arXiv:astro-ph/0604298 v3 22 May 2006 the Non-Gaussianity of Racetrack Inflation Models

Cheng-Yi Sun^∗ and De-Hai Zhang^†

Department of Physics, The Graduate School of The Chinese Academy of Sciences, Beijing 10049, P.R.China.

May 22, 2006

Abstract

In this paper, we use the result in [7] to calculate the non-Gaussianity of the racetrack models in [3, 5]. The two models give different non- Gaussianities. Both of them are reasonable.

PACS: 98.80.Cq, 98.80.Jk, 04.20.Gz Key words: non-Gaussianity, non-linear parameter, racetrack inflation

1 Introduction

In cosmology, the inflation paradigm plays an important role. The central idea of inflation is very simple. But it has proved difficult to discriminate among the large number of different models that have been developed to date [1]. Both the simplest classes of inflation models and the most complicated classes may predict Gaussian-distributed perturbations and nearly scale-invariant spectra of the primordial density perturbations [2]. However it is believed that the deviation away from the Gaussian statistics may be a

∗cysun@mails.gucas.ac.cn †dhzhang@gucas.ac.cn

potential powerful discriminant between the competing inflationary models. On the other hand, physicists are always trying to understand cosmological inflation within the deeper theory, e.g. string theory. In the past two years, continued progress has been made in identifying how the inflation arises from within string theory. Recently, the racetrack inflation models, which are based on the Calabi-Yau compactification of type IIB String, attract the attention. Ref. [3] suggests a simple racetrack inflation model, where only a single Kähler modulus is used. And in Ref. [5] a complicated racetrack inflation model is given with two Kähler moduli (See [5] for comparison between the two models.). In this paper, we try to calculate the non-Gaussianities, the non-linear parameter f_{N L}, of the two models.

The racetrack models give effectively multi-field inflation models, and, for a multiple-field inflation model, the expression of f_{N L} is very complicated. Fortunately, in [13], Lyth and Rodriguez have shown that the non- Gaussianity of the curvature perturbation in multiple field models can be simply expressed in the so-called “δN-formalism” [4]. Further, in [6], the authors have given the expression of f_{N L} involving the metric of the field space explicitly. Further more, in [7], f_{N L} has been expressed in terms of the slow-rolling parameters. In this paper, we would adopt the result in [7] to calculate the non-linear parameter. Here we should note that the result in [7] is obtained by neglecting the non-adiabatic perturbations and the intrinsic non-Gaussianity of the fields (See [7] for details.). Of course, for the two racetrack models, due to the interacting terms in the effective actions the non-adiabatic perturbations would be generated unavoidably. And the intrinsic non-Gaussianity of the field perturbations exists too. However, the assumption of the Gaussian-distributed and adiabatic perturbations is in good agreement with the observation [8, 9]. So we suppose that in the racetrack models, this assumption is still good enough. Then we expect the dominant non-Gaussianity would be obtained by using the result in [7].

In this paper, we first give a brief summary of the result in [7]. Then we calculate the non-linear parameter of the two racetrack inflation models.

2 the non-linear parameter

This section we summarize the result in [7]. For the background, the effective action of the simple coupling system of Einstein gravity and scalar fields with an arbitrary inflation potential V (φ) is S = ∫ √ −gd^4x[ M^2_p 2 R − 1 2 G_{IJ} ∂_μφ^I ∂^μφ^J − V (φ)], (1)

where G_{IJ} ≡ G_{IJ} (φ) represents the metric on the manifold parameterized by the scalar field values. And 8πG = M^{−2}_p represents the reduced Planck mass. Units are chosen such that c = ℏ = 1. And the Friedmann-Robertson-Walker metric is used, ds^2 = −dt^2 + a^2(t)δ_{ij}dx^idx^j . (2) The non Gaussianity of the curvature is expressed in the form: ζ = ζ_g − 3 5 f_{N L}(ζ^2_g − ⟨ζ^2_g ⟩), (3)

where ζ_g is Gaussian, with ⟨ζ_g⟩ = 0. And f_{N L} is the non-linear parameter.

