arXiv:astro-ph/0606287 v2 21 Nov 2006

Scalar-Tensor Models of Normal and Phantom Dark Energy

Radouane Gannouji^∗, David Polarski^†, André Ranquet^‡

Lab. de Physique Théorique et Astroparticules, UMR 5207 Université Montpellier II, 34095 Montpellier Cedex 05, France

Alexei A. Starobinsky^§

Landau Institute for Theoretical Physics, Moscow, 119334, Russia

November 21, 2006

Abstract

We consider the viability of dark energy (DE) models in the framework of the scalar-tensor theory of gravity, including the possibility to have a phantom DE at small redshifts z as admitted by supernova luminosity-distance data. For small z, the generic solution for these models is constructed in the form of a power series in z without any approximation. Necessary constraints for DE to be phantom today and to cross the phantom divide line p = −ρ at small z are presented. Considering the Solar System constraints, we find for the post- Newtonian parameters that γ_{P N} < 1 and γ_{P N,0} ≈ 1 for the model to be viable, and β_{P N,0} > 1 (but very close to 1) if the model has a significantly phantom DE today. However, prospects to establish the phantom behaviour of DE are much better with cosmological data than with Solar System experiments. Earlier obtained results for a Λ-dominated universe with the vanishing scalar field potential are extended to a more general DE equation of state confirming that the cosmological evolution of these models rule them out. Models of currently fantom DE which are viable for small z can be easily constructed with a constant potential; however, they generically become singular at some higher z. With a growing potential, viable models exist up to an arbitrary high redshift.

PACS Numbers: 04.62.+v, 98.80.Cq

∗email:gannouji@lpta.univ-montp2.fr †email:polarski@lpta.univ-montp2.fr ‡email:ranquet@lpta.univ-montp2.fr §email:alstar@landau.ac.ru 1

1 Introduction

A major turning point in cosmology has been reached with the observational discovery that our Universe is accelerating now (and has been accelerating for several billion years in the past) [1, 2]. If interpreted in terms of the Einstein equations for the evolution of a Friedmann-Lemaître-Robertson-Walker (FLRW) cosmological models with the (practically) zero spatial curvature (the latter follows from other arguments), this means that approximately two thirds of the total present energy density of matter in our Universe is due to some gravitationally unclustered component called Dark Energy (DE).

Observations of high redshift supernova, fluctuations of the cosmic microwave background (CMB) temperature and other effects tell us that the effective energy density ρ_{DE} of DE is very close to minus its effective pressure p_{DE} (see Eqs. (16,17) below for the exact, though conventional, definition of these quantities) and that they are both very weakly changing (if at all) with time and with the expansion of the Universe. The physical nature of DE is unknown at present, and three main logical possibilities exist (see [3, 4, 5, 6, 7] for reviews).

1. DE is a cosmological constant, as originally suggested by Einstein, with ρ_{DE} = −p_{DE} = Λ/8πG = const exactly.^1 2. Physical DE: DE is the energy density of some new, very weakly interacting physical field (e.g., a quintessence – a scalar field ϕ with some potential V (ϕ) minimally coupled to gravity).

3. Geometric DE: the Einstein general relativity (GR) equations are not the correct ones for gravity, but we write them in the Einsteinian form by convention, putting all arising additional terms into the r.h.s. of the equations and calling them the effective energy-momentum tensor of DE.

Of course, this classification is not absolute. In some cases, the difference between physical and geometric DE can, in turn, become conventional. E.g., for a non-minimally coupled scalar field (which constitutes a specific case of scalar-tensor gravity considered in this paper), equations of the model have the same form irrespective of the origin (physical or geometric) of this field. Another way of classifying DE models which is more invariant and, therefore, more important from the point of view of the observational determination of the type of DE is to divide these models into dynamical, if the DE description requires a new field degree of freedom (≡ a new particle from the quantum point of view), and non-dynamical in the opposite case. Then all physical DE models and many of the geometric ones belong to the first class, while the cosmological constant itself and some geometric models fall into the second category, i.e., the F (R) model with the Palatini variation of its action where R is the scalar curvature.

At present, all existing observational data are in agreement with the simplest, first possibility (inside ∼ 2σ error bars in the worst case). The case of a cosmological constant is internally self-consistent and non-contradictive. The extreme smallness of the cosmological constant expressed in the either Planck, or even atomic units means

1ℏ = c = 1 is used throughout the paper.

only that its origin is not related to strong, electromagnetic and weak interactions (in particular, to the problem of the energy density of their vacuum fluctuations) at all. However, in this case we remain with one dimensionless constant only and can not say anything more (at least, at present). That is why the two other possibilities admitting a (slightly) variable dark energy have been also actively studied and compared with observational data recently. Moreover, properties of the present DE are remarkably qualitatively similar to those of an ”early DE” that supported an inflationary stage in the early Universe. But in the latter case, we are sure that this early DE was unstable. So, it is natural to conjecture by analogy that the present DE is not stable, too.

On purely phenomenological grounds, one can consider DE models with a constant equation of state parameter w_{DE} ≡ p_{DE} /ρ_{DE} different from −1. However, the latest observational data have already severely restricted this simplest alternative possibility to |1 + w_{DE}|^<∼ 0.1 (1σ error bars) [8, 9, 10]. Therefore, a viable alternative to the cosmological constant has to be looked for among more complicated models with w_{DE} ≠ const. Such models include quintessence ones with different potentials V (ϕ) (see [3, 4, 5, 6] for numerous references), models with several minimally coupled scalar fields (see, e.g., [11]), those with direct non-gravitational coupling between DE and dark matter (DM) ([12] and following papers), unified models of DE and DM (the Chaplygin gas model [13] and others), etc. Then, however, it becomes very important to investigate if there exist models of DE for which a variable w_{DE} may cross the ”phantom divide” line w_{DE} = −1 (we call DE ”fantom” if it has w_{DE}(z) < −1 for a given z and ”normal” in the opposite case). Note that the weak energy condition (WEC) is violated for phantom DE. This is not possible at all for quintessence models with the standard kinetic term and hardly possible, i.e., it requires non-generic initial conditions, for scalar field models having a non-standard kinetic term (”k-essence”) [14] (see also [15]).

Indeed, analysis of the recent SNe data with redshifts up to z = 1.7 (the ”Gold dataset” [16]) using fits containing at least 2 free parameters, e.g., the linear fit (76) for w_{DE} in terms of the scale factor a [17, 18] or the quadratic polynomial fit (77) for ρ_{DE} in terms of the redshift z [19], or with model independent methods, results in best fits to these data having a variable w_{DE} that steadily increases for redshifts 0 < z < 1 and crosses the ”phantom divide” somewhere between 0 and 0.5 [20, 21, 22, 23, 24, 25, 26, 27, 28, 29] (see, however, [30, 8, 31, 32] for a more conservative view – in the sense of returning back to a cosmological constant). This statement does not mean that an exact cosmological constant is excluded – it is still inside 1 or 2σ error bars, as was stated above. Moreover, one should be cautious with this result: it may be a consequence of trying to obtain a too fine-grained graph of w_{DE}(z) from the luminosity distance d_L(z) as has been already emphasized in [33]. In this respect, results for w_{DE}(z) averaged over a range of redshifts > 0.3 (dubbed the ”w-probe” in [34]) are more statistically reliable, e.g., the result that w̄_{DE} ≈ −1.05^{+0.09}_{−0.07} obtained for the same Gold SNe dataset in [20] for Ω_{m,0} = 0.3 and the averaging redshift interval (0, 0.414). However, a remarkable possibility of crossing the phantom divide at recent redshifts, when DE has become the dominant component of the Universe by its effective energy density, still remains viable. The latest Supernovae data with z ∼ 0.5 [35] also admit w_{DE}(z) < −1 for z < 0.5, but not for larger redshifts, as a possible interpretation. Finally, the recent data on acoustic baryon oscillations in the present matter power spectrum (the Sakharov oscillations) [36, 37], while strongly restricting one direction in the plane of parameters for the two-parametric fits (76,77), leave the orthogonal direction practically unconstrained, therefore, permitting the recent phantom divide crossing (see Sec. 6).

So, if this striking behaviour of DE will be confirmed by future data, what is the best way to describe it? One possibility, a ghost phantom DE, i.e. a scalar field with the negative sign of its kinetic term, was first proposed in [38] and triggered a very large wave of publications (see, e.g., the recent papers [39, 40] for a list of references on this topic). However, it has been long known that theories of this type are plagued by quantum instabilities, the most dangerous of those being the process of creation of two particle+antiparticle pairs: one of the ghost field and another of any usual (nonghost) field (see [41] for a recent investigation). Moreover, a ghost model of DE is unsatisfactory even at the classical level: it does not explain the observed large-scale isotropy and homogeneity of the Universe! Just the opposite, e.g., for the given Hubble constant H_0 averaged over angular directions in the sky, we would expect a universe to be very strongly anisotropic with the anisotropy energy density (i.e., the positive energy density of long-wavelength gravitational waves) being compensated by a large negative energy density of the ghost DE, or of a ghost component of DE in more complicated multi-component models of this type (e.g., in the two-field realization of the “quintom” model introduced in [42]). It is just a classical analogue of the quantum instability mentioned above, with the ”usual” field being the gravitational one and with the dynamical quantum instability transformed into the problem of classical initial conditions. For this reason, we are sceptical regarding this approach as a whole.

