arXiv:astro-ph/0608508 v2 9 Sep 2006

Gravitational scalar field coupled directly to the Maxwell field and its effect to solar-system experiments

Yasunori Fujii^1 and Misao Sasaki^2 1Advanced Research Institute for Science and Engineering, Waseda University, Tokyo, 169-8555 Japan 2Yukawa Institute for Theoretical Physics, Kyoto University, Kyoto, 606-8502 Japan The effect of the massless gravitational scalar field assumed to couple directly to the Maxwell field to the solar-system experiments is estimated. We start with discussing the theoretical significances of this coupling. Rather disappointingly, however, we find that the scalar-field parameters never affect the observation in the limit of the geometric optics, indicating a marked difference from the well-known contribution through the spacetime metric. YITP-06-42

PACS numbers:

Keywords: scalar-tensor theory, test of gravity, solar-system experiments.

I. INTRODUCTION

The light-ray passing near the Sun is subject to the time-delay of propagation proportional to (1 + γ)a, where γ is one of Eddington’s parameters, while a is Sun’s Schwarzschild radius. The most stringent test of General Relativity (GR) has been made by using the Cassini spacecraft with the measured result [1],

γ = 1 + (2.1 ± 2.3) × 10^{−5}. (1.1)

This is compared with the prediction from the Brans-Dicke model [2] of the scalar-tensor theory (STT) [3];

γ = 1 − 4ζ^2, (1.2)

where

ζ^{−2} = 6 + ϵξ^{−1}, with ϵ = ±1, (1.3)

or also given by the Jordan-Brans-Dicke parameter ω_0 = ϵ(4ξ)^{−1} and ϵ = Sign(ω_0). The result (1.1) barely allows a negative region of γ−1 extending to −0.2×10^{−5}. This can be consistent with (1.2) if 4ζ^{2 <}∼ 0.2×10^{−5}, translated into ϵ = +1 and

ξ^<∼ 0.5 × 10^{−6}, or ω_0^>∼ 5 × 10^5. (1.4)

We might complain that the obtained size of ξ is unnaturally small to the extent that it appears as if STT itself were nearly dying.

A possible way out is to assume the scalar field to mediate the force of a finite range, refusing to reach the distance relevant to the solar-system experiment in such a way that, as discussed in [3], the experiment of the kind of [1] is no longer sensitive to the coupling strength between the matter and the scalar field. In the present study instead we continue to assume the massless field, but focus upon another type of the scalar-field interaction, the direct coupling to the electromagnetic field. We emphasize that this coupling, if there is any, is outside the BD model mentioned above, hence not included in the estimate (1.2). Also the effect of this coupling to the solar-system experiment has never been explored seriously, as far as we know, yet appears tractable. In spite of these alluring features, we eventually reach a negative conclusion of no chance to detect the effect of the scalar field, as long as we cling to the geometric optics approximation. We still believe the analysis to contain interesting ingredients worth presenting in some detail.

In order to highlight the theoretical background of the direct coupling, we start with summarizing how the result (1.2) was derived. Brans and Dicke assumed the validity of Weak Equivalence Principle (WEP) implemented by the decoupling of the scalar field from the matter Lagrangian L_{matt}, resulting in the geodesic equation for any matter particle, including the photon [2]. Stated in a more rigorous language, we assume the existence of a unique conformal frame (called BDCF) with L_{matt} endowed with the above decoupling property. In other conformal frames (CFs), the geodesic equation acquires a nonzero right-hand side, which turns out to contain the scalar field in the way common to all the particles independently of any specific properties of individual particles. For this reason the Universal Free-Fall, an expression of WEP, is maintained intact. Their model thus provides with the “metric theory” implying that the effects of the scalar field occur only through the spacetime metric. The weak-field approximation in BDCF yields the result (1.2).

On the other hand, there have been some arguments on the possible presence of direct coupling of the scalar field to the Maxwell field, described by a gauge-invariant Lagrangian given by

L_{smx} = − √ −g 1 4 Φg^{μρ}g^{νσ}F_{μν} F_{ρσ}, (1.5) where Φ stands for some combination of the scalar field, and F_{μν} = ∂_μA_ν − ∂_ν A_μ [4, 5]. Since the electromagnetic field is part of the matter in the sense of GR, this term violates WEP through the terms involving the scalar field, against one of BD’s requirements. In fact, the matrix elements of (1.5) estimated for the matter fields depend generally not only on the scalar field but also on the electric charge, obviously bringing about the contributions of the scalar field depending on whether a falling object contains electrically charged constituents or not, for example. In this context the effect of (1.5) is not represented through the spacetime metric, requiring separate analysis for the physical effects.

