_{^0^0} = −1, η_{^0â} = 0 and η_{âb̂} = q̄_{âb̂}. This gives the matter frame metric as ds^2 = a^2 [ −dt^2 + q̄_{âb̂}dx^âdx^{b̂} ] (63)

in this coordinate system. The vanishing of the Lie derivative with respect to all the Killing vectors of the background spacetime gives ϕ = ϕ̄(t) only, as well as Ā_â = 0 and Ā^â = 0. The Ā_{^0} component is found using (35) which gives Ā_{^0} = 1 and Ā^^0 = −1. Finally the components of η̃_{μν} are η̃_{^0^0} = −e−4^¯ϕ, η̃_{^0â} = 0 and η̃_{âb̂} = q̄_{âb̂}.

Adopting the covariant equations of the previous subsection in this coordinate system gives the constraint equation as ˙ϕ̄2 = 1 2 a^2e^{−2ϕ}V^′ (64)

which must be inverted to get μ̄(a, ϕ̄, ˙ϕ̄). Similarly the scalar field equation becomes

¨ϕ̄ = ˙ϕ̄ ( ȧ a − ˙ϕ̄ ) − 1 U [ 3μ̄ ḃ b ˙ϕ̄ + 4πGa2e−2^¯ϕJ̄ ] , (65)

the Friedmann equation gives 3 ḃ2 b^2

= a^2 [ 1 2 e^{−2ϕ̄} (μV^′ + V ) + e^{−4ϕ̄} ( 8πGρ̄ − 3K r^2_c a^2 )] (66)

and the Raychandhuri equation −2 b̈ b + ḃ2 b^2 − 4 ḃ b ˙ϕ̄ = a2 [ 1 2 e^{−2ϕ̄} (μV^′ − V ) + e^{−4ϕ̄} ( 8πGP̄ + K r^2_c a^2 )] (67)

Finally the fluid evolves according to

˙ρ̄ + 3 ȧ a (1 + w)ρ̄ = 0. (68)

D. Effective Friedman equation and relative densities

The physical Hubble parameter is as usual H =^ȧ_{a2} and after transforming the scalar field time derivative as ˙ϕ̄ = a d^¯ϕ_{d ln a} H, the effective Friedmann equation reads

3H^2 = 8πG_{eff} (ρ̄_ϕ + ρ̄ − 3K 8πG r^2_c ) (69)

where the effective gravitational coupling strength is G_{eff} = G e^{−4ϕ̄} (1 +^{dϕ̄}_{d ln a} )^2

(70)

and the scalar field density ρ̄_ϕ is

ρ̄_ϕ = 1 16πG e^{2ϕ̄}(μ̄V^′ + V ) (71)

Note that the effective gravitational strength is time varying. The relative densities Ω_i for fluid i are then defined as Ω_i = 8πG_{eff} ρ̄_i 3H^2 = ρ̄_i ρ_i + ρ̄_ϕ

(72)

The above relation can also be used to define the relative density for the scalar field, Ω_ϕ.

IV. PERTURBATION THEORY

Cosmological perturbation theory dates back to the work of Lifshitz [35], who used a coordinate based approach and worked with the synchronous gauge. Many subsequent studies also adopted the same approach [36]. The synchronous gauge was found to contain spurious gauge modes [37] causing confusion in some earlier studies as to what was the physical growing mode. Indeed some early studies identified these residual gauge modes and had to carefully remove them from the solutions. The existence of residual gauge freedom in the synchronous gauge lead Gerlach and Sengupta, Bardeen and others [38] to construct gauge invariant variables which as the name implies, were devoid of unphysical gauge modes. Covariant [39] studies of perturbation theory were initiated by Hawking and later developed by Ellis and Bruni and others into a fully covariant and gauge invariant theory. Gauge-ready approaches, were one can always choose a gauge at will, depending on what is more appropriate numerically were also studied by Hwang and Noh [40].

A. Perturbations of the gravitational variables

1. Scalar field perturbation

The scalar field is perturbed as

ϕ = ϕ̄ + φ (73)

where φ is the scalar field perturbation.

2. Metric perturbations

The Einstein-Hilbert frame metric is perturbed as

g̃_{μν} = b^2 ( η̃_{μν} + h̃_{μν} ) (74)

14 where h̃_{μν} is the Einstein-Hilbert frame metric perturbation. The inverse metric is given by g̃^{μν} =^1_{b2} ( η̃^{μν} − h̃^{μν} ) where h̃^{μν} = η̃^{μα}η̃^{νβ}h̃_{αβ}. One changes connection from ~∇_μ to ¯∂_μ via ~∇_μu_ν = ¯∂_μu_ν − ( C̄λ_{μν} + f̃ λ_{μν} ) u_λ for some form u_μ, where the connection tensor f̃^λ_{μν} is given by

f̃^λ_{μν} = 1 2 η̃^{λρ} (¯ ∂_μη̃_{νρ} + ¯∂_νη̃_{μρ} − ¯∂_ρη̃_{μν} ) (75)

Similarly the matter frame metric is perturbed as

g_{μν} = a^2 (η_{μν} + h_{μν} ) (76)

where h_{μν} is the matter frame metric perturbation. The inverse metric is given by g^{μν} =^1_{a2} (η^{μν} − h^{μν} ) where h^{μν} = η^{μα}η^{νβ}h_{αβ}. Connection change from ∇_μ to ^∂_μ on any form u_μ is as ∇_μu_ν = ^∂_μu_ν − ( Ĉ^λ_{μν} + f^λ_{μν} ) u_λ where the connection tensor f^λ_{μν} is given by

f^λ_{μν} = 1 2 η^{λρ} ( ^∂_μη_{νρ} + ^∂_νη_{μρ} − ^∂_ρη_{μν} ) (77)

3. Vector field perturbations

Let the vector field perturbation be α_μ, defined by perturbing the vector field as A_μ = ae^{−ϕ̄} (¯ A_μ + α_μ ) (78) and A^μ = 1 a e^{ϕ̄} (¯ A^μ + α^μ ) (79)

where

α^μ = e^{−4ϕ̄} ( η̃^{μν} α_ν − h̃^{μν}Ā_ν ) . (80)

The field strength tensor F_{μν} then takes the form F_{μν} = 2ae^{−ϕ̄} [ ^∂_{[μ}α_{ν]} + Ā^α ( ^∂_αϕ̄ − ^∂_α ln a ) Ā_{[μ}α_{ν]} ] (81)

Now define the ”electric” and ”magnetic” field parts of F_{μν} as E_μ and B_{μν} which are given by

E_μ = e^{ϕ̄} a Ā^βF_{αβ} = e^{ϕ̄} a q̄^α_μĀ^βF_{αβ} (82) and B_{μν} = q̄^α_μq̄^β_νF_{αβ} = −B_{νμ}. (83)

The two tensors E_μ and B_{μν} obey Ā^μE_μ = Ā^μB_{μν} = 0, meaning that they are purely spatial.

Explicitely they are given by

E_μ = ^∂_μ(Ā^β α_β) − Ā^β ^∂_βα_μ + Ā^α ( ^∂_αϕ̄ − ^∂_α ln a ) ( α_μ + Ā_μĀ^β α_β ) (84) and B_{μν} = 2ae^{−ϕ̄}q̄^α_μq̄^β_ν ^∂_{[α}α_{β]} (85)

which means that F_{μν} = ae^{−ϕ̄} (¯ A_μE_ν − E_μĀ_ν ) + B_{μν} .

4. Perturbation of the timelike vector constraint Lets condider the time-like constraint on A_μ which must be preserved even after the metric and the vector field are perturbed. This gives various relations between the metric perturbations and the vector field perturbations. Perturbing the constraint gives g̃_{μν}A^μA^ν = e^{4ϕ̄} ( η̃_{μν} + h̃_{μν} ) ( Ā^μ + α^μ) (Ā^ν + α^ν) (86) Expanding the right hand side, transforming η̃_{μν} to η_{μν} with (42) and then imposing the constraint with (19) and (35) gives h̃_{μν}Ā^μĀ^ν = −2e^{−4ϕ̄}Ā_μα^μ (87) Two more relations are Ā^μα_μ = −Ā_μα^μ (88) and h̃^{μν}Ā_μĀ_ν = e^{8ϕ̄}h̃_{μν}Ā^μĀ^ν (89)

5. Relating Einstein-Hilbert and matter frame metric perturbations Now lets find a relation between h̃_{μν} and h_{μν} . Start by perturbing the metric transformation (1) which gives δg_{μν} = e^{−2ϕ̄}δg̃_{μν} − 2 [ e^{−2ϕ̄}g̃_{μν} + 2 cosh(2ϕ̄)A_μA_ν ] φ − 4 sinh(2ϕ̄)A_{(μ}δA_{ν)} (90) Using (74), (76), (42) and (78) gives the required relation which is h̃_{μν} = h_{μν} + 2(1 − e^{−4ϕ̄})Ā_{(μ}α_{ν)} + 2 [q̄_{μν} + Ā_μĀ_ν ] φ. (91) while the inverse relation is h̃^{μν} = h^{μν} + 2(e^{4ϕ̄} − 1)Ā^{(μ}α^{ν)} + 2 [q̄^{μν} + Ā^μĀ^ν ] φ. (92)

B. Perturbations of the fluid 1. Perturbations of the fluid tensors The fluid density and pressure are perturbed as ρ = ρ̄ + δρ and P = P̄ + δP respectively. The fluid velocity is perturbed as u_μ = a (¯ A_μ + θ_μ ) (93) and u^μ = 1 a (¯ A^μ + θ^μ ) (94) with θ^μ = η^{μν} θ_μ − h^{μν}Ā_ν (95) The shear Σ_{μν} is already a perturbation and obeys the identities η^{μν} Σ_{μν} = 0 and Ā^μΣ_{μν} = 0.

