arXiv:astro-ph/0611333v5 26 Feb 2007

Response function of interferometers for scalar gravitational waves in the gauge of the local observer used for a difficult detection of a stochastic background with advanced LIGO

Christian Corda

February 26, 2007

INFN - Sezione di Pisa and Università di Pisa, Via F. Buonarroti 2, I - 56127 PISA, Italy

E-mail address: christian.corda@ego-gw.it

Abstract

With the “bouncing photon” treatment,the gauge invariance of the response function of interferometers to scalar gravitational waves (SGWs) has been recently demonstrated in its full frequency dependence in three different gauges well known in literature, while in previous works such as invariance was been only shown in the low frequencies approximation. After a review of scalar tensor theories of gravity, in this paper the analysis of the response function to SGWs is generalized in its full angular dependence and directly in the gauge of the local observer, which is the gauge of a laboratory environment on Earth. The result is used to analyze the cross - correlation between the two LIGO interferometers in their advanced configuration for a potential detection of a stochastic background of SGWs and to release a lower bound for the integration time of such detection. A comparison between our response function and previous low-frequency approximated ones is also performed. Because the lower bounds result very long, we hope in the LISA interferometer and in a further growth in the sensitivity of advanced projects.

PACS numbers: 04.80.Nn, 04.30.Nk, 04.50.+h

1 Introduction

The design and construction of a number of sensitive detectors for GWs is underway today. There are some laser interferometers like the VIRGO detector, being built in Cascina, near Pisa by a joint Italian-French collaboration, the GEO 600 detector, being built in Hannover, Germany by a joint Anglo-Germany collaboration, the two LIGO detectors, being built in the United States (one in Hanford, Washington and the other in Livingston, Louisiana) by a joint Caltech-Mit collaboration, and the TAMA 300 detector, being built near Tokyo, Japan. There are many bar detectors currently in operation too, and several interferometers and bars are in a phase of planning and proposal stages (for the current status of GWs experiments see [1, 2]).

The results of these detectors will have a fundamental impact on astrophysics and gravitation physics. There will be lots of experimental data to be analyzed, and theorists will be forced to interact with several experiments and data analysts to extract the physics from the data stream.

Detectors for GWs will also be important to confirm or ruling out the physical consistency of General Relativity or of any other theory of gravitation [3, 4, 5, 6, 7]. This is because, in the context of Extended Theories of Gravity, some differences between General Relativity and others theories can be pointed out starting by the linearized theory of gravity [3, 4, 6, 7].

With the “bouncing photon” analysis (see figure 1) in [6] the gauge invariance of the response function of interferometers to SGWs has been demonstrated in three different gauges well known in literature and for all the frequencies of SGWs, while in previous works this gauge invariance was only shown in the low frequencies approximation, see for example [7]. In this paper, after a review of scalar tensor theories of gravity, which is due to provide a context to bring out the relevance of the results [8], the analysis of the response function for SGWs is generalized in its full angular dependence and directly in the gauge of the local observer, which is the gauge of a laboratory environment on Earth. The result is used to analyze the cross - correlation between the two LIGO interferometers in their advanced configuration for a potential detection of a stochastic background of SGWs and to release a lower bound for the integration time of such detection. A comparison between our response function and previous low-frequency approximated ones is also performed. Because the lower bounds result very long, we hope in the LISA interferometer and in a further growth in the sensitivity of advanced projects.

2 Scalar gravitational waves from scalar-tensor theories of gravity

If the gravitational Lagrangian is nonlinear in the curvature invariants the Einstein field equations has an order higher than second [3, 6]. For this reason such theories are often called higher-order gravitational theories. In the most general case they arises from the action

S = ∫ d^4x √ −g[F (R, []R, []^2R, []^kR, ϕ) − ϵ 2 g^{μν} ϕ_{;μ}ϕ_{;ν} + L_m], (1)

where F is an unspecified function of curvature invariants and of a scalar field ϕ and [] is the D’Alembertian operator. The term L_m is the minimally coupled ordinary matter contribution.

In scalar-tensor theories of gravity both the metric tensor g_μ and a fundamental scalar field ϕ are involved [3, 4, 5, 6]. Their action can be recovered from eq. (1) with the choiche F (R, ϕ) = f(ϕ)R − V (ϕ) and ϵ = −1 . (2) Considering the choiche (2), the most general action of scalar-tensor theories of gravity in four dimensions is given by S = ∫ d^4x √ −g[f(ϕ)R + 1 2 g^{μν} ϕ_{;μ}ϕ_{;ν} − V (ϕ) + L_m]. (3)

Chosing

φ = f(ϕ) ω(φ) =^{f (ϕ)}_{2′f (ϕ)} W (φ) = V (ϕ(φ)) (4)

eq. (3) reads S = ∫ d^4x √ −g[φR − ω(φ) φ g^{μν} φ_{;μ}φ_{;ν} − W (φ) + L_m], (5)

which is a generalization of the Brans-Dicke theory [9].

