arXiv:astro-ph/0512406 v2 28 Feb 2006

Reconstructing K-essence

A. A. Sen‡

Department of Physics and Astronomy, Vanderbilt University, Nashville, TN 37235

Abstract. We present a model independent method of reconstructing the Lagrangian for the k-essence field driving the present acceleration of the universe. We consider the simplest k-essence model for which the potential is constant. Later we use three parametrizations for the Hubble parameter H(z), consistent with recent the SN1a data, to yield the Lagrangian F . Our reconstruction program does not generate any physically realistic Lagrangian for models that allow phantom crossing, whereas models without phantom crossing, yield well behaved Lagrangians.

PACS numbers: 98.80.-k, 98.80.Es, 98.70.Vc

1. Introduction

One of the most interesting observational discoveries in the past decade has been the evidence that the expansion of the universe is speeding up rather than slowing down. A currently accelerating universe is strongly favored by type Ia supernova data [1]. Recent observations of cosmic microwave background radiation (CMBR) by the Wilkinson Microwave Anisotropy Probe (WMAP) experiment [2] and of the large scale structure by redshift surveys e.g the Sloan Digital Sky Survey (SDSS) [3] and the 2-Degree Field (2df) redshift survey [4] have further strengthened this result. This result together with the observational evidence that we are living in a low matter density (around 30% of the critical density) flat (Ω_{total} = 1) universe, suggests the existence of a relatively smooth component called “dark energy” which dominates the energy density of the universe and also has a large negative pressure.

Although a simple cosmological constant Λ (ω = −1) can serve the purpose of this dark energy, it faces a serious problem of fine tuning (for details, see recent review by Padamnabhan [5]). The alternative possibility called quintessence [6], is a varying Λ model, where dark energy arises from a minimally coupled scalar field rolling over its potential. For a sufficiently flat potential, the potential energy term dominates and the scalar field can mimic Λ.

Recently, an alternative possibility, that of an effective scalar field theory governed by a Lagrangian containing a non-canonical kinetic term (L = −V (ϕ)F (X), where X = (1/2)∂_μϕ∂^μϕ) has been proposed. Such a model can lead to a late time acceleration in the present universe and is named as “k-essence” [7]. It is worth noting that the

‡ email: anjan.sen@vanderbilt.edu

Generalized Chaplygin Gas model [8] and the tachyon dark energy models [9] may be seen as special cases of k-essence (e.g k-essence with a constant potential can mimic simple Chaplygin gas (CG) model [10]).

From the theoretical side, it is not only important to check whether dark energy is a constant or dynamical, but also if dynamical, it is equally important to know the Lagrangian for the underlying field. For a minimally coupled scalar field model, a number of studies have been done for reconstructing the potential for this scalar field in a model independent way by using observational data [11]. Recently Tsujikawa has studied the reconstruction of the potential function V (ϕ) in the k-essence Lagrangian once one assumes a certain form for the kinetic energy function F (X) [12]. But until now, there is no attempt in the literature to reconstruct in a model independent way the function F (X) in the k-essence Lagrangian.

In this work, we propose a algorithm (similar to that proposed by Simon et al. [13] for a minimally coupled scalar field model) to reconstruct F (X) in a model independent way. For present purposes, we restrict ourselves to the case where the potential V (ϕ) is a constant. Using this algorithm and three specific ansatzes for the Hubble parameter H(z) (consistent with the supernova observations), we reconstruct F (X) in the redshift range between z = 0 and z = 1.7 which is the current range for the supernova data.

2. Cosmological reconstruction of F (X)

In a spatially flat FRW universe, the luminosity distance D_L(z) and the coordinate distance r(z) to an object at redshift z are related as r = ∫_{t0} t dt a(t) = D_L(z) 1 + z

, (1)

where we have assumed the speed of light c = 1 and a_0 = 1, a(t) is the scale factor and quantities with subscript zero denote the values at present time (z = 0). This defines uniquely the Hubble parameter H(z) = ȧ a = [ d dz ( D_L(z) 1 + z )]_{−1} . (2)

This is a purely kinematic relation and does not depend on the choice of the matter part or the model of gravity. Hence knowing D_L(z) from observations, one can unambiguously determine the Hubble parameter H(z).

