arXiv:astro-ph/0701302v2 19 Jan 2007

Non-gaussianity in fluctuations from warm inflation

Ian G. Moss^∗ and Chun Xiong School of Mathematics and Statistics, University of Newcastle Upon Tyne, NE1 7RU, UK (Dated: January 19, 2007)

The scalar mode density perturbations in a the warm inflationary scenario are analysed with a view to predicting the amount of non-gaussianity produced by this scenario. The analysis assumes that the inflaton evolution is strongly damped by the radiation, with damping terms that are temperature independent. Entropy fluctuations during warm inflation play a crucial role in generating nongaussianity and result in a distinctive signal which should be observable by the Planck satellite.

I. INTRODUCTION

Observations of the cosmic microwave background are consistent with the existence of gaussian, weakly scale dependent, density perturbations as predicted by most inflationary models [1]. The amount of non-gaussianity produced by the simplest inflationary models is small and unlikely to be to be observable by the next generation of experiments, but this still leaves open the possibility that a slightly more exotic inflationary model could produce a measurable effect.

One variation on inflation is the warm inflationary scenario [2] (see also [3]). Warm inflation is characterised by the amount of radiation production during the inflationary era. If the radiation field is in a highly excited state during inflation, and this has a strong damping effect on the inflaton dynamics, then we have what is know as the strong regime of warm inflation. In this case, thermal fluctuations in the radiation are transfered to the inflaton [4, 5, 6, 7, 8, 9] and become the primary source of density fluctuations.

The possibility of warm inflation occurring in realistic particle models has been enhanced by the discovery of a decay mechanism which is present in many supersymmetric theories [10, 11, 12]. In these models, the inflaton decays into light radiation fields through a heavy particle intermediary. If the coupling constants are sufficiently large, these models can lead to warm inflation.

Fluctuations in the cosmic microwave background allow us to measure the density fluctuations at the surface of last scattering. We know, in principle, how to evolve these fluctuations from early times using, for example, the Bardeen variable ζ [13]. Observations can be compared to predictions for various moments of the probability distribution of ζ. The most important of these is the primordial power spectrum of fluctuations P_ζ (k), defined by the stochastic average

⟨ζ(k_1)ζ(k_2)⟩ = (2π)^3P_ζ (k_1)δ^3(k_1 + k_2). (1)

The bispectrum B_ζ (k_1, k_2, k_3), defined by

⟨ζ(k_1)ζ(k_2)ζ(k_3)⟩ = (2π)^3B_ζ (k_1, k_2, k_3)δ^3(k_1 + k_2 + k_3), (2)

can be used to examine the non-gaussianity in the density fluctuations The normalised amount of non-gaussianity in the bispectrum is described by a non-linearity function f_{NL}, defined by

f_{NL}(k_1, k_2, k_3) = 5 6 B(k_1, k_2, k_3) P (k_1)P (k_2) + P (k_2)P (k_3) + P (k_3)P (k_1)

. (3)

where the 5/6 factor is convenient for cosmic microwave background comparisons [14].

Non-gaussianity can arise during the inflationary era, and become a feature of the primordial density fluctuations. The amount of non-gaussianity produced in the simplest inflationary models is typically around a few per cent [15, 16, 17], and can be related to a standard set of slow roll parameters [18]. For comparison, the second order Sachs-Wolfe effect is expected to act as a source of non-gaussianity in the cosmic microwave background observations equivalent to f_{NL} ∼ 1 [19].

Maldacena [20] introduced a simple argument which can be used to determine the non-linearity parameter for cold inflation in the ‘squeezed triangle limit’ k_1 ≪ k_2 ≈ k_3. Density perturbations freeze out, i.e. their amplitude

∗Electronic address: ian.moss@ncl.ac.uk

becomes constant, when their wavelength exceeds the Hubble length. Perturbations with the smallest wave number k_1 freeze out first. Their effect on the bispectrum is equivalent to rescaling of the wave numbers k_2 and k_3 in the power spectrum. The rescalling behaviour of the power spectrum is described by the spectral index of scalar density perturbations n, leading to the result f_{NL} = 5 12 (n − 1). (4)

This result is quite robust, and applies to many versions of inflation [21]. There are, however, reasons to be cautious when we try to apply the same idea to warm inflationary models. In warm inflation, both the radiation and the inflaton fluctuate [22]. The non-linear coupling between these fluctuations acts as a source of non-gaussianity, and this source is impossible to describe in purely geometrical terms. Only one mode of fluctuation survives after horizon crossing, but by then the non-gaussianity is already imprinted on the curvature fluctuations.

The non-gaussianity produced by warm inflationary models has been looked at previously by Gupta et al. [23, 24]. Our approach builds upon such work, but now we include the nonlinear coupling between the radiation and inflaton fluctuations on sub-horizon scales and find that a far larger amount of non-gaussianity is produced. The contribution to the non-gaussianity found in the previous work was dependent on the third derivative of the inflaton potential, equivalent to a second order effect in the slow-roll parameter expansion. We shall see that there are large contributions to the non-gaussianity, appearing at zeroth order in the slow-roll approximation.

The best observational limit on the non-linearity function at present is from the WMAP three-year data [1], which gives |f_{NL}| < 114. The Planck satellite observations have a predicted sensitivity limit of around |f_{NL}| ∼ 5 [14]. Our minimum prediction for |f_{NL}| lies well above the Planck threshold, with a distinctive angular dependence, and should provide a means to test warm inflation observationally.

The paper is organised as follows. We begin in section II with a brief introduction to the notion of warm inflation. In section III, we introduce fluctuations of the inflaton field described by a Langevin equation. The density fluctuations on large scales, which affect observations on the cosmic microwave background are studied in section IV, followed by a discusion of some of the consequences of our results, and extensions, in the conclusion. Appendix A describes the first order perturbation theory relevant to warm inflation and appendix B evaluates some of the integrals encountered in the main text.