2. Perturbing the timelike constraint on the fluid velocity

This is similar to the timelike constraint of the vector field. It gives

h^{μν}Ā_μĀ_ν = h_{μν}Ā^μĀ^ν = 2Ā^μθ_μ (96) and Ā^μθ_μ = −Ā_μθ^μ (97)

Using (91), one finds a relation between the fluid velocity perturbation and the scalar and vector field perturbations as Ā^μθ_μ = Ā^μα_μ − φ (98)

which also gives

A^μu_μ = −e^{ϕ̄}(1 + φ) (99)

3. Perturbing the fluid source tensors

Using the above relations the scalar source perturbation δJ is found to be δJ = e^{−2ϕ̄} [ δρ + 3δP − 2(ρ̄ + 3P̄ )φ ] (100)

Perturbing the current gives δj_μ = ae^{−ϕ̄} { − 2 sinh(2ϕ̄) [ (ρ̄ + P̄ )θ_μ − P̄ α_μ + δρĀ_μ ]

+ [ −(e^{2ϕ̄} + 3e^{−2ϕ̄})ρ̄ + 2 sinh(2ϕ̄)P̄ ] Ā_μφ } (101)

Finally, perturbing the Einstein-frame stress-energy tensor yields δS_{μν} = a^2 { P̄ h̃_{μν} − 2P̄ q̄_{μν} φ − 2(1 − e^{−4ϕ̄})ρ̄Ā_{(μ}α_{ν)} − 2 [ (1 + 3e^{−4ϕ̄})ρ̄ + e^{−4ϕ̄}P̄ ] Ā_μĀ_ν φ

− (1 − 2e^{−4ϕ̄})δρĀ_μĀ_ν + δP q̄_{μν} + 2e^{−4ϕ̄}(ρ̄ + P̄ )Ā_{(μ}θ_{ν)} + Σ̂_{μν} } (102)

where Σ̂_{μν} =^1_{a2} Σ_{μν} .

C. Perturbed field equations

1. The perturbed fluid equations of motion

Let the density contrast and sound speed be given as usual by δ =^{δρ}_{ρ̄} and C^2_s =^{δP}_{δρ} respectively. Then the perturbed fluid equations become

Ā^μ ^∂_μδ + 3(Ā^μ ^∂_μ ln a) (C^2_s − w)δ + (1 + w) ( ^∂_μθ^μ + 1 2 Ā^ν ^∂_ν h^μ_μ ) = 0 (103) and q̄^ν_μ [ Ā^ρ ^∂_ρθ_ν + (1 − 3w)(Ā^ρ ^∂_ρ ln a)θ_ν − 1 2 ^∂_ν(Ā^αĀ^β h_{αβ})

+ ^∂_ν ( C^2_s δ 1 + w ) + Ā^ρ ^∂_ρw 1 + w θ_ν + 1 ρ̄ + P̄ ^∂_ρΣ̂^ρ_ν ] = 0 (104)

2. Perturbed Constraint equation

The constraint equation (20) yields δμ = 2 V^′ V^{′′} Ā^να_ν + 4e^{2ϕ̄} a^2V^{′′} (Ā^μ ^∂_μϕ̄)(Ā^ν ^∂_ν φ) (105)

Unlike the unperturbed case, this need not be inverted. Rather it gives δμ directly in terms of the other variables which is then used in the relevant places in the other perturbed equations.

3. Perturbed scalar field equation

Following the same approach as for the background, start from (17), which is then split into the background part Γ̄^μ found in a previous section, and a perturbation γ^μ, as Γ^μ = Γ̄^μ + γ^μ. Then one performs the projection Γ^μ = −ΓA^μ + q^μ_ν Γ^ν where Γ = A_μΓ^μ. The scalar field Γ is again split into background and perturbed part as Γ = Γ̄ + γ where γ = ae^{−ϕ̄}(α_μΓ̄^μ + Ā_μγ^μ) is the perturbed part which makes γ^μ = −^{eϕ̄}_a ( γ + Γ̄Ā^ν α_ν )¯ A^μ + q̄^μ_ν γ^ν .

After some calculations one gets the perturbation γ^μ to be

γ^μ = μ̄ a^2 e^{2ϕ̄}(Ā^λ ^∂_λϕ̄) [ Ā^νh̃^μ_ν − Ā^ν α_νĀ^μ − α^μ ] + μ a^2 ( e^{−2ϕ̄}q̄^{μν} − 2e^{2ϕ̄}Ā^μĀ^ν ) ^∂_ν φ −4 e^{2ϕ̄} a^2 V^′ V^{′′} [ (Ā^ρ ^∂_ρϕ̄)Ā^λα_λ + Ā^β ^∂_βφ ] Ā^μ (106)

while its projection on the hypersurface is

q̄^μ_ν γ^ν = μ̄ a^2 e^{2ϕ̄}(Ā^λ ^∂_λϕ̄) [ q̄^μ_νĀ^ρh̃^ν_ρ − q̄^μ_ν α^ν ] + μ̄ a^2 e^{−2ϕ̄}q̄^{λν} ^∂_λφ (107)

The scalar field equation is then split into two first order equations given by

Ā^μ ^∂_μγ = −3(Ā^ρ ^∂_ρ ln b)γ + μ̄ a e^{−3ϕ̄}Δφ + Γ̄ [ ^∂_μ ( q̄^{μν}Ā^ρh̃_{ρν} ) − 1 2 e^{−4ϕ̄}q̄^{μν} ^∂_μα_ν − 1 2 Ā^λ ^∂_λ ( q̄^{μν}h̃_{μν} ) ] − 8πGae^{−3ϕ̄}ρ̄ [ (1 + 3C^2_s )δ − (1 + 3w) (¯ A^ν α_ν + 2φ )] (108)

where Δ = q̄^{μν} ^∂_μ ^∂_ν is the Laplace-Beltrami operator and

Ā^ν ^∂_ν φ = 1 2U ae^{−ϕ̄}γ − (Ā^μ ^∂_μϕ̄)Ā^ν α_ν (109)

4. Perturbed vector field equation

The divergence of F^μ_ν in terms of E_μ and B_{μν} is

~∇_μF^μ_ν = e^{ϕ̄} a Ā^μ ^∂_μE_ν − e^{−3ϕ̄} a q̄^{μα}Ā_ν ^∂_μE_α + 1 b^2 q̄^{αμ} ^∂_αB_{μν} + e^{ϕ̄} a (Ā^μ ^∂_μ ln b)E_ν (110)

Its easier to perturb the vector field equation (15) which does not include the lagrange multiplier. It gives K_B [ Ā^μ ^∂_μE_α + e^{−4ϕ̄}q̄^{μν} ^∂_μB_{να} + (Ā^μ ^∂_μ ln b)E_α ] + q̄^ν_α { μ̄(Ā^β ^∂_βϕ̄) [ ^∂_ν φ + (Ā^β ^∂_βϕ̄)α_ν ]

+8πGa^2(1 − e^{−4ϕ̄})(ρ̄ + P̄ ) (θ_ν − α_ν) } = 0 (111)

which is a first order equation for E_μ. The other equation needed is a rearrangement of the definition of E_μ as a first order equation for α_μ

Ā^β ^∂_β (q̄^ν_μα_ν) = −E_μ + q̄^ν_μ { ^∂_ν(Ā^β α_β) + Ā^α ( ^∂_αϕ̄ − ^∂_α ln a ) α_ν } (112)

5. Perturbed Lagrange multiplier

The perturbed Lagrange multiplier is given by δλ = K_B e^{−2ϕ̄} a^2 q̄^{μν} ^∂_μE_ν + 1 2 V^′δμ + 2μ̄ e^{2ϕ̄} a^2

(Ā^μ ^∂_μϕ̄)Ā^ν ^∂_ν φ + μ̄V^′Ā^μα_μ − 8πGδ(A^μj_μ) (113)

where

δ(A^μj_μ) = 4 cosh(2ϕ̄)ρ̄φ + 2 sinh(2ϕ̄)δρ (114)

giving δλ = K_B e^{−2ϕ̄} a^2 q̄^{μν} ^∂_μE_ν + 1 2 V^′δμ + 2μ̄ e^{2ϕ̄} a^2

(Ā^μ ^∂_μϕ̄)Ā^ν ^∂_νφ + μ̄V^′Ā^μα_μ − 8πGρ̄ [ 4 cosh(2ϕ̄)φ + 2 sinh(2ϕ̄)δ ] (115)

6. Perturbed generalized Einstein equations

The perturbed tensor Y_{μν} yields δY_{μν} = 1 2 b^2 ( μ̄V̄^′ − V̄ )~ h_{μν} − 4μ̄(Ā^α ^∂_αϕ̄)Ā_{(μ} ^∂_{ν)}φ − K_B e^{−4ϕ̄}q̄^{αβ} ^∂_αE_βĀ_μĀ_ν + [ e^{2ϕ̄}μ̄ − (μ̄ − 2 V^′ V^{′′} )e^{−2ϕ̄} ] [ a^2V^′Ā^αα_α + 2e^{2ϕ̄}(Ā^α ^∂_αϕ̄)(Ā^β ^∂_βφ) ] Ā_μĀ_ν + e^{2ϕ̄}μ̄ [ a^2V^′Ā^β α_β + 2e^{2ϕ̄}(Ā^β ^∂_βϕ̄)(Ā^α ^∂_αφ) ] η_{μν} + 8πGa^2ρ̄ { (1 − e^{−4ϕ̄}) [ 2Ā_{(μ}α_{ν)} + Ā_μĀ_ν δ ] + 2(1 + e^{−4ϕ̄})φĀ_μĀ_ν } (116)

which when combined with S_{μν} , gives the right hand side of the generalized Einstein equations as δY_{μν} + 8πGδS_{μν} = 1 2 b^2 ( μ̄V̄^′ − V̄ )~ h_{μν} − 4μ̄(Ā^α ^∂_αϕ̄)Ā_{(μ} ^∂_{ν)}φ − K_B e^{−4ϕ̄}q̄^{αβ} ^∂_αE_βĀ_μĀ_ν + [ e^{2ϕ̄}μ̄ − (μ̄ − 2 V^′ V^{′′} )e^{−2ϕ̄} ] [ a^2V^′Ā^αα_α + 2e^{2ϕ̄}(Ā^α ^∂_αϕ̄)(Ā^β ^∂_β φ) ] Ā_μĀ_ν + e^{2ϕ̄}μ̄ [ a^2V^′Ā^β α_β + 2e^{2ϕ̄}(Ā^β ^∂_βϕ̄)(Ā^α ^∂_αφ) ] η_{μν} + 8πGa^2ρ̄ { wh̃_{μν} + ( C^2_s δ − 2wφ ) q̄_{μν} + e^{−4ϕ̄} [δ − 2(2 + w)φ] Ā_μĀ_ν