Next, analogous to the inflationary Hubble-flow parameter, we define the quantity [13],

ϵ_{n+1} = d log |ϵ_n| dN , (3)

for n ≥ 0, where N = log[a(t_i)/a(t)] is the number of e-foldings from some initial epoch t_i and ϵ_0 =^{Hi}_H . One can now calculate ϵ_1 as

ϵ_1 = d log |ϵ_0| dN = − Ḣ H^2

= q + 1, (4) where q is the deceleration parameter. Similarly one can show

ϵ_2 = −(1 + z) d dz [log(q + 1)], (5)

which is related to the jerk parameter j = q+2q^2+^{dq}_{dz} [14], and also ϵ_3 = −(1+z)^d_{dz} log(ϵ_2) which is related to the snap parameter s [14] (These are similiar to the “Statefinder” parameters [15]) . We should emphasize that current supernova data can constrain up to the third derivative of the scale factor which means the deceleration parameter q and the jerk parameter j can be determined.

Next, we define the energy density and pressure for a k-essence fluid. For a k-field ϕ with a Lagrangian L = −V (ϕ)F (X), where X =^1_2 ∂_μϕ∂^μϕ > 0, the energy density and pressure are given by ρ_ϕ = V [F − 2XF^′ ] p_ϕ = − V F, (6) where F^′ =^{dF}_{dX} . One can now write Einstein’s equation for a flat FRW universe as 3H^2 = κ^2[ρ_m + ρ_ϕ] ä a = − κ^2 6 [ρ_m + ρ_ϕ + 3p_ϕ], (7)

where κ^2 = 8πG and we neglect the radiation contribution as it is quite negligible around the present epoch and ρ_m = ρ_{baryon} + ρ_{dm} is the sum of the contributions coming from baryons and dark matter.

In our subsequent calculations, we shall restrict ourselves to the simple k-essence models for which the potential V = V_0=constant. This case was first considered in [16] and later discussed by a number of authors [17, 21, 18, 22, 19, 20]. In this case one can show that

ϵ_1 = 3 2 ρ_m − 2XF^′ ρ_m + [F − 2XF^′ ]

, (8)

where we have assumed V_0 = 1 without any loss of generality. Also, using Einstein’s equations and the expressions for ρ_ϕ and p_ϕ, one can write F = H^2 κ^2

[3 − 2ϵ_1] (9)

Using eqns (8) and (9), one can now write − XF^′ = ϵ_1H^2 κ^2 − ρ_m 2 . (10)

In our subsequent calculations, we shall use eqns (9) and (10) for reconstructing F (X). Next using the relation ϵ_1 =^{(1+z)}_H^{dH}_{dz} , one can write eqn (9) as F = H^2 k^2

[3 − 2(q + 1)], (11)

which at the present epoch becomes

F_0 =

H^2_0 κ^2

[3 − 2(q_0 + 1)]. (12)

Figure 1. Reconstructed F for Ansatz 1 and 2. The solid line is for ansatz 1 and the dashed line is for ansatz 2. . Hence knowing H(z) from observation, one can reconstruct F (z). Also using eqn (9) one can determine F^′ (z)|_0 (here prime denotes derivative w.r.t the argument z):

F^′ (z) =

2H^2 k^2 ϵ_1 1 + z

[3 − 2ϵ_1 + ϵ_2] , (13)

which gives F (z) at present:

F^′ (z)|_0 =

2H^2_0 k^2

[3(q_0 + 1) − 2(q_0 + 1)^2 − ( dq dz )|_0]. (14)

Similarly one can determine F^{′′} (z), F^{′′′} (z) and so on at present epoch. One can always make a Taylor expansion of F (z) around the present epoch z = 0:

F (z) = F_0 + (F^′ |_0)z + 1 2! (F^{′′} |_0)z^2 + .... (15)

Hence it is always possible to determine the approximate behavior of F (z) around the present epoch by knowing H(z), q(z), q^′(z), q^{′′} (z) etc at present (z = 0) from supernova observations even if one does not know the full evolution of H(z). Current supernova data can only determine up to q^′ (z = 0) [14], hence in this way one can determine F (z) around the present epoch up to only linear order. But as future observations start probing the universe at higher redshifts, one can determine the higher derivatives of q(z), and hence the higher order behavior of F (z). This provides a nice and useful method of determining the behavior of F (z) around the present epoch from future distance-redshift observations.

