arXiv:astro-ph/0604154 v2 4 Sep 2006

Ghosts, Instabilities, and Superluminal Propagation in Modified Gravity Models

Antonio De Felice^{1∗}, Mark Hindmarsh^{1†}, Mark Trodden^{2‡} 1Department of Physics & Astronomy, University of Sussex, Brighton BN1 9QH, United Kingdom.

2Department of Physics, Syracuse University, Syracuse, NY 13244-1130, USA.

Abstract

We consider Modified Gravity models involving inverse powers of fourth-order curvature invariants. Using these models’ equivalence to the theory of a scalar field coupled to a linear combination of the invariants, we investigate the properties of the propagating modes. Even in the case for which the fourth derivative terms in the field equations vanish, we find that the second derivative terms can give rise to ghosts, instabilities, and superluminal propagation speeds. We establish the conditions which the theories must satisfy in order to avoid these problems in Friedmann backgrounds, and show that the late-time attractor solutions generically exhibit superluminally propagating tensor or scalar modes.

∗ a.de-felice@sussex.ac.uk † m.b.hindmarsh@sussex.ac.uk ‡ trodden@physics.syr.edu

I. INTRODUCTION

The strong observational evidence for an accelerating universe [1–10] has sparked a widespread search for a dynamical explanation. Beyond a bare cosmological constant, a plethora of other models have been proposed, with quintessence - a dynamical scalar field that behaves essentially as a modern day inflaton field, - being perhaps the simplest example (see [11–14]). In this context, many potentials have been introduced that yield late-time acceleration and tracking behaviour (see [15–24]).

Among other approaches, Modified Gravity Models have attracted great interest (see [25– 37]) but also some criticism, partly because they were introduced as purely phenomenological models, but more seriously because it was not clear that they possessed a satisfactory Newtonian limit in the solar system, or that they were free of ghosts (see [38–43]).

In this paper, we investigate the propagating degrees of freedom of the so-called CDDETT model [26]. There already exist detailed studies of the Newtonian limit [44] and the Supernovae contraints [45] for this model. Here we derive conditions that they be free of ghosts, and that they have a real propagation speed less than or equal to that of light.

As we review below, a transformation of the action shows that Modified Gravity models are equivalent to a number of scalar fields linearly coupled to higher order curvature invariants. In the case in which these curvature invariants are fourth order, the relevant one for the Modified Gravity models of Refs. [25, 26], we obtain conditions for the propagating degrees of freedom to be well-behaved in their late-time attractor solutions (Friedmann-Robertson Walker spacetimes with accelerating expansion). This extends previous work which established their consistency in de Sitter backgrounds [38, 39, 44].

We find that while untroubled by ghosts, the accelerating power-law attractors in general have superluminal tensor and scalar modes, which may place severe theoretical constraints on these models.

II. THE PHYSICAL DEGREES OF FREEDOM

Our starting point is the action proposed in [26], which we write in the form S = ∫ d^4x √ −g [γ R − θ_μ μ^{4n+2} f(Z_i)] , (1) where γ is a constant, Z_1 ≡ R^2, Z_2 ≡ R_{αβ} R^{αβ} and Z_3 ≡ R_{αβγδ} R^{αβγδ}. We have introduced θ_μ = sign(μ) for generality, but note that its presence does not change the late time behaviour of the accelerating attractors, since for an accelerating universe both the R (Einstein-Hilbert) term and the dark matter density become negligible (in other words the exponent of the power law attractor does not depend on μ, see [26]). Finally, we take the function f(Z_i) to be of the form f(Z_i) = 1 (a_i Z_i)^n

, (2) where a sum over i is implied.

The action (1) can be written as that of Einstein gravity coupled to a scalar field, a form more suitable for analysing the propagating degrees of freedom (see the Appendix for a general analysis). Consider S = ∫ d^4x √ −g [ γ R − θ_μ μ^{4n+2} ( n + 1 ϕ^n − n ϕ^{n+1} a_i Z_i )] , (3)

where, of course, ϕ ≠ 0, otherwise the action is not finite. The variation of this action with respect to ϕ leads to ϕ = a_i Z_i , (4) and, using this relation, action (3) and action (1) yield the same equations of motion. Note that when a_2 = −4 a_3 and a_1 = a_3, this action is equivalent to Einstein-Hilbert gravity coupled to a single scalar through a Gauss-Bonnet (GB) term R^2_{GB} = R^2 − 4R_{μν} R^{μν} + R_{μνρσ} R^{μνρσ} .

The coupling of a scalar field with a quadratic expression of the curvature invariants emerges naturally in the context of string theory. In particular, as was shown in [46] by Gross and Sloan, in the low-energy effective action the dilaton is coupled to a Gauss-Bonnet term. It is well known that such a term, expanded about a Minkowski vacuum, ensures that the theory is ghost-free (see [47]).

It might then seem that taking the a_i to be the GB combination is a sensible choice, because string theory predicts such a coupling to exist and string theory does not have ghosts. However, in models like ours, for which Minkowski spacetime is not a solution, choosing the GB combination of parameters a_i is not a sufficient condition for the non-existence of ghosts.