+ 2e^{−4ϕ̄}(1 + w)Ā_{(μ}θ_{ν)} + Σ̂_{μν} } (117)

Contracting with Ā^μĀ^ν gives

Ā^μĀ^ν [δY_{μν} + 8πGδS_{μν} ] = a^2e^{−2ϕ̄} [ 2 V^′ V^{′′} V^′ − V ] Ā^μα_μ + 2U (Ā^α ^∂_αϕ̄)(Ā^β ^∂_βφ)

− K_B e^{−4ϕ̄}q̄^{αβ} ^∂_αE_β + 8πGa^2e^{−4ϕ̄}ρ̄ [ δ − 2φ − 2Ā^μα_μ ] , (118)

contracting with q̄^μ_αĀ^ν yields q̄^μ_αĀ^ν [δY_{μν} + 8πGδS_{μν} ] = 1 2 b^2 ( μ̄V̄^′ − V̄ ) q̄^μ_αĀ^νh̃_{μν} + 2μ̄(Ā^β ^∂_βϕ̄)q̄^μ_α ^∂_μφ +8πGa^2ρ̄ { wq̄^μ_αĀ^νh̃_{μν} − e^{−4ϕ̄}(1 + w)q̄^μ_αθ_μ } (119) while contracting with q̄^μ_αq̄^ν_β gives

q̄^μ_αq̄^ν_β [δY_{μν} + 8πGδS_{μν} ] = a^2 [ 1 2 e^{2ϕ̄} ( μ̄V̄^′ − V̄ ) + 8πGP̄ ] q̄^μ_αq̄^ν_βh̃_{μν} + 8πGa^2ρ̄ [ (C^2_s δ − 2wφ)q̄_{αβ} + q̄^μ_αq̄^ν_βΣ̂_{μν} ]

+μ̄e^{2ϕ̄} [ a^2V^′Ā^ρα_ρ + 2e^{2ϕ̄}(Ā^ρ ^∂_ρϕ̄)(Ā^λ ^∂_λφ) ] q̄_{αβ} (120)

The above equation can be further simplified by separating it into trace and traceless parts. The trace part is found by contracting with q̄^{μν} and is given by q̄^{μν} [δY_{μν} + 8πGδS_{μν}] = a^2 [ 1 2 e^{2ϕ̄} ( μ̄V̄^′ − V̄ ) + 8πGP̄ ] q̄^{μν}h̃_{μν} + 24πGa^2ρ̄(C^2_s δ − 2wφ)

+3μ̄e^{2ϕ̄} [ a^2V^′Ā^ρα_ρ + 2e^{2ϕ̄}(Ā^ρ ^∂_ρϕ̄)(Ā^λ ^∂_λφ) ] (121)

while the traceless part is [ q̄^μ_αq̄^ν_β − 1 3 q̄^{μν}q̄_{αβ} ] [δY_{μν} + 8πGδS_{μν} ] = a^2 [ q̄^μ_αq̄^ν_β − 1 3 q̄^{μν}q̄_{αβ} ] { 8πGΣ̂_{μν} + [ 1 2 e^{2ϕ̄} ( μ̄V̄^′ − V̄ ) + 8πGP̄ ] h̃_{μν} } (122)

Now lets turn to the left hand side of the generalized Einstein equations. The perturbed Ricci tensor of η̃_{μν} + h̃_{μν} is simply given by 2 ¯∂_{[λ}f̃^λ_{ν]μ}, which gives the perturbed Einstein tensor as

δH_{μν} = 2 ¯∂_{[λ}f̃^λ_{ν]μ} − η̃^{αβ} ¯∂_{[λ}f̃^λ_{α]β}η̃_{μν} + K r^2_c [ q̄^{αβ}h̃_{αβ}η̃_{μν} − 3h̃_{μν} ] (123)

and after expanding the connection tensors δH_{μν} = 1 2 [ 2η̃^{αβ} ¯∂_β ¯∂_{(μ}h̃_{ν)α} − ¯∂_μ ¯∂_νh̃^α_α − ¯∂^2h̃_{μν} − ( ¯∂_α ¯∂_βh̃^{αβ} − ¯∂^2h̃^α_α ) η̃_{μν} ] + K r^2_c [ q̄^{αβ}h̃_{αβ}η̃_{μν} − 3h̃_{μν} ] (124)

The perturbed Einstein tensor in the Einstein-Hilbert frame, is then obtained via a conformal transformation as δG̃_{μν} = δH_{μν} + 2f̃^α_{μν} ¯∂_α ln b − η̃_{μν} [ 2h̃^{αβ} ¯∂_α ¯∂_β ln b + 2η̃^{αβ}f̃^λ_{αβ} ¯∂_λ ln b + h̃^{αβ}Ā_αĀ_β (Ā^ρ ¯∂_ρ ln b)^2 ]

+h̃_{μν} [ 2 ¯∂^2 ln b − e^{4ϕ̄}(Ā^β ¯∂_β ln b)^2 ] (125)

Changing connection to ^∂_μ (see appendix-C) and combining terms gives δG̃_{μν} = K r^2_c [ q̄^{αβ}h̃_{αβ}η̃_{μν} − 3h̃_{μν} ] − 1 2 ^∂_μ ^∂_νh̃^α_α − 1 2 η̃^{αβ} ^∂_α ^∂_βh̃_{μν} + 1 2 [ η̃^{ρλ} ^∂_ρ ^∂_λh̃^α_α − η̃^{αρ}η̃^{βλ} ^∂_α ^∂_βh̃_{ρλ} ] η̃_{μν} + η̃^{αβ} ^∂_α ^∂_{(μ}h̃_{ν)β} + 2e^{4ϕ̄} [ ^∂^2ϕ̄ − 6(Ā^ρ ^∂_ρϕ̄)^2 ] Ā^αĀ^βh̃_{αβ}Ā_μĀ_ν − e^{4ϕ̄}(Ā^ρ ^∂_ρϕ̄)Ā^λ ^∂_λ ( q̄^α_βh̃^β_α ) η̃_{μν} + (Ā^ρ ^∂_ρϕ̄) { [ 2η̃^{αβ}Ā^λ ^∂_αh̃_{βλ} − Ā^β ^∂_βh̃^α_α ] Ā_μĀ_ν + e^{4ϕ̄} [ Ā^λ ^∂_λh̃_{μν} − 2Ā^α ^∂_{(μ}h̃_{ν)α} + 2Ā^αĀ^βĀ_{(μ} ^∂_{ν)}h̃_{αβ} ] }

− 2e^{4ϕ̄} { (Ā^ρ ^∂_ρϕ̄) [ Ā^λ ^∂_λ ( Ā_αĀ^βh̃^α_β ) − Ā^λη̃^{αβ} ^∂_αh̃_{λβ} ] − Ā_αĀ^βh̃^α_β ^∂^2ϕ̄ } η̃_{μν} + e^{4ϕ̄}(Ā^λ ^∂_λ ln b) [ Ā^β ^∂_βh̃_{μν} − 2Ā^β ^∂_{(μ}h̃_{ν)β} − 4(Ā^ρ ^∂_ρϕ̄)Ā^αĀ^βh̃_{αβ}Ā_μĀ_ν ]

− e^{4ϕ̄}(Ā^ρ ^∂_ρ ln b) [ Ā^λ ^∂_λh̃^α_α − 2Ā^ρη̃^{αβ} ^∂_αh̃_{βρ} + 8(Ā^ρ ^∂_ρϕ̄)Ā_αĀ^βh̃^α_β ] η̃_{μν} + e^{4ϕ̄} [ 2 ^∂^2 ln b − 4(Ā^λ ^∂_λ ln b)(Ā^ρ ^∂_ρϕ̄) − (Ā^λ ^∂_λ ln b)^2 ] [ h̃_{μν} + Ā_αĀ^βh̃^α_βη̃_{μν} ] (126)

Now lets perform the contractions like in all the above cases. Contracting (126) with Ā^μĀ^ν gives Ā^μĀ^ν δG̃_{μν} = − K r^2_c [ e^{−4ϕ̄}q̄^{μν}h̃_{μν} + 3Ā^μĀ^νh̃_{μν} ] + 1 2 e^{−4ϕ̄} [ q̄^{αμ}q̄^{βν} ^∂_α ^∂_βh̃_{μν} − Δ ( q̄^{αβ}h̃_{αβ} )]

+ (Ā^ρ ^∂_ρ ln b) [ Ā^λ ^∂_λ ( q̄^{αβ}h̃_{αβ} ) − 2Ā^ρq̄^{αβ} ^∂_αh̃_{βρ} ] (127)

Contracting (126) with Ā^μq̄^ν_α gives Ā^μq̄^ν_αδG̃_{μν} = − 3K r^2_c

Ā^μq̄^ν_αh̃_{μν} + 1 2 Ā^μq̄^ν_αq̄^{ρβ} ^∂_ρ ^∂_μh̃_{νβ} − 1 2 Ā^μq̄^ν_α ^∂_μ ^∂_ν ( q̄^{ρβ}h̃_{ρβ} ) + 1 2 q^ν_α ^∂_ρ ^∂_ν ( q̄^{ρβ}Ā^μh̃_{μβ} )

− 1 2 Ā^μq̄^ν_αΔh̃_{μν} − (Ā^λ ^∂_λ ln b)q̄^ν_α ^∂_ν ( Ā_μĀ^βh̃^μ_β )