By varying the action (5) with respect to g_{μν} and the scalar field φ the field equations (note that in this paper we work with G = 1, c = 1 and ℏ = 1)

G_{μν} = −^{4πG̃}_φ T^{(m)}_{μν} +^{ω(φ)}_{φ2} (φ_{;μ}φ_{;ν} −^1_2 g_{μν} g^{αβ}φ_{;α}φ_{;β} )+

+^1_φ (φ_{;μν} − g_{μν} []φ) +^1_{2φ} g_{μν} W (φ) (6) are obtained with associed a Klein - Gordon equation for the scalar field

[]φ = 1 2ω(φ) + 3

(−4πG̃T^{(m)} + 2W (φ) + φW^′(φ) + dω(φ) dφ g^{μν} φ_{;μ}φ_{;ν} . (7)

In the above equations T^{(m)}_{μν} is the ordinary stress-energy tensor of the matter and G̃ is a dimensional, strictly positive, constant [4, 5, 6]. The Newton constant is replaced by the effective coupling G_{ef f} = − 1 2φ , (8)

which is, in general, different from G. General Relativity is obtained when for the scalar field coupling it is φ = const = − 1 2 . (9)

The case in which it is ω = const. in eqs. (6) and (7) is the string-dilaton gravity [3, 4, 5, 6, 7, 10, 11, 12, 13]. Because we want to study gravitational waves, the linearized theory in vacuum (T^{(m)}μν = 0) with a little perturbation of the background, which is assumed given by the Minkowskian background plus φ = φ_0, has to be analyzed. φ_0 is also assumed to be a minimum for W : W ≃ 1 2 αδφ^2 ⇒ W^′ ≃ αδφ (10) Putting g_{μν} = η_{μν} + h_{μν} φ = φ_0 + δφ.

(11)

and, to first order in h_{μν} and δφ, calling ~R_{μνρσ} , ~R_{μν} and ~R the linearized quantity which correspond to R_{μνρσ} , R_{μν} and R, the linearized field equations [5, 19]

~R_{μν} −^{~R}_2 η_{μν} = −∂_μ∂_ν Φ + η_{μν} []Φ

[]Φ = m^2Φ,

(12)

are obtained, where Φ ≡ −^{δφ}_{φ0} m^2 ≡^{αφ0}_{2ω+3} .

(13)

The case in which it is ω = const and W = 0 in eqs. (6) and (7) has been analyzed in [6] with a treatment which generalized the “canonical” linearization of Geneal Relativity [14].

In particular the transverse-traceless (TT) gauge has been generalized to scalar-tensor gravity obtaining the total perturbation of a gravitational wave propagating in the z+ direction in this gauge as

h_{μν} (t − z) = A^+(t − z)e^{(+)}_{μν} + A^×(t − z)e^{(×)}_{μν} + Φ(t − z)e^{(s)}_{μν} . (14)

The term A^+(t − z)e^{(+)}_{μν} + A^×(t − z)e^{(×)}_{μν} describes the two standard (i.e. tensorial) polarizations of gravitational waves which arises from General Relativity in the TT gauge [14], while the term Φ(t − z)e^{(s)}_{μν} is the extension of the TT gauge to the scalar case.

For a purely scalar GW the metric perturbation (14) reduces to

h_{μν} = Φe^{(s)}_{μν} , (15)

Figure 1: photons can be launched from the beam-splitter to be bounced back by the mirror

and the correspondent line element is [6, 7]

ds^2 = dt^2 − dz^2 − (1 + Φ)dx^2_{tt} − (1 + Φ)dy^2. (16)

In other words, in scalar-tensor theories of gravity, the scalar field generates a third tensorial polarization for gravitational waves. This is because in equations (32) of [6] three different freedom degrees are present, differently from the standard General Relativity case, where the freedom degrees for gravitational waves are two. For details about the production of this third tensorial polarization see Section 3 of [6].

3 Analysis in the gauge of the local observer

In a laboratory environment on Earth, the coordinate system in which the spacetime is locally flat is typically used (see refs. [6, 7, 14, 15, 16]) and the distance between any two points is given simply by the difference in their coordinates in the sense of Newtonian physics. In this gauge, called the gauge of the local observer, SGWs manifest themselves by exerting tidal forces on the masses (the mirror and the beam-splitter in the case of an interferometer, see figure 1).