A ghost is a propagating degree of freedom whose propagator has the wrong sign, and which therefore gives rise to a negative norm state on quantisation. Such states are allowed off-shell in gauge field perturbation theory, but are unacceptable as physical particles. A theory of gravity with fourth order derivatives in the kinetic term inevitably has ghosts [48, 49], but even a theory with second order derivatives alone has other potential problems. Once we break Lorentz invariance, as in a Friedmann-Robertson-Walker (FRW) background, the kinetic terms of a field, even though second order in derivatives, may still have the wrong sign, or may give rise to a propagation speed which is greater than 1, or imaginary. To see this in more detail, consider the action for a scalar field ϕ, S = ∫ d^4x √ −g ( 1 2 T (t)ϕ̇^2 − 1 2 S(t)∇ϕ^2 ) . (5)

The propagation speed of this scalar is v_ϕ = √ S/T . One may wish to impose one or more of the following conditions

1. A real propagation speed: S/T > 0, otherwise all perturbations have exponentially growing modes.

2. A propagation speed less than light: S/T < 1, we will talk about this issue more in detail in section III.

3. No ghosts: T > 0, to ensure a consistent quantum field theory.

Clearly, unless S and T are positive, and their ratio less than one, we will have instabilities, superluminal propagation, or ghosts. We will see that in studying the action for small perturbations of the metric in Modified Gravity theories we will generally encounter actions of the form (5).

If a_1 ≠ a_3, the action (1) can be written in terms of an Einstein-Hilbert term plus a particular extra piece involving two new scalar fields. Furthermore, because of the special properties of the Gauss-Bonnet term, the equations of motion are no longer 4th order, but remain 2nd order in the fields. Taking the action (3) and introducing a new scalar field σ, we have S = ∫ d^4x √ −g { [γ + 2b σ f(ϕ)] R − U(ϕ) − bσ^2f(ϕ) + f(ϕ)R^2_{GB} } , (6)

where

U(ϕ) = θ_μ μ^{4n+2} n + 1 ϕ^n (7) f(ϕ) = a_3 θ_μ μ^{4n+2} n ϕ^{n+1} , (8)

with b ≡ a_1/a_3 − 1, and R^2_{GB} the Gauss-Bonnet invariant.

Making a field redefinition σ ≡ χ/(2bf), the equation of motion for χ is χ = 2bfR, and the gravitational equations then become (γ + χ) R_{αβ} − ∇_α∇_βχ + g_{αβ} □χ − 2 R ∇_α∇_βf + 2 g_{αβ} R □f + 8R_{(αν} ∇_{β)}∇^ν f −4 R_{αβ} □f − 4 g_{αβ} R^{ρσ} ∇_ρ∇_σf − 4 R_{(α}^{στ}_{β)} ∇_σ∇_τ f −^1_2 g_{αβ} [ (γ + χ) R −^{χ2}_{4 b f} − U ] = 0 . (9)

Independent of the background, after application of the Bianchi indentities these equations are second-order in derivatives of the fields, thanks to the Gauss-Bonnet combination.

It is known that adding terms quadratic in the curvature invariants to the Einstein-Hilbert action with a cosmological constant yields an extra scalar mode and a spin-2 mode, which is generically a ghost because of its fourth-order field equation (see [49–52]). Thus, provided we are expanding around a constant ϕ background, such as de Sitter space, we can directly infer that Modifed Gravity models are generically afflicted by spin-2 ghosts. However, in our case, it is clear that the higher derivative terms cancel out identically because a_2 = −4 a_3, as was already found in [38, 39, 53]. The remaining extra scalar degree of freedom, χ, is due to the presence of the extra R^2 term in the lagrangian, which vanishes if a_1 = a_3.

Crucially though, the vanishing of the fourth order term is a necessary but not sufficient condition for the absence of ghosts in the spin-2 sector. As we described above, one must also separately check the signs of the second order derivatives with respect to both time and space (a check was not performed in [53]).

In this paper we derive and study the kinetic terms for both the spin 0 and spin 2 fields in time-dependent backgrounds, to which derivatives of f contribute. We find that both fields may be afflicted by instabilities or ghosts, contrary to the claim of the absence of ghosts in FRW spacetimes made in [53]. We show that the special case of an empty accelerating universe – the late-time attractor of an FRW cosmology in the Modified Gravity model under consideration – the propagating states are generically (but not universally) superluminal over the (b, n) parameter space.

III. PROPAGATION IN FRW SPACETIMES

If the second order derivatives of the spin-2 and spin-0 fields do not have the correct signs in FRW spacetimes, then the theory may be inconsistent. The existence of a ghost mode would lead, for example, to the over-production of all particles coupled to it. One may think of a theory with ghosts as an effective theory, with no ghosts above some cutoff, thereby restoring consistency (see [54, 55]). However, this cut-off must be less than about 3 MeV [55].