+ [ 2 ^∂^2 ln b − 4(Ā^λ ^∂_λ ln b)(Ā^ρ ^∂_ρϕ̄) − (Ā^λ ^∂_λ ln b)^2 ] Ā_μq̄^ν_αh̃^μ_ν (128)

and likewise contracting (126) with q̄^μ_αq̄^ν_β yields

q̄^μ_αq̄^ν_βδG̃_{μν} = q̄^μ_αq̄^ν_β K r^2_c [ q̄^{ρλ}h̃_{ρλ}q̄_{μν} − 3h̃_{μν} ] + q̄^μ_{(α}q̄^ν_{β)}q̄^{ρλ} ^∂_ρ ^∂_μh̃_{νλ} − e^{4ϕ̄}q̄^μ_{(α}q̄^ν_{β)}Ā^ρĀ^λ ^∂_ρ ^∂_μh̃_{νλ} − 1 2 q̄^μ_αq̄^ν_β ^∂_μ ^∂_νh̃^ρ_ρ − 1 2 q̄^μ_αq̄^ν_β Δh̃_{μν} + 1 2 e^{4ϕ̄}q̄^μ_αq̄^ν_βĀ^ρĀ^λ ^∂_ρ ^∂_λh̃_{μν} + 1 2 [ Δh̃^μ_μ − e^{4ϕ̄}Ā^ρĀ^λ ^∂_ρ ^∂_λ ( q̄^{μν}h̃_{μν} ) − q̄^{μρ}q̄^{νλ} ^∂_μ ^∂_νh̃_{ρλ} + 2e^{4ϕ̄}Ā^ν ^∂_ν ^∂_μ ( q̄^{μρ}Ā^λh̃_{ρλ} ) ] q̄_{αβ} + e^{4ϕ̄}(Ā^ρ ^∂_ρϕ̄) [ 2Ā^λq̄^{μν} ^∂_μh̃_{λν} − Ā^λ ^∂_λ ( q̄^{μν}h̃_{μν} )] q̄_{αβ} + e^{4ϕ̄} [ Ā^ρ ^∂_ρϕ̄ + Ā^λ ^∂_λ ln b ] [ q̄^μ_αq̄^ν_βĀ^ρ ^∂_ρh̃_{μν} − 2q̄^μ_{(α}q̄^ν_{β)}Ā^ρ ^∂_μh̃_{νρ} ]

− e^{4ϕ̄}(Ā^ρ ^∂_ρ ln b) [ Ā^λ ^∂_λh̃^μ_μ − 2Ā^ρq̄^{μν} ^∂_μh̃_{νρ} + 2Ā^ρ ^∂_ρ ( Ā_μĀ^νh̃^μ_ν )] q̄_{αβ} + e^{4ϕ̄} [ 2 ^∂^2 ln b − 4(Ā^λ ^∂_λ ln b)(Ā^ρ ^∂_ρϕ̄)

− (Ā^λ ^∂_λ ln b)^2 ] [ q̄^μ_αq̄^ν_βh̃_{μν} + Ā_μĀ^νh̃^μ_νq̄_{αβ} ] (129)

Taking the trace of the above equation, by contracting with q̄^{αβ} yields q̄^{μν} δG̃_{μν} = − 1 2 q̄^{μν}q̄^{ρλ} ^∂_ρ ^∂_μh̃_{νλ} + 2e^{4ϕ̄}Ā^ν ^∂_ν ^∂_μ ( q̄^{μρ}Ā^λh̃_{ρλ} ) + 1 2 Δ ( q̄^{μν}h̃_{μν} ) − Δ ( Ā_μĀ^νh̃^μ_ν )

− e^{4ϕ̄}Ā^ρĀ^λ ^∂_ρ ^∂_λ ( q̄^{μν}h̃_{μν} ) + 2e^{4ϕ̄}(Ā^ρ ^∂_ρϕ̄) [ 2Ā^λq̄^{μν} ^∂_μh̃_{λν} − Ā^λ ^∂_λ ( q̄^{μν}h̃_{μν} )]

− e^{4ϕ̄}(Ā^ρ ^∂_ρ ln b) [ 2Ā^λ ^∂_λ ( q̄^{μν}h̃_{μν} ) + 3Ā^ρ ^∂_ρ ( Ā_μĀ^νh̃^μ_ν ) − 4Ā^ρq̄^{μν} ^∂_μh̃_{νρ} ]

+ e^{4ϕ̄} [ 2 ^∂^2 ln b − 4(Ā^λ ^∂_λ ln b)(Ā^ρ ^∂_ρϕ̄) − (Ā^λ ^∂_λ ln b)^2 ] [ q̄^{μν}h̃_{μν} + 3Ā_μĀ^νh̃^μ_ν ] (130)

which gives the traceless part as [ q̄^μ_αq̄^ν_β − 1 3 q̄^{μν}q̄_{αβ} ] δG̃_{μν} = [ q̄^μ_αq̄^ν_β − 1 3 q̄^{μν}q̄_{αβ} ] { − 3K r^2_c h̃_{μν} + q̄^{ρλ} ^∂_ρ ^∂_μh̃_{νλ} − e^{4ϕ̄}Ā^ρĀ^λ ^∂_ρ ^∂_μh̃_{νλ} − 1 2 Δh̃_{μν} − 1 2 ^∂_μ ^∂_ν ( q̄^{ρλ}h̃_{ρλ} ) + 1 2 ^∂_μ ^∂_ν ( Ā_ρĀ^λh̃^ρ_λ ) + 1 2 e^{4ϕ̄}Ā^ρĀ^λ ^∂_ρ ^∂_λh̃_{μν}

+ e^{4ϕ̄} [ Ā^ρ ^∂_ρϕ̄ + Ā^ρ ^∂_ρ ln b ] [ Ā^λ ^∂_λh̃_{μν} − 2Ā^λ ^∂_μh̃_{νλ} ]

+ e^{4ϕ̄} [ 2 ^∂^2 ln b − 4(Ā^λ ^∂_λ ln b)(Ā^ρ ^∂_ρϕ̄) − (Ā^λ ^∂_λ ln b)^2 ] h̃_{μν} } (131)

The above contractions are then combined with their counterparts coming from the right hand side of the generalized Einstein equations.

V. IRREDUCIBLE DECOMPOSITION OF METRIC PERTURBATIONS

A. Harmonic mode decomposition

1. Einstein metric decomposition

Lets write the Einstein metric perturbation into irreducible parts. This yields h̃_{μν} = 2e^{−4ϕ̄}Ξ̃Ā_μĀ_ν − 2Ā_{(μ}q̄^α_{ν)} ^∂_αζ̃ − 2Ā_{(μ}h̃_{ν)} + 1 3 χ̃q̄_{μν} + ( q̄^α_μq̄^β_ν − 1 3 q̄_{μν}q̄^{αβ} ) ^∂_α ^∂_βν̃ + 2 ^∂_αf̃_{(μ}q̄^α_{ν)} + χ̃_{μν} (132)

where Ā^μh̃_μ = Ā^μf̃_μ = Ā^μχ̃_{μν} = 0.

The variables above are classified as follows: Scalar modes (Ξ̃, ζ̃,χ̃ and ν̃), vector modes (h̃_μ and f̃_μ) obeying q̄^{μν} ^∂_μh̃_ν = 0 and q̄^{μν} ^∂_μf̃_ν = 0 and tensor modes χ̃_{μν} obeying q̄^{μν}χ̃_{μν} = 0 and q̄^{λμ} ^∂_λχ̃_{μν} = 0.

2. Vector field decomposition

The vector field perturbation is decomposed as α_μ = −Ξ̃Ā_μ + q̄^ν_μ ^∂_να + β_μ (133) with Ā^μβ_μ = 0. It contains a scalar mode α, given by Δα = q̄^{μν} ^∂_μα_ν and two vector modes β_μ obeying q̄^{μν} ^∂_μβ_ν = 0.

The ”electric field” is also decomposed as E_μ = q̄^ν_μ ^∂_νE + ϵ_μ (134) with E being a scalar mode given by ΔE = q̄^{μν} ^∂_μE_ν and ϵ_μ two vector modes obeying as usual q̄^{μν} ^∂_μϵ_ν = 0.

3. Matter metric decomposition

The matter frame metric is decomposed in a similar way as the Einstein frame metri as h_{μν} = 2ΞĀ_μĀ_ν − 2Ā_{(μ}q̄^α_{ν)} ^∂_αζ − 2Ā_{(μ}h_{ν)} + 1 3 χq̄_{μν} + ( q̄^α_μq̄^β_ν − 1 3 q̄_{μν}q̄^{αβ} ) ^∂_α ^∂_βν + 2 ^∂_αf_{(μ}q̄^α_{ν)} + χ_{μν} (135)

where Ā^μh_μ = Ā^μf_μ = Ā^μχ_{μν} = 0.

The variables above are classified in the same way as in the Einstein frame as follows: Scalar modes (Ξ, ζ,χ and ν), vector modes (h_μ and f_μ) obeying q̄^{μν} ^∂_μh_ν = 0 and q̄^{μν} ^∂_μf_ν = 0 and tensor modes χ_{μν} obeying q̄^{μν}χ_{μν} = 0 and q̄^{λμ} ^∂_λχ_{μν} = 0.

4. Relations bewteen different frame variables

The relations between Einstein and matter frame modes can be read of from (132) and (135) with the help of (91). They are as follows :

Ξ̃ = Ξ + φ, (136) ζ̃ = ζ − ( 1 − e^{−4ϕ̄} ) α, (137) χ̃ = χ + 6φ, (138) ν̃ = ν (139) h̃_μ = h_μ − (1 − e^{−4ϕ̄})β_μ, (140) f̃_μ = f_μ, (141) χ̃_{μν} = χ_{μν}. (142)

5. Fluid velocity field decomposition

The vector field perturbation is decomposed as

θ_μ = −ΞĀ_μ + q̄^ν_μ ^∂_νθ + v_μ (143)

with Ā^μv_μ = 0.

It contains a scalar mode : θ, given by Δθ = q̄^{μν} ^∂_μθ_ν and two vector modes v_μ obeying q̄^{μν} ^∂_μv_ν = 0.

6. Fluid shear decomposition

The shear perturbation is written as

Σ̂_{μν} = (ρ̄ + P̄ )q̄^α_μq̄^β_ν [ ( ^∂_α ^∂_β − 1 3 q̄_{αβ}Δ)Σ + 2σ_{(α,β)} + σ_{αβ} ] (144)

with Ā^μσ_μ = Ā^μσ_{μν} = 0. The variable Σ is a scalar mode, the vector field σ_μ a vector mode obeying q̄^{μν} σ_{μ,ν} = 0, while the tensor σ_{μν} is a tensor mode obeying as usual q̄^{μν} σ_{μν} = 0 and q̄^{μν} σ_{αμ,ν} = 0.