II. WARM INFLATION

Warm inflation occurs when there is a significant amount of particle production during the inflationary era. We shall assume that the particle interactions are strong enough to produce a thermal gas of radiation with temperature T . Warm inflation is said to occur when T is larger than the energy scale set by the expansion rate H. The production of radiation is associated with a damping effect on the inflaton, whose equation of motion becomes

ϕ̈ + (3H + Γ)ϕ̇ + V_ϕ = 0 (5)

where Γ(ϕ, T ) is a friction coefficient, H is the Hubble parameter and V_ϕ is the ϕ derivative of the inflaton potential V (ϕ, T ). Energy transfer to the radiation is associated with an increase of radiation entropy density s_r according to the equation

T ṡ_r + 3HT s_r = Γϕ̇^2 (6)

The effectiveness of warm inflation can be parameterised by a parameter r, defined by r = Γ 3H (7) When r ≫ 1 the warm inflation is described as being in the strong regime.

Temperature dependence in the friction coefficient is a feature of many models [25], and can lead to interesting effects on the density perturbations [22], but in order to simplify the account given here we shall make the following simplifications:

• Γ ≡ Γ(ϕ) • V ≡ V (ϕ) • Γ ≫ H

In this case, the time evolution is described by the equations

ϕ̈ + Γϕ̇ + V_ϕ = 0, (8)

ρ̇_r + 4Hρ_r = Γϕ̇^2, (9) 3H^2 = 4πG ( 2V + 2ρ_r + ϕ̇^2 ) (10)

where ρ_r is the radiation energy density.

During inflation we apply a slow-roll approximation and drop the highest derivative terms in the equations of motion,

Γϕ̇ + V_ϕ = 0, (11) 4Hρ_r = Γϕ̇^2, (12) 3H^2 = 8πGV (13)

The validity of the slow-roll approximation depends on the slow roll parameters defined in [22], ϵ = 1 16πG ( V_ϕ V )_2 , η = 1 8πG ( V_{ϕϕ} V ) , β = 1 8πG ( Γ_ϕV_ϕ ΓV ) (14)

The slow-roll approximation holds when ϵ ≪ r, η ≪ r and β ≪ r. Any quantity of order ϵ/r will be described as being first order in the slow roll approximation.

III. INFLATON FLUCTUATIONS

Thermal fluctuations are the main source of density perturbations in warm inflation. Thermal noise is transfered to the inflaton field mostly on small scales. As the comoving wavelength of a perturbation expands, the thermal effects decrease until the fluctuation amplitude freezes out. This may occur when the wavelength of the fluctuation is still small in comparison with cosmological scales.

The behaviour of a scalar field interacting with radiation can be analysed using the Schwinger-Keldysh approach to non-equilibrium field theory [26, 27]. When the small-scale behaviour of the interactions is averaged out, a simple picture emerges in which the field can be described by a stochastic system evolving according to a Langevin equation [28],

− ∇^2ϕ(x, t) + Γϕ̇(x, t) + V_ϕ = ξ(x, t), (15)

where ∇^2 is the flat spacetime Laplacian and ξ is a stochastic source. For a weakly interacting gas with T ≫ Γ, the source term has a gaussian distribution with correlation function [29]

⟨ξ(x, t)ξ(x^′ , t^′)⟩ = 2ΓT δ^{(3)}(x − x^′)δ(t − t^′). (16)

We shall restrict ourselves to the gaussian noise source, although non-gaussianity in the noise could act as a source of non-gaussianity in the density fluctuations.

We can use the equivalence principle to adapt the flat spacetime Langevin equation to an expanding universe with scale factor a. The rest frame of the fluid will have a non-zero 3−velocity v^α_r with respect to the cosmological frame and we must include an advection term. The Langevin equation becomes

ϕ̈(x, t) + Γϕ̇(x, t) + Γa^{−2}v^α_r ∂_αϕ(x, t) + V_ϕ − a^{−2}∂^2ϕ(x, t) = ξ(x, t) (17)

where ∂^2 is the Laplacian in an expanding frame with coordinates x^α. The correlation function for the noise expressed in terms of the comoving cosmological coordinates becomes,

⟨ξ(x, t)ξ(x^′ , t^′)⟩ = 2ΓT a^{−3}(2π)^2δ^{(3)}(x − x^′)δ(t − t^′). (18)

The inflaton will also generate metric inhomogeneities, but these can be small on small scales. In first order perturbation theory, with a suitable choice of gauge, the small scale metric fluctuations can be discarded on sub-horizon scales (see appendix A). We will therefore apply eq. (17) on sub-horizon scales and use a matching argument to extend the fluctuations to large scales.

The stochastic equation for the inflaton field has some similarities to the one which is used in the theory of stochastic inflation [30], and we shall adopt a method for analysing the fluctuations which resembles one originally used by Gangui et al. [16] in that context. However, there are important differences, reflecting the different interpretation of the stochastic equation in the two applications. In stochastic inflation, the large-scale inflaton field is constructed only from modes which have wavelengths larger than the horizon, whereas the inflaton field used here is valid for wavelengths larger than the scale of interactions in the radiation, which is sub-horizon size. We therefore need to retain time and spatial derivative terms which are dropped in Stochastic inflation.

We shall use a uniform expansion rate gauge. The analysis of the Langevin equation can be simplified by introducing a new time coordinate τ = (aH)^{−1} and using the slow roll approximation. We are led to the equation ϕ^{′′}(x, τ) − 3r τ ϕ^′(x, τ) − 3r v^α_r ∂_αϕ(x, τ) + 1 (Hτ)^2

V_ϕ − ∂^2ϕ(x, τ) = (2ΓT )^{1/2}ξ̂(x, τ) (19)

where a prime denotes a derivative with respect to τ and we have kept only the leading terms in the slow roll approximation. The noise term has been rescaled so that its correlation function is now

⟨ξ̂(x, τ)ξ̂(x^′, τ^′)⟩ = (2π)^3δ^{(3)}(x − x^′)δ(τ − τ^′). (20)

This equation is non-linear because Γ, v_r and T depend on ϕ.