A further condition that one may wish to impose is that the propagation speeds be less than or equal to unity. One worry is that the existence of superluminal modes on the relevant cosmological backgrounds may lead to a catastrophic signature of causality violation (see e.g. [56]). Other authors [58–60]) have discussed the problem of superluminal propagation in non-lorentzian backgrounds and, in particular, have suggested that the presence of superluminal modes would introduce a second horizon, the so called sound horizon, different from the light causal horizon, which may lead to ambiguities and inconsistencies in black-hole thermodynamics [62]. Furthermore, it has been pointed out ([56, 59, 63]) that for some set of initial conditions, superluminal modes may yield ill-posed Cauchy problems. In particular, in our case, nothing prevents c^2_0 and c^2 - the respective speeds of the scalar and tensor modes - becoming infinite. In general this would lead to causally connected spatial sections and eventually to an ill-posed Cauchy problem.

On the other hand, in the context of non-commutative geometry, other authors have studied superluminal propagation and shown that there is no causality violation if there is a preferred reference frame [57].

Given these different possibilities, in this paper we will present the constraints from superluminal propagation in a clearly distinct way from those arising from ghosts, so as to allow readers to impose fewer or more constraints, depending on the particular theory they are working with.

A. Pure Modified Gauss-Bonnet Gravity

In this section we begin with the special case S = ∫ d^4x √ −g ( γR + f(ϕ)R^2_{GB} − U(ϕ) ) , (10)

which we refer to as the Modified GB action. We vary with respect to ϕ and g_{αβ} , write δg_{αβ} = h_{αβ}, so that δg^{αβ} = −h^{αβ}, and use the many useful identities contained in Ref. [48] to derive δ_ϕS = ∫ d^4x √ −g ( R^2_{GB}f^′(ϕ) − U^′(ϕ) ) δϕ (11) δ_gS = ∫ d^4x √ −g { 1 2 R [ (γ − 4 □f) g^{αβ} + 4∇^β ∇^αf ] −R^{μν} [ (γ − 4 □f) δ^α_μ δ^β_ν − 4(∇_ν ∇_μf)g^{αβ} + 8(∇^ρ∇_μf)δ^{(α}_ρ δ^{β)}_ν ] +R^α_{νρ}^β(4∇^ρ∇^ν f) − 1 2 U(ϕ)g^{αβ} } h_{αβ} . (12)

In order to establish whether the theory is stable and ghost free, we must examine the second variation of the action. This can be organized as before,

δ^2S = δ^2_ϕS + 2δ_gδ_ϕS + δ^2_g S . (13)

The easiest term is δ^2_ϕS = ∫ d^4x √ −g ( R^2_{GB}f^{′′}(ϕ) − U^{′′}(ϕ) ) δ^2ϕ , (14) and we can simplify the mixed term using the field equation for ϕ, to obtain δ_gδ_ϕS = ∫ d^4x √ −g (δ_gR^2_{GB})δf, where δf = f^′(ϕ)δϕ. After integration by parts we then have δ_gδ_ϕS = ∫ d^4x √ −g h_{αβ} [ (4R^{αβ} − 2Rg^{αβ} )g^{ρσ} +(2Rg^{βρ}g^{ασ} + 4R^{ρσ} g^{αβ} − 8R^{σ(β} g^{α)ρ}) + 4R^{ασρβ} ] ∇_ρ∇_σδf . (15) We simplify the final term using the field equation for g_{αβ}, and organise according to the number of derivatives of h_{αβ}. In order to check that the original action is ghost free, we need to establish that the fourth order terms vanish, and that terms involving two derivatives of the metric have the appropriate sign.

It is already straightforward to see from Eq. (12) that there can be no fourth order derivatives, as the terms containing derivatives of the Riemann and Ricci tensors, and the Ricci scalar, have already cancelled. The remaining second order terms are

δ^2_g S_{(2)} = ∫ d^4x √ −g h_{αβ} { − 1 4 [ (γ − 4□f)g^{αβ} + 4∇^β∇^αf ] ( □h + ∇^δ∇^γ h_{γδ} )

+ 1 2 [ (γ − 4□f)δ^α_μ δ^β_ν − (4∇_ν ∇_μf)g^{αβ} + (8∇^ρ∇_μf)δ^{(α}_ρ δ^{β)}_ν ] × (□h^{μν} + ∇^ν ∇^μh − ∇^μA^ν − ∇^ν A^μ) + 1 2 [4∇_ρ∇_ν f] ( ∇^ρ∇^ν h^{αβ} + ∇^β∇^αh^{νρ} − ∇^β∇^ρh^{αν} − ∇^β∇^ν h^{αρ} ) } , (16)

where A^μ = ∇_ν h^{μν} .