B. Gauge non-fixed equations for the scalar modes

All scalar modes can be decomposed in terms of a complete set of eigenmodes of the Laplace-Beltrami operator. For example a variable A can be written as A(x^â) = ∫ d^3k Y (x^â, k_{b̂}) Ã(k_{b̂}), where the eigenmodes Y (x^â, k_{b̂}) obey ( Δ + k^2 ) Y = 0. In the special case of a flat hypersurface with trivial topology, the eigenmodes are simply given Y = e^{ikâxâ} and the integral transform above is a Fourier transform. The wavenumber k takes values depending on the geometry and topology of the spatial hypersurface. In the case of trivial topology, k takes values k = √ k^2_∗ −^K_{r2c} , where k_∗ is continuous obeying k_∗ ≥ 0 for a flat or negatively curved spatial hypersurface, and k_∗ =^N_{rc} where N is an integer obeying N ≥ 3 for a positively curved spatial hypersurface. Let us also choose the same coordinate system defined in section-III.

1. Fluid equations

The density constrast equation for scalar modes is δ̇ = −3 ȧ a (C^2_s − w)δ + (1 + w) ( −k^2θ − 1 2 χ̇ + k^2ζ ) (145)

while the momentum divergence equation is θ̇ = −Ξ − ȧ a (1 − 3w)θ +

C^2_s 1 + w δ − ẇ 1 + w θ − 2 3 ( k^2 − 3K r^2_c ) Σ. (146)

2. Scalar field equation

The two equations equivalent to the scalar field equation are

γ̇ = −3 ḃ b γ + μ̄ a e^{−3ϕ̄}k^2 ( φ + ˙ϕ̄α ) + e^{ϕ̄} a μ̄ ˙ϕ̄ [ ˙χ̃ − 2k^2ζ̃ ]

+ 8πGae^{−3ϕ̄}ρ̄ [ (1 + 3C^2_s )δ − (1 + 3w) ( Ξ̃ + 2φ )] (147) and φ̇ = − 1 2U ae^{−ϕ̄}γ − ˙ϕ̄Ξ̃ (148)

3. Vector field equation

The scalar mode of the perturbed vector field evolve according to the two first order equations K_B ( Ė + ḃ b E ) = −μ̄ ˙ϕ̄(φ − ˙ϕ̄α) + 8πGa^2(1 − e^{−4ϕ̄})(ρ̄ + P̄ )(θ − α) (149) and α̇ = E − Ξ̃ + ( ˙ϕ̄ − ȧ a ) α (150)

4. Generalized Einstein equations

The scalar modes of the perturbed Generalized Einstein equations yield the Hamiltonian constraint equation 1 3 ( k^2 − 3K r^2_c ) ( χ̃ + k^2ν ) + e^{4ϕ̄} ḃ b [ ˙χ̃ − 2k^2ζ̃ + 6 ḃ b Ξ̃ ] + ae^{3φ} ˙ϕ̄γ − K_Bk^2E = 8πGa^2ρ̄ [δ − 2φ] (151)

the momentum constraint equation − 1 3 ( ˙χ̃ + k^2ν̇) + K r^2_c ( 2ζ̃ + ν̇ ) − 2 ḃ b Ξ̃ = 8πGa^2e^{−4ϕ̄}(ρ̄ + P̄ )θ + 2μ̄ ˙ϕ̄φ (152)

and the two propagation equations

− ¨χ̃ + 2k^2 ( ˙ζ̃ + e−4ϕ̄Ξ̃ ) − 1 3 e^{−4ϕ̄} ( k^2 − 3K r^2_c ) ( χ̃ + k^2ν ) − 2 ḃ b [ ˙χ̃ + 3 ˙Ξ̃ − 2k^2ζ̃ ]

−2 ˙ϕ̄ [ ˙χ̃ − 2k^2ζ̃ ] + 3 μ U ae^{−ϕ̄} ˙ϕ̄γ + 6 [ −2 b̈ b + ḃ2 b^2 − 4 ˙ϕ̄ ḃ b ] Ξ̃ = 24πGa^2e^{−4ϕ̄}ρ̄(C^2_s δ − 2wφ) (153) and ¨ν̃ + e^{−4ϕ̄} [ 2Ξ̃ − 1 3 χ̃ − 1 3 k^2ν̃ ] + 2 ˙ζ̃ + 2 [ ḃ b + ˙ϕ̄ ] [ ˙ν̃ + 2ζ̃ ] = 16πGa^2e^{−4ϕ̄}(ρ̄ + P̄ )Σ (154)

C. Gauge non-fixed equations for the vector modes

Let ℓ_μ, m_μ, n_μ be an orthonormal triad of dual vector fields, normalized with respect to η_{μν} which give

q̄_{μν} = ℓ_μℓ_ν + m_μm_ν + n_μn_ν (155)

and together with Ā_μ they form an orthonormal tetrad for the metric η_{μν} .

Without loss of generality let ℓ_μ be the direction of propagation of plane waves. Thus all vector modes are orthogonal to ℓ_μ for example, ℓ^μβ_μ = 0. Each vector mode X can then be decomposed into its two polarizations :

X_μ = X^+m_μ + X^−n_μ (156)

As it turns out there is no mixing between the two polarizations. Moreover they obey identical equations. The ”+” and ”−” labels can therefore be dropped without any confusion.

Vector modes can also be decomposed in terms of a complete set of eigenmodes of the Laplace-Beltrami operator, just like scalar modes. The spectrum of the wavenumber k is modified though, to reflect the spin one nature of the vector modes. In this case (again for trivial topology), k takes the values k = √ k^2_∗ − 2^K_{r2c} , where k_∗ is continuous obeying k_∗ ≥ 0 for a flat or negatively curved spatial hypersurface, and k_∗ =^N_{rc} where N is an integer obeying N ≥ 3 for a positively curved spatial hypersurface.

Let us now find the equations for vector modes.

1. Fluid equation

The vector mode fluid equation becomes v̇ = − [ (1 − 3w) ȧ a + ẇ 1 + w ] v − ( k^2 − 2K r^2_c ) σ^{(v)} (157)

2. Vector field equation

The two first order equations for the vector field are

β̇ = ϵ + ( ˙ϕ̄ − ȧ a ) β (158) and K_B [ ϵ̇ + ḃ b ϵ + ( k^2 + 2K r^2_c ) e^{−4ϕ̄}β ] = ˙ϕ̄^2β + 8πGa^2(1 − e^{−4ϕ̄})(ρ̄ + P̄ )(v − β) (159)

3. Generalized Einstein equations

The vector mode momentum constraint is ( k^2 − 2K r^2_c ) ( ˙f̃ + h̃ ) = −16πGa^2e^{−4ϕ̄}(ρ̄ + P̄ )v (160)

and the propagation equation is

¨f̃ + ˙h̃ + 2 ( ḃ b + ˙ϕ̄ ) ( ˙f̃ + h̃ ) = 16πGa^2e^{−4ϕ̄}(ρ̄ + P̄ )σ^{(v)} (161)

D. Equations for the tensor modes

Using the orthonormal basis defined above, one can do a similar decomposition for the tensor modes into two polarizations. The tensor mode perturbation χ_{μν} decomposes into a basis which is written as symmetrized combinations of m_μ and n_ν . There are three possibilities, namely m_μm_ν , n_μn_ν and m_μn_ν + m_ν n_μ. However the traceless condition on the tensor modes, implies that the coefficient of the first two must have opposite sign, hence there are only two independent polarizations given by

χ_{μν} = H^+ (m_μn_ν + m_ν n_μ) + H^× (m_μm_ν − n_μn_ν ) (162)

Since there is no mixing of polarizations again, the labeling can be dropped.

Tensor modes are again decomposed in terms of a complete set of eigenmodes of the Laplace-Beltrami operator. The spectrum of the wavenumber k is again modified, to reflect the spin two nature of the tensor modes. In this case (again for trivial topology), k takes the values k = √ k^2_∗ − 3^K_{r2c} , where k_∗ is continuous obeying k_∗ ≥ 0 for a flat or negatively curved spatial hypersurface, and k_∗ =^N_{rc} where N is an integer obeying N ≥ 3 for a positively curved spatial hypersurface.

The tensor modes then obey the equation

Ḧ + 2 ( ḃ b + ˙ϕ̄ ) Ḣ + e^{−4ϕ̄} ( k^2 + 2K r^2_c ) H = 16πGa^2e^{−4ϕ̄} ( ρ̄ + P̄ ) σ^{(T )} (163)

VI. SUMMARY

I have taken a covariant approach to formulate the linear perturbation theory about a spatially homogeneous and isotropic spacetime. The covariant approach is particularly useful in theories with two metrics where there are two different metric compatible connections, one for each metric.

The field equations were perturbed covariantly without adhering to a particular gauge or perturbation mode. This allows one to check explicitely that the equations are indeed invariant under infinitesimal gauge transformations. Mode decomposition was performed covariantly, and the equations for each perturbation mode were found, again without assuming a particular gauge. Special gauges for scalar modes are given in appendix B. While I have not considered the perturbed Boltzmann equation for thermalized fluids, this will remain unchanged when expressed in matter-frame variables.

This completes the linear perturbation theory for Bekenstein’s TeVeS theory about a FLRW cosmological background. The equations presented here can be used to study the formation of linear structure and the Cosmic Microwave Background in this theory as was initiated in [20].

Acknowledgements

I would like to thank Jacob Bekenstein (particularly concerning variational issues in theories with constraints), Celine Boehm, Pedro Ferreira, David Mota and Lee Smolin for discussions and helpful comments.