As another aspect the field Φ^{1/2} can be absorbed into the modified electromagnetic field Ã_μ defined by Φ^{1/2}A_μ in such a way that the terms of the highest derivatives agree with the standard form (1.5) but without Φ-dependence. This rescaling combined with the coupling with other more conventional current of charged fields, like the electron, for example, will cause the rescaling of the electric charge e, thus the finestructure constant depending on the spacetime coordinates through Φ. This motivated Bekenstein to propose his theoretical model [4]. Many developments have followed in this direction also taking the cosmological evolution of the scalar field into account [5]. It does not appear, however, that serious efforts have been made studying how the proposal is related to the more fundamental STT. The interaction (1.5) might be only an effective coupling derived from a deeper origin. We point out that the spacetime-dependent fine-structure constant may follow also from STT, not necessarily due to the coupling like (1.5), as discussed in Chapter 6.1 of [3] and [6].

Another important suggestion for the coupling as in (1.5) comes from string theory. The field equations of the bosonic closed string sector are derived from the Lagrangian in 26 dimensions, as shown in [7], particularly in Eq. (3.4.58) of [8];

L_{str} = √ −ge^{−2Φ̂} ( 1 2 R + 2g^{μ̄ν̄}∂_{μ̄}Φ̂∂_{ν̄}Φ̂ − 1 12 H_{μ̄ν̄}¯_λH^{μ̄ν̄λ̄} )

= √ −g ( 1 2 ξϕ^2R − 1 2 ϵg^{μ̄ν̄} ∂_{μ̄}ϕ∂_{ν̄} ϕ − 1 12 ξϕ^2H_{μ̄ν̄}¯_λH^{μ̄ν̄λ̄} ) , (1.6)

where ϕ = 2e^{−Φ̂} has been introduced in the second line with ϵ = −1 and ξ^{−1} = 4, or ω_0 = −1. Remarkably enough, the first two terms in the second line look the same as in STT in 4 dimensions. It even seems as if STT had been prepared for string theory invented decades later.

This also suggests that string theory is formulated in what is called the string CF, which plays the same role as BDCF. The last term in the parenthesis in the second line of (1.6) then indicates that the gauge-field Lagrangian in 4 dimensions is likely to be multiplied by the scalar field, basically in the same way as in

(1.5). Although the conclusion depends on the yet-to-be-established details in the theoretical transition to the physical 4-dimensional spacetime, the coupling of this type and hence WEP violation appear rather generic [9].

As a concomitant aspect of the approach we notice the unmistakable sign ϵ = −1 in (1.6), implying a negative kinetic energy of ϕ according to our sign convention, though the mixing coupling between ϕ and the spinless portion of the metric tensor caused by the nonminimal coupling term recovers eventually the right sign corresponding to positive energies under the condition ζ^2 > 0, in agreement with the unitarity requirement imposed in deriving the field equations. We add that this positive-energy condition is met by the choice ϵξ^{−1} = −4 both in 4 and 26 dimensions. We point out that the same result ϵ = −1 is shared by the dimensional compactification a la Kaluza-Klein (KK), as demonstrated in Eq. (1.23) of [3], and is also favored by the cosmological equations in the presence of the cosmological constant, as elaborated in Chapter 4.4 of [3]. Further noteworthy is the likely occurrence of the direct interaction of the type (1.5) in the KK compactification, as well.

From (1.3) we further derive 0 < ζ^2 <> 1/6 for ϵ = ±1 [10]. In particular the scalar-field-matter decoupling assumed to play the central role in the Least Coupling Principle [11] is realized only for ϵ = +1, contrary to the simple-minded interpretation of string theory, also to the KK approach, as well as to the cosmological constraint mentioned above. We also note in this connection that no argument has been offered in [11] for the suspected sign reversal in the string-theoretical process of descending to 4 dimensions.

