arXiv:astro-ph/0611075v2 21 Dec 2006

Primordial trispectrum from inflation

Christian T. Byrnes^1, Misao Sasaki^2 and David Wands^1 1Institute of Cosmology and Gravitation, Mercantile House, University of Portsmouth, Portsmouth PO1 2EG, United Kingdom and 2Yukawa Institute for Theoretical Physics, Kyoto University, Kyoto 606-8503, Japan

(Dated: December 21, 2006)

We use the δN-formalism to describe the leading order contributions to the primordial power spectrum, bispectrum and trispectrum in multiple-field models of inflation at leading order in a perturbative expansion. In slow-roll models where the initial field fluctuations at Hubble-exit are nearly Gaussian, any detectable non-Gaussianity is expected to come from super-Hubble evolution. We show that the contribution to the primordial trispectrum can be described by two non-linearity parameters, τNL and gNL, which are dependent upon the second and third derivatives of the local expansion with respect to the field values during inflation.

PACS numbers: 98.80.Cq PU-ICG-06, astro-ph/0611075

I. INTRODUCTION

The simplest models of inflation predict a quasi scale invariant spectrum of nearly Gaussian, adiabatic perturbations [1]. While observations are consistent with this picture, it is important to measure any deviations from these predictions, in order to constrain the many models of inflation. Non-Gaussianity is a potentially powerful discriminant between different models. Currently most efforts to constrain the non-Gaussianity have focused on the 3-point function of perturbations, the bispectrum [2, 3, 4]. However the 4-point function, or trispectrum can also be constrained by increasingly accurate measurements [5, 6, 7].

The δN-formalism [8, 9, 10, 11] identifies the primordial curvature perturbation with a perturbation in the local value of the integrated expansion, N(x) = ∫_{tp} t_i H(x, t)dt , (1) with respect to the expansion in the background spacetime

N̄ = ∫_{tp} t_i H̄(t)dt . (2) This enables one to calculate the non-linear primordial curvature perturbation (e.g., at the epoch of primordial nucleosynthesis) in terms of initial scalar field fluctuations during inflation [11]. In particular the primordial curvature perturbation on uniform-density hypersurfaces, ζ, corresponds to the perturbation in the local expansion defined with respect to an initial spatially flat hypersurface [10]. In the long-wavelength limit where spatial gradients and anisotropic shear becomes small, the integrated expansion along a worldline can be calculated from solutions to the unperturbed Friedmann equation.

We have

ζ = N(ϕ^A) − N̄ , (3)

where ϕ^A represents the initial values for the scalar fields on the initial spatially-flat hypersurface. If we decompose the local scalar field values into a homogeneous background value plus perturbation,

ϕ_A = ϕ̄_A + φ_A , (4)

we can write the curvature perturbation as a Taylor expansion ζ = ∑ n 1 n! N_{A1A2 ...An} φ^{A1} φ^{A2} . . . φ^{An} . (5)

There is an implicit sum over the fields for all of the repeated indices A_i. We are thus able to describe the non- Gaussianity of the primordial curvature perturbation given an initial distribution of scalar field perturbations. In practice, scalar fields during slow-roll inflation are expected to have a nearly Gaussian distribution during inflation, at least on scales slightly larger than the Hubble scale, i.e., shortly after Hubble exit [12]. In single-field inflation this is sufficient to guarantee that the non-Gaussianity of the primordial curvature perturbation is very small [13, 14, 15]. It is suppressed by slow-roll parameters since one can express derivatives of the expansion in terms of slow-roll parameters. However in multi-field models the perturbed expansion cannot necessarily be related to slow-roll parameters at Hubbleexit, and the primordial curvature perturbations may deviate strongly from a Gaussian distribution.

II. PERTURBATIVE EXPANSION

In linear perturbation theory the initial free-field fluctuations describe Gaussian random fields, which we will denote by φ^A_1 (t, x^i). In a perturbative expansion higher-order interactions and non-linear evolution lead to higher-order terms which are non-Gaussian

φ^A = φ^A_1 + 1 2 φ^A_2 + 1 6 φ^A_3 + · · · . (6)

From the definition of Gaussian statistics, the n-point correlator of the Gaussian fluctuation is zero for odd n and can be reduced to (disconnected) products of two-point functions for even n.