APPENDIX A: ANY UNIT TIMELIKE VECTOR FIELD IS GEODESIC IN AN FLRW UNIVERSE

In this section I prove that that any unit timelike vector field in an FLRW universe obeys the geodesic equation. Let g_{μν} be the Robertson-Walker metric with scale factor a. Consider now a unit-timelike vector field t^μ tangent to a geodesic congruence of curves. As a property of Robertson-Walker metrics, t^μ is always orthogonal to a hypersurface of homogeneity and isotropy (see for example [41]). (Of course at least one such vector field exists, e.g. t_μ = ∇_μt for some scalar function t ∈ C^∞M ). Let x^μ, y^μ and z^μ be three unit-spacelike vector fields, which along with t^μ complete an orthonormal basis on T M . As a property of FLRW, they can be related to three linearly independent Killing vectors of M as x^μ =^1_a ξ^μ_{(1)}, y^μ =^1_a ξ^μ_{(2)} and z^μ =^1_a ξ^μ_{(3)}. The above mean that

t^μ∇_μt_ν = t^μ∇_νt_μ = x^μ∇_νx_μ = 0 (A1)

x^μ∇_μx_ν = ( L_t ln a ) t_ν (A2)

where in the last relation I have used the fact that L_x f = 0 for any function f ∈ C^∞M .

Now the vector field

A^μ = (1 + c^2)^{1/2}t^μ + cx^μ (A3)

is also unit-timelike by construction, for any choice of c ∈ C^∞M . The isotropy of M , implies that there is no loss of generality in (A3).

Now consider A^μ∇_μA_ν . Using (A3) one gets

A^μ∇_μA_ν = c [ ct_ν + (1 + c^2)^{1/2}x_ν ] ( L_t ln c ) + c(1 + c^2)^{1/2} (t^μ∇_μx_ν + x^μ∇_μt_ν ) + c^2 ( L_t ln a ) t_ν Now consider the term t^μ∇_μx_ν + x^μ∇_μt_ν which can be expanded as

t^μ∇_μx_ν + x^μ∇_μt_ν = ( L_t ln a ) x_ν + ( y^αt^β∇_βx_α + y^αx^β∇_βt_α ) y_ν + ( z^αt^β∇_βx_α + z^αx^β∇_βt_α ) z_ν where (A1) and (A2) have been used. However the coefficient of y_μ in the above relation is zero, since

y^αt^β∇_βx_α + y^αx^β∇_βt_α = y^αt^β ∇_βx_α + y^αL_x t_α − y^αt^β∇_αx_β

= 2y^αt^β∇_{[β} x_{α]}

= 2y^αt^β∂_β ξ^{(1)}_α = 0 (A4)

The same holds for the coefficient of z_μ for the same reason and therefore

A^μ∇_μA_ν = c [ ct_ν + (1 + c^2)^{1/2}x_ν ] L_t ln(ac) (A5)

Therefore the choice c =^{c0}_a for any constant c_0 means that the unit-timelike vector field A^μ given by

A^μ = [ 1 + c^2_0 a^2 ]_{1/2} t^μ + c_0 a x^μ (A6)

is geodesic. However any unit-timelike vector field can be related to t^μ by (A6) which completes the proof.

APPENDIX B: GAUGE CHOICES

1. Gauge transformations

Consider a vector field ξ^μ generating a local one-parameter family of local diffeomorphisms (gauge transformations). Then under a gauge transformation, any tensor T transforms as

T → T + L_ξ T (B1)

where L_ξ T is the Lie derivative of T along ξ^μ.

Lets define a new vector field ξ̂^μ by ξ^μ =^1_a ξ̂^μ and ξ_μ = g_{μν}ξ^ν = aξ̂_μ. Now perform a split as

ξ̂_μ = −ξĀ_μ + q̄^ν_μ ^∂_ν ψ + ω_μ (B2)

where Ā^μω_μ = 0. The above vector field thus consists of two scalar modes ξ and ψ given by ξ = Ā^μξ̂_μ and Δψ = q̄^{μν} ^∂_μξ̂_ν and two vector modes ω_μ which obey q̄^{μν} ^∂_μω_ν = 0.

Now one can find the gauge transformations for all the perturbed variables. The scalar field perturbation transforms as φ^′ = φ − 1 a (Ā^μ ^∂_μϕ̄)ξ (B3)

while the auxiliary scalar field perturbation γ transforms as

γ^′ = γ + 2 e^{ϕ̄} a^2 U ξ [ ^∂^2ϕ̄ − (Ā^ρ ^∂_ρϕ̄)^2 + (Ā^ρ ^∂_ρϕ̄)(Ā^ν ^∂_ν ln a) ] (B4)

= γ + [ 6μ̄ e^{ϕ̄} a^2

(Ā^μ ^∂_μ ln b)(Ā^ν ^∂_νϕ̄) + 8πGe^{−3ϕ̄}(ρ̄ + 3P̄ ) ] ξ (B5)

The vector field perturbation transforms as

α^′_μ = α_μ + 1 a [ ^∂_μξ + (Ā^ν ^∂_νϕ̄)ξĀ_μ ] (B6)

which gives

α^′ = α + 1 a ξ (B7)

whereas β_μ is gauge invariant as expected.

The vector field tensor F_{μν} vanishes for the background meaning that E, ϵ_μ and B_{μν} are all gauge invariant. The matter metric perturbation transforms as

h^′_{μν} = h_{μν} + 2 a [ ^∂_{(μ}ξ̂_{ν)} + (Ā^ρ ^∂_ρ ln a) Ā_{(μ}ξ̂_{ν)} − (Ā^ρ ^∂_ρ ln a) ξ η_{μν} ] (B8) which gives

Ξ^′ = Ξ + 1 a Ā^μ ^∂_μξ (B9)

ζ^′ = ζ + 1 a [ Ā^μ ^∂_μψ − (Ā^μ ^∂_μ ln a)ψ + ξ ] (B10) χ^′ = χ − 2 a [ k^2ψ + 3(Ā^μ ^∂_μ ln a)ξ ] (B11)

ν^′ = ν + 2 a ψ (B12)

h^′ = h + 1 a [ Ā^μ ^∂_μω − (Ā^μ ^∂_μ ln a)ω ] (B13)

f^′ = f + ω a (B14)

where as the Einstein-frame metric perturbations transform as

Ξ̃^′ = Ξ̃ + 1 a [ Ā^μ ^∂_μξ − (Ā^μ ^∂_μϕ̄)ξ ] (B15)

ζ̃^′ = ζ̃ + 1 a [ Ā^μ ^∂_μψ − (Ā^μ ^∂_μ ln a)ψ + e^{−4ϕ̄}ξ ] (B16)

χ̃^′ = χ̃ − 2 a [ k^2ψ + 3(Ā^μ ^∂_μ ln b)ξ ] (B17)

ν̃^′ = ν̃ + 2 a ψ (B18)

h̃^′ = h̃ + 1 a [ Ā^μ ^∂_μω − (Ā^μ ^∂_μ ln a)ω ] (B19)

f̃^′ = f̃ + ω a (B20)

The Lie derivative of the fluid velocity is L_ξ u_μ = ^∂_μξ and therefore the fluid velocity transforms as

θ^′_μ = θ_μ + 1 a ^∂_μξ (B21)

Now both the energy density and pressure are scalars given by ρ = u_μu_ν T^{μν} and P =^1_3 q_{μν} T^{μν} and so

δ^′ = δ + 3 a (1 + w)(Ā^ρ ^∂_ρ ln a)ξ (B22)

θ^′ = θ + 1 a ξ (B23) 1 ρ̄ δP^′ = 1 ρ̄ δP + ξ a [ 3w(1 + w)(Ā^ρ ^∂_ρ ln a) − Ā^ρ ^∂_ρw ] (B24)

Σ^′ = Σ (B25) v^′ = v (B26)

Using the gauge transformations above, a lengthly calculation shows that the gauge non-fixed equations derived in the previous section are all gauge invariant. This is a very powerful test that the equations are correct as given the complexity of the equations it is a very non-trivial matter.

2. Conformal Newtonian gauge

The Conformal Newtonian gauge is defined by

Ξ = −Ψ (B27) χ = −6Φ (B28) ζ = 0 (B29) ν = 0 (B30)

From the relation Ξ̃ = Ξ+φ we also set Ξ̃ = −Ψ̃ and from χ̃ = χ+6φ we set χ̃ = −6Φ̃. Therefore the Einstein-Hilbert frame metric perturbations are given by Ψ̃ = Ψ − φ (B31) Φ̃ = Φ − φ (B32) ζ̃ = −(1 − e^{−4ϕ̄})α (B33) ν̃ = 0 (B34)

a. Fluid equations

The density constrast equation for scalar modes in the Conformal Newtonian gauge evolves as

δ̇ = −(1 + w) ( k^2θ − 3Φ̇ ) − 3 ȧ a (C^2_s − w)δ (B35)

where as the momentum divergence evolves as θ̇ = − ȧ a (1 − 3w)θ +

C^2_s 1 + w δ − ẇ 1 + w θ − 2 3 ( k^2 − 3K r^2_c ) Σ + Ψ (B36)

b. Scalar field equation

The two first order equations coming from the perturbed scalar field equation are

γ̇ = −3 ḃ b γ + μ̄ a e^{−3ϕ̄}k^2 ( φ + ˙ϕ̄α ) + e^{ϕ̄} a μ̄ ˙ϕ̄ [ −6 ˙Φ̃ − 2k^2ζ̃ ] + 8πGae^{−3ϕ̄} [ δρ + 3δP + (ρ̄ + 3P̄ ) ( Ψ̃ − 2φ )] (B37) and φ̇ = − 1 2U ae^{−ϕ̄}γ + ˙ϕ̄Ψ̃ (B38)

c. Vector field equation

The scalar mode of the perturbed vector field equation is K_B ( Ė + ḃ b E ) = −μ̄ ˙ϕ̄(φ − ˙ϕ̄α) + 8πGa^2(1 − e^{−4ϕ̄})(ρ̄ + P̄ )(θ − α) (B39) and α̇ = E + Ψ̃ + ( ˙ϕ̄ − ȧ a ) α (B40)

d. Generalized Einstein equations

The scalar modes of the perturbed generalized Einstein equations yield for the Hamiltonian constraint −2 ( k^2 − 3K r^2_c ) Φ̃ − 2e^{4ϕ̄} ḃ b [ 3 ˙Φ̃ + k^2ζ̃ + 3 ḃ b Ψ̃ ] + ae^{3φ} ˙ϕ̄γ − K_Bk^2E = 8πGa^2ρ̄ [δ − 2φ] (B41)

the momentum constraint equation

˙Φ̃ + K r^2_c ζ̃ + ḃ b Ψ̃ − μ̄ ˙ϕ̄φ = 4πGa^2e^{−4ϕ̄}(ρ̄ + P̄ )θ (B42) and the two propagation equations