In an FRW space-time, the background fields break Lorentz invariance, with

g_{μν} = a^2(τ )η_{μν} , (17) ∇_ν ∇_μf = δ^0_μδ^0_ν B(τ ) + g_{μν} g^{00}C(τ ), (18)

where B = f^{′′} − 2Hf^′, C = Hf^′ (and where we have assumed spatial flatness). Here a prime denotes a derivative with respect to conformal time τ , and H ≡ a^′/a. In this background it is convenient to decompose the metric perturbation into scalar, vector and tensor modes in the usual way. To check the sign of the kinetic term for the spin-2 particle, we first identify it in the expansion of the metric

h_{ij} = g^{(3)}_{ij} φ + γ_{|ij} + C_{(i|j)} + H_{ij} , (19)

(where the symbol | denotes covariant differentiation with respect to the spatial metric g^{(3)}_{ij} ) as the transverse, traceless (H^i_{j|i} = 0, H^i_i = 0) tensor mode H_{ij} . It is straightforward to show that the tensor part of the second variation which is second order in derivatives of h_{μν} is

δ^2_g S^T_{(2)} = ∫ d^4x √ −g [ 1 2 H_{ij} ( γ − 4g^{00}(B + C) ) □H^{ij} + 1 2 H_{ij} (4B)∇^0∇^0H^{ij} ] . (20)

Rearranging and using □ = ∇_0∇^0 + △ to display the time and space derivatives separately, we find δ^2_g S^T_{(2)} = ∫ d^4x √ −g [ 1 2 H_{ij} ( γ − 4g^{00}(B + C) ) △H^{ij} + 1 2 H_{ij} (γ − 4g^{00}C)∇_0∇^0H^{ij} ] . (21)

We therefore have two conditions for a stable theory free of ghosts: γ + 4 a^2 (f^{′′} − Hf^′) > 0, γ + 4 a^2

Hf^′ > 0 . (22)

The ratio of the coefficients of the second derivatives is the propagation velocity squared of the spin-2 mode. Therefore, in terms of physical time, t = ∫ a(τ )dτ and Planck units γ = 1/2, the condition that a background have a real and non-superluminal spin-2 propagation speed is

0 ≤ c^2 =

1 + 8f̈ 1 + 8Hḟ

≤ 1 , (23)

where a dot indicates a derivative with respect to t, and H ≡ ȧ/a. Further, the condition that the spin-2 mode not be a ghost is

0 < 1 + 8Hḟ , . (24)

The same strictures apply to the scalar (spin-0) mode, whose kinetic term is much more difficult to evaluate. Fortunately, our Lagrangian is a special case of a class of theories studied in Ref. [64]. There it was shown that the gauge-invariant combination Φ = φ − Hδϕ/ϕ̇ (one of the Bardeen scalars) satisfies 1 a^3 ∂ ∂t ( a^3QΦ̇ ) − P △ a^2

Φ = 0, (25)

where Q = 96H^2ḟ^2(1 + 8Hḟ ) (1 + 12Hḟ )^2

, (26) P = 32H^2ḟ^2 (1 + 12Hḟ )^2 [ −8f̈ + 8Hḟ + (1 + 8Hḟ ) ( 3 + 4 Ḣ H^2 )] . (27)

If the spin-2 propagator is well behaved, the sign of the scalar time derivatives is also correct thanks to Eq. (24), and there are no spin-0 ghosts. Finally, the condition that the scalar propagation speed be real and non-superluminal reads

0 ≤ c^2_0 = ( 1 + 4 3 Ḣ H^2 ) − 8 3 (f̈ − Hḟ) (1 + 8Hḟ )

≤ 1 . (28)

Having established these results, let us now focus on the particular class of models in hand. We have f = A 24 1 ϕ^{n+1} , (29)

where A = 24 n θ_μ μ^{4n+2}. Without loss of generality, we fix to unity the coefficient of the square of the Riemann tensor in the lagrangian, i.e. a_3 = 1, and note that the ϕ equation of motion, in a flat FRW background, then yields

ϕ = R^2_{GB} = 24 H^2 ä a . (30)

Since we are interested in the behaviour of these actions in the universe at late times, we study the attractor solutions for the CDDETT model when the matter is diluted away because of the expansion. In general [26] the attractor solutions can be written as a(t) ∝ t^p, with p > 1. For the Gauss-Bonnet combination, it was found that the relevant accelerating power-law attractor is given by p = 4n + 1. We see that ϕ 24 = (p − 1) p^3 t^4

, (31)

with ϕ > 0 for an accelerating universe, and therefore

ḟ = 4 (n + 1) (p − 1) A ϕ^{n+2} p^3 t^5

, (32)

f̈ = 96 (n + 1) (4n + 3) (p − 1)^2 A ϕ^{n+3} p^6 t^{10} = 4n + 3 t ḟ . (33)

Thus, it is clear that, if A > 0 or θ_μ = 1, (22) are satisfied for an accelerating universe (p > 1). However, the spin-2 propagation speed is

c^2 =

1 + 8(4n + 3)ḟ/t 1 + 8pḟ /t , (34)

which for the pure GB theory approaches 1 from above, and so the graviton propagates faster than light.

For the scalar, condition (28) amounts to

0 ≤ c^2_0 = ( 1 − 4 3p ) + 8 3 (p − 4n − 3)ḟ /t 1 + 8pḟ /t ≤ 1 . (35)

A sufficient condition to satisfy these relations is

max(4, n + 7/4) < p < 4n + 3 , (36)

which is clearly satisfied for the pure GB theory for any n ≥ 1.