A. Power spectrum

In Fourier space the power spectrum is given by

⟨φ^A_k φ^B_k′ ⟩ = C^{AB} (k)(2π)^3δ^3(k + k^′) . (7)

This is second and higher order in a perturbative expansion.

At leading order in the field perturbations and in the slow-roll limit the fluctuations are independent and we have

C^{AB} (k) = δ^{AB} P (k) , (8)

where δ^{AB} is the Kronecker delta-function, and the variance per logarithmic interval in k-space is given by P(k) = 4πk^3 (2π)^3

P (k) = ( H_∗ 2π )_2 , (9)

where the Hubble parameter H is evaluated at Hubble-exit, k = (aH)_∗. At zeroth order in slow-roll parameters, P is independent of wavenumber, i.e. we have a scale invariant spectrum for the field fluctuations.

In general the fields are correlated at Hubble-exit, at first order in the slow-roll parameters. In the case of two field inflation, using the methods of [16], (see also [17]), we find for the power spectra and cross-correlation respectively,

C^{11} = P_{φ1} =

(2π)^3 4πk^3 ( H_∗ 2π )_2 [ 1 − 2 Ḣ H^2 + C ( 4 Ḣ H^2 + 1 m^2_p ϕ̇2_1 H^2 − 1 m^2_p ϕ̇2 H^2

− 2m^2_p V_{ϕ1 ϕ1} V )] , (10)

C^{22} = P_{φ2} =

(2π)^3 4πk^3 ( H_∗ 2π )_2 [ 1 − 2 Ḣ H^2 + C ( 4 Ḣ H^2 + 1 m^2_p ϕ̇2 H^2 − 1 m^2_p ϕ̇2_1 H^2

− 2m^2_p V_{ϕ2 ϕ2} V )] , (11)

C^{12} =

(2π)^3 4πk^3 ( H_∗ 2π )_2 C ( 2 m^2_p ϕ̇_1ϕ̇_2 H^2

− 2m^2_p V_{ϕ1 ϕ2} V ) , (12)

where C = 2 − ln 2 − γ ≃ 0.7296 and γ is the Euler-Mascheroni constant. Overdots represent derivatives with respect to time, and V_{ϕ1} = ∂V/∂ϕ_1.

B. Bispectrum The first signal of non-Gaussianity comes from the bispectrum, which at lowest order is ⟨φ^Aφ^B φ^C ⟩ = ⟨φ^A_1 φ^B_1 φ^C_2 ⟩ + perms , (13) and therefore is fourth order in perturbations.

The bispectrum of the distribution is given by ⟨φ^A_{k1} φ^B_{k2} φ^C_{k3} ⟩ ≡ B^{ABC} (k_1, k_2, k_3)(2π)^3δ^3(k_1 + k_2 + k_3) . (14) This is fourth and higher order. This was originally calculated by Maldacena, [13] for single field inflation, and by Seery and Lidsey, [12], for multiple fields. They show that it only depends on the amplitude of the k vectors. Specifically they calculate the quantity A^{ABC} at leading order in slow roll, which is related to B^{ABC} by B^{ABC} (k_1, k_2, k_3) =

4π^4 ∏ k^3_i

P^2A^{ABC} (k_1, k_2, k_3) . (15)

They find A^{ABC} ∼ O(ϵ^{1/2}) so it vanishes in the slow-roll limit.

C. Trispectrum From Wick’s theorem, the first-order, Gaussian perturbations do not contribute to the connected part of the fourpoint function, ⟨φ^A_1 φ^B_1 φ^C_1 φ^D_1 ⟩_c = 0 . (16) Note there is a disconnected part of the four-point function which is a product of two two-point functions which is only fourth order in slow roll and arises even for purely Gaussian statistics. This disconnected term is only non-zero if, e.g., the momenta satisfy k_1 + k_2 = 0 and k_3 + k_4 = 0.