A detailed analysis of the gauge of the local observer is given in ref. [14], sect. 13.6. Here we recall only the more important features of this gauge:

the time coordinate x_0 is the proper time of the observer O; spatial axes are centered in O;

in the special case of zero acceleration and zero rotation the spatial coordinates x_j are the proper distances along the axes and the frame of the local observer reduces to a local Lorentz frame: in this case the line element reads

ds^2 = −(dx^0)^2 + δ_{ij} dx^idx^j + O(|x^j |^2)dx^αdx^β ; (17) the effect of SGWs on test masses is described by the equation for geodesic deviation in this gauge ẍi = − ~Ri_{0k0}xk , (18) where we have called ~R^i_{0k0} the linearized Riemann tensor [6, 14].

Recently Capozziello and Corda [6] have shown that the response of an interferometer to SGWs is invariant in three different gauges well known in literature and for all frequencies of SGWs, while in previous literature this gauge invariance was only shown in the long wavelength approximation [7]. In [6] the angular pattern of interferometers was computed in the TT gauge, while in this paper it is computed in its full angular dependence directly in the gauge of the local observer. An analysis parallel to the ones in refs. [6, 15, 17] will be used. In the gauge of the local observer, two different effects in the calculation of the variation of the round-trip time for photons have to be considered, in analogy with the cases of refs. [6, 15] where the effects considered were three, but the third effect vanishes putting the origin of our coordinate system in the beam splitter of the interferometer (see also the massive case in [6]). Then equations (74) and (75) of [6], that represent the variations of the coordinates of the mirror of the interferometer in presence of a SGW, can be rewritten in the frame of the local observer as δx(t) = 1 2 x_0Φ(t) (19) and δy(t) = 1 2 x_0Φ(t). (20)

Eqs. (19) and (20) have been obteined using the perturbation method [6, 14, 15] from the equation of motion which are

ẍ = 1 2 Φ̈x (21) and ÿ = 1 2 Φ̈y. (22)

For the gauge invariance of the linearized Riemann tensor [14], eqs. (21) and (22) can be obtained directly from the TT gauge (16).

To compute the responce function for an arbitrary propagating direction of the SGW one recalls that the arms of the interferometer are in the −→u and −→v directions, while the x, y, z frame is adapted to the propagating SGW. For a better definition of the x, y, z frame we can write, to first order in Φ, the coordinate transformation x^α = x^α(x^β_{tt}) from the TT coordinates (here called t_{tt}, x_{tt}, y_{tt}, z_{tt}) to the frame of the local observer as (see the parallel case of [17, 18] for tensorial polarizations) t = t_{tt} x = x_{tt} +^1_2 x_{tt}Φ y = y_{tt} +^1_2 y_{tt}Φ z = z_{tt}.

(23)

Then a spatial rotation of the coordinate system has to be performed: u = −x cos θ cos ϕ + y sin ϕ + z sin θ cos ϕ v = −x cos θ sin ϕ − y cos ϕ + z sin θ sin ϕ w = x sin θ + z cos θ,

(24)

or, in terms of the x, y, z frame:

x = −u cos θ cos ϕ − v cos θ sin ϕ + w sin θ y = u sin ϕ − v cos ϕ z = u sin θ cos ϕ + v sin θ sin ϕ + w cos θ.

(25)

In this way the SGW is propagating from an arbitrary direction −→r to the interferometer (see figure 2). Assuming that the mirror of eqs. (19) and (20) is situated in the u direction, using eqs. (24), (25), (19) and (20), the u coordinate of the mirror is given by

u = L + 1 2 LAΦ(t − u sin θ cos ϕ). (26) where A ≡ cos^2 θ cos^2 ϕ + sin^2ϕ. (27) A good way to analyze variations in the proper distance (time) is by means of “bouncing photons” (see [6, 15, 17] and figure 1).

In this Section a photon which propagates in the u axis is considered, but in next Section we will see that the analysis is almost the same for a photon which propagates in the v axis.

Putting the origin of the coordinate system in the beam splitter of the interferometer and using eq. (26) the unperturbed coordinates for the beam-splitter and the mirror are u_b = 0 and u_m = L. Thus the unperturbed propagation time between the two masses is T = L. (28) From eq. (26) the displacements of the two masses under the influence of the SGW are

Figure 2: a SGW propagating from an arbitrary direction

δu_b(t) = 0 (29) and δu_m(t) = 1 2 LAΦ(t − L sin θ cos ϕ). (30)

In this way, the relative displacement, which is defined by δL(t) = δu_m(t) − δu_b(t) (31) gives δT (t) T = δL(t) L = 1 2 LAΦ(t − L sin θ cos ϕ). (32)

But for a large separation between the test masses (in the case of Virgo the distance between the beam-splitter and the mirror is three kilometers, four in the case of LIGO), the definition (31) for relative displacements becomes unphysical because the two test masses are taken at the same time and therefore cannot be in a casual connection [6, 15, 17]). The correct definitions for the bouncing photon are