To summarise: there are no ghosts or instabilities for the Modified GB attractor solutions for any n ≥ 1[67]. However, the graviton propagates superluminally, which may render the pure GB theory inconsistent.

Finally, the pure GB combination is not phenomenologically viable. In this case, ϕ ∝ H^2ä and ϕ vanishes as ä approaches to zero. This means that, for this combination, in the CDDETT model ä = 0 is a singularity of the equations of motion, and it not possible to change the sign of ä. The Universe can never change from deceleration to acceleration. (This is reminiscent of the problem encountered in some other modified gravity theories [65].)

B. Modified Gravity with matter

In this section we study the propagation of the spin-2 and spin-0 modes when matter is present, which changes the background cosmology and hence the coefficients of the second derivatives in the action.

As we discovered in the previous subsection, a realistic model should have a_1 ≠ a_3 so that the modification is not pure Gauss-Bonnet. The conditions (23,24,23,28,28) can be generalized in a straightforward but lengthy way (see [66]), and depend on the parameter b = a_1/a_3 − 1 (recall we are assuming that a_2 = −4a_3 as required to cancel fourth-order derivatives). The correct signs in the spin-2 propagator are assured if

1 + 4bfR + 8f̈ > 0, (37) 1 + 4bfR + 8Hḟ > 0, (38)

with the propagation speed condition reading

c^2 =

1 + 4bfR + 8f̈ 1 + 4bfR + 8Hḟ ≤ 1. (39)

The coupling of f(ϕ) to the Ricci scalar outside the GB combination gives an extra propagating scalar degree of freedom Ψ (see [66]), the other Bardeen scalar. The two scalar modes have the same speed of propagation c^2_0 and, once again, if the graviton propagator is well behaved, there is only the following extra condition to be satisfied

0 ≤ c^2_0 = 1 + 32 3Q_1 ḟḢ − 8 3Q_2

(f̈ − ḟ H), (40)

where

Q_1 = 4b(ḟ R + fṘ) + 8 ḟ H^2 and Q_2 = 1 + 4bfR + 8Hḟ . (41)

These conditions put additional bounds on the parameter space spanned by the μ, a_i which define the CDDETT Modified Gravity theories, if we require that they hold at all times during the evolution of the universe. In particular, we may require that they hold when the Universe expands with a power-law, a ∝ t^p, for which ϕ = Γ_1 t^4

(42) R = Γ_2 t^2

(43) f = Γ_3 t^{4n+4} . (44)

where

Γ_1 = 12p^2[3b(2p − 1)^2 + 2p(p − 1)] (45) Γ_2 = 6p(2p − 1) (46) Γ_3 = n θ_μ μ^{4n+2} a^n_3 Γ^{n+1}_1

. (47)

Therefore we have that

c^2 =

1 + 4 Γ_3 t^{4n+2} [bΓ_2 + 8(n + 1)(4n + 3)] 1 + 4 Γ_3 t^{4n+2} [bΓ_2 + 8p(n + 1)]

, (48)

c^2_0 = 1 − 32 3 p(n + 1) bΓ_2(4n + 2) + 8p^2(n + 1) − 8 3 (n + 1)(4n + 3 − p) [bΓ_2 + 8p(n + 1) + 1/4Γ_3 t^{4n+2}]

(49)

This relation holds for any power-law behaviour, unless either Γ_1 or Γ_2 becomes zero. We expect power-law expansion at early time, where the Universe should behave as an ordinary Friedmann model, and at late time where it approaches an accelerating attractor solution.

Let us consider a matter-dominated Universe, p = 2/3, assuming a positive Γ_3 to ensure the no-ghost conditions are satisfied. In this case it is clear that the tensor modes are superluminal, and their speed tends to one as t → 0.

On the other hand, for a late-time attractor solution, the accelerating power law is given by [26] p = 2(n + 1)(4n + 1) − 3α + √ 9n^2α^2 − 4(n + 1)(4n + 1)(5n + 1)α + 4(4n + 1)^2(n + 1)^2 4(n + 1)

,(50)

where α = (12a_1 + 4a_2 + 4a_3)/(12a_1 + 3a_2 + 2a_3) = 6b/(6b + 1). The exponent p is real, for large n, if α ≲^8_9 n or α ≳ 8 n. Furthermore at late times, Eq. (48) takes the approximate form

c^2 ≈ bΓ_2 + 8(n + 1)(4n + 3) bΓ_2 + 8p(n + 1)

, (51)

which means that for non-superluminal behaviour we require

p > 4n + 3 . (52)

It should be noted that the value α = 1 cannot be considered, because this would imply that a_2 ≠ −4a_3. For large n, one requires α ≳ 80n 9 , or α ≲ − 8 5 (53)

to avoid superluminal tensor modes.