But our goal is to reconstruct F (X), which is not what eqn (11) or (15) provides. For this, we consider the energy conservation equation for the K-Field:

(F^′ (X) + 2XF^{′′} (X))ϕ̈ + 3HF^′ (X)ϕ̇ = 0 (16)

which gives a first integral for F (X) as [19, 17, 21]

XF^{′2}(X) = c(1 + z)^6, (17)

where c is an arbitrary integration constant. One can now use eqn (10) to write c as √ c = H^2_0 κ^2 1 √ X_0 [ 3 2 Ω_{m0} − ϵ_1(z = 0) ] , (18)

where X_0 is the present day value of X and Ω_{m0} is the present day density parameter for matter. Using this expression for c, one can now write X X_0

= E^4(z)

[_3 2 Ω_{m0} E^2(z) − ϵ1(1 + z) −3 ]_2

[_3 2 Ω_{m0} − ϵ_1(z = 0)

]_2 . (19)

where E(z) =^H_{H0} . Eqns (11) and (19) constitute the main equations for our reconstruction procedure. Eqn. (11) gives F as a function of z and Eqn. (19) gives X as a function of Z. Hence together, they determine F (X). This is important as we want to know F (X) not F (z).

As mentioned above, our method of successful reconstruction of F (X) depends on a sufficiently versatile fitting function for H(z). For our purpose we shall use the following flexible and model independent ansatzs: Ansatz 1:

H(z) = H_0[Ω_{m0}(1 + z)^3 + A_0 + A_1(1 + z)

+ A_2(1 + z)^2]^{1/2}. (20)

This has been proposed by Alam et al. [23, 24]. For a flat universe, the model has three independent parameters as Ω_{m0} +A_0+A_1+A_2 = 1. For A_1 = A_2 = 0 the ansatz becomes an exact ΛCDM model. For A_0 = A_2 = 0 and for A_0 = A_1 = 0, it gives a dark energy model with ω = −2/3 and ω = −1/3 respectively. It has also been shown by Alam et al. [23] that even for models where this ansatz is not exact, like tracker quintessence models, supergravity models or k-essence models like the Chaplygin gas, one can recover the luminosity distance to within 0.5% accuracy using this ansatz in the redshift range that is relevant for supernova observations. Hence one can trust this ansatz to recover cosmological quantities to a high degree of accuracy for a large class of models. Best fit values for the parameters A_1 and A_2 for Ω_m = 0.3 are A_1 = −4.16 and A_2 = 1.67, for the SN1a Gold dataset [23] and will be used for subsequent reconstruction.

Figure 2. Variation of X/X_0 (solid line), F (dashed line) and equation of state for k-essence field (dot-dashed line) for Ansatz 1 . Ansatz 2:

w(z) = w_0 + w_1z 1 + z

, (21)

where w_0 and w_1 are constants. This ansatz was first discussed by Chevallier and Polarski [26] and later studied more elaborately by Linder [25]. For low redshifts, the ansatz reduces to the conventional first order expansion to the equation of state w = w_0 + w_1z. It is also well behaved and bounded for high redshifts and can mimic several scalar field equations of state. For example, for the supergravity model, the ansatz can mimic the distance-redshift behavior to 0.2% up to redshift z ∼ 1100. The best fit values for this model while fitting with the SN1a gold dataset are w_0 = −1.58 and w_1 = 3.29 for Ω_m = 0.3 [23]. We shall use these values for the parameters for the reconstruction. Ansatz 3:

H(z) = H_0[Ω_{m0}(1 + z)^3 +(1 − Ω_{m0})(A_s + (1 − A_s)(1 + z)^{3(1+α)})^{1/(1+α)}]^{1/2} (22)

where A_s and α are constant. This ansatz for the Hubble parameter H(z) can be obtained by modeling the dark energy as Generalized Chaplygin gas with an equation of state p_{ch} = −^A_{ραch} [8]. By choosing different ranges for the parameters A_s and α, this ansatz can behave as standard dark energy model with asymptotic de-Sitter phase, early phantom model, late phantom phantom model as well as transient model where

Figure 3. Variation of X/X_0 (solid line), F (dashed line) and equation of state for k-essence field (dot-dashed line) for Ansatz 2 . the present acceleration of the universe is only temporary as it again enters the dustdominated decelerating phase in future. Recently it has been shown that current SN1a gold data can allow all four behaviors of this model with suitable choice of the matter density parameter Ω_{m0} [27]. For our analysis, we have considered four combinations of (A_s, α): (0.95, 0.2), (0.85, -1.2), (1.1 -0.8) and (1.5, -1.7), which result in the standard, transient, early phantom and late phantom phases respectively for Ω_{m0} = 0.2, 0.25, 0.3 and 0.35. All these combinations for (A_s, α) are within the 1σ confidence contour for SN1a Gold dataset [27]. Results:

In Fig 1, we have plotted the reconstructed F as a function of X/X_0 for ansatz 1 and 2. For both of these ansatzes, the reconstructed F(X) is a double-valued function of X. This behaviour of F (X) is not what one should expect for any physically realistic Lagrangian. To see the reason behind this pathological behaviour for F (X), one has to carefully study the equations. First of all, one can see both of these ansatzes allow the crossing of the phantom divide (ω = −1) [28]. Also X(z) has a minimum in both cases with X_{min} = 0 and the minimum occurs precisely when the equation of state crosses the phantom divide ω = −1 (see Fig 2 and 3). On the other hand, F is a monotonically decreasing function with z within the relevant redshift range. This forces F to be a double-valued function of X when F doubles back on itself at X = 0. Hence one might suspect that this unphysical behaviour of F (X) is due to the crossing of phantom divide. To see that this is actually the reason, let us consider the equation of

Figure 4. Reconstructed F(X) for anstaz 3 for four different cases (See text) . state of the k-essence fluid: ω = F (X) 2XF^′ (X) − F (X) . (23)

In order to have ω = −1, one should have X = 0, or F^′ (X) = 0, or both. But looking at the equation of motion (eqn 17), one concludes that it is not possible (except at future infinity z = −1), unless X = 0 and F^′ (X) → ∞ as^{1√}_X , so that the l.h.s of eqn. 17 remains finite. Also, to cross the boundary ω = −1, F^′ (X) should change its sign at X = 0. These two conditions (e.g F^′ (X) diverges and changes sign at X = 0) together single out the sole possibility of F (X) being a double-valued function and crossing back on itself at X = 0, the point of phantom crossing. This rules out any physically realistic Lagrangian F (X) for a k-essence field which allows phantom crossing. This is consistent with earlier results by Vikman [29] and Caldwell and Doran [30] who have made a more elaborate study for phantom crossing with a k-essence field and arrived at similar conclusions. (see also the more recent investigation [31].)

But one can check that restricting the equation of state from crossing the phantom divide can result in a well-behaved reconstructed F (X). This happens for our ansatz 3 which although perfectly consistent with the recent SN1a data, never crosses the phantom divide. In this case the reconstructed F (X) is shown in Fig 4 for four different models and it can be seen that F (X) is a perfectly well-behaved single valued function for all four cases. It is also interesting to note that for standard and transient models (non-phantom cases), F is a monotonically decresing function of X whereas for early and late phantom models, it is an increasing function of X (see Fig. 4). This is because

Figure 5. Variation of X(z) (solid line) and F(z) (dashed line) for four different cases (See Text) for ansatz 3 . for X > 0, the sign of^{F ′ (X)}_{F (X)} is related to the value of ω (see Eqn.(23)) and for phantom models, F^′ (X) > 0, whereas for non-phantom case, F^′ (X) < 0 as F (X) is always positive for all four cases in the relevant redshift range (see Fig 5).

The behaviors of X(z) and F (z) for this ansatz are shown in Fig 5.

3. Conclusion

In this work, we have proposed a method for reconstructing the k-essence Lagrangian for constant potential. In doing so, we have defined the parameters ϵ_n, which are similar to the horizon-flow parameters for inflation. Using these parameters, we have related F (z) and F^′(z) to the directly observable quantities like Ω_m, q(z), H(z). Equations (11) and (19) are the core of our reconstruction program. By knowing H(z) from distanceredshift measurements like SNIa observations, one can reconstruct F as a function of redshift z and X, the kinetic energy. Later, we have used three well known ansatz for H(z), in order to reconstruct F for z = 0 to z = 1.7 which is the current redshift range for SNIa data. We should emphasize that our reconstruction program only involves that portion of F (X) over which the field evolves to give the required H(z) and is insensitive to certain ranges in X.

Our study shows that in order to have a physically realistic k-essence Lagrangian

Reconstructing K-essence 10

F (X), the crossing of the phantom boundary ω = −1 is forbidden. For ansatzes 1 and 2, which allow the phantom crossing, the reconstructed F ’s are physically unrealistic double-valued functions of X. This result is consistent with earlier investigations with similar conclusion [29, 30, 31]. For ansatz 3, which is also consistent with SN1a data but does not allow phantom crossing, the reconstructed F (X) is a well-behaved, single valued function. The result also shows that one has to be careful while choosing different ansatzes for H(z) or ω(z) for dark energy to fit different observational data. While some of them are perfectly consistent with observation, it may not be possible to relate them to any physically realistic theory.