Now we treat the source term as a small perturbation and expand the inflaton field

ϕ(x, τ) = ϕ(τ) + δ_1ϕ(x, τ) + δ_2ϕ(x, τ) + . . . (21)

where δ_1ϕ is the linear response due to the source ξ̂. This expansion is substituted into the langevin equation and then we take the Fourrier transform. Only the zeroth order terms in the slow roll approximation will be retained. The equations for the first two inflaton perturbations are

L δ_1ϕ = (2ΓT )^{1/2}ξ̂ (22)

L δ_2ϕ = 1 2T (2ΓT )^{1/2}δ_1T ∗ ξ̂ − 3rτ^{−1}(k̂^αv_r) ∗ (k_αδ_1ϕ) (23)

where v_r is the scalar velocity perturbation v^α_r = −iak̂^αv_r, the operator L is defined by

L δ_1ϕ = δ_1ϕ^{′′} − 3r τ δ_1ϕ^′ + k^2δ_1ϕ (24)

and ∗ denotes the convolution

f ∗ g(k) = ∫ d^3k^′ (2π)^3 f(k − k^′)g(k^′). (25)

Terms involving δ_1Γ have not been included because they appear at first order in the slow roll expansion. Such terms produce non-gaussianity in the fluctuations which depends on the first order slow roll parameters. A useful consistency check can be performed to confirm that the terms which are first order in the slow roll expansion reproduce Maldacena’s result (4) in the squeezed triangle limit. Gupta et al [23, 24] have analysed terms involving the third derivative of the potential V_{ϕϕϕ}. These produce non-gaussianity which depends on second order slow roll parameters.

The perturbation equations can be solved using green function techniques. The solution to L u = j is u = 1 k ∫_∞ τ G(kτ, kτ^′)(kτ^′)^{1−2ν} j(kτ^′) dτ^′. (26) The retarded green function G(z, z^′) can be found for ν = Γ/(2H) constant in terms of Bessel functions, G(z, z^′) = − π 2 z^ν z^{′ν} (J_ν (z)Y_ν (z^′) − J_ν (z^′)Y_ν (z)) . for z < z^′. (27)

Corrections due to the time dependence of ν are similar in size to terms which we have already discarded in the slow roll approximation.

A. Inflaton power spectrum

The inflaton power spectrum P_ϕ(k, τ) is defined by

⟨δϕ(k_1, τ)δϕ(k_2, τ)⟩ = P_ϕ(k_1, τ)(2π)^3δ(k_1 + k_2) (28)

Substituting the first order inflaton perturbation from (22), using the general solution (26) and the correlation function (20) gives P_ϕ(k, τ) = k^{−2} ∫_∞ τ dτ^′G(kτ, kτ^′)^2(kτ^′)^{2−4ν} 2Γ(τ^′)T (τ^′) (29)

Integrals of this type are examined in appendix B. There is a saddle point in the integral when ν is large, which allows us to take the ΓT out of the integral and obtain

P_ϕ(k, τ) = k^{−3} 2Γ(τ_F ) T (τ_F ) F (k, τ, τ) (30)

where τ = τ_F at the saddle point, or according to eq. (B10), k = a √ 3 2 (HΓ)^{1/2}. (31)

We call the time in eq. (31) the freezeout time t_F for the mode k. The freezeout time always precedes the horizon crossing time, which occurs when k = aH.

The remaining integral F (k, τ, τ) is a special case of a more general expression

F (k, τ_1, τ_2) = k ∫_∞ τ_2

dτ^′G(kτ_1, kτ^′)G(kτ_2, kτ^′)(kτ^′)^{2−4ν} (32)

which is examined in appendix B. An analytic approximation of F valid for large values of ν is given in eq. (B5). With this we recover a result derived in [22], P_ϕ(k, τ) = k^{−3} √ π 2 (HΓ)^{1/2}T ( 1 + H Γ k^2τ^2 + . . . ) (33)

Note that τ decreases with time and P_ϕ(k, τ) approaches a constant value P_ϕ(k) on a timescale set by the freezout time. Horizon crossing occurs at τ = 1.

B. Inflaton bispectrum

The bispectrum of the inflaton fields is defined by

⟨δϕ(k_1, τ)δϕ(k_2, τ)δϕ(k_3 , τ)⟩ = (2π)^3B_ϕ(k_1, k_2, k_3)δ^3(k_1 + k_2 + k_3). (34)

The first order inflaton perturbations δ_1ϕ are gaussian fields and their bispectrum vanishes. The leading order contribution to the bispectrum must therefore include a contribution to δϕ from the second order perturbation, ∑ cyclic

⟨δ_1ϕ(k_1, τ)δ_1ϕ(k_2, τ)δ_2ϕ(k_3, τ)⟩ ≈ (2π)^3B_ϕ(k_1, k_2, k_3)δ^3(k_1 + k_2 + k_3), (35)

where ‘cyclic’ denotes cyclic permutations of {k_1, k_2, k_3}. The second order perturbation can be obtained by solving eq. (23). The most interesting effects arise from the thermal fluctuations which are responsible for the temperature perturbation δ_1T and velocity perturbations v.

There are two types of fluctuation in the radiation. The first type is the purely statistical type of fluctuation which is present due to the microscopic particle motions. These fluctuations have been analysed before [22]. They can be important, but they decrease rapidly after the freezout time defined in the previous section. The second type of fluctuation is driven by the energy flux from the inflaton field. These fluctuations are important for coupling the inflaton and radiation fields, and we shall consider these in more detail.

The fluctuations in the radiation field need only be evaluated to first order in perturbation theory. The first order perturbation equations for the complete system can be found in appendix A. The momentum flux J from the decay of the inflaton field, given by

J = −Γϕ̇ δ_1ϕ, (36)

is particularly important. If we keep only the leading terms in the slow roll approximation, the energy density and velocity perturbations in a uniform expansion gauge satisfy the equations

δ_1ρ̈_r + 9Hδ_1ρ̇_r + ( 20H^2 + 1 3 k^2a^{−2} ) δ_1ρ_r = k^2a^{−2}J (37)

δ_1ρ̇_r + 4Hδ_1ρ_r = − 4 3 ka^{−1}ρ_r v_r (38)

where the subscript κ used in eq. (A21) to denote the gauge choice has been dropped.