δL_1(t) = δu_m(t) − δu_b(t − T_1) (33) and δL_2(t) = δu_m(t − T_2) − δu_b(t), (34)

where T_1 and T_2 are the photon propagation times for the forward and return trip correspondingly. According to the new definitions, the displacement of one test mass is compared with the displacement of the other at a later time to allow a finite delay for the light propagation. The propagation times T_1 and T_2 in eqs. (33) and (34) can be replaced with the nominal value T because the test mass displacements are already first order in Φ (refs. [6, 15]). Thus, for the total change in the distance between the beam splitter and the mirror in one round-trip of the photon, one gets

δL_{r.t.}(t) = δL_1(t − T ) + δL_2(t) = 2δu_m(t − T ) − δu_b(t) − δu_b(t − 2T ), (35) and in terms of the amplitude of the SGW: δL_{r.t.}(t) = LAΦ(t − L sin θ cos ϕ − L). (36) The change in distance (36) leads to changes in the round-trip time for photons propagating between the beam-splitter and the mirror:

δ_1T (t) T = AΦ(t − L sin θ cos ϕ − L). (37)

4 Effect of curved spacetime

In the last calculation (variations in the photon round-trip time which come from the motion of the test masses inducted by the SGW), we implicitly assumed that the propagation of the photon between the beam-splitter and the mirror of the interferometer is uniform as if it were moving in a flat space-time. But the presence of the tidal forces indicates that the space-time is curved [6, 14, 15]. As a result one more effect after the first discussed has to be considerd, which requires spacial separation [9, 15].

From equations (21), (22), (24) and (25) the tidal acceleration of a test mass caused by the SGW in the u direction is

ü(t − u sin θ cos ϕ) = 1 2 LAΦ̈(t − u sin θ cos ϕ). (38)

Equivalently one can say that there is a gravitational potential [6, 14, 15, 16]: V (u, t) = − 1 2 LA ∫_u 0 Φ̈(t − l sin θ cos ϕ)dl, (39)

which generates the tidal forces, and that the motion of the test mass is governed by the Newtonian equation

¨−→r = − ▽ V. (40) For the second effect the interval for photons propagating along the u -axis can be written as ds^2 = g_{00}dt^2 − du^2. (41) The condition for a null trajectory (ds = 0) gives the coordinate velocity of the photons

v^2 ≡ ( du dt )^2 = 1 + 2V (t, u), (42)

which to first order in Φ is approximated by

v ≈ ±[1 + V (t, u)], (43) with + and − for the forward and return trip respectively. Knowing the coordinate velocity of the photon, the propagation time for its travelling between the beam-splitter and the mirror can be defined:

T_1(t) = ∫_{um(t)} u_b (t−T_1) du v (44) and T_2(t) = ∫_{ub (t)} u_m(t−T_2) (−du) v . (45)

The calculations of these integrals would be complicated because the u_m boundaries of them are changing with time:

u_b(t) = 0 (46) and u_m(t) = L + δu_m(t). (47) But, to first order in Φ, these contributions can be approximated by δL_1(t) and δL_2(t) (see eqs. (33) and (34)). Thus, the combined effect of the varying boundaries is given by δ_1T (t) in eq. (37). Then only the times for photon propagation between the fixed boundaries 0 and L have to be computed. Such propagation times will be indicated with ΔT_{1,2} to distinguish from T_{1,2}. In the forward trip, the propagation time between the fixed limits is

ΔT_1(t) = ∫_L 0 du v(t^′, u) ≈ L − ∫_L 0 V (t^′, u)du, (48) where t^′ is the delay time (i.e. t is the time at which the photon arrives in the position L, so L − u = t − t^′) which corresponds to the unperturbed photon trajectory:

t^′ = t − (L − u). Similiary, the propagation time in the return trip is

ΔT_2(t) = L −

∫_0 L V (t^′, u)du, (49) where now the delay time is given by t^′ = t − u. The sum of ΔT_1(t − T ) and ΔT_2(t) gives the round-trip time for photons traveling between the fixed boundaries. Then the deviation of this round-trip time (distance) from its unperturbed value 2T is δ_2T (t) = − ∫_L 0 [V (t − 2L + u, u)du+ − ∫_0 L V (t − u, u)]du, (50)

and, using eq. (39), it is

δ_2T (t) =^1_2 LA ∫_L 0 [ ∫_u 0 Φ̈(t − 2T + l(1 − sin θ cos ϕ))dl+ − ∫_u 0 Φ̈(t − l(1 + sin θ cos ϕ)dl]du.

(51)

Thus the total round-trip proper time in presence of the SGW is: T_t = 2T + δ_1T + δ_2T, (52) and δT_u = T_t − 2T = δ_1T + δ_2T (53) is the total variation of the proper time (distance) for the round-trip of the photon in presence of the SGW in the u direction.