On the other hand, the curvature perturbation can be expressed as the difference between an initial space-flat fixed-t slice and a final uniform energy density fixed-t slice (see [11, 13, 12] for details), ζ(t, x) = δN, (4) where N = ∫ Hdt = ∫_ȧ a dt is the integrated number of e-folds. Here and after, one dot denotes the derivative with respect to the time, ȧ = da/dt. Expanding the curvature perturbation to the second order [13], we get

ζ ≃ N_{,I} (t)δφ^I (x) + 1 2 N_{,IJ} (t)δφ^I (x)δφ^J (x), (5) where N_{,I} =^{∂N}_{∂φI} , N_{,IJ} =^{∂2N}_{∂φI ∂φJ} . Equating the bispectrums of ζ obtained by using the two equations (5) and (3), we may get f_{N L} = − 5 6 × G^{IM} G^{KN} N_{,I} N_{,K} N_{,M N} (N_{,I} N_{,J} G^{IJ} )^2

, (6)

where G^{IJ} are the elements of the inverse metric of the field space. In this result, the intrinsic non-Gaussian part, ∼ ⟨δφ^I (k_1)δφ^J (k_2)δφ^K(k_3)⟩, has been neglected.

Define one parameter, ε_I , as ε_I ≡ − V_{,I} M_p √ 2V , (7)

where V_{,I} ≡^{∂V}_{∂φI} . Then, using the slow-rolling approximation, the slow-rolling parameter, ε, can be expressed as ε ≡ − Ḣ H^2

≃ G^{IJ} ε_I ε_J . (8)

Further, neglecting the non-adiabatic perturbations of the inflation fields, we can get N_{,I} ≃ − 1 2εV V_{,I} = ε_I √ 2εM_p . (9)

Now, the non-linear parameter may be expressed as f_{N L} ≃ 5M_p 3ε × β, (10) with β = ε^2 M_p + G^{M N}_{,L} √ 2 G^{JL}ε_M ε_N ε_J − 1 2M_p G^{JL}G^{M N} ε_J ε_M η_{N L}, (11) where G^{M N}_{,L} ≡^{∂GM N}_{∂φL} and η_{N L} ≡^{V,IJ Mp}_V , V_{,IJ} ≡^{∂2V}_{∂φI ∂φJ} . 3 non-Gaussianity of the racetrack model with single modulus

In [3], basing on a simple extension of KKLT scenario [14], the authors suggest a racetrack inflationary model in the frame of string theory. This model is equivalent to a double-field inflationary model, with the effective action S = ∫ √ −gd^4x[ 1 2 R − 3M^2_p 4X^2 (∂_μX∂^μX + ∂_μY ∂^μY ) − V (X, Y )], (12) with V (X, Y ) = E X^α + e^{−aX} 6X^2

[aA^2(aX + 3)e^{−aX} + 3W_0aA cos(aY )] + e^{−bX} 6X^2

[bB^2(bX + 3)e^{−bX} + 3W_0bB cos(bY )] + e^{−(a+b)X} 6X^2

[AB(2abX + 3a + 3b) cos((a − b)Y )]. (13)

In this model, X and Y correspond to the scalar fields in Eq.(1), φ^I , I = 1, 2. E, α, a, A, b, B and W_0 are constant parameters of this model. The nonzero components of the field-space metric are G_{11} = G_{22} =^{3M 2p}_{2X 2} . In [3], the appropriate values of the parameters have been suggested,

E = 4.14668 × 10^{−12}, α = 2, a = 2π 100 , A = 1 50 , b = 2π 90 , B = − 35 1000

, W_0 = − 1 5000

, (14)

The inflationary saddle point is at X_{saddle} = 123.22, Y_{saddle} = 0. (15) The units of the values above have been taken to be M_p = 1.