Fortunately, there is no necessity to introduce a ghost field to explain possible phantom behaviour of DE including its phantom divide crossing. As was first emphasized in [43], scalar-tensor theories of gravity allow for this phenomenon. Scalar-tensor models of DE belong to the third class (geometric DE) according to the classification given above. This class of models is very rich and interesting. It contains the Einstein gravity plus a non-minimally coupled scalar field, as well as the higherderivative f(R) gravity, where R is the scalar curvature, as particular cases, besides allowing for DE phantom behaviour and transition to a normal DE. In this paper, we will concentrate on scalar-tensor DE models with the latter properties because of tentative observational evidence described above.^2 Note that a possible phantom behaviour of DE in scalar-tensor gravity has a conventional character. The reason is that the effective gravitational constants G_N and G_{eff} (see Sec. 2 below) are generically time-dependent while the definitions (16,17) of the DE effective energy density and pressure assume some constant G when writing the left-hand side of equations and splitting their right-hand side into energy-momentum tensors of non-relativistic

2The third possibility to get a phantom DE including the phantom divide crossing which is based on braneworld models [44] (see also the recent paper [45]) will not be discussed here.

matter (mainly non-baryonic cold dark matter) and dark energy. As a result, a part of the Einstein tensor G_{μν} and the energy-momentum tensor of dark matter multiplied by a change in G_N is conventionally attributed to DE. In other words, phantom behaviour of scalar-tensor DE is always ’curvature-induced’, in contrast to the ghost DE models or other models like those considered in [46, 47] where it may occur in the flat space-time already.

The possibility to get both a phantom DE and the phantom divide crossing in scalar-tensor gravity is related to the fact that this theory has two arbitrary and independent functions F (Φ) and U(Φ) (see the Lagrangian (1) below). Throughout this work we assume spatial flatness though this prior while well motivated theoretically can be challenged [48]. As has been shown in [43], two different types of observations, e.g., determination of the luminosity distance and the inhomogeneity growth factor in the non-relativistic component as functions of redshift, are necessary and sufficient for the total reconstruction of the microscopic Lagrangian (1) of scalar-tensor gravity. However, as shown in [49], a partial reconstruction using the luminosity distance data only could yield interesting information, too. In that case some assumption about one of the functions F (Φ) and U(Φ) has to be made, so that only one unknown function in the microscopic Lagrangian (1) remains to be found. Clearly, many different partial reconstruction strategies are possible and we explore some of them here with the aim to investigate which DE models in scalar-tensor gravity are viable.

It has been found in [49] that Λ-dominated universes with a vanishing potential U are ruled out as they lead to singular universes already at very low redshifts z ∼ 0.7 (see also the recent paper [50]). Of course, completely regular but non-accelerating solutions do exist in this case. Among models with a non-zero potential U, one concrete example of a model with the phantom divide crossing was constructed in [50] where the functions F (Φ) and U(Φ) were given in the parametric form as functions of z up to z ≈ 3. More examples for a non-minimally coupled scalar field (F (Φ) = F_0 − ξΦ^2) with a non-zero potential U were investigated in [51], also for z < 2. In the present paper, we make a next step and extend these results in two directions: first, by constructing a generic solution for scalar-tensor DE models for z < 1 in the form of a power series in z; second, by investigating and numerically integrating some of these solutions up to large z ≫ 1. The latter task appears to be necessary since, though DE is subdominant for z ≫ 1 as compared to non-relativistic non-baryonic dark matter and baryons, its model itself may become intrinsically contradictory for large z, namely, F or Φ̇^2 may become negative for an unfortunate choice of U(Φ). It is also crucial to check that any DE model has the correct power-law behaviour for large z [52].

Finally, for the scalar-tensor theory of gravity, it is well known that the present value of^{dF}_{dΦ} (z = 0) is severely restricted from Solar System tests of post-Newtonian gravity (i.e. by the measured values of the post-Newtonian parameters). For this reason, there have been stated that the present phantom behaviour in scalar-tensor models of DE requires large amount of fine tuning and, thus, is unnatural [53, 54]. Therefore, it is important to investigate this problem in more detail to quantify what amount of fine tuning (and of what kind) is necessary for a significantly phantom behaviour of DE, and to determine the relation between this behaviour and results of Solar System tests of gravity.

The paper is organized as follows. In Sec. 2 we define all quantities related to our scalar-tensor DE model and present the background evolution equations.

In Sec. 3 we derive the general integral solution for the quantity F (z). In Sec. 4 we consider solutions in which DE scales as some power of the FLRW scale factor a(t) and show their existence for DE of the phantom type (the latter requires a non-zero U(Φ)).

In Sec. 5 we consider the small z behaviour of our model and find conditions for the violation of the WEC by DE today and for the phantom boundary crossing at small z. In Sec. 6 the general reconstruction of a microscopic model is considered and the observational constraint from the acoustic oscillations in the matter power spectrum is discussed. In Sec. 7 we consider the reconstruction for a constant potential more specifically and show that the model becomes singular at some redshift that cannot be arbitrarily high once we have chosen a specific equation of state w_{DE}. In Sec. 8 non-constant potentials are considered and a model which is asymptotically stable for large z is presented. Sec. 9 contains conclusions and discussion.

2 Background evolution

In this section we review the background evolution equations in a spatially flat FLWR universe. We consider a model where gravity is described by a scalar-tensor theory and we start with the following microscopic Lagrangian density in the Jordan frame L = 1 2 ( F (Φ) R − Z(Φ) g^{μν} ∂_μΦ∂_ν Φ ) − U(Φ) + L_m(g_{μν} ) . (1)

Since L_m is not coupled to Φ, the Jordan frame is the physical one. In particular, fermion masses are constant and atomic clocks measure the proper time t in it. The quantity Z(Φ) can be set to either 1 or −1 by a redefinition of the field Φ, apart from the exceptional case Z(Φ) ≡ 0 when the scalar-tensor theory (1) reduces to the higher-derivative gravity theory R + f(R). In the following, we will write all equations and quantities for the case Z = 1. For our purposes, L_m describes nonrelativistic dust-like matter (baryons and cold dark matter) as we are interested in low redshift (z ≪ z_{eq}) behaviour only. Here, z_{eq} denotes the equality redshift when the energy densities of non-relativistic matter and radiation are equal. In such a model, the effective Newton gravitational constant for homogeneous cosmological models is given by G_N = (8πF )^{−1}. (2) As could be expected, G_N does not have the same physical meaning as in General Relativity, the effective gravitational constant G_{eff} for the attraction between two test masses is given by

G_{eff} = G_N F + 2(dF/dΦ)^2 F +^3_2 (dF/dΦ)^2

. (3)

on all scales for which the field Φ is effectively massless [43] and F > 0. The condition G_{eff} > 0 is one of the stability conditions of the scalar-tensor theory (1), it means that the graviton is not a ghost. In fact, even at the purely classical level, it has been shown in [55] that a generic solution of (1) may not smoothly cross the boundary G_{eff} = 0. Instead, a curvature singularity forms at this boundary which generic structure has been also constructed in [55]. This condition combined with another stability condition (see Eq. (10) below) results in F > 0, so G_N > 0, too.

We will write all equations in the Jordan frame using (1). Specializing to a spatially flat FLRW universe

ds^2 = −dt^2 + a^2(t) dx^2 , (4)

the background equations are as follows:

3F H^2 = ρ_m + Φ̇2 2 + U − 3HḞ , (5)

−2F Ḣ = ρ_m + Φ̇^2 + F̈ − HḞ . (6)

The evolution equation of the scalar field Φ can be obtained from the two equations (5,6). Eliminating the quantity Φ̇^2 by combining these equations, we obtain a master equation for the quantity F which takes the following form when all quantities are expressed as functions of redshift z:

F^{′′} + [ (ln h)^′ − 4 1 + z ] F^′ + [ 6 (1 + z)^2 − 2(ln h)^′ 1 + z ] F = 6u (1 + z)^2 h^2

F_0 Ω_{U,0} + 3 (1 + z) h^{−2}F_0 Ω_{m,0} , (7)

where a prime denotes the derivative with respect to z and we have introduced the quantities h ≡^H_{H0} , Ω_{U,0} ≡^{U0}_{3F0 H20} and u ≡^U_{U0} . The index 0 denotes the present moment here and below. The (dimensionless) relative energy density Ω_{m,0} is defined through Ω_{m,0} ≡^{ρm,0}_{3F0H20} . Once the master equation (7) is solved for F , we get the algebraic equation for Φ^′(z):

Φ^{′2} 6 = − F^′ 1 + z + F (1 + z)^2 − F_0 u (1 + z)^2 h^2

Ω_{U,0} −

F_0 (1 + z) h^2

Ω_{m,0} . (8)

The second stability condition of the scalar-tensor gravity (1) is ω_{BD} = F Φ^{′2} F^{′2} > − 3 2 , (9)

where Φ^{′2} is found from (8). Inequality (9) just expresses the positivity of the energy of the (helicity zero) scalar partner of the graviton, i.e. the positivity of the kinetic energy of the scalar field in the Einstein frame (see e.g. [49] for more details) ϕ^{′2} ≡ 3 4 ( F^′ F )_2 + Φ^{′2} 2F > 0 (10) with Φ^{′2} taken from (8). With the Z = 1 parametrization, we cannot reconstruct the function F (Φ) when −^3_2 < ω_{BD} < 0 since Φ^{′2} becomes negative in this case. Indeed, these allowed negative values of ω_{BD} correspond to the parametrization choice Z = −1 in Eq.(1). The Z = 1 parametrization allows us to consider consistently only cases for which Φ^{′2} ≥ 0, or equivalently ω_{BD} ≥ 0. However, the condition (9) with Φ^{′2} given by (8) is the true condition that the theory is well behaved and it remains valid even for Φ^{′2} < 0. This is best understood in the Brans-Dicke parametrization F = Φ, Z =^{ωBD}_Φ , where one can reconstruct the two functions F > 0 and ω_{BD} > −^3_2 from (7), (8), (9). For Φ^{′2} ≥ 0 and F ≥ 0, the inequality (9) is satisfied automatically. The inclusion of the range −^3_2 < ω_{BD} < 0 is not of purely academic interest and can be important when one considers the reconstruction of DE models far in the past. We illustrate this with a specific example in Fig. 1.