6 ¨Φ̃ + 2k^2 ( ˙ζ̃ − e−4ϕ̄Ψ̃ ) + 2e^{−4ϕ̄} ( k^2 − 3K r^2_c ) Φ̃ + 2 ḃ b [ 6 ˙Φ̃ + 3 ˙Ψ̃ + 2k^2ζ̃ ]

+4 ˙ϕ̄ [ 3 ˙Φ̃ + k^2ζ̃ ] + 3 μ U ae^{−ϕ̄} ˙ϕ̄γ − 6 [ −2 b̈ b + ḃ2 b^2 − 4 ˙ϕ̄ ḃ b ] Ψ̃ = 24πGa^2e^{−4ϕ̄}ρ̄(C^2_s δ − 2wφ) (B43)

and Φ̃ − Ψ̃ + e^{4ϕ̄} [ ˙ζ̃ + 2 ( ḃ b + ˙ϕ̄ ) ζ̃ ] = 8πGa^2(ρ̄ + P̄ )Σ (B44)

3. Conformal synchronous gauge

The conformal synchronous gauge is defined by Ξ = 0 and ζ = 0 which fixes ζ̃ = −(1−e^{−4ϕ̄})α and Ξ̃ = φ. Following the standard notation lets also set χ = h which gives χ̃ = h + 6φ and ν = −^1_{k2} (h + 6η).

a. Fluid equations

The density constrast equation for scalar modes evolves as δ̇ = −3 ȧ a (C^2_s − w)δ − (1 + w) ( k^2θ + 1 2 ḣ ) (B45)

while the momentum divergence evolves as θ̇ = − ȧ a (1 − 3w)θ +

C^2_s 1 + w δ − ẇ 1 + w θ − 2 3 ( k^2 − 3K r^2_c ) Σ (B46)

b. Scalar field equation

The two equations equivalent to the scalar field equation are

γ̇ = −3 ḃ b γ + μ̄ a e^{−3ϕ̄}k^2 ( φ + ˙ϕ̄α ) + e^{ϕ̄} a μ̄ ˙ϕ̄ [ ḣ + 6φ̇ − 2k^2ζ̃ ] + 8πGae^{−3ϕ̄} [ δρ + 3δP − 3(ρ̄ + 3P̄ )φ ] (B47) and φ̇ = − 1 2U ae^{−ϕ̄}γ − ˙ϕ̄φ (B48)

c. Vector Bekenstein equation

The scalar mode of the perturbed vector Bekenstein equation is given by the two first order equations K_B ( Ė + ḃ b E ) = −μ̄ ˙ϕ̄(φ − ˙ϕ̄α) + 8πGa^2(1 − e^{−4ϕ̄})(ρ̄ + P̄ )(θ − α) (B49) and α̇ = E − φ + ( ˙ϕ̄ − ȧ a ) α (B50) d. Generalized Einstein equations

The scalar modes of the perturbed generalized Einstein equations yield for the Hamiltonian constraint 2 ( k^2 − 3K r^2_c ) (φ − η) + e^{4ϕ̄} ḃ b [ ḣ − 2k^2ζ̃ + 6 ȧ a φ ] + ae^{3φ} ( ˙ϕ̄ − 3 U ḃ b ) γ − K_B k^2E = 8πGa^2ρ̄ [δ − 2φ] (B51)

the momentum constraint equation

2k^2η̇ + K r^2_c [ 2k^2ζ̃ − ḣ − 6η̇ ] − 2k^2 ( ȧ a + μ̄ ˙ϕ̄ ) φ + k^2 U ae^{−ϕ̄}γ = 8πGa^2e^{−4ϕ̄}(ρ̄ + P̄ )k^2θ (B52)

and the two propagation equations

−ḧ − 6φ̈ + 2k^2 ˙ζ̃ + 6K r^2_c e^{−4ϕ̄}φ + 2e^{−4ϕ̄} ( k^2 − 3K r^2_c ) η − 2 ḃ b [ ḣ + 9φ̇ − 2k^2ζ̃ ]

−2 ˙ϕ̄ [ ḣ + 6φ̇ − 2k^2ζ̃ ] + 3 μ U ae^{−ϕ̄} ˙ϕ̄γ + 6 [ −2 b̈ b + ḃ2 b^2 − 4 ˙ϕ̄ ḃ b ] φ = 24πGa^2e^{−4ϕ̄}ρ̄(C^2_s δ − 2wφ) (B53) and ḧ + 6η̈ − 2e^{−4ϕ̄}k^2η − 2k^2 ˙ζ̃ + 2 [ ḃ b + ˙ϕ̄ ] [ ḣ + 6η̇ − 2k^2ζ̃ ] = −16πGa^2e^{−4ϕ̄}(ρ̄ + P̄ )k^2Σ (B54)

4. α-gauge

In the α-gauge one sets the vector field perturbation to zero, α = 0, which fixes ζ̃ = ζ. Since setting α = 0 essentially fixes the gauge variable ξ, it is no longer allowed to set Ξ = 0. Therefore this gauge cannot be put in synchronous form. As a further gauge fixing condition, let ν = 0, which can still be done, as the gauge variable ψ was not fixed at that point.

a. Fluid equations

The density constrast equation for scalar modes evolves as δ̇ = −3 ȧ a (C^2_s − w)δ + (1 + w) ( −k^2θ − 1 2 χ̇ + k^2ζ ) (B55)

while the momentum divergence evolves as θ̇ = −Ξ − ȧ a (1 − 3w)θ +

C^2_s 1 + w δ − ẇ 1 + w θ − 2 3 ( k^2 − 3K r^2_c ) Σ (B56)

b. Scalar field equation

The two equations equivalent to the scalar field equation are

γ̇ = −3 ḃ b γ + μ̄ a e^{−3ϕ̄}k^2φ + e^{ϕ̄} a μ̄ ˙ϕ̄ [˙ χ̃ − 2k^2ζ ] + 8πGae^{−3ϕ̄}ρ̄ [ (1 + 3C^2_s )δ − (1 + 3w) (E + 2φ) ] (B57) and φ̇ = − 1 2U ae^{−ϕ̄}γ − ˙ϕ̄E (B58) c. Vector field equation

The scalar mode of the perturbed vector field equation is given by the first order equation K_B ( Ė + ḃ b E ) = −μ̄ ˙ϕ̄φ + 8πGa^2(1 − e^{−4ϕ̄})(ρ̄ + P̄ )θ (B59)

d. Generalized Einstein equations

The scalar modes of the perturbed generalized Einstein equations yield for the Hamiltonian constraint 1 3 ( k^2 − 3K r^2_c ) χ̃ + e^{4ϕ̄} ḃ b [ ˙χ̃ − 2k^2ζ + 6 ḃ b E ] + ae^{3φ} ˙ϕ̄γ − K_B k^2E = 8πGa^2ρ̄ [δ − 2φ] (B60)

the momentum constraint equation − 1 3 ˙χ̃ + 2K

r^2_c ζ − 2 ḃ b E = 8πGa^2e^{−4ϕ̄}(ρ̄ + P̄ )θ + 2μ̄ ˙ϕ̄φ (B61)

and the two propagation equations

− ¨χ̃ + 2k^2 ( ζ̇ + e^{−4ϕ̄}E ) − 1 3 e^{−4ϕ̄} ( k^2 − 3K r^2_c ) χ̃ − 2 ḃ b [ ˙χ̃ + 3Ė − 2k^2ζ ]

−2 ˙ϕ̄ [˙ χ̃ − 2k^2ζ ] + 3 μ U ae^{−ϕ̄} ˙ϕ̄γ + 6 [ −2 b̈ b + ḃ^2 b^2 − 4 ˙ϕ̄ ḃ b ] E = 24πGa^2e^{−4ϕ̄}ρ̄(C^2_s δ − 2wφ) (B62) and e^{−4ϕ̄} [ 2E − 1 3 χ̃ ] + 2ζ̇ + 4 [ ḃ b + ˙ϕ̄ ] ζ = 16πGa^2e^{−4ϕ̄}(ρ̄ + P̄ )Σ (B63)

APPENDIX C: SPECIFICS OF THE PERTURBATIONS OF THE EINSTEIN TENSOR

In this section I write out explicitely all the perturbed terms of the Einstein tensor to help the reader to follow the calculations.

Changing connection to ^∂_μ gives

¯∂_β ¯∂_μh̃^β_ν = η̃^{αβ} ^∂_α ^∂_μh̃_{βν} + 2e^{4ϕ̄} ^∂^2ϕ̄ [ Ā^αĀ^βh̃_{αβ}Ā_μĀ_ν − Ā^λĀ_μh̃_{λν} ]

+2(Ā^ρ ^∂_ρϕ̄) { η̃^{αβ}Ā^λ ^∂_αh̃_{βλ}Ā_μĀ_ν + e^{4ϕ̄} [ 2Ā^αĀ^β ^∂_αh̃_{βν}Ā_μ − Ā^α ^∂_μh̃_{αν} + Ā^αĀ^β ^∂_μh̃_{αβ}Ā_ν ]}

+8e^{4ϕ̄}(Ā^ρ ^∂_ρϕ̄)^2 [ Ā^λĀ_μh̃_{λν} − 2Ā^αĀ^βh̃_{αβ}Ā_μĀ_ν ] (C1)

¯∂_μ ¯∂_νh̃^α_α = ^∂_μ ^∂_νh̃^α_α + 2(Ā^ρ ^∂_ρϕ̄)Ā_μĀ_νĀ^β ^∂_βh̃^α_α (C2)

¯∂^2h̃_{μν} = η̃^{αβ} ^∂_α ^∂_βh̃_{μν} − 2e^{4ϕ̄} { 2 ^∂^2ϕ̄Ā_{(μ}Ā^λh̃_{ν)λ} + (Ā^ρ ^∂_ρϕ̄) [ Ā^λ ^∂_λh̃_{μν} − 4Ā^αĀ^β ^∂_αh̃_{β(μ}Ā_{ν)} ]