Setting the initial point of the inflation at

X = 123.22, Y = 0.2,

and then calculating the slow-rolling parameters at the COBE scale or equivalently at N ≃ 60 which is the number of e-foldings before the end of the inflation, we get f_{N L} ≃ −0.16. (16) The observation [9] shows that the limits on primordial non-Gaussianity are −54 < f_{N L} < 114 at the 95% confidence level. So this result fits the limits. Supposing the contribution of the non-adiabatic part and the intrinsic non- Gaussianity at the same order of this result, we may expect that the total non-Gaussianity of this model should be |f_{N L}| ∼ 1. This is still a reasonable result.

4 non-Gaussianity of the racetrack model with two Kähler moduli

In [5], by compactifying to the orientifold of degree 18 hypersurface P^4_{[1,1,1,6,9]}, an elliptic fibered Calabi-Yau over P^2, the authors suggest a racetrack inflation model with tow Kähler moduli. The effective action of this models is S = ∫ √ −gd^4x[ 1 2 R − L_{kin} − V ], (17) with L_{kin} = 3 8(X^{3/2}_1 − X^{3/2}_2 )^2 × { 2X^{3/2}_1 + X^{3/2}_2 √ X_1

(∂X^2_1 + ∂Y^2_1 ) − 6 √ X_1X_2(∂X_1∂X_2 + ∂Y_1∂Y_2) + X^{3/2}_1 + 2X^{3/2}_2 √ X_2

(∂X^2_2 + ∂Y^2_2 )}, (18) and V = D (X_2^{3/2} − X_1^{3/2})^2 + 216 (X_2^{3/2} − X_1^{3/2})^2 × { B^2b(bX_2^2 + 2bX_1^{3/2}X_2^{1/2} + 3X_2)e^{−2bX2} + A^2a(3X_1 + 2aX_2^{3/2}X_1^{1/2} + aX_1^2)e^{−2aX1} + 3BbW_0X_2e^{−bX2} cos(bY_2) + 3AaW_0X_1e^{−aX1} cos(aY_1) + 3ABe^{−aX1−bX2} (aX_1 + bX_2 + 2abX_1X_2)cos(−aY_1 + bY_2)}. (19)

In this model, X_1, Y_1 and X_2, Y_2 correspond to the scalar fields in Eq.(1), φ^I , with I = 1, 2, 3, 4. And D, W_0, a, A, b, B are the constant parameters of this model. In [5], the appropriate values of these parameters are suggested,

D = 6.21 × 10^{−9}, W_0 = 5.227 × 10^{−6}, (20) A = 0.56, B = 7.47 × 10^{−5}, a = 2π 40 , b = 2π 258 . (21)

And the inflationary saddle point is at

X_1 = 108.96, X_2 = 217.69, Y_1 = 20, Y_2 = 129. (22)

As before, the units of the values above are taken to be M_p = 1.

In [5], an example of the inflation with 980 e-foldings is suggested. Again, Calculating the slow-rolling parameters at the COBE scale, we get

f_{N L} ≃ 0.02. (23)

Here, we note that we have taken the COBE scale at N ≃ 60 as in the section 3 in order to compare between the both models. This is also a reasonable result.

5 Summary and Discussion

Above, we have obtained the non-Gaussianities of the models in [3, 5] by using the result in [7]. Both of the models give the reasonable results, although the two results are different. By considering that in our result, the contribution of the intrinsic non-Gaussianity of the fields and the non-adiabatic perturbations are neglected, we do not think the difference is important.

However, our results illustrate that there exits remarkable difference between multi-field inflation models with the nontrivial metric of the field space and multi-field inflation models with the trivial metric of the field space (or single field inflation models). In [6], it has been revealed that, for a multifield model with G_{IJ} = δ_{IJ} , the contribution of Eq.(6) is about at the order of ε. But this analysis can not be applied to the models in [3, 5]. In fact, for the model in [3], at the COBE scale, we get

ε ≃ 3 × 10^{−10}.

And for the model in [5], at the COBE scale, we get

ε ≃ 9 × 10^{−10}.

So the non-Gaussianities of the two models are very large compared with the values of ε.