Using eqs. (37), (51) and the Fourier transform of Φ defined by Φ̃(ω) = ∫_∞ −∞ dtΦ(t) exp(iωt), (54) the quantity (53) can be computed in the frequency domain as δ̃T_u(ω) = δ̃_1T (ω) + δ̃_2T (ω) (55) where δ̃_1T (ω) = exp[iωL(1 + sin θ cos ϕ)]LAΦ̃(ω) (56)

δ̃_2T (ω) = −^{LA}_2 [^{−1+exp[iωL(1+sin θ cos ϕ)]−iLω(1+sin θ cos ϕ)}

(1+sin θ cos ϕ)^2 +

+^{exp(2iωL)(1−exp[iωL(−1+sin θ cos ϕ)]+iLω−(1+sin θ cos ϕ)}

(−1+sin θ cos ϕ)^2 ]Φ̃(ω).

(57)

In the above computation the derivative and translation theorems on the Fourier transform have been used. In this way, using eq. (27) the response function of the u arm of the interferometer to the SGW is obtained

H_u(ω) =^{δ̃Tu(ω)}_{LΦ̃(ω)} =^1_{2iωL} [−1 + exp(2iωL)+

+ sin θ cos ϕ((1 + exp(2iωL) − 2 exp iωL(1 + sin θ cos ϕ))],

(58)

which is the same result of equation (148) of ref. [6], where the computation has been made in the trasverse-traceless (TT) gauge.

5 Computation for the v arm

The computation for the v arm is parallel to the one above. The coordinate of the mirror in the v arm is:

v = L + 1 2 LBΦ(t − v sin θ sin ϕ), (59) where B ≡ cos^2 θ sin^2 ϕ + cos^2 ϕ. (60) Thus, with an analysis similar to the one of previous Sections, the variation in the photon round-trip time which comes from the motion of the beam-splitter and the mirror in the v direction is: δ_1T (t) T = LBΦ(t − L sin θ sin ϕ − L), (61) while the second contribution (propagation in a curved spacetime) is δ_2T (t) =^1_2 LB ∫_L 0 [ ∫_u 0 Φ̈(t − 2T + l(1 − sin θ sin ϕ))dl+ − ∫_u 0 Φ̈(t − l(1 + sin θ sin ϕ)dl]du.

(62)

Then, the total response function in the v direction for the SGWs is H_v (ω) =^{δ̃Tu(ω)}_{LΦ̃(ω)} =^1_{2iωL} [−1 + exp(2iωL)+

+ sin θ sin ϕ((1 + exp(2iωL) − 2 exp iωL(1 + sin θ sin ϕ))],

(63)

which is exactly the result (149) of [6] where the computation has been made in the TT gauge.

6 The total response function

The total response function is given by the difference of the two response function of the two arms:

H_{tot}(ω) = H_u(ω) − H_v (ω), (64)

and using eqs. (58) and (63) it is

H_{tot}(ω) =^{δ̃Ttot (ω)}_{LΦ̃(ω)} =^{sin θ}_{2iωL} {cos ϕ[1 + exp(2iωL) − 2 exp iωL(1 + sin θ cos ϕ)]+

− sin ϕ[1 + exp(2iωL) − 2 exp iωL(1 + sin θ sin ϕ)]}. (65) This equation gives exactly the total response function (150) of [6] where the computation has been made in the TT gauge. Thus, the gauge invariance between the gauge of the local observer and the TT gauge for the total angular and frequency dependences of the response function of an interferometer has been proved, improving the result of [6], where the gauge invariance was shown only in its simplest geometric configuration (propagation of the SGW perpendicular to the two arms).

Eq. (65) is also in perfect agreement with the detector pattern of refs. [7] and [11] in the low frequencies limit (ω → 0):

H_{tot}(ω → 0) = − sin^2 θ cos 2ϕ. (66)

7 The signal to noise ratio in the two antennas correlation for the detection of a stochastic background of scalar waves

Let us consider a stochastic background of SGWs [10, 11, 12, 13]. It can be descripted in terms of the scalar field Φ and characterized by a dimensionless spectrum (see the analogous definition for tensorial waves in [19, 20, 21])

Ω_{sgw} (f) = 1 ρ_c dρ_{sgw} d ln f , (67)

where ρ_c ≡ 3H^2_0 8G (68)

is the (actual) critical density energy, ρ_c of the Universe [19, 20, 21]. Interacting with a stochastic background the complex Fourier amplitude Φ̃ can be treated as a random variable with zero mean value in a way similar to [19, 21] in the Fourier domain. By assuming that the stochastic background is isotropic and stationary, the ensamble average of the product of two Fourier amplitudes can be written as

