arXiv:astro-ph/0605010v3 2 Apr 2007

Dark viscous fluid described by a unified equation of state in cosmology

Jie Ren^{1∗} and Xin-He Meng^{2,3†} 1Theoretical Physics Division, Chern Institute of Mathematics, Nankai University, Tianjin 300071, China 2Department of physics, Nankai University, Tianjin 300071, China and 3Department of physics, Hanyang University, Seoul 133-791, Korea (Dated: April 3, 2007)

We generalize the ΛCDM model by introducing a unified EOS to describe the Universe contents modeled as dark viscous fluid, motivated by the fact that a single constant equation of state (EOS) p = −p0 (p0 > 0) reproduces the ΛCDM model exactly. This EOS describes the perfect fluid term, the dissipative effect, and the cosmological constant in a unique framework and the Friedmann equations can be analytically solved. Especially, we find a relation between the EOS parameter and the renormalizable condition of a scalar field. We develop a completely numerical method to perform a χ^2 minimization to constrain the parameters in a cosmological model directly from the Friedmann equations, and employ the SNe data with the parameter A measured from the SDSS data to constrain our model. The result indicates that the dissipative effect is rather small in the late-time Universe.

PACS numbers: 98.80.-k,95.36.+x,95.35.+d

Introduction. The cosmological observations have provided increasingly convincing evidence that our Universe is undergoing a late-time accelerating expansion [1, 2, 3, 4], and we live in a favored spatially flat Universe composed of approximately 4% baryonic matter, 22% dark matter and 74% dark energy. The simplest candidate for dark energy is the cosmological constant. Recently, a great number of ideas have been proposed to explain the current accelerating Universe, partly such as scalar field model, exotic equation of state (EOS), modified gravity, and the inhomogeneous cosmology model. However, the available data sets in cosmology, especially the SNe Ia data [5, 6, 7], the SDSS data [8], and the three year WMAP data [4] all indicate that the ΛCDM model, which serves as a standard model in cosmology, is an excellent model to describe the cosmological evolution. Therefore, we suggest that a new cosmological model should be based on or can be reduced to the ΛCDM model naturally.

Time-dependent bulk viscosity [9], a linear EOS [10, 11], and the Hubble parameter dependent EOS [12] are considered in the study of the dark energy physics. The EOS approach is intensely studied in cosmology, partly such as Refs. [13, 14, 15, 16, 17, 18, 19, 20, 21]. The equivalence between the modified EOS, the scalar field model, and the modified gravity is demonstrated in Refs. [22, 23, 24], with a general method to calculate the potential of the corresponding scalar field for a given EOS. We attempt to investigate the properties of cosmological models starting from the EOS of the Universe contents directly, which is suggested by the authors in Ref. [25]. Our goal is to find more physical meanings in the right hand side of the Einstein equation to explore the currently accelerating universe. We find that a gen-

∗Electronic address: jrenphysics@hotmail.com †Electronic address: xhm@nankai.edu.cn

eralized EOS unifies several issues in cosmology. This EOS can be regarded as the generalization of the constant EOS p = −p_0, which can reproduce the ΛCDM model exactly.

In this paper, we build up a general model called the extended ΛCDM model, which can be exactly solved to describe the cosmological evolutions by introducing a unified EOS. This paper is a complement of our previous work [26, 27], in which the physical meanings of this EOS are very limited. We also develop a completely numerical method to perform a χ^2 minimization to constrain the parameters of a cosmological model directly from the Friedmann equations.

We consider the Friedmann-Robertson-Walker metric in the flat space geometry (k=0) as the case favored by observational data

ds^2 = −dt^2 + a(t)^2(dr^2 + r^2dΩ^2), (1)

and assume that the cosmic fluid possesses a bulk viscosity ζ. The energy-momentum tensor is T_{μν} = ρU_μU_ν + (p − ζθ)h_{μν} , (2) where in comoving coordinates U^μ = (1, 0, 0, 0), h_{μν} = g_{μν} + U_μU_ν , and θ = 3ȧ/a [28]. By defining the effective pressure as p̃ = p − ζθ and from the Einstein equation R_{μν} −^1_2 g_{μν} R = κ^2T_{μν} , where κ^2 = 8πG, we obtain the Friedmann equations

ȧ^2 a^2 = κ^2 3 ρ, ä a = − κ^2 6 (ρ + 3p̃). (3)

The conservation equation for energy, T^{0ν}_{;ν} = 0, yields

ρ̇ + 3H(ρ + p̃) = 0, (4)

where H = ȧ/a is the Hubble parameter.