Given the theoretical significances as we have learned above, observational consequences of (1.5) appear to deserve further scrutiny whatever the origin. We here focus upon the possible effect to the solar-system experiments. The result may turn out to be as large as (1.2). We may even hope that the two effects, from (1.2) and (1.5), conspire to nearly cancel each other leaving a small deviation of γ from unity, as given by (1.1), still allowing much larger and hence more natural value of ξ than indicated by (1.4), likely with ϵ = −1. With this wishful anticipation, we derive the field equations in Section 2, and develop the geometric optics approximation in Section 3 to be applied to light-rays passing near the Sun. By studying the solution in the limit of geometric optics, however, we find the result which is independent of the scalar-field parameters. Section 4 is devoted to concluding remarks.

Appendix A accommodates details of simple but lengthy calculations to derive (3.10).

II. FIELD EQUATIONS

In order to have an idea on what the scalar field is expected to be like, we start with BD Lagrangian

L_{stt} = √ −g ( 1 2 ξϕ^2R − 1 2 ϵg^{μν} ∂_μϕ∂_νϕ + L_{matter} ) , (2.1)

where we use the reduced Planckian unit system with c = ℏ = M_P ( = √ cℏ/8πG ) = 1.

We introduce the weak-field σ for the scalar field by

ϕ = ξ^{−1/2} (1 + ζσ) , (2.2)

where ζ is given by (1.3). We have chosen the parameters in such a way that the nonminimal coupling term, the first term in the parenthesis of (2.1), reduces to the standard Einstein-Hilbert term as σ → 0. After the process of diagonalization, we arrive at the field equation □σ = ζT, (2.3) where T is the trace of the matter energy-momentum tensor.

By adhering to the massless theory at this moment, the static field around the Sun is given by ζσ ≈ M_⊙ ζ^2 4πr = aζ^2 1 r , (2.4)

where the Schwarzschild radius of the Sun has been defined by a = 2M_⊙ 8π = M_⊙ 4π . (2.5)

We note that (2.3) may not necessarily follow if σ is interpreted as the scalar field in [4]. As a result the coefficients in (2.4) and (2.5) can be different. We nevertheless use the results here, the same in deriving (1.2), because the final result does not depend on such details, as far as the scalar force is assumed to be long-range, and the coupling strength is chosen to be of the gravitational size.

We also assume that (1.5) reduces to the free Maxwell Lagrangian in the limit σ → 0. In accordance with this we choose Φ to be given by Φ = ( ξ^{1/2}ϕ )_κ = (1 + ζσ)^κ ≈ 1 + ζκσ, (2.6)

where κ is a constant. Accepting the scalar field as given by (2.4)-(2.6) we now vary (1.5) with respect to A_μ to derive

∇_μ (ΦF^{μν}) = 0. (2.7)

Ignoring contributions from other ordinary charged fields for the moment, it might be convenient to put (2.7) into the form

∇_μF^{μν} = −j^ν = −Ψ_μF^{μν}, with Ψ_μ =

∂_μΦ Φ . (2.8)

By the repeated use of this equation, we readily derive the conservation law

∇_νj^ν = 0. (2.9)

Basically in the same way as in the conventional electrodynamics, this conservation law allows us to impose the gauge condition

χ = ∇_μ (Φ^nA^μ) = 0, (2.10)

where n is an arbitrary real number. Consistency of this condition with the field equation is assured by the linear differential equation for χ,

□χ + nΨ_μ (∇^μχ) = 0, (2.11)

derived also from the field equation, where □ = ∇_μ∇^μ.

By imposing (2.10), the field equation (2.7) is put into

□A^μ + Ψ_ν ( ∇^μA^ν − (1 − n)∇^ν A^μ ) + n (∇^μΨ^ν) A_ν + R^{μν} A_ν = 0, (2.12)

where the last term comes from the failure of commutativity between ∇_μ and ∇_ν which we encountered in re-arranging terms in the far-left-hand side of (2.8).