Solar System experiments constrain the post-Newtonian parameters γ_{P N} and β_{P N} today (for these quantities, we drop here the subscript 0)

γ_{P N} = 1 − (dF/dΦ)^2 F + 2(dF/dΦ)^2 , (11)

β_{P N} = 1 + 1 4 F (dF/dΦ) 2F + 3(dF/dΦ)^2 dγ dΦ , (12)

as well as the quantity^{Ġeff,0}_{Geff,0} . The best present bounds are:

γ_{P N} − 1 = (2.1 ± 2.3) · 10^{−5} β_{P N} − 1 = (0 ± 1) · 10^{−4} Ġ_{eff,0} G_{eff,0}

= (−0.2 ± 0.5) · 10^{−13} y^{−1} . (13)

where the first bound was obtained from the Cassini mission [56] and the other two from high precision ephemerides of planets [57] (the second bound has been recently confirmed by the Lunar Laser ranging [58] – their value is β_{P N} −1 = (1.2±1.1)·10^{−4}).

As a consequence of the smallness of γ_{P N} − 1, the Brans-Dicke parameter ω_{BD} satisfies today the inequality ω_{BD,0} > 4 × 10^4 . (14)

The resulting bound on F^′(0) is very stringent

F^′(0) √ F_0 = ± Φ^′(0) √ω_{BD,0} . (15) However, as was discussed in [43], the quantity ω_{BD} need not be so large as (14) in the past, though one can deduce a looser inequality applying up to redshift z ≲ 1 with fairly reasonable assumptions. From (8, 15) we can derive the allowed range of initial values F^′(0) and we find |F^′(0)| ∼ ω^{− 12}_{BD,0} and Ω_{DE,0} − Ω_{U,0} > 0, the result that we will recover in Sec. 5 when performing the small z expansion of all quantities. The peculiar case F^′(0) = 0 together with Ω_{DE,0} − Ω_{U,0} > 0 corresponds to pure General Relativity today (ω_{BD} = ∞).

As noted above, supernova observations permit DE to be of the phantom type, with the equation of state parameter w_{DE} < −1 at small redshifts. This is a strong motivation for considering DE models in the framework of the scalar-tensor theory of gravity. More generally, at present there is much interest in models with modified gravity of which the scalar-tensor theory is a well known representative. In scalartensor DE models, a meaningful definition of energy density and pressure of the DE sector requires some care (see also [53] for a detailed explanation). Let us define the energy density ρ_{DE} and the pressure p_{DE} in the following way:

3F_0 H^2 = ρ_m + ρ_{DE} (16) −2F_0 Ḣ = ρ_m + ρ_{DE} + p_{DE} . (17)

This just corresponds to the (conventional) representation of the true equation for scalar-tensor gravity interacting with matter in the Einsteinian form with the constant G_0 = G_N (t_0): R_{μν} − 1 2 R g_{μν} = 8πG_0 (T_{μν,m} + T_{μν,DE} ) . (18) With these definitions, the usual conservation equation applies:

ρ̇_{DE} = −3H(ρ_{DE} + p_{DE}) . (19)

If we define the equation of state parameter w_{DE} through w_{DE} ≡ p_{DE} ρ_{DE} , (20)

the time evolution of the DE sector is given by ρ_{DE} (z) ρ_{DE,0} ≡ ϵ(z) = exp [ 3 ∫_z 0 dz^′ 1 + w(z^′) 1 + z^′ ] . (21)

Using (16,17), one gets w_{DE} = 2 3 (1 + z)^{d ln H}_{dz} − 1 1 −^{H20}_{H2} Ω_{m,0}(1 + z)^3

, (22)

where Ω_m ≡ ρ_m 3H^2F_0

. (23)

Then Eq.(16) can be rewritten as

h^2(z) = Ω_{m,0} (1 + z)^3 + Ω_{DE,0} ϵ(z) (24)

where Ω_{DE,0} = 1 − Ω_{m,0} by definition. The condition for DE to be of the phantom type, w_{DE} < −1, can be obtained from (22). It reads [3, 43] dh^2 dz < 3 Ω_m (1 + z)^2 . (25)

This inequality is modified in the presence of spatial curvature [48]. As was first emphasized in [43], the scalar-tensor gravity allow for phantom DE. Indeed, for these models ρ_{DE} + p_{DE} = Φ̇^2 + F̈ − HḞ + 2(F − F_0) Ḣ , (26)

hence the weak energy condition for DE can be violated (see also [53]). Moreover, as it will be shown below, the weak energy condition may be violated even for the sum of DE and non-relativistic matter, i.e. for the whole right-hand side of Eqs. (18), leading to dh/dz < 0. However, such a strong violation corresponding to w_0 ≡ w_{DE}(0) < (1 − Ω_{m,0})^{−1} ≈ −1.4 is not supported by the existing data (though not completely excluded either).

The relation between the Hubble parameter and the luminosity distance in scalartensor gravity is the same as in GR^3:

h^{−1}(z) = ( d_L(z) 1 + z )_′ , d_L(z) = H_0 D_L(z) . (27)

However, as discussed in [59, 60], when using supernova data to obtain D_L(z), one has to take into account the dependence of the Chandrasekhar mass on G_{eff} , so that the SnIa peak luminosity appears to be ∝ (G_{eff} (z)/G_{eff,0})^{−3/2}. As shown in [43], the full reconstruction of the functions F (Φ), U(Φ) requires two independent types of observations: d_L(z) or another function of z that probes the background evolution, and the growth factor of matter perturbations δρ_m(z)/ρ_m(z) at some comoving scale much less than the Hubble scale, too. On the other hand, as emphasized in [49], one can already obtain powerful constraints from a partial reconstruction using D_L(z) only. Such a partial reconstruction is possible when some additional condition is imposed on either F or U. This is the way we adopt in Sec. 7: we reconstruct the function F for a given Hubble parameter H(z) and a constant potential U and investigate whether the resulting model is viable. Before embarking on such partial reconstructions, we derive first an integral form of the general solution of Eq. (7).

3 The master equation for F

Let us now consider the master equation (7) and present its general solution in an integral form. This will allow us to understand general properties of solutions, in particular, their dependence on initial conditions. The first step is to note that one solution of the homogeneous equation (7) (without source term) is given by

F ∝ (1 + z)^2 . (28)

This suggests us, following [49], to introduce the function f defined as follows F (z) F_0

≡ (1 + z)^2f(1 + z) , (29)

3Note that the definitions of d_L(z) and D_L(z) are interchanged in [17] and [48].

in terms of which Eq.(7) becomes

f^{′′} + (ln h)^′f^′ = 6 u x^4 h^2

Ω_{U,0} + 3 x h^2 Ω_{m,0} , (30)

where we have introduced the variable x ≡ 1 + z. Due to the absence of any term proportional to f, in accordance with (28,29), Eq. (30) is easily integrated formally, and its general solution has the integral form

f(x) = 1 + [ −2 +

F^′(x = 1) F_0 ] d_L x + 6 Ω_{U,0} ∫_x 1 dx^′ h(x^′) ∫_x′ 1 u(x^{′′}) dx^{′′} x^{′′4} h(x^{′′}) + 3 Ω_{m,0} ∫_x 1 dx^′ h(x^′) ∫_x′ 1 dx^{′′} x^{′′} h(x^{′′}) . (31)

A nontrivial dependence on initial conditions is through the second term only. We see that for a given initial value F^′(z = 0), this term is proportional to the dimensionless luminosity distance d_L. Due to Eq. (15), we have f^′(x = 1) = −2 ±

|Φ^′(z=0)|

√_{F0 ωBD,0} ≈ −2, indicating that we must start today, on observational grounds, very close to GR. Hence, the second term of the general solution is bound to be negative and it is this term that will possibly push the quantity f(z) downwards for increasing z. Finally, the corresponding quantity F is trivially obtained using (29). If we choose U to be constant, we can implement the reconstruction of the microscopic Lagrangian. By inspection of (7) for constant U, we find the asymptotic solution

F (x) = C_1 x^2 + C_2 x^{32} + F_0 , (32)

in complete agreement with (31) setting u = 1. We can now proceed with the general reconstruction scheme [43, 49] and find Φ(z), and hence z(Φ), by integration of (8). This would finally give us F (Φ).

Let us come back to the solution (28). It corresponds to the parametrization Z = −1 with F (Φ) = 1 6 Φ^2 , ω_{BD} = − 3 2 , (33)

where Φ is defined up to some constant. From (33) it is seen that this solution is unphysical in view of (9), see [49]. It is interesting that (33) corresponds to a conformally coupled scalar field in the Jordan frame satisfying

Φ̈ + 3HΦ̇ + R 6 Φ = 0 . (34)

4 Scaling solutions

Let us now consider the so-called scaling solutions for which DE scales as some power of a, ρ_{DE} ∝ a^{−3γ} , (35) which attracted a lot of interest previously.^4 Clearly, for these solutions DE has an effective barotropic (constant) equation of state, viz.

w_{DE} = −1 + γ , (36)

and we can readily write formally the general scaling solution by substituting

h^2 = Ω_{m,0} (1 + z)^3 + Ω_{DE,0} (1 + z)^{3γ} , (37)

into the integral expression (31). We emphasize that this gives the general scaling solution irrespective of any limiting case and for an arbitrary potential, the only assumption is that of the spatial flatness. Using (31) and (37), general analytic expressions for F (z) can be obtained only for the cases γ = 1, 4/3 (see Appendix).