The second-order field perturbations, φ^A_2 , are generated from the product (or the convolution in Fourier space) of two first order variables that have Gaussian distributions, so they do not contribute to the (connected) four-point function at lowest possible order, ⟨φ^A_1 φ^B_1 φ^C_1 φ^D_2 ⟩_c = 0 . (17) Hence the leading order contribution to the connected four-point function comes from two terms, [5], ⟨φ_1φ_1φ_1φ_3⟩_c and ⟨φ_1φ_1φ_2φ_2⟩_c . (18) Both of these terms are sixth-order in perturbations.

In Fourier space the connected part of the four-point function is sixth order, and given by ⟨φ^A_{k1} φ^B_{k2} φ^C_{k3} φ^D_{k4} ⟩_c ≡ T^{ABCD}(k_1, k_2, k_3, k_4)(2π)^3δ^3(k_1 + k_2 + k_3 + k_4) . (19) This was recently calculated at leading order by Seery, Lidsey and Sloth [18]. They show this quantity depends on both the magnitude and direction of the k vectors, specifically it depends on k_i = |k_i| and k_i · k_j .

III. THE PRIMORDIAL N-POINT FUNCTIONS So far we have calculated the two-, three- and four-point function of the field fluctuations. To link these to observations, we need to calculate the n-point functions of the primordial curvature perturbation ζ. We do this using the δN expansion for ζ, (5).

A. The primordial power spectrum

At leading order the primordial power spectra depends purely on ζ_1, from Eq. (5),

ζ_1 = N_Aφ^A_1 . (20)

The power spectrum is thus

⟨ζ_kζ_k′ ⟩ = P_ζ (k)(2π)^3δ^3(k + k^′) , (21)

where

P_ζ (k) = N_AN_B C^{AB} (k) . (22)

In the slow-roll limit, (8), this reduces to

P_ζ (k) = N_AN^AP (k) . (23)

B. The primordial bispectrum

To leading order in the field perturbations, the 3-point function of the curvature perturbations depends on ζ_1, (20) and ζ_2 = N_Aφ^A_2 + N_{AB} φ^A_1 φ^B_1 . (24)

The primordial bispectrum is thus

⟨ζ_{k1} ζ_{k2} ζ_{k3} ⟩ = N_AN_B N_C ⟨φ^A_{k1} φ^B_{k2} φ^C_{k3} ⟩ + 1 2 N_{A1A2} N_B N_C [ ⟨ ( φ^{A1} ∗ φ^{A2} ) k_1 φ B k_2 φ C k_3 ⟩ + (2 perms) ] , (25)

where^′∗^′ denotes the convolution, defined by ( φ^A ∗ φ^B ) k = 1 (2π)^3 ∫ d^3k^′φ^A_{k−k}′ φ^B_k′ . (26)

Hence the bispectrum of the curvature perturbation is

⟨ζ_{k1} ζ_{k2} ζ_{k3} ⟩ ≡ B_ζ (k_1, k_2, k_3)(2π)^3δ^3(k_1 + k_2 + k_3) , (27)

where to leading order [19]

B_ζ (k_1, k_2, k_3) = N_AN_B N_C B^{ABC} (k_1, k_2, k_3) +N_AN_{BC} N_D [ C^{AC} (k_1)C^{BD} (k_2) + C^{AC} (k_2)C^{BD} (k_3) + C^{AC} (k_3)C^{BD} (k_1) ] . (28)

In the slow-roll limit we can write the bispectrum as [20]

B_ζ (k_1, k_2, k_3) = 4π^4 ∑ i k^3_i ∏ i k^3_i P^2_ζ ( −1 4m^2_pN_C N^C

F(k_1, k_2, k_3) ∑ i k^3_i + N_{AB} N^AN^B (N_C N^C )^2 ) , (29)

where the form factor F is defined by

F(k_1, k_2, k_3) = ∑ i k^3_i − ∑ i≠j k_ik^2_j − 8 ∑ i>j k^2_i k^2_j k_1 + k_2 + k_3

. (30)

C. The primordial trispectrum

From the discussion in sec. II C the four-point function of the curvature perturbation at leading order will depend on ζ_1, (20), ζ_2, (24), and