Physical meaning of each term. The EOS proposed in our previous work [26] is given by p = (γ̃ − 1)ρ − 2 √ 3κT_1 √ ρ − 2 3κ^2T^2_2

. (5)

The first term is the prefect fluid EOS, the second term describes the dissipative effect, and the third term corresponds to the cosmological constant. The dynamical equation of the scale factor a(t) can be written as ä a = − 3γ̃ − 2 2 ȧ^2 a^2 + 1 T_1 ȧ a + 1 T^2_2

. (6)

The dimension of both T_1 and T_2 is [Time]. By concerning the initial conditions of a(t_0) = a_0 and θ(t_0) = θ_0, the analytical solution for a(t) is given out in Ref. [26].

An intriguing feature of the extended ΛCDM model is that it possesses both physical significance and mathematical exact solutions. Form the physical point of view, Eq. (6) naturally contains the dissipative process in the cosmological evolution. If we set the EOS as p = p_0 and the bulk viscosity coefficient ζ is constant, the first term describes the dark matter, the last term (T_2 term) describes the dark energy, and the middle term (T_1 term) describes the dissipative effects probably coursed by the interaction between the dark matter and dark energy. In Refs. [29, 30, 31, 32, 33, 34], the viscosity in cosmology has been studied in various aspects. The qualitative analysis of Eq. (6) can be easily obtained if we assume that H is always decreasing during the evolution of the Universe. The three terms in the right-hand side of Eq. (6) are proportional to H^2, H^1, and H^0, respectively, therefore, the three terms dominate alternatively during the cosmological evolution and it approaches to a de Sitter Universe finally. Actually, we can see that each term in the righthand side of Eq. (6) accounts for the time-dependent bulk viscosity or the variable cosmological constant.

Unified description of dark matter and dark energy. The ΛCDM model is based on the H-z relation

H(z)^2 = H^2_0 [Ω_m(1 + z)^3 + 1 − Ω_m], (7)

where z = a_0/a − 1 is the redshift. We find that for a single constant EOS p = −p_0 (p_0 > 0), the H-z solution from the Friedmann equations without viscosity is

H(z)^2 = H^2_0 [( 1 − κ^2p_0 3H^2_0 ) (1 + z)^3 + κ^2p_0 3H^2_0 ] , (8)

which exactly possesses the same form of Eq. (7), with Ω_m = 1 −^{κ2p0}_{3H20} . In the ΛCDM model, the Universe contains two fluids, i.e., the dark matter and dark energy, for which the EOS are p = 0 and p = −ρ, respectively. In our case, a single EOS unifies the dark matter and dark energy modeled as dark viscous fluid, which is consistent with the cosmological principle. However, it does not necessarily mean that the nature of the dark matter and dark energy is the same. The Chaplygin gas model p = −A/ρ [35] also serves as a unified model of dark matter and dark energy, but it cannot reduce to Eq. (7) exactly. As a special case of Eq. (5), a linear EOS of the dark fluid is studied in Ref. [10], and the dark fluid is also studied by other approaches, such as Ref. [36, 37].

Our motivation is to find a more general EOS, which possesses as many as possible physical meanings and the Friedmann equations can be exactly solved, as the following picture shows.

p = 0 (CDM) p = −ρ (Λ) } ⇔ p = −p_0 → Eq. (5)

Luckily we obtain one which is just Eq. (5), and gives rise to four implying unifications summarized at the end of this article. Based on this EOS, we establish a cosmological model, called the extended ΛCDM model.

Variable cosmological constant model. It turns out that the Friedmann equations combined with the renormalization equation which determines the variable cosmological constant [38, 39] can be reduced to the same form of Eq. (6) [27].

Scalar field model. The authors of Refs. [22, 24] give a general method to obtain the potential of a scalar model. We have found that the potential of the corresponding scalar model is

V (φ) = C_1e^{αφ} + C_2e^{αφ/2} + C_3 (9)

if γ̃ ≠ 0 [27]. However, we missed an important case, γ̃ = 0. In this case, the EOS is p = −ρ − 2 √ 3κT_1 √ ρ − 2 3κ^2T^2_2

. (10)

Using the same method, which is also outlined in Ref. [27], we obtain the potential of the corresponding scalar field

V (φ) =

3κ^2 64T^2_1 φ^4 − 3κ 4 √ 2T_1T_2 φ^3 + ( 3 2T^2_2 − 1 8T^2_1 ) φ^2 + 1 √ 2κT_1T_2 φ − 1 κ^2T^2_2

. (11)

As a special case, if the bulk viscosity vanishes, p = −ρ − p_0. The potential of the corresponding scalar field is V (φ) = κ^2p_0φ^2 by neglecting the constant term.