< Φ̃^∗(f, Ω̂)Φ̃(f^′, Ω̂^′) >= δ(f − f^′)δ^2(Ω̂, Ω̂^′)S̃_Φ(f), (69) where Ω̂ is a unit vector specificing the propagation direction, and, using the explicit definition of the spectrum (67) [19, 21],

S̃_Φ(f) = 3H^{20} Ω^{sgw} (f) 8π^3f^3

. (70)

The optimal strategy for a potential detection of a stochastic background requieres the cross correlation of at last two detectors [12, 13, 19, 20, 21] with uncorrelated noises n_i(t), i = 1, 2. Given the two outputs over a total observation time T ,

s_i(t) = S^i_Φ(t) + n_i(t), (71) a “signal” S can be constructed: S = ∫_{T /2} −T /2 s_1(t)s_2(t^′)Q(t − t^′), (72)

where Q is a suitable filter function, usually chosen to optimize the signal to noise ratio (SNR) SNR =< S > /ΔS. (73) In the above equation ΔS is the variance of S. By assuming that the observation time is much larger than the temporal distance between the two detectors for which Q is not zero, in the frequency domain it is < S >= H^2_0 5π^2 T ∗ Re {∫_∞ 0 df θ(f)Q̃(f)Ω_{sgw} (f)γ(f) f^3 } , (74)

where θ(f) is the Heaviside step function and γ(f) the so - called Flanagan’s overlap reduction function [22] adapted to scalar waves [7, 12, 13].

For the computation of the variance we assume that, in each detector, the noise is much greater than the strain due to SGWs, obteining [23]

ΔS^2 ≃ T 2 ∫_∞ 0 dfP_1(|f|)P_2(|f|)|Q̃(f)|^2, (75) where P_i(|f|) is the one-sided power spectral density of the i detector (see [23] for details).

Introducting the inner product (a, b) ≡ Re {∫_∞ 0 dfa(f)b(f)P_1(f)P_2(f) } , (76)

the squared SNR can be rewritten as

(SNR)^2 = 2T (

H^2_0 5π^2

)^2 (Q̃,^{θ(f )Q̃(f )Ωsgw (f )γ(f )} f^3P_1 (|f |)P_2(|f |) ) (Q̃, Q̃) . (77)

The above ratio is maximal for Q̃ = k θ(f) Q̃(f)Ω_{sgw} (f)γ(f) f^3P_1(|f|)P_2(|f|)

, (78)

and with this optimal choice the signal to noise ratio becomes (SNR) = √ 2T H^2_0 5π^2 √∫_∞ 0 df Ω^2_{sgw}(f)γ^2(f) f^6P_1(|f|)P_2(|f|)

. (79)

8 The generalized overlap reduction function for the advanced LIGO-LIGO correlation

The overlap reduction function for SGWs has been used in [7, 12, 13] starting by its definition for tensorial waves in [22]. The expression [7, 12, 13] γ(f) = 15 4π ∫ dΩ̂ exp(2πifΩ̂ · −→r_{12})H_1(f)H_2(f) (80)

can be used, where −→r_{12} is the distance between the two detectors and H_i(f) the angular pattern of the i detector (i = 1, 2). In literature, the low frequencies approximation angular pattern (66) has been used in the computation of the overlap reduction functions for stochastic backgrounds of SGWs (see for example [7, 12, 13]). Now the analysis will be improved with the auxilium of the frequency dependent angular pattern (65). Putting the origin of our coordinate system in the LIGO site in Hanford (for the position and orientation of the two LIGO sites ref. [24] has been used ) it is

γ(f) =^{15}_{4π} ∫ sin θdθdϕ exp(2πifX)^{sin θ}_{2iωL} {cos ϕ[1 + exp(2iωL) − 2 exp iωL(1 + sin θ cos ϕ)]+

− sin ϕ[1 + exp(2iωL) − 2 exp iωL(1 + sin θ sin ϕ)]}·

sin(θ−θ_1) 2iωL {cos(ϕ − ϕ1)[1 + exp(2iωL) − 2 exp iωL(1 + sin(θ − θ1) cos(ϕ − ϕ1))]+

− sin(ϕ − ϕ_1)[1 + exp(2iωL) − 2 exp iωL(1 + sin(θ − θ_1) sin(ϕ − ϕ_1))]} (81) where θ_1 = −28.64^0,ϕ_1 = 71.2^0, L = 4Km [24] and

X ≡ d{cos(ϕ_1 − ϕ)(− sin θ_1 + cos θ_1(cos ϕ_1 + sin ϕ_1))·

(− sin θ + cos θ(cos ϕ + sin ϕ)) + (cos θ_1 + sin θ_1(cos ϕ_1 + sin ϕ_1))

(cos θ + sin θ(cos ϕ + sin ϕ)) − sin(ϕ_1 + ϕ)

· (82)

Figure 3: The absolute value of the overlap reduction function (81) in the frequency-range 10Hz ≤ f ≤ 1KHz.

with d = 2997.9Km.