At late times, Eq. (49) takes the approximate form

c^2_0 = 1 − 32 3 p(n + 1) bΓ_2(4n + 2) + 8p^2(n + 1) − 8 3 (n + 1)(4n + 3 − p) bΓ_2 + 8p(n + 1)

, (54)

For large n, Eq. (54), implies that the scalar modes are not superluminal if − 24 5 ≲ α ≲ 1 . (55)

For large n, in the region −24/5 ≲ α ≲ −8/5 both tensor and scalar modes are not superluminal. In the case of n = 1 one can see that the allowed region is −3.793 ≲ α ≤ −^{112}_{57} ≈ −1.965, where the lower bound is given by c^2 = 0 and the upper one by c^2 = 1. This additional constraint would rule out the region 0.9 < α < 1 (where p is real) identifed by Mena at al. as producing cosmologies consistent with Supernovae data.

A plot of the allowed values of α and n, after imposing the no-ghost constraint, or the no-superluminal constraint or both, is shown in Fig. III B.

IV. CONCLUSIONS

The search for a satisfactory model for the acceleration of the universe has been pursued in many different ways. Recently, models attempting to explain such behavior by changing

PSfrag replacements

FIG. 1: Contour plot in the (α, n) plane for the constraints. The light grey area corresponds to the region in which only the no-ghost constraint (Eq. 38) holds. The darker area represents the points at which both the no-ghost and the positive-squared-velocity conditions (Eqs. 37, 38, 40) hold at the same time. Finally the darkest region is the region of the plane at which all the constraints (no-ghost, 0 < c^2 < 1, Eqs. 37, 38, 40, 39) hold for both scalar and tensor modes.

the gravity sector have been proposed [25–37]. In particular, the CDDETT model [26], has the attractive feature of the existence of accelerating late-time power-law attractors, while satisfying solar system constraints [53].

In this paper we have investigated the consistency of the propagating modes (tensor and scalar) for the action S = ∫ d^4x √ −g [ γ R + θ_μ μ^{4n+2} (a_1 R^2 + a_2 R_{αβ} R^{αβ} + a_3 R_{αβγδ} R^{αβγδ})^n ] . (56) In order for this action to be ghost-free, it is necessary but not sufficient, to set a_2 = −4 a_3 [39, 53] so that there are no fourth derivatives in the linearised field equations. What remained was the possibility that the second derivatives might have the wrong signs, and also might allow superluminal propagation at some time in a particular cosmological background. For example, for the case a_1 = a_3, for which the modification is a function of the Gauss-Bonnet term, we found that the accelerating power-law attractor solutions give propagators with the correct signs, but with a spin-2 mode propagating faster than light.

We have also examined the general second order CDDETT Modified Gravity theory in a FRW background with matter, which is parametrized by the energy scale μ and by b = a_1/a_3 −1 - the deviation of the Ricci scalar-squared term from that appearing in the Gauss-Bonnet combination - or equivalently α = 6b/(6b + 1). We found that the theories are ghost-free, but contain superluminally propagating scalar or tensor modes over a wide range of parameter space. In conclusion, we note that there are likely to be further constraints from compatibility with CMB data as we have changed gravity on large scales quite significantly. To investigate this point is beyond the remit of the current paper.

Acknowledgments

We want to thank Gianluca Calcagni, Sean Carroll, Gia Dvali, Renata Kallosh, Kei-ichi Maeda, Shinji Mukhoyama, Burt Ovrut, Paul Saffin, Karel Van Acoleyen and Richard Woodard for helpful comments and discussions. ADF is supported by PPARC. MT is supported in part by the NSF under grant PHY-0354990 and by Research Corporation.

[1] A. G. Riess et al. [Supernova Search Team Collaboration], Astron. J. 116, 1009 (1998) [arXiv:astro-ph/9805201].

[2] S. Perlmutter et al. [Supernova Cosmology Project Collaboration], Astrophys. J. 517, 565 (1999) [arXiv:astro-ph/9812133].

[3] A. G. Riess et al. [Supernova Search Team Collaboration], Astrophys. J. 607, 665 (2004) [arXiv:astro-ph/0402512].

[4] J. L. Tonry et al. [Supernova Search Team Collaboration], Astrophys. J. 594, 1 (2003) [arXiv:astro-ph/0305008].

[5] D. N. Spergel et al., arXiv:astro-ph/0603449. [6] L. Page et al., arXiv:astro-ph/0603450. [7] G. Hinshaw et al., arXiv:astro-ph/0603451. [8] N. Jarosik et al., arXiv:astro-ph/0603452.

[9] C. B. Netterfield et al. [Boomerang Collaboration], Astrophys. J. 571, 604 (2002) [arXiv:astroph/0104460].

[10] N. W. Halverson et al., Astrophys. J. 568, 38 (2002) [arXiv:astro-ph/0104489]. [11] N. Weiss, Phys. Lett. B 197, 42 (1987). [12] C. Wetterich, Nucl. Phys. B 302, 668 (1988). [13] B. Ratra and P. J. E. Peebles, Phys. Rev. D 37, 3406 (1988). [14] P. J. E. Peebles and B. Ratra, Astrophys. J. 325, L17 (1988).

[15] J. A. Frieman, C. T. Hill, A. Stebbins and I. Waga, Phys. Rev. Lett. 75, 2077 (1995) [arXiv:astroph/9505060].