ζ_3 = N_Aφ^A_3 + N_{AB} ( φ^A_1 φ^B_2 + φ^A_2 φ^B_1 ) + N_{ABC} φ^A_1 φ^B_1 φ^C_1 (31)

The four-point function at leading order is

⟨ζ_{k1} ζ_{k2} ζ_{k3} ζ_{k4} ⟩_c = N_AN_B N_C N_D⟨φ^A_{k1} φ^B_{k2} φ^C_{k3} φ^D_{k4} ⟩_c + 1 2 N_{A1A2} N_B N_C N_D [ ⟨ ( φ^{A1} ∗ φ^{A2} ) k_1 φ B k_2 φ C k_3 φ D k_4 ⟩ + (3 perms) ]

+ 1 4 N_{A1A2} N_{B1B2} N_C N_D [ ⟨ ( φ^{A1} ∗ φ^{A2} ) k_1 ( φ^{B1} ∗ φ^{B2} ) k_2 φ C k_3 φ D k_4 ⟩ + (5 perms) ]

+ 1 3! N_{A1A2 A3} N_B N_C N_D [ ⟨ ( φ^{A1} ∗ φ^{A2} ∗ φ^{A3} ) k_1 φ B k_2 φ C k_3 φ D k_4 ⟩ + (3 perms) ] . (32)

All of the terms shown are sixth order in the field perturbations.

The first term of the expansion above is the intrinsic 4-point function of the fields, as calculated, [18]. The disconnected part of this term would only give a contribution if the sum of any two k vectors is zero, e.g. if k_1 +k_2 = 0. We will exclude this case, which is equivalent to neglecting parallelograms of the wavevectors.

The second term of (32) consists of permutations of terms of the form 1 2 N_{A1A2} N_B N_C N_D 1 (2π)^3 ∫ d^3q⟨φ^{A1}_q φ^{A2}_{k1 −q}φ^B_{k2} φ^C_{k3} φ^D_{k4} ⟩ (33)

This five-point function is zero for the first-order, Gaussian, perturbations, hence the leading order contribution is sixth-order, due to the second order contribution of one of the fields. Hence we use Wick’s theorem to split the 5-point function in to lower point functions. There is no contribution to (33) from the split into a four-point and a one-point function. Only the split into a two-point and three-point function gives a contribution. However the first possible contraction in (33), ⟨φ^{A1}_{k1 −q} φ^{A2}_q ⟩, does not contribute since it is only non-zero when k_1 = 0. Therefore we can reduce the above term into a power spectra and a trispectrum in 6 different ways, which gives three distinct pairs of terms. In total the second term of (32) is

N_{A1A2} N_B N_C N_D [ C^{A1 B} (k_1)B^{A2BC} (k_{12}, k_3, k_4) + (11 perms) ] (2π)^3δ^3(k_t) , (34)

where we use the shortened notation k_{ij} = |k_i + k_j | and k_t = k_1 + k_2 + k_3 + k_4. The 12 permutations come from having 3 distinct choices for the indices of the wavenumber k_{ij} (only three distinct choices because k_{ij} = k_{ji} and k_{12} = k_{34} etc). We then choose which two wavenumbers form the remaining arguments of B^{ABC} , either k_i, k_j or the other pair of wavenumbers, and finally we choose which of the two indices i or j is attached to the wavenumber k_i that is the argument of C.

Continuing this argument for the second and third terms of (32), we find the connected part of the trispectrum of the curvature perturbation is

⟨ζ_{k1} ζ_{k2} ζ_{k3} ζ_{k4} ⟩_c ≡ T_ζ (k_1, k_2, k_3, k_4)(2π)^3δ^3(k_1 + k_2 + k_3 + k_4) , (35)

where

T_ζ (k_1, k_2, k_3, k_4) = N_AN_B N_C N_DT^{ABCD}(k_1, k_2, k_3, k_4)

+N_{A1A2} N_B N_C N_D [ C^{A1B} (k_1)B^{A2 BC} (k_{12}, k_3, k_4) + (11 perms) ] +N_{A1A2} N_{B1B2} N_C N_D [ C^{A2B2} (k_{13})C^{A1 C} (k_3)C^{B1 D}(k_4) + (11 perms) ] +N_{A1A2A3} N_B N_C N_D [ C^{A1 B} (k_2)C^{A2C} (k_3)C^{A3 D}(k_4) + (3 perms) ] . (36)

IV. GAUSSIAN SCALAR FIELDS

If the scalar field perturbations are independent, Gaussian random fields, as we expect shortly after Hubble-exit during inflation in the slow-roll limit [12, 13] then the bispectrum for the fields, B^{ABC} , and connected part of the trispectrum, T^{ABCD}, both vanish.