In general, Eq. (9) is a non-renormalizable potential, however, if the coefficient before ρ is precisely equal to −1, we obtain a renormalizable field. Moreover, the √ ρ term in the EOS gives a contribution of φ^4 term in the scalar field. This property of such scalar field was missed in our previous work. We think that there is a profound relation between the renormalizability of the scalar field and that the EOS parameter of the vacuum is precisely equal to −1.

Mathematical features. In the mathematical aspect, the transformation [27] y = a^{3γ̃/2} reduces Eq. (6) to a linear differential equation of y(t) ÿ − 1 T_1 ẏ − 3γ̃ 2T^2_2 y = 0, (12)

which can be solved easily. The variable y serves as a rescaled scale factor and behaves like the amplitude of a damping harmonic oscillator. The T_1 term is just the damping term. The equation which determines the evolution of the Hubble parameter, Ḣ = −^{3γ̃}_2 H^2 +^1_{T1} H +^1_{T 22} , has possessed a form invariance for H → H + δH.

Supernovae constraints. The observations of the SNe Ia have provided the direct evidence for the cosmic accelerating expansion for our current Universe. Any model attempting to explain the acceleration mechanism should be consistent with the SNe Ia data implying results, as a basic requirement. We have found the viscosity without cosmological constant possesses a (1 + z)^{3/2} contribution [27], which seems to be an interpolation between the matter (1 + z)^3 and the Λ-term (1 + z)^0. The method of the data fitting is illustrated in Refs. [40, 41], in which the explicit solution H(z) is required. We develop a completely numerical method to perform a χ^2 minimization to fit the optimized values of the parameters in a cosmological model directly from the Friedmann equations, without knowing the H-z relation. Define a new function

F (z) = ∫_z 0 dz E(z) , (13)

where E(z) = H(z)/H_0 is the dimensionless Hubble parameter. The relations implied by Eq. (13)

E(z) = F^′(z)^{−1}, E^′(z) = −F^{′′}(z)F^′(z)^{−2} (14)

can transform an equation for H(z) to another one for F (z), then one solves F (z) numerically and obtains the luminosity distance d_L = (c/H_0)(1 + z)F (z). This is a general numerical method and it can be applied if only the dynamical equations determining the scale factor is known.

The χ^2 is calculated from

χ^2 = n∑ i=1 [ μ_{obs}(z_i) − M^′ − 5 log_{10} D_{Lth}(z_i; c_α) σ_{obs}(z_i) ]_2

+ ( A − 0.469 0.017

)_2 , (15)

where M^′ is a free parameter related to the Hubble constant and D_{Lth}(z_i; c_α) is the theoretical prediction for the dimensionless luminosity distance of a SNe Ia at a particular distance, for a given model with parameters c_α. The parameter A is defined in Ref. [8]. Here Ω_m = 1 −^2_{3T 22 H20} is used in our model and we take γ̃ = 1 as in the ΛCDM model. We will consider the ΛCDM model for comparison and perform a best-fit analysis with the minimization of the χ^2, with respect to M^′, T_1H_0, and T_2H_0. We employ the 157 gold data, the SNLS data, and the 182 SNe data compiled by Riess et al. recently combined with the parameter A to constrain the parameters and plot the T_1-T_2 relation in Fig. 1 and Fig. 2. From the results, we see that the T_1 term is made less than 10% contributions to that of the T_2 term on 2σ C.L. If we adopt the interpretation of viscosity of our model, the fitting result shows that the dissipative effect is rather small, as we

FIG. 1: (color online). The 1σ (solid line), 2σ (dashed line), and 3σ (dotted line) contour plots of the T1-T2 relation in the extended ΛCDM model. The vertical lines show the result of T2 if it reduces to the ΛCDM model (T1 → ∞).

FIG. 2: The 1σ (solid line), 2σ (dashed line), and 3σ (dotted line) contour plots of the T1-T2 relation in the extended ΛCDM model.

expect that the additional term is a small correction to the ΛCDM model.

Discussion. The approach of the unified EOS considered in this paper have enabled us to describe the Universe contents related to several fundamental issues in cosmological evolution from a united viewpoint. We have extended the ΛCDM model into a more general framework by introducing this unified EOS. (i) This EOS describes the perfect fluid term, the dissipative effect and the cosmological constant in a unique equation. (ii) This general EOS unifies the dark matter and the dark energy as a single dark viscous fluid and can be exactly reduced to the ΛCDM model as a special case. (iii) The variable cosmological constant model is mathematically equivalent to the form by using this EOS. (iv) We also find a scalar field that is equivalent to this EOS, moreover, the renormalizable condition of the scalar field requires the coefficient before ρ is precisely equal to −1. Thus, it is very interesting that concerning on the bulk viscosity, modified EOS, variable cosmological constant model, and scalar field model can be described in one general dynamical equation which determines the scale factor. In this sense, our model has unified the exact solutions of several models. The viewpoint of modified EOS is rather phenomenological, however, we have showed that it is strongly related to some fundamental concepts of cosmology. The incoming data sets will give more constraints to the modified EOS approach in cosmology.