In analogy with a minimally coupled scalar field (quintessence), a scaling solution satisfies ρ_{DE} + p_{DE} ρ_{DE} = 1 + w_{DE} = γ . (38)

However, in contrast to the minimally coupled scalar field case with a positive potential, (38) does not imply 0 ≤ γ ≤ 2, in particular γ can be negative which corresponds to phantom DE.

To get insight into the ability of scalar-tensor DE models to produce various equation of state parameters w_{DE}, it is instructive to study first scaling solutions in the absence of dust-like matter (ρ_m = 0). In this way, a lower limit on w_{DE} for realistic solutions with ρ_m ≠ 0 can be obtained. These scaling solutions can also be considered as describing the asymptotic future of our universe when Ω_m → 0 and Ω_{DE} → 1. Then a(t) ∝ |t|^q with q =^2_{3γ} . For phantom (or, super-inflationary) solutions, q < 0 and then the moment t = 0 corresponds to the ’Big Rip’ singularity [38, 62].

It is straightforward to check that such scaling solutions can exist only when F = αΦ^2 with α = const. This form of F corresponds to a constant Brans-Dicke parameter ω_{BD} =^1_{4α} for Z(Φ) = 1. Further on, we assume that α > 0 for stability of the theory. The two scaling solutions in the vanishing potential case (the pure Brans-Dicke theory) are [63]

|Φ| ∝ |t|^r, r = 1 ± 3 √ 1 +^1_{6α} 8 ( 1 +^3_{16α} ) , q = 1 +^1_{4α} ∓ √ 1 +^1_{6α} 4 ( 1 +^3_{16α}

) > 0 . (39)

Hence it is not possible to get a scaling solution with w_{DE} < −1 with vanishing (or negligible) potential U(Φ). We note that the above solution reduces to (28,33) obtained for Z = −1 when we formally put α = −^1_6 in (39). Indeed we get q = 1, r = −1, hence F ∝ a^{−2} which is exactly the solution (28).

However, scaling solutions supported by both the kinetic and the potential energy of Φ can exist in the presence of a polynomial potential U(Φ) = U_0|Φ|^n (we assume

4Our definition for ρ_{DE} , Eq.(16), differs from that used in [61], and this explains why our results differ from theirs.

that the potential is positive, so U_0 > 0). We have for these solutions r = 2 2 − n , q = 2 ( n + 2 +^1_α ) (n − 2)(n − 4)

(40)

while the inequality q^2 + 2qr >^{r2}_{6α} has to be satisfied (this is always the case if α ≪ 1 and n = O(1)). They were first found in [64] (see also the analysis of their stability in [65, 66]) but they have not been discussed yet in connection with phantom DE. Note that there is no phantom behaviour for usually considered quadratic and quartic potentials.

So, we see that it is possible to get scaling solutions with q < 0, w_{DE} < −1 if 2 < n < 4. For these solutions, r < 0, too, so that a(t) diverges in the ”Big Rip” singularity at some finite moment of time in future. It is clear that, relaxing the requirement of scaling behaviour, it is possible to add some amount of dust-like matter to these solutions while still keeping the phantom behaviour of DE. However, the amount of ’fantomness’ exhibited by them, i.e. the modulus of the minimal possible value of w_{DE} + 1 = 2/3q, is very small for small values of α (equivalently large ω_{BD}), viz. w_{DE} + 1 ≥ − α 3 , (41)

where the equality is achieved for n = 3. Thus, the conclusion is that polynomial potentials and scaling solutions in viable scalar-tensor DE models can lead to violation of the WEC, however, by the small amount ∼ ω^{−1}_{BD} only.

5 Small z expansion and Solar System gravity tests

Of course, scaling solutions considered in the previous section are very specific ones. Let us now study generic solutions describing DE in the scalar-tensor gravity. Since, as was explained in the Introduction, if DE crosses the phantom boundary at all, it has done it in a very recent epoch, at small z, it is natural to study the expansion of a generic solution in powers of redshift z. For each solution H(z), Φ(z), the basic microscopic functions F (Φ) and U(Φ) can be expressed as functions of z and expanded into Taylor series in z: F (z) F_0

= 1 + F_1 z + F_2 z^2 + ... > 0 , (42) U(z) 3F_0 H^2_0

≡ Ω_{U,0}u = Ω_{U,0} + u_1 z + u_2 z^2 + ... . (43)

Note that this expansion produces two parameters in each order of z which are independent of initial conditions and can be expressed through derivatives of F (Φ) and

U(Φ) with respect to Φ. The corresponding expansion for Φ^′(z) is:

(F_0)^{− 12} Φ^′(z) = Φ^′_0 + Φ^′_1 z + Φ^′_2 z^2 + ...

= Δ + 1 Δ [ 6(F_1 − F_2 + Ω_{U,0} − 1) − 3(Ω_{m,0} + u_1)

+ 3(Ω_{m,0} + Ω_{U,0})

F_1

2 − 1

(4F_1 − 2F_2 + 6Ω_{U,0} + 3Ω_{m,0} − 6) ] · z + . . . (44)

with Δ^2 ≡ 6 (Ω_{DE,0} − Ω_{U,0} − F_1). As we will see below, Δ^2 > 0. In principle, the expansion (44) can be inverted to get z(Φ). From (42,43), all other expansions can be derived:

h^2(z) = 1 + h_1 z + h_2 z^2 + ... , (45) ϵ(z) = 1 + ϵ_1 z + ϵ_2 z^2 + ... > 0 , (46) w_{DE}(z) = w_0 + w_1 z + w_2 z^2 + ... , (47)

H^{−1}_0

Ġ_{eff} G_{eff}

= g_0 + g_1 z + g_2 z^2 + ...., (48)

which can be used in order to constrain parameters of our model.

There are two types of observational constraints at small redshifts. The first of them includes those ones that follow from Solar System and other tests of possible deviations of the scalar-tensor gravity from GR at the present moment (z = 0); in particular, |g_0| ≲ 10^{−3} at the 2σ confidence level from the last of Eqs. (13). Other constraints follow from cosmological tests and refer to the whole range of redshifts up to z ∼ 1 and higher redshifts, depending on the nature of the test. In particular, if we assume that the present supernova data admit (or even favour) w_{DE}(z) < −1 for z ≲ 0.3 as was argued in the Introduction, then^{dϵ}_{dz} = ϵ_1 + 2 ϵ_2 z + 3 ϵ_3 z^2 + .... < 0 for z ≲ 0.3. In particular, we must have ϵ_1 < 0 that is equivalent to Eq. (25) taken at z = 0.

It follows from the substitution of these expansions into Eqs. (7,8) that

h_1 = 1 1 −^{F1}_2 ( 6 − 3Ω_{m,0} − 6Ω_{U,0} − 4F_1 + 2F_2 ) , h_2 = 3 (^{F1}_2 − 1)^2 [ F_1 ( 5 2 F_1 − 3F_2 −

F_3 2 + 4Ω_{U,0} + u_1 2 + 11 4 Ω_{m,0} − 7 )

+F^2_2 − 3F_2Ω_{U,0} − 3 2 F_2Ω_{m,0} + 4F_2 + F_3 − 5Ω_{U,0} − u_1 − 4Ω_{m,0} + 5 ] ,(49)

1 + w_0 = 5 2 F_1 − 2F_2 − 6(Ω_{DE,0} − Ω_{U,0}) +^3_2 F_1 Ω_{DE,0} 3Ω_{DE,0}(^{F1}_2 − 1)

, (50)

w_1 = 1 3Ω_{DE,0} [ 1 + 6^{Ωm0}_{ΩDE,0}

F_1

2 − 1 ( 4F_1 − 2F_2 + 6Ω_{U,0} − 3Ω_{DE,0} − 3 ) − 9 Ω_{m0} Ω_{DE,0} + 6 (^{F1}_2 − 1)^2 ( 5 2 F^2_1 − 3F_1F_2 −

F_1F_3 2 + 4F_1Ω_{U,0} +

F_1u_1 2 + 11 4 F_1Ω_{m0} − 7F_1

+ F^2_2 − 3F_2Ω_{U,0} − 3 2 F_2Ω_{m0} + 4F_2 + F_3 − 5Ω_{U,0} − u_1 + 4Ω_{DE,0} + 1 )]

− 1 3Ω^2_{DE,0}(^{F1}_2 − 1)^2 ( 4F_1 − 2F_2 + 6Ω_{U,0} − 3Ω_{DE,0} − 3

)_2

. (51)

The quantities F_1, F_2, Ω_{DE,0} −Ω_{U,0} satisfy important constraints. For ω_{BD,0}, we have the expression ω_{BD,0} = 6(Ω_{DE,0} − Ω_{U,0} − F_1)

F^2_1 = Δ^2 F^2_1

(52)

which should be very large and positive, see (14). Therefore, we must have |F_1| ≪ 1 and Δ^2 ≈ 6(Ω_{DE,0} − Ω_{U,0}) > 0.^5 Moreover, since Δ^2 < 6Ω_{DE,0} < 5 for positive U, |F_1| < ( 5 ω_{BD,0} )_{1/2} ≲ 10^{−2} . (53)

Thus, two cases are possible. In the first case, the further coefficients F_2, F_3, etc. in the expansion (42) are all of the order of F_1, i.e. they satisfy the inequality (53), too. In this case, the first derivative of F with respect to z or Φ at the present moment is not atypical compared to other derivatives. Then, however, a possible amount of phantomness (the quantity defined in the end of the previous section) is also of the order of |F_1|, i.e. less than 1%. Such DE will be practically indistinguishable from a cosmological constant.