In this case the bispectrum of the primordial curvature perturbation (28) at leading (fourth) order, can be written as B_ζ (k_1, k_2, k_3) = 6 5 f_{NL} [P_ζ (k_1)P_ζ (k_2) + P_ζ (k_2)P_ζ (k_3) + P_ζ (k_3)P_ζ (k_1)] . (37)

where the dimensionless non-linearity parameter^1 is given by [11] f_{NL} = 5 6 N_AN_B N^{AB} (N_C N^C )^2

. (38)

The trispectrum (36) in this case reduces to T_ζ (k_1, k_2, k_3, k_4) = N_{AB}N^{AC} N^B N_C [P (k_{13})P (k_3)P (k_4) + (11 perms)] +N_{ABC} N^AN^B N^C [P (k_2)P (k_3)P (k_4) + (3 perms)] , (39) Hence we can write the trispectrum as T_ζ (k_1, k_2, k_3, k_4) = τ_{NL} [P_ζ (k_{13})P_ζ (k_3)P_ζ (k_4) + (11 perms)] + 54 25 g_{NL} [P_ζ (k_2)P_ζ (k_3)P_ζ (k_4) + (3 perms)] . (40)

where comparing the above two expressions, and using (23) we see τ_{NL} = N_{AB} N^{AC} N^B N_C (N_D N^D)^3

, (41) g_{NL} = 25 54 N_{ABC} N^AN^B N^C (N_DN^D)^3

. (42)

The expression for τ_{NL} from multiple fields was given in the arXiv version of [21]. Note that we have factored out products in the trispectrum with different k dependence in order to define the two k independent non-linearity parameters τ_{NL} and g_{NL}. This gives the possibility that observations may be able to distinguish between the two parameters [5].

A. Single field dependence

In many cases there is single direction in field-space, φ, which is responsible for perturbing the local expansion, N(φ), and hence generating the primordial curvature perturbation, ζ. For example this would be the inflaton field in single field models of inflation, or it could be the late-decaying scalar field in the curvaton scenario [22].

In the case where a single field dominates, the curvature perturbation (5) is given by

ζ = N^′φ + 1 2 N^{′′}φ^2 + 1 6 N^{′′′}φ^3 + · · · , (43)

where we use the shorthand N^′ = dN/dφ. If in addition we assume that the field perturbation is purely Gaussian, φ = φ_1, then the non-Gaussianity of the primordial perturbation has a simple “local form” where the full non-linear perturbation at any point in real space, ζ(x), is a local function of a single Gaussian random field, φ_1. Thus we can write [4, 23]

ζ = ζ_1 + 3 5 f_{NL}ζ^2_1 + 9 25 g_{NL}ζ^3_1 + · · · , (44)

where ζ_1 is Gaussian because it is directly proportional to the initial Gaussian field perturbation, φ_1, and the dimensionless non-linearity parameters, f_{NL} and g_{NL}, are given by f_{NL} = 5 6 N^{′′} (N^′)^2

, (45) g_{NL} = 25 54 N^{′′′} (N^′)^3

, (46)

1 Some papers use a different sign convention for f_{NL}. For example, Refs. [11, 20] use the opposite sign convention.

The numerical factors in Eq. (44) arise because the original definition is given in terms of the Bardeen potential on large scales (in the matter dominated era, md), Φ_{Hmd} = (3/5)ζ_1, so we have [4, 5, 6], 3 5 ζ = Φ_{Hmd} + f_{NL}Φ^2_{Hmd} + g_{NL}Φ^3_{Hmd} + · · · . (47)