We can solve eq. (37) exactly using green function methods as before,

δ_1ρ_r = √ 3 k τ^4 ∫_∞ τ τ^{′−4} sin k(τ^′ − τ) √ 3 J(τ^′) dτ^′ (39)

v_r = − 3 4ρ_r k τ^4 ∫_∞ τ τ^{′−4} cos k(τ^′ − τ) √ 3 J(τ^′) dτ^′ (40)

where τ = (aH)^{−1}. We may obtain a reasonable approximation by taking the slowly varying terms outside the integrals. Using eq. (36) and ρ_r ∝ T^4, we have

δ_1T T = − 3kΓϕ̇ 4ρ_r ∫_∞ τ g_r(kτ, kτ^′) δ_1ϕ(τ^′)dτ^′ (41)

v_r = −

9Γϕ̇ τρ_r ∫_∞ τ g_v(kτ, kτ^′) δ_1ϕ(τ^′)dτ^′ (42)

where,

g_r(z, z^′) = 1 √ 3 ( z z^′ )_4 sin z^′ − z √ 3 (43)

g_v(z, z^′) = z 12 ( z z^′ )_4 cos z^′ − z √ 3 (44)

For later reference, we define the integral

g_5(z) = ∫_∞ z g_v(z, z^′)dz^′ = z^5 4! ∫_∞ 0 x^4e^{−zx} 1 + 3x^2 dx, (45) The fluctuations in the radiation dominate over all other terms which drive the second order inflaton fluctuations.

We shall split the second order inflaton perturbation into a part δ_v ϕ driven by the fluid velocity and a part δ_rϕ driven by the thermal fluctuations,

δ_2ϕ = δ_vϕ + δ_rϕ (46)

The associated parts of the bispectrum will be denoted by B^v_ϕ and B^r_ϕ. We can substitute the thermal fluctuations (41) and (42) into eq. (23) and use the slow roll eqs. (11-13) to get

L δ_vϕ = A_v τ^{−2} ∫_∞ τ dτ^′ ∫ d^3p (2π)^3 g_v(pτ, pτ^′) p̂ · (k − p) δ_1ϕ(p, τ^′) δ_1ϕ(k − p, τ) (47) L δ_rϕ = A_r ∫_∞ τ dτ^′ ∫ d^3p (2π)^3 g_r(pτ, pτ^′) δ_1ϕ(p, τ^′) ξ̂(k − p, τ) (48)

where

A_r = − 3 2 H ϕ̇ , A^v = 36 Γ ϕ̇ (49)

The three-point function B^v_ϕ is given by substituting the solution for δ_vϕ into eq. (35),

(2π)^3B^v_ϕ(k_1, k_2, k_3)δ^3(k_1 + k_2 + k_3) = ∑ cyclic ∫_∞ τ dτ^′ ∫_∞ τ^′ dτ^{′′} ∫ d^3p (2π)^3 p̂ · (k_3 − p) ×

G(k_3τ, k_3τ^′)(k_3τ^′)^{1−2ν} A_v (τ^′)τ^{′−2}g_v(pτ^′, pτ^{′′})k^{−1}_3 × ⟨δ_1ϕ(k_1, τ)δ_1ϕ(k_2, τ)δ_1ϕ(p, τ^{′′})δ_1ϕ(k_3 − p, τ^′)⟩. (50)

The four-point function splits into a product of two-point functions. Using eq. (45) and the results from appendix B, we obtain an approximation valid for large ν,

B^v_ϕ(k_1, k_2, k_3) ≈ ∑ cyclic

A_v P_ϕ(k_1)P_ϕ(k_2) k_1 · k_2

k_3 ∫_∞ τ dτ^′ ( g_5(k_1τ^′) (k_1τ^′)^2 + g_5(k_2τ^′) (k_2τ^′)^2 ) G(k_3τ, k_3τ^′)(k_3τ^′)^{1−2ν} . (51)

From eq. (B16),

B^v_ϕ(k_1, k_2, k_3) ≈ 18 H ϕ̇ L(r) ∑ cyclic ( P_ϕ(k_1)P_ϕ(k_2)(k^{−2}_1 + k^{−2}_2 )k_1 · k_2 ) , (52)

where r = 2ν/3 = Γ/(3H) and an asymptotic series for the function L(r) is given by eq. (B17).

A similar analysis for B^r_ϕ using eq. (B5) gives,

B^r_ϕ(k_1, k_2, k_3) ≈ 3 H ϕ̇ ∑ cyclic ( P_ϕ(k_1)P_ϕ(k_2) ( 2k^2 k^2 + k^2_3 )_{3/2}) . (53)

This approximation.is valid for large ν.

IV. DENSITY FLUCTUATIONS

The small scale inflaton fluctuations freeze out well in advance of the time when they cross the horizon. Whilst these fluctuations are freezing out, the metric fluctuations are relatively small (in the uniform expansion rate gauge: see appendix A). This has two important consequences. In the first place, we are relieved of the arduous task of doing second order perturbation theory for the metric perturbations. Secondly, we do not have to consider the effects of metric perturbations in the thermal field theory used to obtain the Langevin equation (17). By contrast, in Maldacena’s analysis of non-gaussianity in cold inflation [20], it was necessary to consider the inflaton vacuum fluctuations in conjunction with metric perturbations because the second order perturbations where the same order in the slow roll parameters as the metric perturbations and arose on horizon scales.

Eventually, the wavelength of the perturbations crosses the effective cosmological horizon the metric perturbations become important. On large scales it becomes possible to use a small-spatial-gradient expansion (first formalised by Salopeck and Bond [31]). This approach allows us to define the curvature perturbation ζ so that it is conserved even in the non-linear theory [32, 33, 34]. The bispectrum and the non-linearity of the density fluctuations can be obtained, to a reasonable accuracy, by matching the small and large scale approximations at horizon crossing.