Another possibility which admits ’significant phantomness’, namely, min(1+w_{DE}(z)) < −0.01, takes place if |F_2|, |F_3|, (Ω_{DE,0} − Ω_{U,0}) and so on are significantly larger than

5Note that this condition is not satisfied in the recent paper [67] that results in unphysical nature of its best-fit solution for z < 0.2.

|F_1|. It is a matter of taste if one considers the second possibility as ’fine tuned’ with respect to the first one; observations should finally tell us if significant phantomness does exist or not. In any case, it is clear that if we are interested in any prediction for a significant deviation from the cosmological constant variant of DE, we may neglect F_1 as compared to F_2 and other parameters (but not in those expressions where it enters as a multiplier).

For |F_1| ≪ 1, all the expansions above simplify significantly, and we have, in particular,

1 + w_0 ≃

2F_2 + 6(Ω_{DE,0} − Ω_{U,0}) 3Ω_{DE,0} . (54)

From (54), the necessary condition to have phantom DE today reads ( d^2F dΦ^2 ) 0 = F_2 3 (Ω_{DE,0} − Ω_{U,0})

< −1 . (55)

In particular, F_2 < 0, because Ω_{DE,0} − Ω_{U,0} > 0 as discussed above.^6 In the same limit, h_1 < 0, i.e. the WEC is violated for the total effective energy-momentum tensor for matter + DE (for the whole right-hand side of Eq. (18)), if the stronger inequality is fulfilled: F_2 < − 3 2 (1 + Ω_{DE,0} − 2Ω_{U,0}) . (56)

The expression for w_1 becomes in the limit |F_1| ≪ 1

w_1 = 1 3Ω_{DE,0} [( 1 + 6 Ω_{m,0} Ω_{DE,0} ) (2F_2 + 3 + 3Ω_{DE,0} − 6Ω_{U,0}) − 9 Ω_{m,0} Ω_{DE,0} ]

+ 2 Ω_{DE,0} [ F^2 ( F_2 − 3Ω_{U,0} − 3 2 Ω_{m,0} + 4 ) − 5Ω_{U,0} + 4Ω_{DE,0} + 1 + F_3 − u_1 ]

− 1 3Ω^2_{DE,0}

(2F_2 + 3Ω_{DE,0} + 3 − 6Ω_{U,0})^2 (57) = 9(w_0 − 1)^2Ω_{DE,0} − 8 − 6w^2_0 + 9Ω_{m,0} − 18Ω_{U,0} + w_0 (26 − 9Ω_{m,0} + 18Ω_{U,0}) 2 + (−6w_0 + 14Ω_{U,0} + 3Ω_{m,0}(−3Ω_{U,0} + 2w_0)) Ω_{DE,0} + 2 Ω_{DE,0} (F_3 − u_1) , (58)

where the last equality (58) is obtained using (54). Since F_3 and u_1 are free parameters determined by a concrete choice of F (Φ) and U(Φ), it is well possible to have w_1 > 0 for w_0 < −1 in order to realize a smooth phantom divide crossing at small z for DE in the scalar-tensor gravity.

6In this place our considerations intersect with those of the recent paper [68]. The condition (55) corresponds to β_0 > 1 in the notation of that paper. The other case mentioned there, β_0 ∼ −1, does not lead to significant fantomness of DE with our definition of the DE energy-momentum tensor.

We obtain further

g_0 = F_1 { 1 − 1 (^{F1}_2 − 1)(F^2_1 − 3F_1 − 3Ω_{U,0} + 3Ω_{DE,0})(F^2_1 − 4F_1 − 4Ω_{U,0} + 4Ω_{DE,0}) × [( (F^2_1 − 4F_2)(

F_1 2 − 1) − (5F_1 − 2F_2 + 6Ω_{U,0} − 3Ω_{DE,0} − 5)F_1 )

×(F_1 + Ω_{U,0} − Ω_{DE,0}) + (4F_1 − 2F_2 + 6Ω_{U,0} − 3Ω_{DE,0} − 3)F^2_1

+(F_1F_2 − 5 2 F_1 +

F_1u_1 2 − 3 2 F_1Ω_{DE,0} − 6Ω_{U,0} − u_1 + 6Ω_{DE,0})F_1 ]} . (59)

Expression (59) simplifies considerably for |F_1| ≪ 1:

g_0 ≃ F_1 ( 1 − F_2 3(Ω_{DE,0} − Ω_{U,0}) ) = F_1 ( 1 − ( d^2F dΦ^2 ) 0 ) . (60)

Note that g_0 and F_1 have the same sign for the case of (significantly) fantom DE. Finally, for the post-Newtonian parameter β_{P N} and γ_{P N} we have

β_{P N} = 1 + ω^′_{BD} 4(2ω_{BD} + 3)(ω_{BD} + 2)^2 F F^′ (61)

γ_{P N} = 1 − 1 ω_{BD} + 2

. (62)

Taking the zeroth order in z, we obtain :

β_{P N,0} = 1 + ω_{BD,1} 4(2ω_{BD,0} + 3)(ω_{BD,0} + 2)^2 1 F_1

. (63)

γ_{P N,0} = 1 − 1 ω_{BD,0} + 2

. (64)

For |F_1| ≪ 1 and |F_1u_1/Δ^2| ≪ 1, we have:

ω_{BD,0} ≃ 6(Ω_{DE,0} − Ω_{U,0}) 1 F^2_1

(65)

ω_{BD,1} ≃ 24(Ω_{DE,0} − Ω_{U,0})

F_2 F^3_1

, (66)

which finally yields

γ_{P N,0} = 1 −

F^2_1 6(Ω_{DE,0} − Ω_{U,0}) , β_{P N,0} = 1 − F^2_1 F_2 72(Ω_{DE,0} − Ω_{U,0})^2

. (67)

Now we can use (50,52,60,67) to extract information from the Solar System constraints. First we note that all the Solar System constraints (14),(13) are satisfied for a sufficiently small |F_1| (less than the upper bound (53)) independently of any requirement concerning the present DE equation of state, in particular, whether one has today DE of the phantom type or not. From (62), it is seen that γ_{P N,0} ≈ 1 and γ_{P N} < 1 for any viable scalar-tensor model of DE having ω_{BD,0} positive and large. For significantly phantom DE, other constraints follow from (67):

β_{P N,0} > 1 , (68) γ_{P N,0} − 1 β_{P N,0} − 1 = 12 (Ω_{DE,0} − Ω_{U,0}) F_2

= 6 Ω_{DE,0}

1 + w_0 F_2

− 4 . (69)

Therefore, for significantly phantom DE − 4 < γ_{P N,0} − 1 β_{P N,0} − 1 < 0 . (70)

It is possible to invert formulas (60,67) and express F_1, F_2 and Ω_{DE,0} − Ω_{U,0} through the Solar System observables γ_{P N,0}, β_{P N,0} and g_0:

F_1 = g_0 γ − 1 γ − 1 − 4(β − 1)

(71)

F_2 = −2 g^2_0 β − 1 [γ − 1 − 4(β − 1)]^2

(72)

Ω_{DE,0} − Ω_{U,0} = − 1 6 g^2_0 γ − 1 [γ − 1 − 4(β − 1)]^2

(73)

1 + w_0 = − 1 3 g^2_0

4(β − 1) + γ − 1 Ω_{DE,0} [γ − 1 − 4(β − 1)]^2

(74)

Thus, in principle, it is possible to test w_0 < −1 in the Solar System as was recently discussed in [68]. However, this may be very difficult to perform in practice since the small parameter F_1 enters quadratically into γ_{P N,0} − 1 and β_{P N,0} − 1 while not appearing (in some limit) in 1 + w_0. So, a rather significant fantomness of DE is typically accompanied by very small deviations of the post-Newtonian parameters from their GR values. E.g., let us take Ω_{DE,0} = 0.7, Ω_{U,0} = 0.6, γ_{P N,0} − 1 = −2 · 10^{−5} (the latter being marginally possible at the 2σ level) and w_0 = −1.2. Then, from Eqs. (67,54), we get |F_1| = 3.5 · 10^{−3}, F_2 = −0.51 and β_{P N,0} − 1 = 0.85 · 10^{−5} – an order of magnitude below the present upper limit.^7 Further, w_1 = 2.9 (F_3 −u_1)−0.70. Finally, in this case |g_0| = 0.95 · 10^{−2} that is an order of magnitude larger than the 2σ upper limit following from the last of Eqs. (13) ! So, if this upper bound will be confirmed, |F_1| has to be decreased by an order of magnitude which results in β_{P N,0} − 1 and γ_{P N,0} − 1 being on the level of 10^{−7}. For comparison, in the extreme opposite case Ω_{U,0} = 0 with the same values of Ω_{DE,0}, γ_{P N,0} and w_0, we get |F_1| = 9.2 · 10^{−3}, F_2 = −2.3, β_{P N,0} −1 = 0.55·10^{−5}, w_1 = 2.9 (F_3 −u_1)+1.5 and even larger |g_0| = 1.9·10^{−2}.

This shows also that the measurement of Ġ_{eff,0}/G_{eff,0} is the most critical among Solar System tests of scalar-tensor DE since this quantity is proportional to the first power of the small parameter |F_1| (apart from the exceptional case (d^2F/dΦ^2)_0 = 1

7Let us emphasize once more that the formulas (60,67) were obtained under the assumption |F_2| ≫ |F_1|. For this reason, they are not applicable, e.g., to the scaling solution (40) for which F_2 = −F_1/2 > 0, γ_{P N} = 1 − 4α in the limit α ≪ 1, and β_{P N} ≡ 1.

which does not lead to the present phantom behaviour of DE). Also, to determine w_1 which is necessary in order to consider the possibility of phantom boundary crossing, the determination of (d^2 ln G_{eff} /dt^2)_0 is required, something that is hardly possible. Thus, testing the phantom behaviour of scalar-tensor DE in the Solar System may be much more difficult than in cosmology.