III. GEOMETRIC OPTICS Let us first consider the geometric optics for the conventional free Maxwell field with Φ = 1 [12]; ∇_μF^{μν} = 0. (3.1) We put A^μ = a^μe^{iS} , (3.2) in which the phase S is assumed to vary much faster than the amplitude a^μ does. We also introduce the scalar amplitude A and the normalized polarization vector ϵ^μ in such a way a^μ = Aϵ^μ, and ϵ_μϵ^μ = 1. (3.3) We find F^{μν} = ∇^μ ( a^ν e^{iS} ) − ∇^ν ( a^μe^{iS} ) = [i (k^μa^ν − k^νa^μ) + (∇^μa^ν − ∇^νa^μ)] e^{iS} , (3.4) where k^μ = ∇^μS, (3.5) representing the normal to the surface of a constant phase, S, hence to be called a wave-vector. The first set of the two terms in the last line of (3.4) comes from differentiating the phase S, hence to be called the terms of rank 1. The two terms in the second set, on the other hand, are called the terms of rank 0 because no differentiation of S is involved. The rank r expresses how many times e^{iS} is differentiated, corresponding to expanding e^{iS/ϵ} into the series of ϵ^{−r} in many of conventional calculations. A decrease of r by every unit implies a factor as small as ∼ λ−/ℓ ∼ 10^{−12}, where λ− and ℓ are the wavelength of radiation and the typical size of the solar system, respectively.

With the help of k^μ, we impose a gauge condition k_μϵ^μ = 0, (3.6) corresponding to the choice n = 0 in (2.10). Other choices of n will be discussed later.

Now we substitute (3.4) into (3.1), obtaining ∇_μF^{μν}= ( ik_μ [i (k^μa^ν − k^νa^μ) + (∇^μa^ν − ∇^νa^μ)] + ∇_μ [i (k^μa^ν − k^νa^μ) + (∇^μa^ν − ∇^νa^μ)] ) e^{iS} = ( − k_μk^μa^ν + k^ν k_μa^μ + iB^ν + C^ν ) e^{iS} , (3.7) where (3.6) applies to the second term in the last line, and B^ν = a^ν ∇_μk^μ − a^μ∇_μk^ν + k^μ∇_μa^ν − k^ν ∇_μa^μ + k_μ∇^μa^ν − k_μ∇^νa^μ, (3.8) C^ν = ∇_μ (∇^μa^ν − ∇^ν a^μ) + R^ν_μa^μ. (3.9) Note that the first and the second terms in the last line of (3.7) are of rank 2 (bilinear in k), while B^ν and C^ν have rank 1 and 0 (linear in k and constant), respectively. We have used (3.5), also understanding that ∇_μ, for example, no longer operates to e^{iS} , though ∇_μ(k^μa^ν ) = (∇_μk^μ)a^ν + k^μ(∇_μa^ν ), for example.

We multiply (3.8) by ϵ_ν. Analyzing each term separately, as shown explicitly in Appendix A, we obtain ϵ_νB^ν = A (∇_μk^μ) + 2k^μ (∇_μA) . (3.10)

In order to include the effect of the scalar field, we now go back to (2.7) in its complete expression. By multiplying by ϵ_ν we find

Φϵ_ν∇_μF^{μν} + (∇_μΦ) ϵ_ν F^{μν} = 0. (3.11)

For the first term we use (3.7) and (3.10) obtaining

Φϵ_ν (−k_μk^μa^ν + iB^ν + C^ν) e^{iS} = Φ ( − k_μk^μA + i [A (∇_μk^μ) + 2k^μ∇_μA] + ϵ_ν C^ν ) e^{iS} . (3.12)

For the second term in (3.11) we use (3.4) finding

(∇_μΦ) ϵ_ν ( i (k^μa^ν − k^νa^μ) + (∇^μa^ν − ∇^νa^μ) ) e^{iS} = ( i (∇_μΦ) k^μA − ϵ_ν (∇_μΦ) (∇^νa^μ) ) e^{iS} , (3.13)

where we have used

ϵ_ν ∇^μa^ν = ∇^μ (ϵ_ν a^ν) − (∇^ν ϵ_ν) a^ν = 0, (3.14)

due to (3.6) and (A.16).

Summing (3.12) and (3.13), we finally obtain

− (ΦAk_μk^μ − 2iF − 2G) e^{iS} = 0, (3.15)

where

F = Φk^μ∇_μA + 1 2 A∇_μ (Φk^μ) , (3.16) G = Φϵ_ν C^ν − (∇_μΦ) ϵ_ν ∇^νa^μ, (3.17)

which are real-valued, carrying the rank 1 and rank 0, respectively.