In figure 3 the absolute value of the overlap reduction function (81) is drawn in the frequency-range of Earth based interferometers that is the interval 10Hz ≤ f ≤ 1KHz. From the figure the value of the overlap reduction function of the two LIGO interferometers for SGWs appears low, thus a long integration time could in principle be necessary to improve the SNR. A lower bound for the integration time of a potential detection will be computed in next Section. This lower bound for the integration time corresponds to an upper bound for the specific SNR of the correlation between the two advanced LIGO.

9 The specific signal to noise ratio in the two advanced LIGO interferometers for scalar waves

For the computation of the SNR (79) the analytical fit of [25] for the noise spectral density of advanced LIGO is used:

P (f) = P_0[(^f_{f0} )^{−4.14} − 5(^f_{f0} )^{−2} +^{111(1−(} f f0 )^2 +^1_2 (^f_{f0} )^4 )

1+^1_2 (^f_{f0} )^2 ] f > fs P (f) = ∞ f < f_s (83)

where P_0 = 6 · 10^{−49}Hz^{−1}, f_0 = 215Hz and f_s = 20Hz.

The spectrum of stochastic backgrounds is flat in the frequency-range of earth based interferometers [19, 20, 21] while it is well known that WMAP observations put strongly severe restrictions on the same spectrum [26, 27]. In fig. 4 we map the spectrum Ω_{sgw} chosing the amplitude (determined by the ratio M_{inl} M_{P lanck} [8, 19, 20, 28]) to be as large as possible, consistent with the WMAP con-

straints on scalars perturbations [26, 27]. The inflationary spectrum rises quickly at low frequencies (wave which rentered in the Hubble sphere after the Universe became matter dominated) and falls off above the (appropriately redshifted) frequency scale f_{max} associated with the fastest characteristic time of the phase transition at the end of inflation. The amplitude of the flat region depends on the energy during the inflationary stage [8, 19, 20, 28]. Because WMAP data are consistent with a maximum inflationary scale M_{inl} = 2 · 10^{16}GeV [8, 28], this means that today, at LIGO and LISA frequencies, indicate by the arrows in fig. 4,

Ω_{sgw} < 1.5 · 10^{−15}. (84)

For more details about the spectrum of relic GWs see refs. [19, 20, 28]. Using equations (79), (81), (83) and (84) a time of 6.3 · 10^{11}years is needed in order to obtain (SNR) = 1.

We emphasize that the assumption that all the scalar perturbation in the Universe are due to a stochastic background of SGWs is quit strong, but our result can be considered like a lower bound for the integration time.

To better understand the difference between our response function and previous low-frequency approximated one a brief comparison is now performed.

In the computation of the time that is needed to obtain (SNR) = 1 one can replace the response function (65) with the approximate one (66) in eq. (79). Integrating in all the frequency range of Earth based interferometers, the understimated time 5.9 · 10^{11}years is obtained. This is because the correct response function (65) drives the overlap reduction function to a stronger decreasing with respect to the constant value of the approximate response function (66). The correct response function (65) in the Hanford - Livingston direction is shown in figure 5. One could also replace the response function (65) with the approximate one (66) in eq. (80), integrating only in the low frequencies range 10Hz ≤ f ≤ 100Hz, where the approximation is correct. In that case the result is overpriced: 9.2 · 10^{11}years.

However the three results (the correct one and both the understimated and the overpriced ones) are too much long. This means that for a detection we hope in the LISA interferometer and in a further growth in the sensitivity of advanced projects. In this second case one notes from eq. (79) that only a gain of 5 orders of magnitude in the noise spectral density of advanced LIGO could in principle obtain (SNR) = 1 for integration times which are not too long (order of some years).

Figure 4: The spectrum of relic SGWs in inflationary models is flat over a wide range of frequencies. The horizontal axis is log_{10} of frequency, in Hz. The vertical axis is log_{10} Ω_{gsw} . The inflationary spectrum rises quickly at low frequencies (wave which rentered in the Hubble sphere after the Universe became matter dominated) and falls off above the (appropriately redshifted) frequency scale f_{max} associated with the fastest characteristic time of the phase transition at the end of inflation. The amplitude of the flat region depends on the energy during the inflationary stage; we have chosen the largest amplitude consistent with the WMAP constrains on scalar perturbations. This means that at LIGO and LISA frequencies, Ω_{sgw} < 1.5 · 10^{−15}

10 Conclusion remarks

With the “bouncing photon” analysis, in [6] the gauge invariance of the response of an interferometer to SGWs has been recently demonstred in three different