6 General reconstruction of F (z)

We consider now the reconstruction of F (z) for given Hubble parameter H(z) and potential U. As can be seen from (24,21), H(z) is a functional of w(z). We will consider several cases corresponding to phantom divide crossing at very small redshifts as favoured by the latest observations. It is desirable to derive some general properties of the behaviour of our system before embarking on the study of specific models.

It is easy to derive the following general property shared by a large class of models: if we require that ϕ^{′2} > 0 and also U ≥ 0, then the following inequality must be satisfied F^′ F_0 ( (1 + z)^2 4 F^′ F − (1 + z) ) + F F_0

> (1 + z)^3h^{−2}(z)Ω_{m,0} . (75)

Note that the r.h.s. of (75) tends to one in any model for which w_{DE} < 0 and it will tend to this asymptotic value quickly for w_{DE} < −0.5. We can consider several particular cases:

• It is seen from (75) that models which at some redshift z_m ≫ 1 satisfy F^′(z_m) = 0 and 0 < F (z_m) < 1 sufficiently small, must also have ϕ^{′2}(z_m) < 0, such an example is actually illustrated in Figure 1.

• When F → 0 for z → z_m while at the same time F^′(z_m) ≠ 0, it follows from the expression (10) for ϕ^{′2} and using (8) that ϕ^{′2} → ∞.

• Finally, an interesting case is provided when F (z_m) = F^′(z_m) = 0 for some z_m.

We see first from (8) that Φ^{′2} → Φ^{′2}(z_m), where Φ^{′2}(z_m) is a (small) negative number. Let us assume that^{F ′}_F is bounded when z → z_m. In that case the inequality (75) cannot be satisfied, hence ϕ^{′2}(z_m) < 0 (allways assuming U > 0) and actually we have ϕ^{′2} → −∞ for z → z_m as can be checked directly with the definition of ϕ^{′2}. As a consequence, if ϕ^{′2} > 0 as z → z_m then we must have | |^{F ′}_F | | → ∞ and if in addition^{F ′2}_F is bounded, then ϕ′2 → ∞.

Some of these properties are illustrated with Figures 1,2,3.

Let us consider now the space-time background evolution encoded in the quantity h(z). From a theoretical point of view, as is seen from (24), a given function w(z) implies a corresponding functional form h(z), and conversely using (22). Future data are expected to mesure D_L(z) = H^{−1}_0 d_L(z), and therefore h(z) = H^{−1}_0 H(z), with high precision. In the meantime, we can try some particular expressions w(z), or h(z), parametrized with the help of a limited number of free parameters, an attitude which turns out to be very fruitful. We will consider both constant and variable equation of state parameter w. Observations suggest that w can be varying and we will model this variation using the following two-dimensional parametrization of the equation of state parameter suggested in [17], [18])

w(z) = (−1 + α) + β (1 − x) ≡ w_0 + w_1 z 1 + z

. (76)

where x ≡^a_{a0} . We will sometimes compare our results with the parametrization suggested in [19] ϵ(z) = A_0 + A_1 (1 + z) + A_2 (1 + z)^2 . (77)

By definition, ϵ(0) = 1, hence A_0 + A_1 + A_2 = 1. Note that we have for (76)

ϵ(z) = (1 + z)^{3(α+β)}e^{−3β z1+z} . (78)

Actually, rather than delimiting some restricted bounded domain in the parameter space, some observations on small redshifts z ≲ 0.35 single out a prefered direction. Variations along this direction are essentially unconstrained while variations normal to it are most efficiently constrained. This is the case for baryon oscillations data which constrain h(z) and therefore w(z) as follows

Ω_{m,0}^{1/2}h(z_1)^{−1/3} [ 1 z_1 ∫_{z1} 0 dz h(z) ]_{2/3} ≤ 0.469 ± 0.017 , (79)

with z_1 = 0.35, Ω_{m,0} = 0.3.

When we use the parametrization (76), eq.(79) translates into the constraint at the 1-σ level in the parameter plane α, β (equivalently w_0, w_1),

α + 0.112 β = 1 + w_{DE,0} + 0.112 w_1 = 0.23 ± 0.20 . (80)

As said in the Introduction, we see that these constraints allow for a w_0 close to (and possibly slightly lower than) −1 if we take a constant equation of state, while a w_0 significantly lower than −1 is allowed but it requires a steeply increasing w near z = 0 in agreement with recent analysis of the data. It is natural to use the constraint (80) when we consider the small z expansion of our scalar-tensor model quantities and of our fit (76).

7 Reconstruction for a constant potential U

Setting U = 0, we consider either w_{DE} < 0 constant, or else w_{DE}(z) of the form (76) or (77), whose variation is parameterized by two parameters. This extends the investigations in [49], where only the case w_{DE} = −1 was considered. The interesting result obtained there was that F vanishes, and hence the theory is singular, at very low redshifts z ≈ 0.66 for F^′(0) = 0 and at only slightly higher redshift z ≈ 0.68 if one fully exploits the possible initial conditions allowed by the solar system constraints. It is therefore interesting to investigate how this result is affected when we take different equations of state. In particular we will also consider here equations of state with w_{DE} < −1. As SNIa observations point to a varying equation of state which is of the phantom type on very low redshifts z ≲ 0.3, this case is considered too. For the polynomial expression (77), for definiteness we will use the best fit to the “Gold data set” consisting of 156 supernova which was proposed in [27] (with the priors Ω_{m,0} = 0.3 and Ω_{k,0} = 0):

A_1 = −5.94 ± 3.61 A_2 = 2.39 ± 1.47 . (81)

These values are similar to those earlier obtained in [20] for the same dataset. As we can see, (81) has large uncertainties. The corresponding equation of state is today of the phantom type but rapidly increases to a positive value w_{DE} ≃ 0.1 at z ≃ 0.8 and then decreases to its asymptotic value w_{DE} = −^1_3 but it is still slightly positive at z = 2. We first note from (54) that F_2 satisfies

F_2 = 3 2 (w_{DE,0} − 1) Ω_{DE,0} + 3 Ω_{U,0} . (82)

Therefore F_2 < 0 for U = 0 as long as w_{DE,0} < 1 while F_2 decreases with decreasing w_{DE,0}. The results obtained numerically are shown in Figure 4. It is seen that we keep essentially the same picture, in particular F vanishes more rapidly when w_{DE} decreases, hence the problem is even more severe for phantom DE with constant w_{DE}. Even the fit (81) where w_{DE} varies substantially at low redshifts yields essentially the same behaviour. The same result as for (81) is obtained using the parametrization (76) with α = −0.377 and β = 2. This is similar to earlier results showing that a large variation of the equation of state around w_{DE} = −1 on low redshifts can result in essentially the same d_L(z) [17, 33] for z ≲ 1 and one can understand from the general expression eq.(31) why all cases displayed in Figure 1. will have basically the same behaviour regarding the evolution of F (z). The initial condition F^′_0 = F_1 = 0 and Φ^′(0) ≠ 0 means physically that the theory corresponds strictly to General Relativity today, ω^{−1}_{BD,0} = 0. The solar system constraints allow for a very small nonvanishing F_1, see eq.(15), and the corresponding change in z_{max} is very marginal as can be seen on Figure 4. To summarize, looking only at z = 0 one could think that models with w_{DE,0} = −1 and U = 0 are allowed, however we see that the cosmological evolution of such models leads to a singularity at very low redshifts generalizing the results obtained earlier [49]. It is clear from these results that a scalar-tensor theory of gravity with vanishing potential U is definitely excluded by the Supernovae data.

The next natural step is to consider constant (nonvanishing) potentials U. Of course, one does not expect such a behaviour to be relevant up to very large redshifts, but it is certainly a sensible approximation to start with on small redshifts z ≲ 1.5. We note from (82) that F_2 < 0 for w_{DE,0} < −1. By taking Ω_{U,0} ≈ Ω_{DE,0} one has the smallest possible F_2 for given w_{DE,0} and these are the cases which are found to have the largest range of validity. We find that many models are allowed which are perfectly viable on small redshifts z ≲ 1.5. Typically, these models become singular at some higher redshift well beyond z = 2. There are several possibilities: either it is the quantity F that is vanishing first or it is the quantity ϕ^{′2} that vanishes first. As discussed in Section 6, when F = 0 and F^′ ≠ 0, the quantity ϕ^{′2} diverges, ϕ^{′2} → ∞.

Models for which both F and F^′ vanish together can be considered as a limiting case which gives the largest possible redshift. If we change very slightly the potential U so that when F^′ = 0, F > 0, one gets ϕ^{′2} = 0 earlier. These different possibilities are displayed in Figures 2,3. We have checked the behaviour of such models with w_{DE} starting below −1 as favoured by SNIa data and with w_{DE} quickly becoming larger than -1. To summarize, we find that models with Ω_{U,0} → 0.7 and an equation of state with w_{DE} → −1 will become singular at arbitrarily high redshifts. We should remember that Ω_{U,0} = 0.7 together with w_{DE} = −1 gives back General Relativity (F = 1). In all other cases some maximal redshift is found where the model becomes singular.

In all our numerical calculations, we neglected radiation since its energy density is very small at redshifts of interest. However, even in principle its presence cannot prevent the occurence of the singularity at the moment when G_{eff} changes sign (ϕ^{′2} = 0 in our case) whose generic (anisotropic) structure is independent of the matter equation of state (see [55] in this respect).

8 Asymptotic stability

The next step is to consider nonconstant potentials. As we have shown very generally in Section 5, such models are consistent with DE of the phantom type today and phantom divide crossing at small redshifts. An example of the reconstruction of a model with phantom DE today and phantom divide crossing at z ≈ 0.3 was presented in [50]. However, in this paper the reconstruction was implemented only for small redshifts z ≲ 2. As was shown in the previous section, one has to consider the large-z behaviour of a model, too, to prove its viability.