This is due to the third term on the right-hand side of Eq.(11). For the first two terms on the right-hand side of Eq.(11), they are expected to be at the order of ε^2. But the third term, G^{JL}G^{M N} ε_J ε_M η_{N L}, is different. We may expect that this term be at the order of εG^{M N} η_{N L}, basing on the relation, ε = G^{IJ} ε_I ε_J . However, for a multi-field inflation with a non-trivial metric of field space, some components of the metric, G^{M N} , may be large. Then, even if η_{IJ} is at the order of ε, the contribution of this term would be much larger than the first two terms.

This is just the case for the models in [3, 5]. In the model of [3], G^{M N} is about 10^4 and η_{IJ} is about 10^{−4}. Considering the prefactors, we expect the result (16) as obtained. For the model of [5], G^{M N} is about 10^4 and η_{IJ} is about 10^{−2}. Then we may expect the non-Gaussianity be at the order 10^2. However, this is not the case because the opposite contribution of some components reduces the value. So we just obtain the result (23). But this reduction does not work during the initial stage of the inflation with 980 e-foldings in [5]. Calculating the non-Gaussianity at the initial point of the inflation, we get f_{N L} ≃ −125. This value is beyond the limits. Fortunately, for a inflation with 980 e-foldings, the scales of the perturbations generated during the initial stage of inflation are so large that the large non-Gaussianity calculated at the initial point does not matter the observation. However, our analysis above reveals that the large non-Gaussianity may be generated in a multi-field inflation model.

Acknowledgments

We acknowledge the useful discussions with J. Cline, A. Linde, R. Kallosh, C. Burgess and G.R. Marta.

References

[1] D.H. Lyth and A. Riotto, Phys. Rept. 314(1999)1-146;

[arXiv:hep-ph/9807278].

[2] A. Liddle and A. Riotto, “Cosmological Inflation and Large-Scale Structure”, Cambridge University Press, Cambridge, 2000.

[3] J.J. Blanco-Pillado, et al., “Racetrack Inflation”, JHEP 0411 (2004) 063;

[arXiv:hep-th/0406230].

[4] D.H. Lyth, et al., “A general proof of the conservation of the curvature perturbation”, JCAP 0505 (2005) 004; [arXiv:astro-ph/0411220].

[5] J.J. Blanco-Pillado, et al., “Inflating in a Better Racetrack”;

[arXiv:hep-th/0603129].

[6] D. Seery and J.E. Lidsey, “Primordial non-gaussianities from multiplefield inflation”, JCAP 0509 (2005) 011; [arXiv:astro-ph/0506056].

[7] C.Y. Sun and D.H. Zhang.“Non Gaussianity of General Multiple-Field Inflationary Models”; [arXiv:astro-ph/0510709].

[8] C. L. Bennett et al., Astrophys.J.Suppl. 148 (2003) 175;

[arXiv:astro-ph/0302209].

[9] D. N. Spergel et al.,“Wilkinson Microwave Anisotropy Probe (WMAP) Three Year Results: Implications for Cosmology”; [arXiv:astro-ph/0603449].

[10] E. Komsatu, et al., Astrophys. J. Suppl. 148(2003) 119;

[arXiv:astro-ph/0302223]

[11] A.A. Starobinsky, Phys. Lett. B 117, 175 (1982); A.A. Starobinsky, JETP Lett. 42, 152 (1985).

[12] M. Sasaki and E.D. Stewart, “A General Analytic Formula for the Spectral Index of the Density Perturbations produced during Inflation”, Prog.Theor.Phys. 95 (1996) 71-78; [arXiv:astro-ph/9507001].

[13] D.H. Lyth and Y. Rodriguez, “The inflationary prediction for primordial non-gaussianity”, Phys.Rev.Lett. 95 (2005) 121302; [arXiv:astro-ph/0504045].

[14] S. Kachru, et al., “De Sitter Vacua in string theory”, Phys. Rev. D 68, 046005 (2003); [arXiv:hep-th/0301240].