The complex-valued equation (3.15) represents two real-valued equations

k_μk^μ = 0, (3.18) F = 0, (3.19)

where we have dropped 2G/(ΦA) on the right-hand side of (3.18) because it has rank r = 0.

The first one (3.18) implies a geodesic equation, based on the standard relation

∇_ν (k_μk^μ) = 2k^μ (∇_νk_μ) = 2k^μ∇_ν ( ∂S ∂x^μ ) = 2k^μ (∇_μk_ν ) = 2 dx^μ dλ (∇_μk_ν ) = 2 Dk_ν Dλ , (3.20)

where λ is the distance measured along a ray defined by

k^μ = dx^μ dλ . (3.21)

By accepting (3.18), the far-left-hand side of (3.20) vanishes, and so does the far-right-hand side to result in Dk_ν Dλ = 0. (3.22)

This tells us simply that the light-ray propagates exactly along the same geodesic as the one without the scalar field included. In other words, the solar-system experiments using the light-rays fail to constrain the scalar-field parameters which describe how it couples to the Maxwell field through the direct interaction as in (1.5). This might sound rather disappointing because the interaction (1.5) breaks WEP, indicating the occurrence of the inhomogeneous term on the right-hand side of the geodesic equation. We might be content with an interpretation that the effect fails to show up in the limit of the geometric optics.

In fact on the right-hand side of (3.18) we could have retained the term of G/(ΦA), which depends on the derivative of Φ according to (3.17), thus providing the inhomogeneous term we had expected. Including such terms of the lower rank is hardly promising, however, in the realistic situation where the phenomena are described successfully by the geometric optics.

On the other hand, (3.19) tells us how the amplitude of the ray is affected by the presence of the scalar field. In this connection we first notice that this equation in the absence of the scalar field, Φ = 1, reduces to F_0(A) = k^μ∇_μA + 1 2 A∇_μ (k^μ) = 0, (3.23)

which is known to entail the conservation of photon flux [12], A falling off like (distance)^{−1} in its propagation in a spherically symmetric flat spacetime, as shown toward the end of Appendix A. In the presence of the scalar field, we find that (3.19) given by (3.16) is re-expressed as

F = Φ^{1/2}F_0(A_∗) = 0, (3.24)

in terms of the modified amplitude A_∗ defined by

A = Φ^{−1/2}A_∗. (3.25)

We could first calculate A_∗ as the photon-flux-conserving amplitude in Schwarzschild spacetime, and then use (3.25) to obtain A, representing how Φ affects the amplitudes, though no observational result is available at present.

IV. CONCLUDING REMARKS

According to the result in the preceding section, the scalar-field parameters, typically κ in (2.6), remain largely unconstrained. Probably we may look for other phenomena in which the effects will show up, like the one suggested in 6.5 of [3]. At this moment, in particular, we admit disappointingly that we no longer have a reasonable candidate for producing γ > 1 as indicated by the measurement [1]. The strong argument for this result [13] may call for something entirely new. Even in more general terms we failed to offer a successful scenario of conspiracy to save the simple-minded STT, by which γ − 1 = −4ζ^2 in (1.2) is nearly canceled by the contribution from (1.5), thus allowing much larger and more natural value of ζ^2 > 1/6 hence of ξ > 1/6 with ϵ = −1 [10]. We might be inclined to support the idea of a massive scalar field [3]. See [14] for the detailed argument on the consistency between the massive and the massless behaviors of the scalar field in the local and the cosmological environments, respectively.

As already mentioned in Section 1, there is another way to describe the Maxwell field by absorbing Φ into the electromagnetic field, which should be important to discuss possible spacetime-dependent fine-structure constant. In fact (1.5) is re-expressed as

L_{smx} = − √ −g 1 4 g^{μρ}g^{νσ}F̃_{μν}F̃_{ρσ}, (4.1) where

F̃_{μν} = F̂_{μν} − 1 2 ( Ψ_μÃ_ν − Ψ_νÃ_μ ) , (4.2)

with

A_μ = Φ^{−1/2}Ã_μ, and F̂_{μν} = ∂_μÃ_ν − ∂_νÃ_μ. (4.3)