In contrast to the case with constant or vanishing potential U(Φ), a growing potential U(Φ) allows for the construction of scalar-tensor DE models which are viable for all redshifts and evolves according to the fit (76)

w(z) = const = w_0 + w_1 = −1 + (α + β) > −1 z ≫ 1 . (83)

As a particular example of such a model, let us assume that the scalar-tensor gravity approaches GR sufficiently fast at the matter-dominated stage and that DE ’tracks’ matter:

F → F_∞ = const, |Ḟ | ≪ HF_∞, |F̈ | ≪ H^2F_∞, (84) H^2 ∝ (1 + z)^3 1 ≪ z ≪ z_{eq} , (85)

where z_{eq} is the redshift at the matter-radiation equality. In this way we recover in the past the usual behaviour a ∝ t^23 . However, the constant value F_∞ < F_0 may not be too small compared to F_0. In order to satisfy the BBN constraints [69, 70], the following inequality is required

(F_0 − F_∞)/F_0 < 0.1 , (86) which can be easily satisfied. Indeed, as can be seen from (75), we have for constant F and U > 0, ϕ^{′2} > 0 F_0 − F_∞ < ρ_{DE} ρ_m + ρ_{DE} F_0 . (87)

On the other hand, the assumption F_0 > F_∞ provides a good matching to the small-z expansion derived in Sec. 5 with F_2 < 0 and a very small F_1. In view of (86), this matching should occur at a sufficiently small z, too.

This scaling behaviour of DE corresponds to the asymptotic solution (85) with w_0 = −w_1, equivalently α + β = 1. As is well known, it can be obtained by taking an exponential potential U(Φ) at Φ → ∞, i.e. at large redshifts: U ∝ e √_3

2F0ΩU,∞ Φ , (88)

where Ω_{U,∞} is the constant asymtotic value of Ω_U at z ≫ 1 which is a free parameter formally. However, actually it should be small (less than a few percents) to obtain the correct value of the growth factor of density perturbations during the total matterdominated stage. The total DE energy density in terms of the critical one 3F_0H^2 is Ω_{DE,∞} = 2Ω_{U,∞} +

F_0 − F_∞ F_0

< 1 . (89)

Note that the term^{F0−F∞}_{F0} in (89) always has the same equation of state as the main background matter. Thus, to obtain behaviour different from w_0 = −w_1 at large z during the matter dominated stage is possible if F_0 = F_∞ only which requires additional fine tuning and is not natural.

9 Conclusions

In this work we have considered the viability of scalar-tensor models of Dark Energy. We have used different types of observations: Solar System constraints which constrain the model today, and other data like the supernova data which constrain its cosmological evolution, in particular the time evolution of the DE equation of state parameter w_{DE}. We were interested specifically in models which violate the weak energy condition on small redshifts z ≲ 0.3 and in any case today. We have found the formal general integral solution for F (z) when we reconstruct it for given H(z), which can be obtained from the d_L(z) data, and for given U(z). This general solution allows immediately for an integral representation of scaling solutions. We have constructed scaling solutions and shown that they exist in models with F = αΦ^2 with α =constant, in these models the Brans-Dicke parameter ω_{BD} is constant. Only for nonzero potentials can these models have scaling solutions with constant w_{DE} < −1. However, it is shown that for these models |w_{DE} + 1| is very small with |1 + w_{DE}| ∼ ω^{−1}_{BD}. We have further performed systematically the small z expansion of the theory and used it to extract various observational constraints. We recover that a large positive ω_{BD,0} requires |F_1| ≪ 1 where F_1 is the first derivative today of^F_{F0} . We find that a significantly phantom DE today (w_0 < −1.01) implies that F_2, the second derivative today of^F_{F0} , must be negative and not small, thus, significantly larger than F_1 by modulus. However, while necessary this is not a sufficient condition for phantom DE today, for example for vanishing potential F_2 < 0 whenever w_{DE,0} < 1.

The condition |F_2| ∼ 1 while the Solar System data require |F_1| < 10^{−2} (i.e. anomalously small) is the only ’fine tuning’ required to get a significantly phantom DE at the present time in scalar-tensor gravity. Note that, since the derivatives F_i(z) are not parameters of the effective microscopic Lagrangian (1) but depend on initial conditions in the early Universe too, it could be even better to call this a ”cosmic coincidence”. Our point of view is that the condition |F_2| ∼ 1 cannot be excluded by pure thought, only observations will possibly do it: in the absence of this condition when all F_i are of the same order as F_1, the general prediction is that the amount of possible phantomness in scalar-tensor DE models is very small, less than 1%.

As for the solar system constraints, we have shown that the Post-Newtonian parameter γ_{P N,0} must satisfy γ_{P N,0} − 1 ≃ −ω^{−1}_{BD,0} < 0, this is a general requirement for the viability of our model. On the other hand, a significantly phantom DE today implies β_{P N,0} > 1. Combining those results, we find that the negative quantity γ_{P N,0}−1 β_{P N,0}−1 does not depend on F1 and can be expressed in function of F2 and 1 + wDE,0.

This would enable us to find F_2 from the Solar System constraints provided we know 1 + w_{DE,0} from other cosmological data. Still for phantom DE today, we find that Ġ_{eff,0} has the same sign as F_1. So, a measurement of the sign of Ġ_{eff,0} would give us the sign of F_1 if we know we have 1 + w_{DE,0} < 0. On the other hand, a measurement of both quantities with opposite signs would rule out phantom DE today though measuring the sign of F_1 can be hard to determine observationally. However, due to the already confirmed smallness of F_1, connection between cosmological and Solar System tests of dark energy is rather one-way since it requires much greater accuracy from the latter ones for the determination whether DE is phantom at present or not. While a positive detection of β_{P N,0} > 1 is a strong argument for the phantom DE at present, a negative result (no measurable deviation of β_{P N,0} from unity) tells us nothing regarding DE properties. Also, the Solar System tests are clearly unable to provide w_1 in any reasonable future, so no information about the possibility of the phantom divide crossing may be expected from them.

We have also considered numerically the reconstruction of F for various w_{DE}, including constant as well as varying equations of state of the phantom type. Generalizing results obtained in [49] for a pure cosmological constant, we find that models with a vanishing potential (see Figure 3) are ruled out and lead to a singular behaviour for z < 0.66. While it is clearly possible to have phantom DE today with U = 0 without conflicting with the data, the cosmological evolution of these models rules them out. For models with constant nonvanishing potentials, which can be considered as a good approximation on small redshifts for more general models with varying potentials, we find that it is easy to have models in agreement with observations on small redshifts z ≲ 2. However, it is interesting that these models generically have a maximal redshift where they become singular. So, to construct a scalar-tensor DE model having a sufficiently long matter-dominated stage, a non-constant potential U(Φ) is required, and we have presented an example of such a model where DE tracks matter at large redshifts.

Therefore, the final conclusion is that the generic scalar-tensor gravity (1) with the two functions F (Φ) and U(Φ), derived from some underlying theory (e.g., from brane cosmology) or taken from observational data, has enough power to provide internally consistent cosmological models with a temporarily phantom DE (at present, in particular) and with a regular phantom divide crossing in the course of the evolution of the Universe.

10 Acknowledgements

A. A. S. was partially supported by the Russian Foundation for Basic Research, grant 05-02-17450, and by the Research Program “Astronomy” of the Russian Academy of Sciences, and acknowledges financial support from Université Montpellier II where part of this work was carried out.

References

[1] A. G. Riess, A. V. Filippenko, P. Challis et al., Astron. J. 116, 1009 (1998). [2] S. J. Perlmutter, G. Aldering, G. Goldhaber et al., Astroph. J. 517, 565 (1999). [3] V. Sahni and A. A. Starobinsky, Int. J. Mod. Phys. D 9, 373 (2000). [4] P. J. E. Peebles and B. Ratra, Rev. Mod. Phys. 75, 559 (2003). [5] T. Padmanabhan, Phys. Rep. 380, 235 (2003). [6] V. Sahni, astro-ph/0502032 (2005).

[7] E. J. Copeland, M. Sami and S. Tsujikawa, hep-th/0603057 (2006). [8] U. Seljak, A. Makarov, P. McDonald et al., Phys. Rev. D 71, 103515 (2005). [9] P. Astier, J. Guy, N. Regnault et al., Astron. Astroph. 447, 31 (2006). [10] D. N. Spergel, R. Bean, O. Dore et al., astro-ph/0603449 (2006). [11] D. Blais and D. Polarski, Phys. Rev. D 70, 084008 (2004). [12] L. Amendola, Phys. Rev. D 62, 043511 (2000).

[13] A. Yu. Kamenshchik, U. Moschella and V. Pasquier, Phys. Lett. B 511, 265 (2001).

[14] A. Vikman, Phys. Rev. D 71, 023515 (2005).

[15] A. A. Andrianov, F. Cannata and A. Yu. Kamenshchik, Phys. Rev. D 72, 043531 (2005).

[16] A. G. Riess, L.-G. Strolger, J. Tonry et al., Astroph. J. 607, 665 (2004). [17] M. Chevallier and D. Polarski, Int. J. Mod. Phys. D 10, 213 (2001). [18] E. V. Linder, Phys. Rev. Lett. 90, 091301 (2003).

[19] V. Sahni, T. D. Saini, A. A. Starobinsky and U. Alam, JETP Lett. 77, 201 (2003).

[20] U. Alam, V. Sahni and A. A. Starobinsky, JCAP 0406, 008 (2004). [21] D. Huterer and A. Cooray, Phys. Rev. D 71, 023506 (2005). [22] Y. Gong, Clas. Quant. Grav. 22, 2121 (2005).