The primordial bispectrum and trispectrum are then given by Eqs. (37) and (40), where the non-linearity parameters f_{NL} and g_{NL}, given in Eqs. (38) and (42), reduce to Eqs. (45) and (46) respectively, and τ_{NL} given in Eq. (41) reduces to τ_{NL} = (N^{′′})^2 (N^′)^4 = 36 25 f^2_{NL} . (48)

Notice that the bispectrum depends linearly on ζ_2 while the trispectrum has both a quadratic dependence upon ζ_2 and a linear dependence on ζ_3. Thus τ_{NL} is proportional to f^2_{NL} (shown in [5] using the Bardeen potential, and in [24] using this notation). However the trispectrum could be large even when the bispectrum is small because of the g_{NL} term [5, 23].

1. Inflaton scenario

In the case of standard single field inflation, where the primordial curvature perturbation is generated solely by the inflaton field, we can calculate the non-linearity parameters f_{NL} and g_{NL} in terms of the slow-roll parameters at Hubble-exit. Because the large-scale perturbations are adiabatic, ζ is non-linearly conserved on large scales [10, 25, 26] and the derivatives of the expansion, N^′, N^{′′} and N^{′′′} can be calculated at Hubble-exit. Using the definition (1), we find N^′ = H̄ ˙φ̄ ≃ 1 √ 2 1 m_p 1 √ ϵ ∼ O ( ϵ^{− 12} ) , (49) N^{′′} ≃ − 1 2 1 m^2_p 1 ϵ (η − 2ϵ) ∼ O (1) , (50) N^{′′′} ≃ 1 √ 2 1 m^3_p 1 ϵ √ ϵ ( ϵη − η^2 + 1 2 ξ^2 ) ∼ O(ϵ^{12} ) , (51)

where we have used the potential slow roll parameters ϵ ≡ m^2_p 2 ( V^′ V )_2

, (52) η ≡ m^2_p V^{′′} V , (53)

ξ^2 ≡ m^4_p V^′V^{′′′} V^2

. (54)

Hence the non-linearity parameters for single field inflation (45–46) are given by f_{NL} = 5 6 (η − 2ϵ) , (55)

τ_{NL} = (η − 2ϵ)^2 , (56) g_{NL} = 25 54 ( 2ϵη − 2η^2 + ξ^2 ) . (57)

Note however that we have not calculated the full bispectrum and trispectrum at leading order in slow roll, because we assumed that the initial field fluctuations were Gaussian. If we included the contribution from the non- Gaussianity of the fields at Hubble exit, the bispectrum would have one extra term (19) and the trispectrum would have two extra terms, (36). The extra term for the trispectrum is at the same order in slow roll, because [12] B^{ABC} (k_1, k_2, k_3) ∼ O(ϵ^{12} ) and the second term of (36) is also of the same order. However Seery, Lidsey and Sloth find [18], T^{ABCD}(k_1, k_2, k_3, k_4) ∼ O(1) which means the first term of (36) is suppressed by one less order in slow roll then the other three terms. However they find the contribution of this term is still too small to be observable, even in the multiple field case [18]. All of these extra terms from the non-Gaussian field fluctuations are momentum dependent, while all of the non-linearity parameters are independent of momentum.

In single field inflation, ζ is conserved at all orders on superhorizon scales. Therefore no evolution of the bispectrum and trispectrum is possible after Hubble exit. Hence neither will be detectable in cosmic microwave background or large scale structure experiments, but from the 21 cm background there is the possibility that f_{NL} ∼ 0.01 might be observable [27].

2. Curvaton scenario

In the curvaton scenario a weakly-coupled field (the curvaton field, χ) which is light, but subdominant during inflation comes to contribute a significant fraction of the energy density of the universe sometime after inflation. After it eventually decays, it is the fluctuations in this field that produce the primordial curvature perturbation, ζ [22].