The field equation with respect to Ã_μ as an independent variable will be somewhat complicated because F̃_{ρσ} now depends on the un-differentiated Ã_ρ even in flat spacetime as illustrated by ∂F̃_{ρσ} ∂Ã_μ = − 1 2 ( δ^μ_σ Ψ_ρ − (ρ ↔ σ) ) . (4.4)

Let us present the following explicit calculation only in flat spacetime, for the moment, with understanding the “comma-goes-to-semicolon” rule [12], except for the additional term of R^ν_μA^μ, as we encountered in (2.12) and (3.9). From (4.1) we then derive ( ∂_ν + 1 2 Ψ_ν ) F̃^{νμ} = 0. (4.5)

We impose the gauge condition χ̃ = ∂_μ ( Φ^ñÃ^μ ) = 0, (4.6)

which corresponds to choosing n = ñ + 1/2 in (2.10). Due to this condition we have

∂_μÃ^μ = −ñΨ_μÃ^μ. (4.7)

Substituting this into (4.5) together with (4.2) yields

□Ã^μ + ( ñ − 1 2 ) Ψ_ν ( ∂^μÃ^ν ) + ( terms of r = 0 ) = 0. (4.8)

Remarkably, the explicit scalar-field dependence appears only in the terms of rank r = 0 if ñ = 1/2.

We also note that the corresponding field equation for A_μ given by (2.12) reduces to □A^μ + ( terms of r = 0 ) = 0, (4.9)

if no scalar field is present. We thus find that the field equation with respect to Ã_μ with the scalar field included but with the special choice ñ = 1/2 is equivalent to the field equation with respect to A_μ without the scalar field, as far as we confine ourselves to the terms of r = 2 and r = 1. In view of the gauge invariance of any of the physical observables, we come to conclude that the description in terms of Ã_μ is essentially the scalar-field-free description in terms of A_μ for any sensible physical situation in which geometric optics applies including the amplitude variation corresponding to r = 1.

We close the paper by adding another comment: We carried out our analysis exclusively in the CF identified with BDCF, though we are outside the pure BD model by introducing the WEP violating interaction. As emphasized in 4.4.3 of [3], however, this CF is most likely different from the physical CF in which we should expect time-independent masses of particles, also with acceptable cosmological evolution in the presence of a cosmological constant. In moving to the physical CF, we apply a conformal transformation with the function basically behaving like Ω ∼ t^η , with η a constant of the order one.

We find, on the other hand, that the physically observed time-delay is obtained by spatially integrating the ratio dt dr = dt/dλ dr/dλ = k^t k^r . (4.10)

It also follows that this ratio will be transformed roughly in the same manner as for k^ν, resulting in a multiplicative factor f = 1 + η(Δt/t_0), where t_0 ∼ 10^{10}y ∼ 10^{17}sec while Δt ∼ 10^3sec for the approximate travel time of radiation in the solar system, yielding f ∼ 1 to the accuracy of ∼ 10^{−14}.

The same argument applies also to the deflection of light, for which the ratio (4.10) is replaced by dϕ/dr = k^ϕ/k^r.

Acknowledgments YF is grateful to Bruno Bertotti for his detailed account on his own efforts and his strong interest in the direct coupling, which motivated the present work. He also thanks Minoru Omote for his many useful discussions. The work of MS is supported in part by JSPS Grant-in-Aid for Scientific Research (S) No. 14102004, (B) No. 17340075, and (A) No. 18204024.

APPENDIX A: DERIVING (3.10) Consider (3.8), B^ν = a^ν ∇_μk^μ − a^μ∇_μk^ν + k^μ∇_μa^ν − k^ν ∇_μa^μ + k_μ (∇^μa^ν − ∇^νa^μ) . (A.1) Multiply with ϵ_ν obtaining ϵ_ν B^ν = (ϵ · a)∇_μk^μ (A.2) − a^μϵ_ν ∇_μk^ν (A.3) + k^μϵ_ν ∇_μa^ν (A.4) − (ϵ · k)∇_μa^μ (A.5) + k_μϵ_ν∇^μa^ν (A.6) − k_μϵ_ν∇^ν a^μ. (A.7) We find immediately (A.2) = A∇_μk^μ, (A.8) (A.5) = 0, (A.9) also with (A.3) = −a^μ [∇_μ (ϵ · k) − k^ν (∇_μϵ_ν )] = a^μk^ν (∇_μϵ_ν ) , (A.10) (A.4) = k^μ [∇_μ(ϵ · a) − a^ν (∇_μϵ_ν)] = k^μ∇_μA − k^μa^ν (∇_μϵ_ν ) , (A.11) (A.6) = k_μ [∇^μ(ϵ · a) − a^ν ∇^μ (ϵ_ν)] = k^μ∇_μA − k^μa^ν (∇^μϵ_ν) , (A.12) (A.7) = −k_ν ϵ_μ (∇^μa^ν) = −k_νϵ_μ [(∇^μϵ^ν) A + ϵ^ν (∇^μA)] ,