[23] D. A. Dicus and W. W. Repko, Phys. Rev. D70, 083527 (2004). [24] S. Hannestad and E. Mortsell, JCAP 0409, 001 (2004). [25] D. Rapetti, S. W. Allen and J. Weller, MNRAS 360, 555 (2005). [26] A. Upadhye, M. Ishak and P.J. Steinhardt, Phys. Rev. D 72, 063501 (2005). [27] R. Lazkoz, S. Nesseris and L. Perivolaropoulos, JCAP 0511, 010 (2005). [28] C. Espana-Bonet and P. Ruiz-Lapuente, hep-ph/0503210 (2005). [29] J.-Q. Xia, G.-B. Zhao, B. Feng et al., Phys. Rev. D 73, 063521 (2006);

G.-B. Zhao, J.-Q. Xia, B. Feng and X. Zhang, astro-ph/0603621 (2006). [30] Y. Wang and M. Tegmark, Phys. Rev. Lett. 92, 241302 (2004); Phys. Rev. D 71, 103513 (2005).

[31] H. K. Jassal, J. S. Bagla and T. Padmanabhan, astro-ph/0601389 (2006). [32] J. Dick, L. Knox and M. Chu, astro-ph/0603247 (2006).

[33] I. Maor, R. Brustein, J. McMahon and P. J. Steinhardt, Phys. Rev. D 65, 123003 (2002).

[34] A. Shafieloo, U. Alam, V. Sahni and A. A. Starobinsky, MNRAS 366, 1081 (2006).

[35] A. Clocchiatti, B.P. Schmidt, A.V. Filippenko et al., astro-ph/0510155 (2005). [36] D. J. Eisenstein, I. Zehavi, D. W. Hogg et al., Astroph. J. 633, 560 (2005). [37] S. Cole, W. J. Percival, J. A. Peacock et al., MNRAS 362, 505 (2005). [38] R. R. Caldwell, Phys. Lett. B 545, 23 (2002).

[39] S. Nojiri, S. D. Odintsov and S. Tsujikawa, Phys. Rev. D 71, 063004 (2005).

[40] M. Sami, A. Toporensky, P.V. Tretjakov and S. Tsujikawa, Phys. Lett. B 619, 193 (2005).

[41] J. M. Cline, S. Jeon and G. D. Moore, Phys. Rev. D 70, 043543 (2004). [42] B. Feng, X. Wang and X. Zhang, Phys. Lett. B 607, 35 (2005);

Hao Wei, Rong-Gen Cai, Ding-Fang Zeng, Class. Quantum Grav.22, 3189 (2005). [43] B. Boisseau, G. Esposito-Farèse, D. Polarski and A. A. Starobinsky, Phys. Rev.

Lett. 85, 2236 (2000).

[44] V. Sahni and Yu. V. Shtanov, JCAP 0311, 014 (2003).

[45] L. P. Chimento, R. Lazkoz, R. Maartens and I. Quiros, astro-ph/0605450 (2006).

[46] I. Ya. Aref’eva, A. S. Koshelev and S. Yu. Vernov, Phys. Rev. D 72, 064017 (2005).

[47] V. A. Rubakov, hep-th/0604153 (2006).

[48] D. Polarski and A. Ranquet, Phys. Lett. B 627, 1 (2005). [49] G. Esposito-Farèse and D. Polarski, Phys. Rev. D 63, 063504 (2001). [50] L. Perivolaropoulos, JCAP 0510, 001 (2005). [51] M. Luo and Q. Su, Phys. Lett. B 626, 7 (2005). [52] L. Amendola, D. Polarski, S. Tsujikawa, astro-ph/0603703 [53] D. Torres, Phys. Rev. D 66, 043522 (2002).

[54] S. M. Carroll, A. De Felice and M. Trodden, Phys. Rev. D 71, 023525 (2005). [55] A. A. Starobinsky, Sov. Astron. Lett. 7, 36 (1981). [56] B. Bertotti, L. Iess and P. Tortora, Nature 425, 374 (2003). [57] E.V. Pitjeva, Astron. Lett. 31, 340 (2005); Sol. Sys. Res. 39, 176 (2005). [58] J. G. Williams, S. G. Turyshev and D. K. Boggs, gr-qc/0507083 (2005). [59] L. Amendola, P. S. Corasaniti, F. Occhionero, astro-ph/9907222;

E. Garcia-Berro, E. Gaztanaga, J. Isern et al., astro-ph/9907440 (1999); Phys. Rev. D 65, 023506 (2002).

[60] A. Riazuelo and J. P. Uzan, Phys. Rev. D 66, 023525 (2002). [61] V. Pettorino, C. Baccigalupi and F. Perrotta, JCAP 0512, 003 (2005). [62] A. A. Starobinsky, Gravit. Cosmol. 6, 157 (2000).

[63] J. O’Hanlon and B. O. J. Tupper, Nuovo Cim. 7, 305 (1972). [64] J. D. Barrow and K. Maeda, Nucl. Phys. B 341, 294 (1990);

L. Amendola, M. Litterio, F. Occhionero, Int. J. Mod. Phys. A 5, 3861 (1990). [65] L. Amendola, Phys. Rev. D 60, 043501 (1999). [66] D. J. Holden and D. Wands, Phys. Rev. D 61, 043506 (2000). [67] S. Nesseris and L. Perivolaropoulos, astro-ph/0602053 (2006). [68] J. Martin, C. Schimd and J.-P. Uzan, Phys. Rev. Lett. 96, 061303 (2006). [69] C. J. Copi, A. N. Davis and L. M. Krauss, Phys. Rev. Lett. 92, 171301 (2004). [70] K. Umezu, K. Ichiki and M. Yahiro, Phys. Rev. D 72, 044010 (2005).

PSfrag replacements

Figure 1: Several quantities are displayed for the model with parametrization (76) with α ≡ 1 + w_0 = −0.2 and β ≡ w_1 = 0.4, while F_1 = 0 and^{ΩU,0}_{ΩDE,0} =^{ΩU,0}_{0.7} = 0.97585. The curves shown represent the following (rescaled) quantities in function of redshift z:^F_{F0} (solid), 10 × Φ^{′2} (dotted), 10 × ϕ^{′2} (dashed) and 0.1 × ω_{BD} (dot-dashed). It is seen that ω_{BD} and Φ^{′2} become negative at z ≈ 10. The model remains valid beyond z ≈ 10 untill z ≈ 18 as long as ω_{BD} > −^3_2 or equivalently ϕ^{′2} > 0. So, we see that the model remains valid for a large interval where Φ^{′2} < 0. Of course, it is impossible to reconstruct Φ in this interval using the Z = 1 parametrization. Note that ϕ^{′2} becomes negative before z_m ≈ 22 where F^′(z_m) = 0, in accordance with (75).

PSfrag replacements

Figure 2: The quantity^{F (z)}_{F0} is displayed for the parametrization (76) with α ≡ 1 + w_0 = −0.2 and β ≡ w_1 = 0.4 and F_1 = 0. We have the following values for Ω_{U,0} Ω_{DE,0} = Ω_{U,0} 0.7 from bottom to top: 0.9758, 0.975824492, 0.975826, 0.97587. The second curve has its minimum at F = 0 and is superimposed on the third curve which has its minimum at F = 2.4 × 10^{−3}.

PSfrag replacements

Figure 3: The quantity ϕ^{′2} is shown for the same models as Figure 2. The short, resp. long, dashed curve corresponds to^{ΩU,0}_{ΩDE,0} =^{ΩU,0}_{0.7} = 0.975824492, resp 0.975826.

PSfrag replacements

Figure 4: The function^F_{F0} is shown for several models with vanishing potential U = 0. The solid lines correspond to the initial conditions F^′_0 = 0 while the dashed lines correspond to the maximal values allowed by the solar system constraint ω_{BD,0} > 4 × 10^4. We have from left to right the following equation of state parameter w: −2, −1.5, polynomial expression (81), −1, −0.5. It is seen that the limit of regularity of these models corresponds to very low redshifts, 0.566 ≤ z ≤ 0.663 for −2 ≤ w ≤ −1. Note that the polynomial expression (81) represents crossing of the phantom divide.

APPENDIX

We summarize in the table below, the integrability of scaling solutions using (31) for several exponents n ≡ 3γ. We use the following abbreviations:

a.n.i.: analytically non integrable Elliptic, log, Hypergeo : solutions expressed in terms of resp., elliptic, log (or arg tanh) and hypergeometric functions P^{(n)}(x): polynomial in x of degree n

n < 0 0 1 2 3 4 5 6 7, 8, 9 w < −1 −1 −2/3 −1/3 0 1/3 2/3 1 2/3, 5/3, 2 A_0 a.n.i. Elliptic Elliptic log −^2√_{(1+k)x}^{P (1)(x)}_x√_{k+1/x} Elliptic Elliptic Hypergeo

A_1 a.n.i. log Elliptic log −^2_3√_{(1+k)x3}^{P (2)(x)}_{x2}√_{k+1/x} Elliptic −^2_3^{1+kx3√}_{x3+kx6} Hypergeo

A_4 a.n.i. log Elliptic log −^2_9√_{(1+)x9}^{P (5)(x)}_{x5}√_{k+1/x} Elliptic^2_9^{(1+kx3)(−1+2kx3}_{x3}^√_{x3+kx6} Hypergeo

β_1 a.n.i. a.n.i. a.n.i. a.n.i.^1_{3(1+k)x2}^1_{3x2} −^{4k}_{3x} a.n.i. a.n.i. a.n.i. β_2 a.n.i. a.n.i. a.n.i. a.n.i.^2_{45(1+k)x5}^2_{45x5} − ... +^{256k4}_{314x} a.n.i. a.n.i. a.n.i.

where A_n ∝ ∫ dx x^nh(x) β_1 ∝ ∫ dx h(x) ∫_x dη ηh(η) β_2 ∝ ∫ dx h(x) ∫_x dη η^4h(η)