X.-H.M. thank Prof. S.D. Odintsov for the helpful comments with reading the manuscript, and Profs. I. Brevik and L. Ryder for lots of discussions. X.-H.M is supported by the National Natural Science Foundation of China (No. 10675062), and BK21 Foundation.

[1] A.G. Riess et al., Astron. J. 116, 1009 (1998). [2] N. Bahcall, J.P. Ostriker, S. Perlmutter, and P.J. Steinhardt, Science 284, 1481 (1999).

[3] C. L. Bennett et al., Astrophys. J. Suppl. 148, 1 (2003). [4] D. N. Spergel et al., astro-ph/0603449. [5] A.G. Riess et al., Astrophys. J. 607, 665 (2004). [6] P. Astier et al., Astron. Astrophys. 447, 31, (2006). [7] A.G. Riess et al., astro-ph/0611572.

[8] D.J. Eisenstein et al., Astrophys. J. 633, 560 (2005). [9] I. Brevik and O. Gorbunova, Gen. Rel. Grav. 37, 2039 (2005).

[10] R. Holman and S. Naidu, astro-ph/0408102. [11] E. Babichev, V. Dokuchaev, and Y. Eroshenko, Class.

Quant. Grav. 22, 143 (2005).

[12] S. Nojiri and S.D. Odintsov, Phys. Rev. D 72, 023003 (2005).

[13] S. Nojiri, S.D. Odintsov, Phys. Lett. B 639, 144 (2006). [14] K.N. Ananda and M. Bruni, Phys. Rev. D 74, 023523 (2006).

[15] S. Capozziello, S.D. Martino, and M. Falanga, Phys. Lett.

B 299, 494 (2002).

[16] J.Q. Xia, G.B. Zhao, H. Li, B. Feng, X. Zhang, astro-ph/0605366.

[17] Z.K. Guo, Y.S. Piao, X. Zhang, Y.Z. Zhang, astro-ph/0608165.

[18] S.K. Srivastava, astro-ph/0608241. [19] J. Sola, H. Stefancic, J. Phys. A 39 (2006). [20] L. Xu, H. Liu, C. Zhang, Int. J. Mod. Phys. D 15 (2006). [21] X. Zhang, F.Q. Wu, J. Zhang, JCAP 0601 003 (2006). [22] S. Capozziello, S. Nojiri, and S.D. Odintsov, Phys. Lett.

B 634, 93 (2006).

[23] S. Capozziello, S. Nojiri, and S.D. Odintsov, Phys. Lett.

B 632, 597 (2006).

[24] S. Nojiri and S.D. Odintsov, Gen. Rel. Grav. 38, 1285 (2006).

[25] S. Capozziello, V.F. Cardone, E. Elizalde, S. Nojiri, and S.D. Odintsov, Phys. Rev. D 73, 043512 (2006).

[26] J. Ren and X.H. Meng, Phys. Lett. B 633, 1 (2006). [27] J. Ren and X.H. Meng, Phys. Lett. B 636, 5 (2006). [28] I. Brevik, Phys. Rev. D 65, 127302 (2002). [29] W. Zimdahl, Phys. Rev. D 53, 5483 (1996). [30] A.A. Coley, R.J. vandenHoogen, and R. Maartens, Phys.

Rev. D 54, 1393 (1996).

[31] L.P. Chimento, A.S. Jakubi, V. Mendez, and R.

Maartens, Class. Quantum Grav. 14, 3363 (1997). [32] A. DiPrisco, L. Herrera, and J. Ibanez, Phys. Rev. D 63, 023501 (2000).

[33] I. Brevik, S. Nojiri, S.D. Odintsov, and L. Vanzo, Phys.

Rev. D 70, 043520 (2004).

[34] M. Cataldo, N. Cruz, and S. Lepe, Phys. Lett. B 619, 5 (2005).

[35] A. Kamenshchik, U. Moschella, and V. Pasquier, Phys.

Lett. B 511, 265 (2001).

[36] A. Arbey, astro-ph/0506732.

[37] A. Arbey, Phys. Rev. D 74, 043516 (2006). [38] I.L. Shapiro and J. Sola, JHEP 0202, 006 (2002). [39] I.L. Shapiro and J. Sola, astro-ph/0401015. [40] M.C. Bento, O. Bertolami, N.M.C. Santos, and A.A. Sen, Phys. Rev. D 71, 063501 (2005).

[41] Y. Gong and Y.Z. Zhang, Phys. Rev. D 72, 043518 (2005).