= −Ak^ν ϵ^μ (∇_μϵ_ν ) − (k · ϵ)ϵ_μ∇^μA = −a^μk^ν (∇_μϵ_ν ) . (A.13) Collecting them we find ϵ_νB^ν = A (∇_μk^μ) + 2k^μ (∇_μA) + R, (A.14) where the remainder is given by R = (A.10) + (A.11) + (A.12) + (A.13) = −2k^μa^ν (∇_μϵ_ν ) , (A.15) which vanishes because a^ν (∇_μϵ_ν ) = Aϵ^ν (∇_μϵ_ν ) = A 2 (∇_μ (ϵ · ϵ)) = A 2 ∂_μ(1) = 0. (A.16) We thus obtain (3.10);

ϵ_νB^ν = A (∇_μk^μ) + 2k^μ (∇_μA) . (A.17)

We add that (A.17) allows a natural solution of A ∝ r^{−1}. Consider spherically symmetric 3-space, for which we have

(∇_μk^μ) = (∂_θ + cot θ) k^θ + ∂_ϕk^θ + ( ∂_r + 2 r ) k^r . (A.18)

Make simplifying assumptions

k^θ = k^ϕ = 0, and ∂_r k^r ≈ 0, (A.19)

to put (A.17) into A 2 r k^r + 2k^r dA dr ≈ 0, (A.20)

finding

A(r) ∝ r^{−1}. (A.21)

[1] B. Bertotti, L. Iess and P. Tortora, Nature 425, 374 (2003). [2] C. Brans and R. H. Dicke, Phys. Rev. 124, 925 (1961).

[3] Y. Fujii and K. Maeda, The scalar-tensor theory of gravitation, (Cambridge University Press, 2003). [4] J. D. Bekenstein, Phys. Rev. D 25, 1527 (1982).

[5] See, for example, H. B. Sandvik, J. D. Barrow and J. Magueijo, Phys. Rev. Lett. 88, 031302 (2002) [arXiv:astro-ph/0107512].

D. F. Mota and J. D. Barrow, Mon. Not. Roy. Astron. Soc. 349, 291 (2004) [arXiv:astro-ph/0309273]. [6] Y. Fujii, Phys. Lett. B 616, 141 (2005) [arXiv:astro-ph/0502191], and papers cited therein. [7] C. G. Callan, E. J. Martinec, M. J. Perry and D. Friedan, Nucl. Phys. B 262, 593 (1985).

C. G. Callan, I. R. Klebanov and M. J. Perry, Nucl. Phys. B 278, 78 (1986).

[8] M.B. Green, J.H. Schwarz and E. Witten, Superstring Theory, (Cambridge University Press, 1987). [9] See, for example, T. Damour, F. Piazza and G. Veneziano, Phys. Rev. Lett. 89, 081601 (2002) [arXiv:gr-qc/0204094].

[10] Y. Fujii, in Gravity, Astrophysics, and Strings at the Black Sea, (St. Kliment Ohridski Univ Press, Sofia, 2005) [arXiv:gr-qc/0410097]. See Figure 2 on page 126.

[11] T. Damour and A. M. Polyakov, Nucl. Phys. B 423, 532 (1994) [arXiv:hep-th/9401069]. [12] C. W. Misner, K. S. Thorne and J. A. Wheeler, Gravitation (W.H. Freeman & Co., 1973). [13] B. Bertotti, private communication.

[14] Y. Fujii, Prog. Theor. Phys. 110, 433 (2003) [arXiv:gr-qc/0212030].