+4(Ā^ρ ^∂_ρϕ̄)^2 [ Ā^αĀ^βh̃_{αβ}Ā_μĀ_ν − 2Ā^βĀ_{(μ}h̃_{ν)β} ] } (C3)

¯∂_α ¯∂_βh̃^{αβ} = η̃^{αμ}η̃^{βν} ^∂_α ^∂_βh̃_{μν} + 2e^{8ϕ̄} { (Ā^ρ ^∂_ρϕ̄) [ 3Ā^λ ^∂_λ ( Ā^μĀ^νh̃_{μν} ) − 2e^{−4ϕ̄}Ā^λη̃^{μν} ^∂_μh̃_{λν} ]

−2Ā^μĀ^νh̃_{μν} [ ^∂^2ϕ̄ − 6Ā^ρ ^∂_ρϕ̄)^2 ] } (C4)

¯∂^2h̃^α_α = η̃^{ρλ} ^∂_ρ ^∂_λh̃^α_α − 2(Ā^ρ ^∂_ρϕ̄)e^{4ϕ̄}Ā^λ ^∂_λh̃^α_α (C5)

2f̃^α_{μν} ¯∂_α ln b = e^{4ϕ̄}(Ā^λ ^∂_λ ln b) [ Ā^β ^∂_βh̃_{μν} − 2Ā^β ^∂_{(μ}h̃_{ν)β} − 4(Ā^ρ ^∂_ρϕ̄)Ā^αĀ^βh̃_{αβ}Ā_μĀ_ν ] (C6)

2h̃^{αβ} ¯∂_α ¯∂_β ln b = 2e^{8ϕ̄}Ā^αĀ^βh̃_{αβ} [ − ^∂^2 ln b + 2(Ā^λ ^∂_λ ln b)(Ā^ρ ^∂_ρϕ̄) ] (C7)

2η̃^{αβ}f̃^λ_{αβ} ¯∂_λ ln b = e^{4ϕ̄}(Ā^γ ^∂_γ ln b) [ Ā^ρ ^∂_ρh̃^α_α − 2Ā^β ^∂_αh̃^α_β ] (C8)

= e^{4ϕ̄}(Ā^ρ ^∂_ρ ln b) [ Ā^λ ^∂_λh̃^α_α − 2Ā^ρη̃^{αβ} ^∂_αh̃_{βρ} + 8e^{4ϕ̄}(Ā^ρ ^∂_ρϕ̄)Ā^αĀ^βh̃_{αβ} ] (C9)

¯∂^2 ln b = e^{4ϕ̄} [ ^∂^2 ln b − 2(Ā^λ ^∂_λ ln b)(Ā^ρ ^∂_ρϕ̄) ] (C10)

[1] J. D. Bekenstein, Phys. Rev. D 70, 083509 (2004); J. D. Bekenstein, JHEP PoS (jhw2004) 012 (astro-ph/0412652). [2] J. Oort, Bull. Astron. Inst. Neth. 6, 249 (1932); ibid. 15, 45 (1960); F. Zwicky, Helv. Phys. Acta 6 , 110 (1933); S. Smith Astrophys. J. 83, 23 (1936).

[3] Alcock et al., Astrophys. J. Lett.499, L9 (1998); Alcock et al., Astrophys. J. 542, 281 (2000); C. Afonso et al., A.&A. 400, 951 (2003); J. Yoo, J .Chanamé & A. Gould, Astrophys. J. 601, 311 (2004).

[4] B. Fields & S. Sarkar, Phys. Lett. B592, 1 (2004); G. Steigman, hep-ph/0501100. [5] J. R. Bond & A. S. Szalay, Astrophys. J. 274, 443 (1983).

[6] S. S. Gershtein & Ya. B. Zel’dovich, Pis’ma Zh. Eksp. Teor. Fiz. 4, 174 (1966); ibid. JETP Lett. 4, 120 (1966); G. Marx & A. S. Szalay in ”Neutrino ’72”, 1, 191 Budapest: Technoinform (1972).

[7] R. Cowsik & J. McClelland, Astrophys. J. 180, 7 (1973). [8] S. Tremaine & J. E. Gunn, Phys. Rev. Lett. 42, 407 (1979).

[9] V. M. Lobashev et al., Phys. Lett. B460, 227 (1999); C. Weinheimer et al., Phys. Lett. B460, 219 (1999); ibid. Phys.

Lett. B464, 352 (1999) (erratum).

[10] C. Bœhm et al., Phys. Rev. Lett. 92, 101301 (2004).

[11] H. Goldberg, Phys. Rev. Lett.50, 1419 (1983); J. Ellis et al., Nucl. Phys. B238, 453 (1984). [12] E. W. Kolb & R. Slansky, Phys. Lett. B135, 378 (1984). [13] G. Bertone, D. Hooper & J. Silk, Phys.Rept.405, 279 (2005).

[14] M. Milgrom, Astrophys. J. 270, 365 (1983); ibid. Astrophys. J. 270, 371 (1983); ibid. Astrophys. J. 270, 384 (1983). [15] J. D. Bekenstein & M. Milgrom, Astrophys. J. 286, 7 (1984). [16] M. Milgrom, astro-ph/0510117.

[17] Finzi, J. Kuhn & L. Kruglyak, Astrophys. J. 313, 1 (1987); I. T. Drummond Phys. Rev. D 63, 043503 (2001); J. W. Moffat, JCAP 0505, 003 (2005).

[18] L. M. Griffiths, A. Melchiorri & J. Silk Astrophys. J. 553, L5-L10 (2001); D. Scott, M. White, J. D. Cohn & E. Pierpaoli astro-ph/0104435; A. Slosar, A. Melchiorri & J. Silk, astro-ph/0508048.

[19] S. McGaugh, Astrophys. J. Lett. 523, L99 (1999); R. H. Sanders, Astrophys. J. 560, 1 (2001); S. McGaugh, Astrophys.

J. 611, 26 (2004).

[20] C. Skordis, D. F. Mota, P. G. Ferreira & C. Bœhm, astro-ph/0505519 (accepted in Phys. Rev. Lett.). [21] D. F. Mota, C. Bœhm, P. G. Ferreira, & C. Skordis (in preparation). [22] A. Lue & G. D. Starkmann, Phys. Rev. Lett. 92, 131102 (2004). [23] D. Giannios, Phys. Rev. D 71, 103511 (2005).

[24] J. D. Bekenstein, in ”Second Canadian Conference on General Relativity and Relativistic Astrophysics”, edited by A. Coley, C. Dyer and T. Tupper (World Scientific, Singapore, 1988), p. 68.

[25] J. D. Bekenstein, Phys. Lett. B 202, 497 (1988).

[26] J. D. Bekenstein in Developments in General Relativity, Astrophysics and Quantum Theory, edited by F. I. Cooperstock, L. P. Horwitz, and J. Rosen (IOP Publishing, Bristol, 1990), p. 156.

[27] J. D. Bekenstein, in Proceedings of the Sixth Marcel Grossman Meeting on General Relativity, edited by H. Sato & T.

Nakamura (World Scientific, Singapore, 1992), p. 905. [28] R. Romatka, PhD Dissertation (University of Munich, 1992). [29] J. D. Bekenstein, Phys. Rev. D 48, 3641 (1993). [30] J. D. Bekenstein & R. H. Sanders, Astrophys. J. 429, 480 (1994).

[31] R. H. Sanders, Astrophys. J. 480, 492 (1997); ibid. astro-ph/0502222 (accepted in MNRAS). [32] T. Jacobson & D. Mattingly, Phys. Rev. D 64, 024028 (2001); ibid. Phys. Rev. D 70, 024003 (2004). [33] M-C. Chiu, C-M. Ko & Y. Tian, astro-ph/0507332; H-S. Zhao, D. J. Bacon, A. N. Taylor & K. Horne, astro-ph/0509590. [34] B. Famaey & J. Binney, astro-ph/0506723, (accepted in MNRAS). [35] E. M. Lifshitz, J. Phys. USSR, 10, 116 (1946).

[36] E. M. Lifshitz & I. M. Khalatnikov, Adv. Phys. 12, 185 (1963); W. M. Irvine, Ann. Phys. 32, 322 (1965); J. Silk, Astrophys.

J. 143, 689 (1966); R. K. Sachs & A. M. Wolfe, Astrophys. J. 147, 73 (1967); Harisson, Rev. Mod. Phys. 39, (196); [37] W. H. Press & E. T. Vishiac, Astrophys. J. 239, 1 (1980).

[38] U. H. Gerlach & U. K. Sengupta, Phys. Rev. D 18, 1789 (1978); J. M. Bardeen, Phys. Rev. D 22, 1882 (1980); H. Kodama & M. Sasaki, Prog. Theo. Physi. Supp. 78, 1 (1984); M. Kasai & K. Tomita, Phys. Rev. D 33,1576 (1986); V. F. Mukhanov, H. A. Feldman & R. Brandenberger, Phys. Rep.215, 206 (1992); R. Durrer, Fund. Cosmic Phys. 15, 209 (1994).

[39] S. W. Hawking, Astrophys. J. 145, 544 (1966); G. F. R. Ellis & M. Bruni, Phys. Rev. D 40, 1804 (1989); G. F. R. Ellis, J. Hwang & M. Bruni, Phys. Rev. D 40, 1819 (1989).

[40] J. Hwang & H. Noh, Phys. Rev. D 65, 023512 (2002); ibid. Class.Quant.Grav. 19, 527 (2002) [41] R. M .Wald, General Relativity, The University of Chicago Press, Chicago and London, 1984. [42] C. W. Misner, K. S. Thorne & J. A. Wheeler, Gravitation, W. H. Freeman, 1973.

[43] One can perform the variation using either δg^{μν} or δgμν . At first this does not give the same set of equations, the difference being a term proportional to AμAν . Since this is of the same form as the term involving the Lagrange multiplier, one can always redefine the Lagrange multiplier to eliminate the different term. This boils down to the fact that Aμ is not unit-timelike at the level of the action which means that (1) and (2) are not inverses until after the variation. In fact the original equations derived in [1] (which are the same as the ones presented here) are the simplest possible given the above reparametrization of the Lagrange multiplier. I thank J. D. Bekenstein for pointing this out to me.