Figure 5: the absolute value of the total response function of the LIGO interferometer sto SGWs for the Hanford - Livingston direction.

gauges well known in literature and for all the frequencies of SGWs, while in previous literature this gauge invariance was shown only in the low frequencies approximation. In this paper the analysis of the response function for SGWs has been generalized in its full angular dependence and directly in the gauge of the local observer, which is the gauge of a laboratory environment on Earth. The result has been used to analyze the cross - correlation between the two LIGO interferometers in their advanced configuration for a potential detection of a stochastic background of SGWs and to release a lower bound for the integration time of a potential detection. A comparison between our response function and previous low-frequency approximated ones has also been performed. Because the lower bounds result very long, for a detection we hope in the LISA interferometer and in a further growth in the sensitivity of advanced projects.

Acknowledgements

I would like to thank Salvatore Capozziello, Mauro Francaviglia, Maria Felicia De Laurentis and Giancarlo Cella for helpful advices during my work. I strongly thank the referees for their interest in my work and for precious advices and comments that allowed to improve this paper and gave to me a better knowledge of the physics of the stochastic background of SGWs. The European Gravitational Observatory (EGO) consortium has also to be thanked for the using of computing facilities.

References

[1] Acernese F et al. (the Virgo Collaboration) - Class. Quant. Grav. 23 19 S635-S642 (2006); Hild S (for the LIGO Scientific Collaboration) - Class. Quant. Grav. 23 19 S643-S651 (2006)

[2] Willke B et al. - Class. Quant. Grav. 23 8S207-S214 (2006);Tatsumi D, Tsunesada Y and the TAMA Collaboration - Class. Quant. Grav. 21 5 S451-S456 (2004)

[3] Capozziello S - Newtonian Limit of Extended Theories of Gravity in Quantum Gravity Research Trends Ed. A. Reimer, pp. 227-276 Nova Science Publishers Inc., NY (2005) - also in arXiv:gr-qc/0412088 (2004)

[4] Capozziello S and Troisi A - Phys. Rev. D 72 044022 (2005)

[5] Will C M Theory and Experiments in Gravitational Physics, Cambridge Univ. Press Cambridge (1993)

[6] Capozziello S and Corda C - Int. J. Mod. Phys. D 15 1119 - 1150 (2006);Corda C - Response of laser interferometers to scalar gravitational waves- talk in the Gravitational Waves Data Analysis Workshop in the General Relativity Trimester of the Institut Henri Poincare - Paris 13-17 November 2006, on the web in www.luth2.obspm.fr/IHP06/workshops/gwdata/corda.pdf [7] Tobar ME, Suzuki T and Kuroda K Phys. Rev. D 59 102002 (1999);

Maggiore M and Nicolis A - Phys. Rev. D 62 024004 (2000) [8] Private communication with referees [9] Brans C and Dicke RH - Phys. Rev. 124, 925 (1961) [10] Gasperini M and Veneziano G - Phys. Rev. D 50 2519 (1994) [11] Bonasia N and Gasperini M - gr-qc/0504079 (2005) [12] Babusci D, Baiotti L, Fucito F and Nagar A - Phys. Rev. D 64 062001 (2001) [13] Gasperini M and Ungarelli C - Phys. Rev. D 64 064009 (2001) [14] Misner CW, Thorne KS and Wheeler JA - “Gravitation” - W.H.Feeman and Company - 1973 [15] Rakhmanov M - Phys. Rev. D 71 084003 (2005) [16] Landau L and Lifsits E - “Teoria dei campi” - Editori riuniti edition III (1999) [17] Corda C - gr-qc/0702080 (2007) [18] Baskaran D and Grishchuk LP - Class. Quant. Grav. 21 4041-4061 (2004) [19] Allen B -Proceedings of the Les Houches School on Astrophysical Sources of Gravitational Waves, eds. Jean-Alain Marck and Jean-Pierre Lasota (Cambridge University Press, Cambridge, England 1998);

[20] Babusci and others - Virgo DAD - www.virgo.infn.it/documents/DAD/stochastic background [21] Allen B and Ottewill AC - Phys. Rev. D 56 545-563 (1997) [22] Flanagan E - Phys. Rev. D 48 2389 (1993) [23] Allen B and Romano JD - Phys. Rev. D 59 102001 (1999) [24] Allen B - gr-qc/9607075 (1996) [25] Arun KJ, Iver BR, Sathyaprakash BS, and Sundararajan PA - Phys. Rev.

D 71 084008 (2005) [26] Bennet CL and others - ApJS 148 1; [27] Spergel DN and others - ApJS 148 195 [28] Friedmann BC, Cooray A and Melchiorri A - astro-ph/0610220