[16] K. Coble, S. Dodelson and J. A. Frieman, Phys. Rev. D 55, 1851 (1997) [arXiv:astro-ph/9608122]. [17] P. J. E. Peebles and A. Vilenkin, Phys. Rev. D 59, 063505 (1999) [arXiv:astro-ph/9810509]. [18] P. J. Steinhardt, L. M. Wang and I. Zlatev, Phys. Rev. D 59, 123504 (1999) [arXiv:astroph/9812313].

[19] I. Zlatev, L. M. Wang and P. J. Steinhardt, Phys. Rev. Lett. 82, 896 (1999) [arXiv:astroph/9807002].

[20] P. G. Ferreira and M. Joyce, Phys. Rev. Lett. 79, 4740 (1997) [arXiv:astro-ph/9707286]. [21] A. R. Liddle and R. J. Scherrer, Phys. Rev. D 59, 023509 (1999) [arXiv:astro-ph/9809272]. [22] E. J. Copeland, A. R. Liddle and D. Wands, Phys. Rev. D 57, 4686 (1998) [arXiv:gr-qc/9711068]. [23] S. C. C. Ng, N. J. Nunes and F. Rosati, Phys. Rev. D 64, 083510 (2001) [arXiv:astro-ph/0107321]. [24] S. Bludman, Phys. Rev. D 69, 122002 (2004) [arXiv:astro-ph/0403526]. [25] S. M. Carroll, V. Duvvuri, M. Trodden and M. S. Turner, Phys. Rev. D 70, 043528 (2004) [arXiv:astro-ph/0306438].

[26] S. M. Carroll, A. De Felice, V. Duvvuri, D. A. Easson, M. Trodden and M. S. Turner, Phys. Rev.

D 71, 063513 (2005) [arXiv:astro-ph/0410031].

[27] S. Capozziello, S. Carloni and A. Troisi, arXiv:astro-ph/0303041.

[28] C. Deffayet, G. R. Dvali and G. Gabadadze, Phys. Rev. D 65, 044023 (2002) [arXiv:astroph/0105068].

[29] K. Freese and M. Lewis, “Cardassian Expansion: a Model in which the Universe is Flat, Matter Phys. Lett. B 540, 1 (2002) [arXiv:astro-ph/0201229].

[30] N. Arkani-Hamed, S. Dimopoulos, G. Dvali and G. Gabadadze, arXiv:hep-th/0209227. [31] G. Dvali and M. S. Turner, arXiv:astro-ph/0301510.

[32] S. Nojiri and S. D. Odintsov, Mod. Phys. Lett. A 19, 627 (2004) [arXiv:hep-th/0310045]. [33] N. Arkani-Hamed, H. C. Cheng, M. A. Luty and S. Mukohyama, JHEP 0405, 074 (2004) [arXiv:hep-th/0312099].

[34] M. C. B. Abdalla, S. Nojiri and S. D. Odintsov, Class. Quant. Grav. 22, L35 (2005) [arXiv:hepth/0409177].

[35] D. N. Vollick, Phys. Rev. D 68, 063510 (2003) [arXiv:astro-ph/0306630]. [36] G. R. Dvali, G. Gabadadze and M. Porrati, Phys. Lett. B 485, 208 (2000) [arXiv:hep-th/0005016].

[37] C. Deffayet, G. R. Dvali, G. Gabadadze and A. I. Vainshtein, Phys. Rev. D 65, 044026 (2002) [arXiv:hep-th/0106001].

[38] A. Nunez and S. Solganik, Phys. Lett. B 608, 189 (2005) [arXiv:hep-th/0411102]. [39] T. Chiba, JCAP 0503, 008 (2005) [arXiv:gr-qc/0502070]. [40] A. Nicolis and R. Rattazzi, JHEP 0406, 059 (2004) [arXiv:hep-th/0404159]. [41] M. A. Luty, M. Porrati and R. Rattazzi, JHEP 0309, 029 (2003) [arXiv:hep-th/0303116]. [42] K. Koyama, Phys. Rev. D 72, 123511 (2005) [arXiv:hep-th/0503191]. [43] D. Gorbunov, K. Koyama and S. Sibiryakov, arXiv:hep-th/0512097. [44] I. Navarro and K. Van Acoleyen, Phys. Lett. B 622, 1 (2005) [arXiv:gr-qc/0506096]. [45] O. Mena, J. Santiago and J. Weller, arXiv:astro-ph/0510453. [46] D. J. Gross and J. H. Sloan, Nucl. Phys. B 291, 41 (1987). [47] B. Zwiebach, Phys. Lett. B 156, 315 (1985).

[48] N. H. Barth and S. M. Christensen, Phys. Rev. D 28, 1876 (1983). [49] K. S. Stelle, Gen. Rel. Grav. 9, 353 (1978).

[50] A. Hindawi, B. A. Ovrut and D. Waldram, Phys. Rev. D 53, 5583 (1996) [arXiv:hep-th/9509142]. [51] N. Boulanger, T. Damour, L. Gualtieri and M. Henneaux, Nucl. Phys. B 597, 127 (2001) [arXiv:hep-th/0007220].