4. Acknowledgment

I would like to thank Robert J. Scherrer for carefully reading the manuscript and providing important suggestions and comments. I also thank M. Doran for helpful discussions. The author is also grateful to the anonymous referee pointing one crucial error in Fig 2 and Fig 3.

References

[1] A. G. Riess et al., Ap. J. 607, 665 (2004); J. L. Tonry et al., Ap. J. 594, 1 (2003); B. J. Barris et al., Ap. J. 602, 571 (2004).

[2] D. N. Spergel et al., Ap. J. Supp. 148, 175 (2003). [3] U. Seljak et al., Phys. Rev. D 71, 103515 (2005). [4] 1.15 A. G. Sanchez et al., astro-ph/0507583. [5] T. Padmanabhan Physics Reports 380, 235 (2003).

[6] B. Ratra and P.J.E. Peebles, Phys. Rev. D37, 3406 (1988); C. Wetterich, Nucl. Phys. B 302, 668 (1988); R.R. Caldwell, R. Dave and P.J. Steinhardt, Phys. Rev. Lett. 1.15 80, 1582 (1998).

[7] C. Armendariz-Picon, V. Mukhanov, P. J. Steinhardt, Phys. Rev. D 63, 103510 (2001). [8] A. Y. Kamenshchik, U. Moschella, and V. Pasquier, Phys. Lett. B 511, 265 (2001); N. Bilic, G. B. Tupper, and R. D. Viollier, Phys. Lett. B 535, 17 (2002); M. C. Bento, O. Bertolami, and A. A. Sen, Phys. Rev. D 66, 043507 (2002).

[9] T. Padmanabhan, T. Roy Choudhury Phys. Rev. D66, 081301 (2002). [10] A. Frolov, L. Kofman and A. Starobinsky Phys. Lett. B 545, 8 (2002).

[11] A. A. Starobinsky JETP Lett 68, 757 (1998); D. Huterer and M. S. Turner Phys. Rev. D60, 081301 (1999); T. Nakamura and T. Chiba, Mon. Not. R. Ast. Soc. 306, 696 (1999); T. D. Saini et al. Phys. Rev. Lett. 85, 1162 (2000).

[12] S. Tsujikawa, astro-ph/0508542.

[13] J. Simon, L. Verde and R. Jimenez, Phys. Rev. D 71, 123001 (2005). [14] M. Visser Class. Quantum Gravity 21, 2603 (2004).

[15] V. Sahni et al. JETP Lett 77, 201 (2003); U. Alam et al. Mon. Not. R. Ast. Soc. 344, 1057 (2003). [16] C. Armendariz-Picon, T. Damour and V. Mukhanov, Phys. Lett. B 458, 209 (1999). [17] R. J. Scherrer, Phys. Rev. Lett. 93, 011301 (2004).

[18] C. Armendariz-Picon, V. Mukhanov and P. J. Steinhardt Phys. Rev. Lett. 85, 4438 (2000). [19] L. P. Chimento, Phys. Rev. D 69, 123517 (2004).

[20] J. M. Aguirregabiria, L. P. Chimento and R. Lazkoz, Phys. Rev. D70, 023509 (2004). [21] T. Chiba, Phys. Rev. D 66, 063514 (2002). [22] L. P. Chimento and A. Feinstein, astro-ph/0305007. [23] U. Alam et al. Mon. Not. R. Ast. Soc. 354, 275 (2004).

Reconstructing K-essence 11

[24] U. Alam, V. Sahni and A. A. Starobinsky JCAP 0406, 008 (2004). [25] E. V. Linder Phys. Rev. Lett. 90, 091301 (2003).

[26] M. Chevallier and D. Polarski, Int. J. Mod. Phys. D10, 213 (2001). [27] A. A. Sen and R. J. Scherrer, Phys. Rev. D 72, 063511 (2005). [28] R. R. Caldwell, Phys. Lett. B 545, 23 (2002). [29] A. Vikman, Phys. Rev. D 71, 023515 (2005).

[30] R. R. Caldwell and M. Doran, Phys. Rev. D 72, 043527 (2005). [31] L. R. Abramo and N. Pinto-Neto, astro-ph/0511562.