The large scale behaviour is governed by the same equations as the homogeneous system. In particular, during inflation the slow roll equations can be used to relate the total pressure and density to the value of the inflaton field. In this situation, the fluctuations can be described entirely by the conserved expansion fluctuation ζ on constant density hypersurfaces, which is defined for general hypersurfaces by ζ = 1 2 ln (1 + 2φ) + ∫ dρ p + ρ , (54)

where φ is the spatial curvature perturbation. After using the slow roll equations, ζ = 1 2 ln (1 + 2φ) + ∫ H ϕ̇ dϕ, (55) where H ≡ H(ϕ) and ϕ̇ ≡ ϕ̇(ϕ) are given from eqs. (11-13).

Consider a uniform curvature gauge φ = 0 and ζ ≡ ζ(ϕ). When the inflaton perturbations are expanded as before in eq. (21), we have

ζ = ζ_ϕδ_1ϕ + +ζ_ϕδ_2ϕ + 1 2 ζ_{ϕϕ}δ_1ϕ ∗ δ_1ϕ + . . . (56)

where ϕ subscripts denote derivatives with respect to ϕ and ζ_ϕ = H/ϕ̇. Hence the power spectrum of density perturbations is

P_ζ (k) = ζ^2_ϕP_ϕ(k) (57)

where P_ϕ(k) is evaluated in a uniform curvature gauge. The bispectrum, using eq. (35), is given by

B_ζ (k_1, k_2, k_3) = ζ^3_ϕB_ϕ(k_1, k_2, k_3) + ζ_{ϕϕ} ζ^2_ϕ

(P_ϕ(k_1)P_ϕ(k_2) + cyclic). (58)

Note that, according to eqs. (11-13), ζ_{ϕϕ}/ζ^2_ϕ is first order in the slow roll expansion. This term is important for relating the non-gaussianity to the slow roll parameters, but in our case the non-gaussianity occurs at zeroth order in the slow roll expansion and we can neglect terms which are first order.

In the previous section we evaluated the small scale inflaton perturbations in a uniform expansion-rate gauge. On sub-horizon scales, we have argued already that the metric perturbations are relatively small and we should expect that the inflaton perturbations in the uniform expansion-rate gauge and the uniform curvature gauge should be approximately equal. This can be checked explicitly at first order in perturbation theory using eq. (A25) in appendix A. We will therefore use our earlier results for the inflaton fluctuations when applying eq. (58).

The density fluctuation bispectrum can now be obtained by matching the large scale curvature bispectrum eq. (58) to the small scale inflaton bispectrum eqs. (52) and (53). The largest contribution to the bispectrum, which we denote by B^v_ζ , comes from the velocity term B^v_ϕ,

B^v_ζ (k_1, k_2, k_3) ≈ 18 L(r) ∑ cyclic ( P_ζ (k_1)P_ζ (k_2)(k^{−2}_1 + k^{−2}_2 )k_1 · k_2 ) , (59)

which is valid for large r = Γ/(3H), where L(r) is plotted in Figure 1.

FIG. 1: The function L(r) determines the size of the non-gaussianity. The upper curve is a numerical calculation and the lower an asymptotic approximation (B17) valid for large r. A log-linear fit eq. (B18) is also shown.

The amount of non-gaussianity contained in this part of the bispectrum is described by the non-linearity function f^v_{NL}, defined as in eq. (3). If we take a scale free spectrum with P_ζ (k) ∝ k^{−3}, then

f^v_{NL}(k_1, k_2, k_3) =

15 L(r) k^3_1 + k^3_2 + k^3 ( k^3 (k^2_1 + k^2 )k_1 · k_2 k^2_1 k^2 + k^3_1 (k^2 + k^2_3 )k_2 · k_3 k^2 k^2_3 + k^3_2 (k^2_3 + k^2_1 )k_3 · k_1 k^2_3 k^2_1 ) , (60)

The value of f^v_{NL} always lies in the range −15L(r) < f^v_{NL} < (33/2)L(r). In the equilateral triangle limit, f^v_{NL}(k, k, k) = −15 L(r). (61) The momentum dependence of the bispectrum contributes to the angular bispectrum in the cosmic microwave backround. This would be an important signature of warm inflation. Figure 2 showns the momentum dependence of the non-linearity function f^v_{NL} on a contour plot.

FIG. 2: This contour plot shows the momentum dependence of f^v_{NL}. The momentum k3 is held fixed and placed along the x− axis, whilst k2 and k3 are allowed to vary over the boxed region. The contour values must be multiplied by 15L(r) to obtain f^v_{NL}.

The derivation of our result may fail in the squeezed triangle limit, when k_1 ≪ k_2 ≈ k_3, because one of the modes may exit the horizon before the other modes have frozen out. The freezeout time is given by eq. (31), so that the consistency condition on our result is that

k_1 k_2 > ( H Γ )_{1/2} . (62)

We should also be prepared for the possibility that the time evolution of r during the inflationary era gives an additional small dependence on k.

The contribution from the radiation density fluctuation terms, which we denote by f^r_{NL}, is given by

f^r_{NL}(k_1, k_2, k_3) = − 5 2 1 k^3_1 + k^3_2 + k^3 {( 2k^2_1 k^2 k^2_1 + k^2 )_{3/2} + ( 2k^2 k^2_3 k^2 + k^2_3 )_{3/2} + ( 2k^2_3k^2_1 k^2_3 + k^2_1 )_{3/2}} (63)

This is substantially smaller than f^v_{NL}, but has the advantage that it is independent of the parameters in the model. In the squeezed triangle limit, f^r_{NL} = −5/4, which is identical to the ‘generic’ result for the non-gaussianity produced by the curvaton model [34].

V. CONCLUSION

We have presented a preliminary analysis of the amount of non-gaussianity in the density fluctuations in the warm inflationary scenario. The discussion has been restricted to the strong, thermal regime of warm inflation where the radiation produced from the inflaton vacuum energy thermalises and where there is a large friction coefficient Γ ≡ Γ(ϕ) in the inflaton equation of motion. We have found that the interaction between inflaton and radiation fluctuations leads to a large non-gaussianity in the density fluctuations when compared to cold single field inflation.