[52] R. P. Woodard, arXiv:astro-ph/0601672. [53] I. Navarro and K. Van Acoleyen, arXiv:gr-qc/0511045.

[54] S. M. Carroll, M. Hoffman and M. Trodden, Phys. Rev. D 68, 023509 (2003) [arXiv:astroph/0301273].

[55] J. M. Cline, S. Jeon and G. D. Moore, Phys. Rev. D 70, 043543 (2004) [arXiv:hep-ph/0311312]. [56] A. Adams, N. Arkani-Hamed, S. Dubovsky, A. Nicolis and R. Rattazzi, arXiv:hep-th/0602178. [57] A. Hashimoto and N. Itzhaki, Phys. Rev. D 63, 126004 (2001) [arXiv:hep-th/0012093]. [58] E. Babichev, V. F. Mukhanov and A. Vikman, arXiv:hep-th/0604075. [59] A. D. Rendall, Class. Quant. Grav. 23, 1557 (2006) [arXiv:gr-qc/0511158]. [60] A. Vikman, arXiv:astro-ph/0606033.

[61] C. Bonvin, C. Caprini and R. Durrer, arxiv:astro-ph/0606584. [62] S. L. Dubovsky and S. M. Sibiryakov, arXiv:hep-th/0603158.

[63] C. Armendariz-Picon and E. A. Lim, JCAP 0508, 007 (2005) [arXiv:astro-ph/0505207]. [64] J. c. Hwang and H. Noh, Phys. Rev. D 61, 043511 (2000) [arXiv:astro-ph/9909480].

[65] D. A. Easson, F. P. Schuller, M. Trodden and M. N. R. Wohlfarth, Phys. Rev. D 72, 043504 (2005) [arXiv:astro-ph/0506392].

[66] J. c. Hwang and H. Noh, Phys. Rev. D 71, 063536 (2005) [arXiv:gr-qc/0412126]. [67] Note that the vector modes do not propagate [64]

APPENDIX A: SCALAR FIELDS AND MODIFIED GRAVITY

In this Appendix we demonstrate how actions for non-standard models of gravity can be rewritten in the form of Einstein gravity with a non-minimal coupling to one or more scalar fields. This is not a new result (see most recently e.g. [39]), but the Modified Gravity action (2) is a special case which needs separate consideration.

Consider the action S = ∫ d^4x √ −g F (Z_i) , (A1) where Z_i are monomials in the curvature invariants, with Z_1, Z_2 and Z_3 defined earlier, but where we allow the possibility of higher order terms. If the function F (Z_i) is at least twice differentiable (except possibly at isolated points), then this is easily seen to be equivalent to the action S_{ϕi} = ∫ d^4x √ −g [F (ϕ) + (Z_i − ϕ_i)F_i(ϕ)] , (A2) where ϕ_i are a set of auxiliary scalar fields, one for each of the terms Z_i, and F_i ≡ ∂_iF . The first variation is δS_{ϕi} = ∫ d^4x √ −g [(Z_i − ϕ_i)F_{ij}(ϕ)δϕ_j + δZ_iF_i(ϕ) + 1 2 L_{ϕi} δg], (A3) where L_{ϕi} = F (ϕ) + (Z_i − ϕ_i)F_i(ϕ). We immediately see that, provided the matrix of second derivatives F_{ij} = ∂_i∂_j F (ϕ) is non-singular, ϕ_i = Z_i, and we return to the original action (A1). This was one of the results in [39].

However, the possibility of a singular matrix was not considered. In models of the form (2), there exist degeneracies in the parameters of the form

F (Z_i − A_αv^α_i ) = F (Z_i) , (A4) where A_α are arbitrary constants, and v^α_i are orthonormal vectors in the space of curvature invariants. In this case, v^α_i F_i = 0, F_{ij} v^α_j = 0, and higher derivatives also vanish.

The solution of δS/δϕ_i = 0 is now

(Z_i − ϕ_i) = A_αv^α_i , (A5) with A_α again arbitrary constants. By substitution we find

S_A = ∫ d^4x √ −g [F (Z_i − A_αv^α_i ) + A_αv^α_i ∂_iF (ϕ)] = ∫ d^4x √ −g F (Z_i) , (A6)

which is again our original action.

As our Modified Gravity example suggests, we can reduce the number of scalar fields by taking linear combinations of the Z_i normal to the subspace spanned by the v^α_i . If this subspace is spanned by w^A_i , then we can define a new set of variables Z^′_A = w^A_i Z_i, Z^′_α = v^α_i Z_i. The function F is now independent of Z^′_α, so we can write S[g_{μν} , ϕ_A] = ∫ d^4x √ −g [F (ϕ^′_A) + (Z^′_A − ϕ^′_A)F_A(ϕ^′)] . (A7)

In the CDDETT model, the Lagrangian density depends on Z_1, Z_2, and Z_3 only through the combinations Z_1, −4Z_2 + Z_3. There is one degeneracy, and so there are only two scalar fields required to put the action into the linearised form of Eq. (A2). When b = 0 in (6), the field associated with Z_1 = R^2 may be trivially solved for to give the Einstein-Hilbert term.