In general, the energy density of the curvaton is some function of the field value at Hubble-exit, ρ_χ ∝ g^2(χ_∗), and hence the primordial curvature perturbation when the curvaton decays is of local form (44). In the sudden-decay approximation the non-linearity parameters are [11, 28] f_{NL} = 5 4r ( 1 + gg^{′′} g^{′2} ) − 5 3 − 5r 6 , (58)

and [23] g_{NL} = 25 54 [ 9 4r^2 ( g^2g^{′′′} g^{′3} + 3 gg^{′′} g^{′2} ) − 9 r ( 1 + gg^{′′} g^{′2} ) + 1 2 ( 1 − 9 gg^{′′} g^{′2} ) + 10r + 3r^2 ] , (59)

and τ_{NL} satisfies (48), where the parameter r, is given by r = [ 3ρ_χ 3ρ_χ + 4ρ_r ] decay

, (60)

where ρ_χ is the density of the curvaton field and ρ_r is the density of radiation and hence r satisfies 0 < r ≤ 1, .

One can obtain significant non-Gaussianity if the curvaton does not dominate the total energy density of the Universe when it decays, r ≪ 1, in which case we have f_{NL} ≃ 5 4r ( 1 + gg^{′′} g^{′2} ) , (61) g_{NL} ≃ 25 24r^2 ( g^2g^{′′′} g^{′3} + 3 gg^{′′} g^{′2} ) . (62)

One obtains a significant bispectrum, f_{NL} ≫ 1 for r ≪ 1 if gg^{′′}/g^{′2} ≠ −1. On the other hand if gg^{′′}/g^{′2} ≃ −1 the bispectrum can be small even for r ≪ 1 [29] and the first signal of non-Gaussianity could come from the trispectrum through g_{NL} ≫ 1 [23].

V. CONCLUSIONS

In this paper we have given a general expression characterising the distribution of the primordial curvature perturbation due to an initial distribution of scalar field fluctuations during multiple-field inflation, using the δN-formalism.

We have given expressions for the power spectrum, bispectrum and trispectrum including all terms at leading order in a perturbative expansion, allowing for scale dependence and cross-correlations of the fields. In particular the connected part of the primordial trispectrum consists of four terms each with a different momentum dependence. One term depends upon the intrinsic connected part of the trispectrum of the field fluctuations and one term depends upon the bispectrum of the fields.

At lowest order in a slow-roll expansion the field fluctuations shortly after Hubble-exit are expected to be Gaussian and scale-invariant. In this case Lyth and Rodriguez [11] showed that the bispectrum from multiple-field inflation can be parameterised by a single non-linearity parameter f_{NL} dependent upon the second-derivatives of the local expansion, N, with respect to the field values, given in Eq. (38). The connected part of the trispectrum can be parameterised by two further non-linearity parameters, τ_{NL} and g_{NL}, given in Eqs. (41) and (42). τ_{NL} is another function of the second derivatives of N [21], whereas g_{NL} is a dependent on the third derivative. In the particular case where only one field generates the primordial perturbation we have τ_{NL} ∝ f^2_{NL} [5, 24]. However g_{NL} can give rise to a connected part of the trispectrum at the same order [23] and hence constraints on the primordial bispectrum do not necessarily constrain the primordial trispectrum in such models.

In the case of standard single field inflation the trispectrum will be too small to ever be observed, but in alternative models such as DBI inflation [30] or the curvaton scenario [23] the trispectrum may be observable and could be an important test of such models.

Note added: While writing up this work, similar results appeared on the arXiv [31].

Acknowledgements

The authors are grateful to Jussi Valiviita, Kishore Ananda and Antony Lewis for comments. We thank the organizers of the Benasque workshop, Modern cosmology, Inflation, CMB and LSS, August 2006, where this work was initiated. CB acknowledges financial support from the EPSRC. MS is supported in part by JSPS Grant-in-Aid for Scientific Research (S) No. 14102004, (B) No. 17340075, and (A) No. 18204024.

[1] A. R. Liddle and D. H. Lyth, Cosmological inflation and large-scale structure (Cambridge University Press, Cambridge, England, 2000).

[2] L. Verde, L. M. Wang, A. Heavens and M. Kamionkowski, Mon. Not. Roy. Astron. Soc. 313, L141 (2000) [arXiv:astro-ph/9906301].