The amount of non-gaussianity in the bispectrum, measured by the non-linearity function f_{NL} with equal momenta, is given approximately by

f_{NL} ≈ −15 ln ( 1 + r 14 ) − 5 2 , (64)

where r = Γ/(3H) is the parameter which must be large for the strong type of warm inflation. There are no simple means of measuring the value of r from observations apart from this effect on the non-gaussianity. A naive use of the limit on the non-gaussianity parameter from the WMAP three-year data [1], |f_{NL}| ≤ 114, would correspond to r ≤ 2.8 × 10^4.

The sensitivity of observations by the Planck satellite has been estimated to be around |f_{NL}| ∼ 5, although this assumes that the primordial value of |f_{NL}| is independent of momentum [14]. A limit |f_{NL}| < 5, which might arise if Planck does not detect any primordial non-gaussianity, would correspond to r ≤ 2.5 and would not be compatible with the strong version of warm inflation which we have assumed here.

If warm inflation is realised in the way which we have supposed, then the prospects for observing primordial nongaussianity in the cosmic microwave background are very good. The angular bispectrum of the cosmic microwave background could then be used to distinguish warm inflation from other causes of non-gaussianity, for example special cases of the curvaton scenario [34, 35], which can also produce a significant amount of non-gaussianity. A useful way to parameterise the bispectrum would be to take

B_ζ (k_k, k_2, k_3) = ∑ cylic lmax∑

l=0 P_ζ (k_1)P_ζ (k_2)f_l(k_1, k_1)P_l(k̂_1 · k̂_2), (65)

where P_l is a Legendre polynomial. Our result for warm inflation corresponds to the l = 1 term with f_1 linear in k. The curvaton scenario produces a non-linearity f_0 = f_{NL} constant. If the angular dependence of the signal corresponded to the dominance of the l = 1 term, this would provide very strong evidence indeed in support of the warm inflation scenario.

Further work can be done to generalise the results obtained here to more general types of warm inflation. One possible extension would be to consider temperature dependence in the friction term, i.e. Γ(ϕ, T ). Numerical work in [22] shows that this increases the amount of interaction between the inflaton and temperature fluctuations, and therefore we might expect even more non-gaussianity to develop. So far, the behaviour of the perturbations in this situation is only understood numerically, and further analytic work would be desirable for predictions of the non-gaussianity.

For a complete picture of the non-gaussianity in models of warm inflation, we should also consider the weak regime of warm inflation, where the friction coefficient is small. In the weak regime, the fluctuations freeze out at horizon crossing. This invalidates most of our analytic results, but it should still be possible to evaluate the necessary integrals numerically.

APPENDIX A: FIRST ORDER COSMOLOGICAL PERTURBATIONS

In this appendix we shall review the equations for the first order cosmological perturbations of an inflaton and radiation system. These where first constructed in refs. [36, 37]. Our notation closely follows the review by Hwang and Noh [38].

The most general scalar perturbations of the metric can be written in the form

ds^2 = −(1 + 2α)dt^2 − 2a^2β_{,α}dtdx^α + a^2(δ_{αβ} (1 + 2φ) + 2γ_{,αβ})dx^αdx^β (A1)

where a(t) is the scale factor and α, β, φ and γ depend on space and time. We always use a Fourier transform with wave vector k_α to replace the dependence on x^α. We will also find it useful to introduce the perturbed expansion κ and the shear χ of the normals to the time slices. Their spatial Fourier transforms are related to the metric fluctuations by κ = 3(−φ̇ + Hα) + k^2a^{−2}χ (A2) χ = a(β + aγ̇) (A3) The energy momentum tensor splits into a radiation part T_{r ab}, and an inflaton part T_{ϕ ab}, given by T_{r ab} = (ρ_r + p_r)v_{ra}v_{rb} + p_rg_{ab} (A4) T_{ϕ ab} = ϕ_{,a}ϕ_{,b} − ( 1 2 g^{cd}ϕ_{,c}ϕ_{,d} + V )g_{ab} (A5) where the ρ_r, p_r and v_{ra} are the radiation density, pressure and 4−velocity. Energy transfer between the two components is described by a flux term Q_a, T_{rab}^{;b} = Q_a (A6) The inflaton equation of motion given earlier is equivalent to the choice Q_a = −Γv^b_rϕ_{,b}ϕ_{,a} (A7) In the unperturbed system, the values of the total density ρ, pressure p and all other background quantities depend only on time. Perturbations to the density and velocity are defined by δT_{^0^0} = δρ, δT_{^0α̂} = ik̂_{α̂}(p + ρ)v (A8) where the orthonormal basis is denoted by hats, and k̂_α is the normalised wave vector. Perturbations to the radiation are defined in a similar way in terms of T_{r ab}. The perturbed density and pressure become δρ = δρ_r + ϕ̇δϕ̇ − ϕ̇^2α + V_ϕδϕ (A9) δp = wδρ_r + ϕ̇δϕ̇ − ϕ̇^2α − V_ϕδϕ (A10) where w = 1/3 and δϕ is the inflaton perturbation. Perturbations to the energy momentum transfer are described by the energy transfer δQ and momentum flux J, δQ_{^0} = −δQ, δQ_{α̂} = ik_{α̂}J (A11) The explicit expressions obtained from eq. (A7) are δQ = δΓϕ̇^2 + 2Γϕ̇δϕ̇ − 2αΓϕ̇^2 (A12) J = −Γϕ̇ δϕ (A13) The relevant first order Einstein equations become k^2a^{−2}φ − Hκ = 4πG δρ (A14) κ − k^2a^{−2}χ = 12πG k^{−1}a(ρ + p)v (A15) χ̇ + Hχ − α − φ = 0 (A16) κ̇ + 2Hκ + (3Ḣ − k^2a^{−2})α = 4πG(δρ + 3δp) (A17) The inflaton equation becomes δϕ̈ + 3Hδϕ̇ + k^2a^{−2}δϕ + V_{ϕϕ} = ϕ̇(κ + α̇) + (2ϕ̈ + 3Hϕ̇)α − δQ (A18) The energy and momentum equations for the radiation become δρ̇_r + 3H(1 + w)δρ_r = −ka^{−1}(1 + w)v_r + ρ̇_rα + (1 + w)ρ_r κ + δQ (A19) (a^4ρ_rv_r)^· = ka^3ρ_rα + ka^3(1 + w)^{−1}(wδρ_r − J) (A20) Only six of the seven equations (A14-A20) are independent. There are seven functions φ, κ, χ, α, v_r, δρ_r and δϕ, but the gauge freedom t → t + ζ(x) allows us to choose the functional form any one of them at will.