[3] L. M. Wang and M. Kamionkowski, Phys. Rev. D 61, 063504 (2000) [arXiv:astro-ph/9907431]. [4] E. Komatsu and D. N. Spergel, Phys. Rev. D 63, 063002 (2001) [arXiv:astro-ph/0005036]. [5] T. Okamoto and W. Hu, Phys. Rev. D 66, 063008 (2002) [arXiv:astro-ph/0206155]. [6] N. Bartolo, S. Matarrese and A. Riotto, JCAP 0508, 010 (2005) [arXiv:astro-ph/0506410]. [7] N. Kogo and E. Komatsu, Phys. Rev. D 73, 083007 (2006) [arXiv:astro-ph/0602099]. [8] A. A. Starobinsky, JETP Lett. 42, 152 (1985) [Pisma Zh. Eksp. Teor. Fiz. 42, 124 (1985)]. [9] M. Sasaki and E. D. Stewart, Prog. Theor. Phys. 95, 71 (1996) [arXiv:astro-ph/9507001]. [10] D. H. Lyth, K. A. Malik and M. Sasaki, JCAP 0505, 004 (2005) [arXiv:astro-ph/0411220]. [11] D. H. Lyth and Y. Rodriguez, Phys. Rev. Lett. 95, 121302 (2005) [arXiv:astro-ph/0504045]. [12] D. Seery and J. E. Lidsey, JCAP 0509, 011 (2005) [arXiv:astro-ph/0506056]. [13] J. M. Maldacena, JHEP 0305, 013 (2003) [arXiv:astro-ph/0210603]. [14] D. Seery and J. E. Lidsey, JCAP 0506, 003 (2005) [arXiv:astro-ph/0503692].

[15] N. Bartolo, E. Komatsu, S. Matarrese and A. Riotto, Phys. Rept. 402, 103 (2004) [arXiv:astro-ph/0406398]. [16] C. T. Byrnes and D. Wands, Phys. Rev. D 74, 043529 (2006) [arXiv:astro-ph/0605679]. [17] B. van Tent, Class. Quant. Grav. 21, 349 (2004) [arXiv:astro-ph/0307048]. [18] D. Seery, J. E. Lidsey and M. S. Sloth, arXiv:astro-ph/0610210.

[19] L. E. Allen, S. Gupta and D. Wands, JCAP 0601, 006 (2006) [arXiv:astro-ph/0509719]. [20] F. Vernizzi and D. Wands, JCAP 0605, 019 (2006) [arXiv:astro-ph/0603799]. [21] L. Alabidi and D. H. Lyth, JCAP 0605, 016 (2006) [arXiv:astro-ph/0510441].

[22] K. Enqvist and M. S. Sloth, Nucl. Phys. B 626, 395 (2002) [arXiv:hep-ph/0109214]; D. H. Lyth and D. Wands, Phys.

Lett. B 524, 5 (2002) [arXiv:hep-ph/0110002]; T. Moroi and T. Takahashi, Phys. Lett. B 522, 215 (2001) [Erratum-ibid. B 539, 303 (2002)] [arXiv:hep-ph/0110096].

[23] M. Sasaki, J. Valiviita and D. Wands, Phys. Rev. D 74, 103003 (2006) [arXiv:astro-ph/0607627]. [24] L. Boubekeur and D. H. Lyth, Phys. Rev. D 73, 021301 (2006) [arXiv:astro-ph/0504046]. [25] D. H. Lyth and D. Wands, Phys. Rev. D 68, 103515 (2003) [arXiv:astro-ph/0306498]. [26] D. Langlois and F. Vernizzi, Phys. Rev. Lett. 95, 091303 (2005) [arXiv:astro-ph/0503416]. [27] A. Cooray, arXiv:astro-ph/0610257.

[28] N. Bartolo, S. Matarrese and A. Riotto, Phys. Rev. Lett. 93, 231301 (2004) [arXiv:astro-ph/0407505]. [29] K. Enqvist and S. Nurmi, JCAP 0510, 013 (2005) [arXiv:astro-ph/0508573]. [30] M. x. Huang and G. Shiu, arXiv:hep-th/0610235. [31] D. Seery and J. E. Lidsey, arXiv:astro-ph/0611034.