The choice of gauge is rather arbitrary, but for short-wavelength calculations where ak > H, the uniform expansionrate gauge κ = 0 proves to be convenient. This gauge choice is indicated by a subscript κ. If we eliminate the fluid velocity v_{rκ},

δρ̈_{rκ} + (8 + 3w)Hδρ̇_{rκ} + (3(1 + w)Ḣ + 15(1 + w)H^2 + wk^2a^{−2})δρ_{rκ} = k^2a^{−2}(J_κ − (1 + w)ρ_rα_κ) + a^{−5} ( a^5(δQ_κ + ρ̇_rα_κ) )_· (A21)

where α_κ is given by substituting eqs. (A9) and (A10) into eq. (A17),

(3Ḣ − k^2a^{−2} + 16πGϕ̇^2)α_κ = 4πG((1 + 3w)δρ_{rκ} + 4ϕ̇δϕ̇_κ − 2V_ϕδϕ_κ). (A22)

In the uniform expansion-rate gauge, the metric perturbation α_κ drops out of eqs. (A18) and (A21) when we work to leading order in the slow roll approximation. This was implicitly assumed in the discussion of the stochastic inflaton equation in section III.

Converting the perturbations to other gauges can be done by examining gauge invariant combinations. For example, the combination δϕ_φ = δϕ − ϕ̇ H φ (A23)

is gauge invariant and represents the inflaton fluctuation in a constant curvature gauge. Hence, in terms of uniform expansion-rate quantities, δϕ_φ = δϕ_κ − ϕ̇ H φ_κ. (A24)

We can substitute for ϕ_κ from eq. (A14), and obtain the equation δϕ_φ = δϕ_κ − 4πGa^2ϕ̇ Hk^2 δρ_κ. (A25)

Note that, during inflation, δρ_κ ≈ V_ϕδϕ_κ and we find that δϕ_φ ≈ δϕ_κ to leading order in the slow roll approximation.

APPENDIX B: INTEGRALS

We begin with an approximation to the integral

F (k, τ_1, τ_2) = k ∫_∞ τ_2

dτ^′G(kτ_1, kτ^′)G(kτ_2, kτ^′)(kτ^′)^{2−4ν} (B1)

where ν = Γ/2H and the retarded green function G is given in eq. (27). The leading terms for large ν and fixed τ_1, τ_2 come from

F (k, τ_1, τ_2) ≈ π^2 4 k^3τ^ν_1 τ^ν_2 Y_ν (kτ_1)Y_ν (kτ_2) ∫_∞ 0 J_ν (kτ^′)^2τ^{′2−2ν} dτ^′ (B2)

This is a standard integral, ∫_∞ 0 J_ν (kτ^′)^2τ^{′2−2ν} dτ^′ = k^{2ν} 2^{−1−2ν} √ 2π Γ_R(ν + 1)Γ_R(ν − 1/2)

(B3)

where Γ_R is the gamma function. We also have z^ν Y_ν (z) ∼ − 2^ν πΓ_R(ν) ( 1 + z^2 4ν + . . . ) . (B4)

Hence,

F (k, τ_1, τ_2) ∼ √ π 32ν ( 1 + k^2(τ^2_1 + τ^2_2 ) 4ν + . . . ) . (B5)

A slightly more chalenging problem is the integral

F (k_1, k_2, τ, g) = (k_1k_2)^{1/2} ∫_∞ τ G(k_1τ, k_1τ^′)G(k_2τ, k_2τ^′)(k_1τ^′)^{1−2ν} (k_2τ^′)^{1−2ν} g(τ^′) dτ^′ (B6)

where g(τ) is a smooth function. We proceed as above to get

F (k_1, k_2, τ) ≈ π^2 4 (k_1k_2)^{3/2}τ^{2ν} Y_ν (k_1τ)Y_ν (k_2τ) ∫_∞ 0 J_ν (k_1τ^′)J_ν (k_2τ^′)τ^{′2−2ν} g(τ^′)dτ^′. (B7)

For large ν there is a Debye approximation for the Bessel functions which is valid in the range 0 < τ < ν(k_1k_2)^{−1/2},

J_ν (k_iτ) ∼ (2πν tanh α_i)^{−1/2}e^{ν(tanh αi−αi)} (B8)

where ν sechα_i = k_iτ^′ for i = 1, 2. The relevant part of the integral becomes

F (k_1, k_2, τ) ≈ π 8 (k_1k_2)^ν τ^{2ν} Y_ν (k_1τ)Y_ν (k_2τ)ν^{2−2ν} ∫_∞ 0 (cosh α)^{2ν−3} e^{ν(tanh α1−α1 +tanh α2−α2 )} g(τ^′) dα (B9)

where νsechα = (k_1k_2)^{1/2}τ^′. We find that there is a saddle point in this range at the value of α corresponding to τ = τ_F , where

τ_F = (6ν)^{1/2}(k^2_1 + k^2 )^{−1/2} (B10)

Expanding about the saddle point gives F (k_1, k_2, τ, g) ∼ √ π 4ν ( k_1k_2 k^2_1 + k^2 )_{3/2} g(τ_F ) (B11)

which agrees with our earlier result when g(τ) = 1. This saddle point is responsible for the phenomenon of ‘freezing out’ of the thermal fluctuations. The value of τ decreases with time and the fluctuations always freeze out before they cross the horizon at τ = 1.

One final integral which we require is

F_v(k_1, k_2, τ) = k_1 ∫_∞ τ dτ^′G(k_1τ, k_1τ^′)(k_1τ^′)^{1−2ν} g(k_2τ^′), (B12)

where g(z) = 1 4! ∫_∞ 0 x^4e^{−x} z^2 + 3x^2 dx. (B13) The leading order behaviour for large ν is given by

F_v(k_1, k_2, τ) ∼ (k_1τ)^ν Y_ν (k_1τ) π 2 ∫_∞ 0 k_1dτ^′ J_ν (k_1τ^′)(k_1τ^′)^{1−ν} g(k_2τ^′) (B14)

We could use a saddle point approximation, and this produces a good approximation when g(z) is replaced by a constant. However, the integrand is too flat to produce a good enough approximation with the function g(z). Instead, we interchange the orders of integration and use the identity ∫_∞ 0 dz J_ν (z)z^{1−ν} (z^2 + 3x^2)^{−1−μ} =

(3x^2)^{−μ}Γ_R(μ) 2^{1+ν} Γ_R(1 + ν)Γ_R(1 + ν)^1

F_2(1; 1 − μ, 1 + ν; 3x^2/4) + Γ_R(−μ) 2^{1+ν+2μ}Γ_R(1 + ν + μ)^1

F_2(1 + μ; 1 + μ, 1 + ν + μ; 3x^2/4) (B15)

We can integrate over x, let μ → 0 and use the large ν limit, to get the asymptotic expansion

F_v (k_1, k_2, τ) ∼ ( k_1 k_2

)_2 1 4ν L ( 2ν 3 ) − ( k_1 k_2

)_2 ln ( k_1 k_2 ) 1 2ν . (B16) where L(r) ∼ ln 2r − 25 6 + γ + 30 r ln 2r − 121 r + . . . (B17)

and γ is Euler’s constant 0.57721 . . .. The asymptotic expansion is not very accurate for moderate values of r, and a numerical evaluation is provided in fig 1. We can use a logarithmic fit, L(r) ≈ ln ( 1 + r 14 ) (B18)

for rough estimates.

[1] D. N. Spergel et al. (2006), astro-ph/0603449. [2] A. Berera, Phys. Rev. lett. 75, 3218 (1995). [3] I. G. Moss, Phys. lett. 154B, 120 (1985). [4] A. Berera, Phys. Rev. D 54, 2519 (1996).

[5] W. Lee and L.-Z. Fang, Phys. Rev. D59, 083503 (1999), astro-ph/9901195. [6] A. Berera, Phys. Rev. D 55, 3346 (1997).

[7] A. Berera, M. Gleiser, and R. O. Ramos, Phys. Rev. D 58, 123508 (1998). [8] A. Berera, Nucl. Phys B 585, 666 (2000).

[9] A. N. Taylor and A. Berera, Phys. Rev. D 62, 083517 (2000). [10] A. Berera and R. O. Ramos, Phys. Lett. B 567, 294 (2003). [11] A. Berera and R. O. Ramos, Phys. Rev. D71, 023513 (2005), hep-ph/0406339. [12] M. Bastero-Gil and A. Berera, Phys. Rev. D72, 103526 (2005), hep-ph/0507124. [13] J. M. Bardeen, Phys. Rev. D22, 1882 (1980).

[14] E. Komatsu and D. N. Spergel, Phys. Rev. D63, 063002 (2001), astro-ph/0005036. [15] T. Falk, R. Rangarajan, and M. Srednicki, Astrophys. J. 403, L1 (1993), astro-ph/9208001. [16] A. Gangui, F. Lucchin, S. Matarrese, and S. Mollerach, Astrophys. J. 430, 447 (1994), astro-ph/9312033. [17] V. Acquaviva, N. Bartolo, S. Matarrese, and A. Riotto, Nucl. Phys. B667, 119 (2003), astro-ph/0209156. [18] A. R. Liddle and D. H. Lyth, Cosmological inflation and large scale structure (Cambridge University Press, 2000). [19] T. Pyne and S. M. Carroll, Phys. Rev. D53, 2920 (1996), astro-ph/9510041. [20] J. M. Maldacena, JHEP 05, 013 (2003), astro-ph/0210603. [21] D. Seery and J. E. Lidsey (2006), astro-ph/0611034.

[22] L. M. H. Hall, I. G. Moss, and A. Berera, Phys. Rev. D69, 083525 (2004), astro-ph/0305015. [23] S. Gupta, A. Berera, A. F. Heavens, and S. Matarrese, Phys. Rev. D66, 043510 (2002), astro-ph/0205152. [24] S. Gupta, Phys. Rev. D73, 083514 (2006), astro-ph/0509676. [25] I. G. Moss and C. Xiong (2006), hep-ph/0603266. [26] J. Schwinger, J Math Phys 2, 407 (1961). [27] L. V. Keldysh, Zh. Eksp. Teor. Fiz. 47, 1515 (1964). [28] E. Calzetta and B. L. Hu, Phys. Rev. D 37, 2878 (1988). [29] M. Gleiser and R. O. Ramos, Phys. Rev. D 50, 2441 (1994). [30] A. A. Starobinsky, JETP Lett. 42, 152 (1985). [31] D. S. Salopek and J. R. Bond, Phys. Rev. D42, 3936 (1990). [32] M. Sasaki and E. D. Stewart, Prog. Theor. Phys. 95, 71 (1996), astro-ph/9507001. [33] D. H. Lyth, K. A. Malik, and M. Sasaki, JCAP 0505, 004 (2005), astro-ph/0411220. [34] D. H. Lyth and Y. Rodriguez, Phys. Rev. Lett. 95, 121302 (2005), astro-ph/0504045. [35] M. Sasaki, J. Valiviita, and D. Wands, Phys. Rev. D74, 103003 (2006), astro-ph/0607627. [36] W. Lee and L.-Z. Fang, Class. Quant. Grav. 17, 4467 (2000), astro-ph/0009060. [37] H. P. De Oliveira and S. E. Joras, Phys. Rev. D64, 063513 (2001), gr-qc/0103089. [38] J. chan Hwang and H. Noh, Class. Quantum Grav. 19, 527 (2002).